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1. Preliminaries
1.1. Introduction

It is a well-known result in the theory of locally convex vector spaces that for a
metrizable locally convex space (E, T), the underlying topology T is the finest locally
convex topology giving rise to the dual space (E, 7)’ in all continuous linear forms ([1],
p- 263). The idea of a finest compatible topology was generalized in [2] to locally quasi-
convex groups. More precisely, for a locally quasi-convex group (G, T), the topology 7 is
called the Mackey topology (see [2] for details) if it is the finest among all locally quasi-
convex group topologies giving rise to the character group (G, 7)". For several years, it
was an open question as to whether every metrizable locally quasi-convex group topology
is a Mackey topology. The first example giving a negative answer to this question was the
group of all null-sequences in the torus co(T) = {(z,) € TV : z, — 0} endowed with
the topology of uniform convergence. The important observation was that the dual group
of co(T) is isomorphic to ZN); in particular, it is countable. This implies that the weak
topology ¢ (co(T), co(T)") is metrizable and precompact. Because this topology is strictly
weaker than the topology of uniform convergence on cy(T), the metrizable weak topology
cannot be the Mackey topology. In [3], this was generalized to ¢y(G) where G is a compact
connected abelian metrizable group. The main idea was to show that the character group
of such a group has a countable dual group. In [4] (Theorem 3.4), an alternative proof for
this was given, the structure of the character group of ¢y(G) was described, and many
properties of these groups have been studied since then (cf. [4-7]).

In [7] (Theorem 1.3), Gabriyelyan proves that for an LCA group G, the following
assertions are equivalent: G is totally disconnected iff ¢y(G) is a nuclear group iff co(G) is a
Schwartz group iff ¢o(G) respects compactness. Further, in [4] (Theorem 1.2), he generalized
the results from [5] and shows that ¢y(G) is a reflexive group.

In [5], groups of the form £7(T) = {(z,) € TN : ¥ ;|1 —z,|P < oo} were investi-
gated and it was shown that for 0 < p < co, ¢P(T) is a monothetic Polish group which is
topologically isomorphic to ¢7 / yAQ) ([5] Proposition 5/Theorem 1) and o (T) is reflexive.

Because in the theory of Banach spaces, the sequence space ¢y of (real or complex) null-
sequences, the space ¢! of all absolutely summable sequences, and the space £ of bounded
sequences play an important role, it is natural to generalize them to the corresponding
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sequence groups for abelian Hausdorff groups G. This was performed in the case cy(G)
by Gabriyelyan and will now be carried out for the groups ¢! (G) of absolutely summable
sequences (Definition 3).

Alternatively, unconditionally Cauchy sequences and absolutely summable sequences
(suitably defined) were studied in the realm of topological vector spaces in order to char-
acterize nuclear vector spaces (cf. ([8], 21.2.1) and ([9], p.73)). This idea was picked up
by Dominguez Pérez and Tarieladze in [10,11] in order to characterize nuclear groups
(see below).

Our main interest is to find sufficiency conditions for a group G such that £*(G) is reflexive.
We prove that a metrizable group G is reflexive if and only if the sequence group ¢!(G)
is reflexive (Corollary 6). Moreover, for every LCA group G, the group ¢!(G) is reflexive
(Theorem 4).

A normed vector space has the Schur property if every sequence which converges
in the weak vector space topology is also convergent with respect to the norm. As the
vector space ! has the Schur property ([12], 27.13), it is natural to ask whether 7 (G) also
has a similar property. It turns out that for a locally quasi-convex group G, £!(G) has the
(analogue of the) Schur property for groups if and only if G has this property (Theorem 6).

In [13], Banaszczyk introduced nuclear groups, a Hausdorff variety of groups which
contains all locally convex nuclear vector spaces and all LCA groups. In [14], Schwartz
groups were defined, examples were given, and first properties were shown. Because no
infinite-dimensional normed space is neither a Schwartz space nor a nuclear vector space,
it is not surprising that the hypotheses on a group G such that £!(G) is a Schwartz group or
a nuclear group must be rather restrictive. Indeed, we show that for a locally quasi-convex
group G, the group ¢!(G) is a Schwartz group iff £!(G) is a nuclear group iff G is linearly
topologized (Theorem 8). This is an analogue of Gabriyelyan’s result for cy(G) as every
totally disconnected LCA group is linearly topologized.

The paper is organized as follows:

In Section 1.2, we gather material concerning reflexive groups, and in Section 1.3,
we study properties of the Minkowski functional for groups. Section 2 is dedicated to
the study of the sequence group ¢!(G), the focus of the paper. We start in Section 2.1
with the definition and basic properties of the topological group ¢!(G). We show that,
on the one hand, G can be embedded in ¢!(G) and, on the other, G is a quotient group
of /1(G) (Lemma 1). Thus, it is not surprising that G and ¢! (G) have many properties in
common in the sense that G satisfies property P iff /!(G) satisfies P. For example, this
holds for cardinal invariants, separation axioms, completeness, and local quasi-convexity.
The mapping G — ¢'(G) is a covariant functor from the category of abelian topological
groups into itself (Lemma 6). Further, the compact subsets of ¢!(G) are characterized
(Proposition 8). In Section 2.2, the dual group of ¢!(G) is described and it is shown that G
is a locally quasi-convex group if and only if ¢! (G) has this property. Further, sufficiency
conditions are established for the continuity of a1 ), the canonical mapping in the bidual
group G (see Section 1.2 for a precise definition). In Theorem 2, it is shown that « n(c)is
continuous if G is reflexive and G” is complete with a countable point-separating subgroup.
In Section 2.3, the second character group is studied. It is shown that under mild conditions
on the group G (e.g., if G is reflexive), £!(G)" can be canonically identified with ¢! (G""),
from which it follows that ¢!(G) is reflexive if G is a metrizable reflexive group or an
LCA group.

In Section 2.4, we recall first the Schur property for groups (Definition 4) and prove
for G locally quasi-convex that ¢!(G) has the Schur property if and only if G does. In
Section 2.5 of this chapter, we recall the definition of Schwartz groups, properties of nuclear
groups, and classify locally quasi-convex groups for which ¢'(G) is a Schwartz group,
respectively, a nuclear group.

Finally, in Section 3, we present some open questions related to this article.
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1.2. Notation and Preliminaries

Let N = {1,2,...} denote the natural numbers. For m € N, putm := {1,...,m} and
denote by R the cardinality of N. As usual, R is the set of real numbers and Z denotes the
set of integers.

For a topological group G, let N (0) denote the set of all symmetric neighborhoods
of 0. If the group G is clear from context, the index G will be omitted.

The compact torus T = R/Z is isomorphic to the complex numbers of modulus one.
For technical reasons, we prefer the additive notation.

Let G be an abelian Hausdorff group. The set of all continuous characters (i.e., contin-
uous homomorphisms from G into the torus T) is called the character group of G, denoted
G". With pointwise addition, G is an abelian group; endowed with the compact-open
topology, it is an abelian Hausdorff group, allowing us to form the second character group
(GMN =: GM. An abelian Hausdorff group G is called (Pontryagin) reflexive if the
evaluation homomorphism

ag: G — GM, x> (ag(x) 1 x = x(x))

is a topological isomorphism. The famous Pontryagin—van Kampen duality theorem states
that every locally compact abelian group (abbreviated LCA group) is Pontryagin reflexive.
It was shown by Smith [15] that every reflexive topological vector space and every Banach
space are Pontryagin reflexive groups. The latter result depends deeply on the fact that,
in the character group (which can be algebraically identified with the dual space), the
compact-open and strong topologies do not agree in general. However, this implies that
the real or complex vector spaces cy, ¢!, and £*°, well-known to be non-reflexive topological
vector spaces, are Pontryagin reflexive groups. All other notation and terminology not
recalled here can be found in [16] or [17].

Let T, = {x+Z € T: |x| < j}. For asubset A of G, we call the set A” = {x €
G" : x(A) C T4} the polar of A, and for a subset B C G”, we consider B = {x € G :
x(x) € T4 Vx € B}, the prepolar of B. A subset A of an abelian topological group G is
called quasi-convex if, for every x € G\ A, there exists a continuous character y € A”
such that x(x) ¢ T4. An abelian topological group G is named locally quasi-convex
(abbreviated Iqc) if there is a neighborhood base at 0 consisting of quasi-convex sets.
According to ([13], 2.4), a topological vector space is 1qc (as an abelian topological group) if
and only if it is locally convex.

A subset B of the character group G” is called equicontinuous if B C U" for a suitable
neighborhood U € N (0). It is well known that the polar of each neighborhood U is
a compact subset of G". The canonical mapping a¢ is continuous if and only if every
compact subset of G” is equicontinuous. By a result of Kye ([18]), ag restricted to every
compact subset of G is continuous ([17], 13.4.1). In particular, if G is metrizable (more
generally, a k-space), then a is continuous.

If G is reflexive, then the sets océl (UP") = U"“ form a neighborhood base at 0. Hence,
every reflexive group is Iqc. The set U” =: qc(U) is called the quasi-convex hull of U. It
is the smallest quasi-convex set containing U.

If a group G is lqc and Hausdorff, then the characters of G separate points; in other
words, a is injective or, equivalently, G is a maximally almost periodic group (abbreviated
MAP group). Further, it is straightforward to prove that if G is an 1qc Hausdorff group,
then the mapping a;' : a(G) — G, ag(x) — x is continuous.

Thus, in order to prove that G is reflexive, one has to verify that:
¢ Gisanlqc Hausdorff group;

e Every compact subset of G is equicontinuous;
®* G is surjective.

Next, we collect some elementary properties applied later.



Axioms 2022, 11,218

4 0f22

Proposition 1. If G is a second countable Hausdorff group, then G’ is separable.

Proof. Because G is a second countable regular space, it is separable and metrizable ([16],
4.2.9), in particular, first countable. Thus, G = |J,cy U}, where (U,) is a countable
neighborhood base at 0. It suffices, therefore, to prove that every U}, is separable. However,
on the compact set U}, the compact-open topology coincides with the point-separating
topology o(G”, D) for D, a countable dense subset of G. Thus, each polar U};, whence G is
separable. [

Note that the character group of a separable group need not be separable, as TX shows.
It is separable by the Pondiczery theorem ([16], 2.3.16), but its discrete character group
is uncountable.

Proposition 2. Let G be an abelian MAP group. If G" endowed with the compact-open topology
is separable, then G has a countable point-separating subgroup.

Proof. The weak topology ¢(G", G), induced by the mapping G" — T®, x — (x(x))xcc,
is coarser than the compact-open topology on G” and hence also separable. Let D < G be
a countable dense subgroup and let H = N, cp ker(x). We have to show that H = {0} is
the trivial subgroup of G. Thus, assume there exists 0 # x € H. Because G is a MAP group,
there exists x € G”* which satisfies x(x) # Or. Because D is dense in (G",0(G", G)), there
exists a net (Xa)yca in D such that (x.(x)) converges to x(x). Hence, x«(x) # Or for some
« € A, which shows that D separates the points of G. [

Definition 1 ([19]). A subset A of a topological group G is called qc-precompact if for every
U € N(0) there exists a finite subset F of G such that A C qc(F + U).

Proposition 3 ([19], Corollary 3.7). If G is a locally quasi-convex group, then every qc-precompact
subset of G is precompact.

Remark 1 ([20], 6.3.10). Let C be a compact subset of a reflexive group G, then also qc(C) is
compact.

Indeed, qc(C) = C** = agl(C») holds. Because C” is a neighborhood of 0 in
G”, its polar C*” is a compact subset of G""\. Because ag is a topological isomorphism,
qc(C) = aal(C'») is a compact subset of G.

1.3. The Minkowski Functional for Groups

We define an analogue of the Minkowski functional for groups:

Definition 2 ([13], p.8). Let G be an abelian group and let S C G be a symmetric subset
containing 0. Set

2 . x ¢S
KS;G%R"‘H{ inf{1l: kxeSV1<k<m} : x€S.
We omit an index indicating the group, because xg depends only on S C G and not on
the group containing S.
In [13], ks was only defined for elements of S. Kaplan defined a generalization of the
Minkowski functional slightly differently in [21].
Forn € N,wedefineT, = {x+Z: —£ <x < L}and weputT; =: T,.

Fact1. For w € T and n € N the following assertions are equivalent:

@ weTy
(b) kwe Ty foralll <k <n.



Axioms 2022, 11,218

50f22

Thus, Fact 1 can be reformulated as follows: xr, (w) < % for some w € T is equivalent
tow e Ty.

Lemma 1.

(@) If A C B are symmetric sets containing 0, then kg < k4.
(b) Let A and B be symmetric subsets of G and k € Nsuchthat0 € Aand A+...+A C B.
—_——
k summands

Then, kg(x) < %KA(JC) holds for all x € A.

() If A is quasi-convex, then xa(x) < L for some m € N if and only if x(x) € Ty, for all
x € A"

(d) If Aisasubgroup of G, then k4 (x) =0ifx € Aand ks(x) = 2 for x & A.

(e) IfHisasubgroupof Gand A C G isasymmetric set containing {0}, then x4 (x) = K ang (x)
holds for all x € H.

(f) If Ay € Gyand Ay C Gy are symmetric subsets containing the respective neutral elements,
then ka,x 4, (x1,X2) = max{xa, (x1),ka,(x2)} forall (x1,x2) € Gy x Gy.

Proof. The proofs of (a) and (b) are straightforward.

(¢c) Fixm € Nand x € G with x4(x) < % This means, kx € Aforalll < k < m.
Because A is quasi-convex, y € A if and only if x(y) € T4 for all x € A”. Thus, we obtain
kx(x) = x(kx) € T4 forall1 < k < mand all x € A”. By Fact 1, this is equivalent to
x(x) € Ty

(d) and (e) are trivial.

(f) Fix m € N. Assume that x4, « 4, (x1,x2) < % This is equivalent to kx; € A1 and
kx; € Ay foralll < k < m. Thus, x4, (x1) < % and x4, (x2) < % This shows that
KA, x4, (%1, X2) > max{x 4, (x1),%4,(x2)}. Conversely, if max{xa, (x1),%4,(x2)} < L, then
k(x1,x) € Ay x Ay forall 1 < k < m and consequently x4, 4, (X1, %2) < % This implies
KAy x4, (X1,%2) < max{xa, (x1),k4,(x2)}. O

ks does, in general, not satisfy the triangle inequality, as the following example shows:
LetA=[-11 CR;
ka(3)=2>1+3=xa(1) +xa().

However, we have:

Proposition 4. If 0 € A C G is symmetric, then ka1 4(x +y) < max{xa(x),xa(y)} <
Ka(x) +xay).

Proof. It is sufficient to prove the first inequality. If x ¢ A or y ¢ A, the assertion trivially
holds. Thus, let us assume that x,y € A. Fixm € N. If k4 (x), x4 (y) < %, then kx, ky € A
forall1 < k < mand hence k(x +y) € A+ A. This implies kg a(x +y) < L. O

Lemma 2. If A C G is quasi-convex, m € N, and x,y € G satisfy ka(x),xa(y) < 5, then
KA(X +y) < %

Proof. By Lemma 1 (c), k4 (x), x4 (y) < 5 is equivalent to x({x,y}) C Ty, forall x € A™.
Thus, x(x +y) € Ty for all x € A”, which is equivalentto k4 (x +y) < L. O

Lemma 3. For A C Gand x € G" and m € N, the following holds:

(@) x4 (x) = 5 ifand only if x(A) C Ty but x(A) & Tpui1;
(b) xa-(x) = 0ifand only if x(A) = {0}.
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Proof.

@) xa-(x) = L isequivalent to ky € A” forall1 < k < mand (m+1)x ¢ A”. This
means that kx(a) € T4 forall1 < k <mand all a € A and there exists ag € A such
that (m + 1)x(ag) ¢ T. The first assertion is equivalent to x(A) C T, the second
(combined with the first) is equivalent to x(A) € Tp11.

(b) The assertions k- (x) = 0 are equivalent to kxy € A” and to kx(a) € T4 foralla € A
and k € N. The latter is equivalent to x(A) = {0}.

O

Lemma 4. Let ¢ : G — H be a homomorphism. Assume that0 € A C Gand 0 € B C H are
symmetric subsets such that ¢(A) C B holds. Then, kg o ¢ < K follows.

Proof. Let x € G. WLOG, we may assume that x € A. Assume that x4(x) < 1 for
some m € N. Hence, kx € Aforalll < k < m and hence k¢(x) € B, which implies

xp(p(x)) < 5 O

Lemma 5. Let G be an abelian topological group and A C G a symmetric and closed set contain-
ing 0. Then, x 4 is lower semicontinuous (i.e., Kgl (Jy, 00]) is open for all y € R or, equivalently,
1,1 ([0,]) is closed for all y > 0).

For any sequence (Ay) of closed symmetric subsets of G containing 0, the mapping G —
[0,00], x — Y, en ka, (X) is lower semicontinuous as well.

Proof. Fory < 0, x,'(Jy,e[) = G. Fixy > 0 and let xg € G satisfy xa(xo) > y. If
xa(x0) = 2, then G \ A is an open neighborhood of x; contained in ;! (Jy, oo[). Otherwise,
ka(xg) = & for some m € N. Thus, (m + 1)xo ¢ A. For a suitable open neighborhood W
of xo, we have (m +1)x ¢ A for all x € W. This implies x4 (x) > L > y forall x € W and
hence xg € W C ;' (Jy, o).

Assume now that (A;) is a sequence of closed and symmetric sets containing 0. Put
K=Y ,enka,. Fixy € R. Asabove, k 1(Jy, o[) = G in case y < 0. Thus, assume now that
y > 0and let xg € G satisfy x(xg) > y. Then, there is N € N such that Y2, x4, (x0) > v.
Let y, :=ka,(x0) and & := & ((Zﬁjzl Yn) — y). By what was shown above, there exists an
open neighborhood W of xg such that x4, (x) > y, —eforalll <n < Nandallx € W.
Then, x(x) > YN x4, (x) > YN (yn —€) = N_; yn — Ne = y. This shows that « is lower
semicontinuous. [J

2. The Group of Absolutely Summable Sequences £!(G)
2.1. Basic Properties of £1(G)
Definition 3. Let (G, T) be an abelian topological group. Denote by
MG) =G, 1) = {(xn) € GN: VU € NG(0) : Y xy(xn) < o0}

neN

The set £'(G) is a group under pointwise addition.
(Indeed, let (x,), (y) € £1(G). For U € N(0), there exists W € A/(0) such that W + W C
U. Then, by Lemma 1 (a) and Proposition 4, } e €t (Xn + ¥n) < Ypen kwaw (X0 + yn) <
Lnen fw (xn) + Lyen kw (yn) < oo holds.)

The group (1(G) is the group of all absolutely summable sequences in G. The family
of sets (Su)uen(o) where

Su={(xu) € £1(G): ) xkulxn) <1}

neN
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forms a neighborhood base at 0 of a group topology on £1(G).

(Indeed, fix a symmetric neighborhood U € N (0) and let (x,), (yx) € Sy. Then,

Ynen Kurururu(Xn +yn) < Lpen kuru(¥n) + Lpen kuru(Yn)

< H(Tpenxu(xn) + Lpen ku(yn)) < 1 by Proposition 4 and Lemma 1 (b).
Thus, the symmetric set S satisfies Siy + Sy € Sut+u+u+u)-
This topology will be denoted X1 ).
Further, for N € Nand U € N(0), let

Snu = {(xa) € 4G Y xulxn) <1}

n>N

Thus, Sy = Sy y forall U € N(0).

Remark 2. The direct sum G is contained in £*(G), while the latter group is a subgroup of
co(G), the group of all null sequences in G. (The first assertion is trivial. In order to prove
the second one, fix (x,) € £1(G) and U € N'(0). Because ¥,,cn ki (xn) < oo, there exists
ng € Nsuch that x;;(x,) < 1forall n > ny. However, this means that x,, € U for all n > ny.
Hence, x,, — 0.)

In case G does not admit any non-trivial convergent sequences, GN) = 1(G) = ¢o(G)
holds algebraically. Hrus$ak, van Mill, Ramos-Garcia, and Shelah [22] proved (under
ZFC) that there exists an infinite countably compact group G of exponent 2 which has no
non-trivial convergent sequences, whence /! (G) = G,

Lemma6. If ¢ : G — H is a continuous homomorphism of topological groups, then @y : £1(G) —
(Y (H), (xn) = (@(xn)) is a well-defined continuous homomorphism. More precisely, if p(U) C V
holds for symmetric neighborhoods U € Ng(0) and V € Ny (0), then ¢4(Sy) C Sy.

Thus, §, : ATOP — ATOP, G — ('(G) and ¢ > @4 defines a covariant functor from the
category of all abelian topological groups into itself. In particular, if ¢ is a topological isomorphism,
then so is @y.

Proof. For V € Ny(0), there exists U € N;(0) such that ¢(U) C V. By Lemma 4,
kv (@(x)) < xy(x) holds for all x € G. Thus, for (x,) € £1(G) this gives ¥_,cny kv (@(xn)) <
Yen ku(xn) < co. This yields that ¢4 is well-defined and obviously a homomorphism
which satisfies ¢4(Sy;) C Sy. Thus, in particular, @y is continuous. It is straightforward to
check that (¢ o )4 = @4 o P4 for an appropriate continuous homomorphism ¢ : Gy — G.
Now, the assertion follows easily. [J

Corollary 1. Let G be a non-necessarily Hausdorff abelian group and denote by N = {0} the
core of G and by w : G — G/N the canonical projection. Then, s : {*(G) — (*(G/N) is
a projection.

Proof. By Lemma 6, 7ty is continuous, and for a symmetric neighborhood U € N;(0),
we have 4(Suy) € Sy). Conversely, we are going to show that m4(Su+u) 2 Sy
holds. Therefore, we verify first that ki1 4.11(x) < k() (71(x)) holds for all x € G. Thus,
assume that () (77(x)) < L for some m € N. This implies that k7t(x) € 7(U) for all
1<k<mandhencekx € U+ N C U+ U foralll < k < m. Thus, xyy(x) < %
Next, fix (7(x)) € Sq(u)- Then, Lpen kutu(xn) < Ynen Kr(u)(7(xn)) < 1 follows. Thus,
(xn) € Sy+y and hence (71(xy)) € mp(Sys+u). O

Proposition 5. Let G be an abelian topological group and F a finite subset of N. Then:
(@) ur:GF = YG), (xn)ner = (Xu)nen, where x, = 0 for all n € N\ F, is an embedding.
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(b)
(0)
(d)

pr : 0Y(G) — GF, (xn)nen — (Xn)ner is a projection.
G is Hausdorff if and only if ¢*(G) is Hausdorff.
G is linearly topologized if and only if ¢* (G) has this property.

For F = {n}, we write p, and py, instead of p g,y and py,,.

Proof. We start with the following observation:

For every U € N;(0) and W € N;(0) such that W +...+ W C U one has
——
|P‘ times

ne(WF) = WF x {0}V C sy,

Proof of observation: For x € W, one has xy(x) < HT‘KW(X) by Lemma 1 (b); hence,

ur(Wx...x W) C Sy, because Y, cr ki (xn) < Yer % kw (xy) < 1forall (x,),cr € WE,
as desired.

(a)

(b)

(©

(d)

The observation above implies that yr is continuous. In order to show that pr is an em-

bedding, observe the following: ur(GF) NSy C up(WF), because ur((xn)ner) € Sw

ifand only if }_,,cr kw (x,) < 1, which implies x, € W for all n € F.

Because pr(Sy) C UF for all U € Ng(0), the mapping pr is continuous. In order

to show that pr is open, let U and W be as in the observation. Then, pr(Sy) 2

pr(WE x {0}N\F) D WF. This shows that pr is open.

Assume that G is Hausdorff. It is straightforward to prove that ﬂ Su = {0}. Thus,
ueN

(1(G) is also a Hausdorff group. Conversely, because 1 : G — ¢'(G) is an embedding

by item (a), G is Hausdorff provided ¢! (G) has this property.

Assume that G is linearly topologized. If U is an open subgroup of G, then ky = 2 - 1g\yy

where 15, ;; denotes the indicator function (by Lemma 1 (d)). Thus, Sy = {(xx) €

(Y(G): x, € UVn € N} = UNN/Y(G) is a subgroup. Hence, ¢! (G) is also linearly

topologized.

The converse implication is a consequence of item (a). [

A consequence of item (b) is the continuity of the canonical projections p,, which

immediately implies the following.

Corollary 2. The canonical mapping (¢1(G), o) = (GN, 1), where T, denotes the product
topology, is continuous.

Proposition 6.

(a)

If H is a subgroup of G and 1 : H — G denotes the embedding , then 1y : (*(H) — (}(G)
is an embedding. Furthermore, if H is an open, respectively, closed subgroup of G, then
14(¢Y(H)) is an open, respectively, closed subgroup of £*(G).

(b)  For abelian topological groups Gy and Gy, the sequence space {1 (G, x G,) is canonically
topologically isomorphic to (1 (Gy) x £1(Gy).

Proof.

(@) Because for every symmetric neighborhood U € N;(0) the equation 4(Syny) =

(b)

SuNw(¢(H)) holds by Lemma 1 (e), this yields that i4 is an embedding. Further,
if H is open, U can be chosen to be contained in H and then S;; C w(¢!(H)), so
14(¢*(H) is an open subgroup of ¢!(G). Now, let H be a closed subgroup of G and
let p, : £1(G) — G denote the projection on the n-th coordinate. Then, 14(¢!(H)) =
Nnen Pn L (H) is closed in ¢ (G) by Proposition 5 (b).

Fori € {1,2}, let ; : G; x G — G; be the canonical projection and consider the
canonical mapping
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Y = ((m)s x (m2)s) : £1(G1 x G2) — £1(G1) x £1(Ga), ((xn,yn)) = ((xn), (yn)),

which is a continuous monomorphism by Lemma 6.

By Lemma 1 (f), we have for U; € Ng,(0) and x € G,y € Gy Ky, xu, (X,y) <
Ky, (X) + &, (y)- This implies that ¢ is surjective. In order to prove that ¢ is open, we are
going to show that (S, 1uy)x (Up+)) 2 Suy X Su, for U; € Ng,(0). Thus, fix (x,) € Sy,
and (y,) € Sy,. Then, by Lemma 1 (b),

Y Kty < (U tn) (X, yn)) =) max{ru 11y (%), Kty (yn) } <

neN neN
1
<Yy u (%) + Y Kty (vn) <Y 5 %uy (%n) + Z kU (Yn) <
neN neN neN neN

This shows that 1 is open and completes the proof. [

Lemma 7. Let (Cy) be a sequence of complete subsets of a Hausdorff abelian group G and let
((x,(f))n),xeA be a Cauchy net in (1 (G). Assume that {xﬁ[x) :w € A} C Cyforeveryn € N.
Then, ((xﬁ,“))n),xeA is convergent.

Proof. By Proposition 5 (b), all p;, are continuous, so for every n € N, the net (x,(fx) Jaca isa

)

Cauchy net in G contained in C;,. Because C,, was assumed to be complete, x;, = lim,c 4 Jc,(1
existsforalln e N. [

Claim: For every U € N(0), there exists ay € A such that ), e Ku(x,(f() —x) <1 forall
a > up.

Proof. Fix U € N (0). We choose a closed and symmetric neighborhood W € N'(0) such
that W + W + W + W C U. By assumption, there exists ayy € A such that ), <y Kw(x,(f‘) -

x,(f )) < 1 holds for all &, > ap. Because W is closed and xﬁf‘) — x,(f ) € W for all
a,f > aw, we obtain x,(f‘) —x, € Wforall « > ap. Now, fix &« > apy and assume
that ), cn Ku(x,(f‘) — xy) > 1. Choose a finite subset F C N such that Ku(x,(f‘) —xp) >0

foralln € F and Znepxu(x,(f‘) —xy) > 1. Forn € F, we have 0 < Ku(xgx) —xp) <

Kw(xsl %) _ xy) < 1. Thus, choose 1, € N such that - = Ky (x;, @ _ x,). Because (x (’5));;@4

converges to x, there exists B > ayy such that Kw(xg/5 ) xy ) < 7 for all n € F. We obtain

IF\
1 < Z KU(x;g ® _ xn)
neF
= ) KW+W+W+W(X;(1“) — P P - Xn)
neF
Proposition 4
= )3 o () - x;(qﬁ)) +) Kw+w(x;(1ﬁ) —Xy)
nEF nek
Lemma 1(b) 1
< 5 L —x£ﬁ>>+gzxw<x£ﬁ>—xn>
neF 1n61—" ) . )
(B)
= s L —xf)+ 5 Y <S5 =1
gw "2 T2 2

This contradiction proves the Claim with ay = ap.
We now show that (x,) € ¢1(G). Fix a symmetric closed neighborhood u e N(0).

Choose &g as in the Claim. We obtain ) xyyu(xn) < Y xy(xn — xlo )+ Y Ky ‘XO) ) <
neN neN neN
1+ ) Ku(x,(f“’)) < co. Thus, (x,) € ¢}(G). It follows from the Claim that ((xi{x))n),xeA
neN

converges to (x,),. O
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Corollary 3. If G is a Hausdorff complete abelian group, then so is £} (G).
Proof. Apply Lemma7toC, = Gforalln € N. O
Proposition 7. G is dense in 11(G).

Proof. Fix (x,) € £1(G) and U € N(0). Because ¥,y ki(x,) < oo, there exists ny € N
such that }-3° , 1 ku(xn) < 1. This shows that (x;) — png (x1,- .., Xny) € Su. O

Proposition 8. Let G be an abelian Hausdorff group. A subset K of (1 (G) is compact if and only
if the following three conditions hold:

(a) Kisclosed;
(b)  pn(K) is compact for every n € N;
(c)  Forevery U € N(0), there exists Ny € N such that K C Sy, -

Proof. Assume that K C ¢!(G) is compact. Then, obviously, conditions (a) and (b) are
satisfied. In order to prove (c), fix U € N(0). Because K is totally bounded and GV is
dense in ¢! (G) by Proposition 7, there exists a finite subset F C G™) such that K C F+ 5.
Fix Ni; € N such that pi((y,)) = 0 for all k > Ny and all (y,) € F. Fix (x,) € K. There
exists (yn) € F such that (x, —yn) € Sy. Hence, ¥_,,> N, ku(xn) = Lu>n, ku(¥n — yn) <
Y u>1ku(xn —yn) < 1. This shows that K C Sy, u-

Conversely, assume that K C 01(G) satisfies the conditions (a), (b), and (c). By Lemma 7
(with C;, = pn(K)), we conclude that K is complete. In order to prove that K is totally
bounded, we fix U € N(0). By item (c), there exists Ny € N such that }-,,~ ,, ku(xn) < 1
forall (x,) € K. Because K C (HnNgl pn(K)) + Sy and pny, (Hfjgl pn(K)) is compact, K
is totally bounded. O

Corollary 4. Let G be an abelian Hausdorff group. For the density (the minimal cardinality of a
dense subset), the following holds: d(£1(G)) = max{Ro,d(G)} in case d(G) > 1.

Proof. Let D C G be a dense subset of cardinality d(G). Because y,, is an embedding for
every n € N, the closure of DW) contains the dense set GM). This shows that DY) is dense
in /1(G) and hence d(¢'(G)) < max{Ry,d(G)}. In case d(G) is infinite, d(G) = d(¢£'(G)),
because p; maps a dense subset of /! (G) onto a dense subset of G.

Assume now that 1 < d(G) < oo. Then, G is a finite discrete group and hence
£1(G) = G is a countably infinite discrete group. Hence, d(¢*(G)) = Xy in this case. [J

Proposition 9. Let G be an abelian Hausdorff group. For the character x (the minimal cardinality
of a neighborhood base at 0) and the weight w (the minimal cardinality of a base), the following holds:
@ x(G) =x((G)).

(b) w(G) =w(¢'(G)) ifw(G) is infinite.

Proof.

(a) s trivial.

(b) Recall that for every topological group H, one has w(H) = x(H) - d(H) (Lemma 5.1.7
in [17]). If d(G) were finite, then G would be a finite discrete group and hence w(G)
had to be finite in contradiction to the assumption. Thus, d(G) is infinite. Applying
item (a) and Corollary 4, we obtain

w(€}(G)) = x(£1(G)) - d(¢(G)) = x(G) - max{Ro,d(G)} = x(G) - d(G) = w(G).
O
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2.2. The Character Group of *(G)
Proposition 10. The mapping

(1) - £1(G) — G, x — (uh (X)) = (x © ptn)

is a continuous injective homomorphism. Thus, algebraically, ¢*(G)" can be identified with a
subgroup of G

Proof. Because y,, is continuous for every n € N by Proposition 5 (a), so is (). We are
going to show now that (y/) is injective: Let x € £1(G)” and assume that u/, (x) = x © pin
is the trivial character for every n € N. This implies that x restricted to the subgroup G(V)
is trivial. By Proposition 7, G is dense in /! (G); hence, x is trivial. O

This result allows us to identify a character x € ¢!(G)" with the sequence

(xn) = (#n (X)) nen-

Next, we are going to describe the structure of the dual group of £!(G).

Proposition 11. For an abelian topological group, the following assertions hold:
MG = UuenoUHN.

and
(Su)” = (U™

Proof. A homomorphism x : £!(G) — T is continuous if and only if x maps a suitable
neighborhood of 0 in ¢! (G) into T or, equivalently, if x belongs to the polar of a neighbor-
hood of 0. Hence, /1(G)" = Uyen (o) (Su)”-

Next, we are going to describe such a polar (Sy;)": Fix x = (x») € (Suy)”. Because
un(U) C Sy for all n € N, we obtain x, = u,(x) = x o pn € U". This shows that
(Su) € (U,

Conversely, assume that x = (xn) € (U”)N and fix (x,) € Sy. Recall that for ¢ € U”
and x € U with xy(x) < L, one has kyp(x) € T4 forall 1 < k < m and hence (x) € Ty,
(Fact 1). We obtain x(x,) = Y ,enXn(xn) € T4, s0 x € (Sy)®. O

Proposition 12. A topological group G is Iqc if and only if £*(G) is Iqc.

Proof. Because y1 : G — (1(G) is an embedding and because subgroups of lqc groups are
again lqc, the condition is necessary. Conversely, assume that G is Iqc. Fix a quasi-convex
neighborhood U € N (0) and choose W € N (0) quasi-convex such that W+ W+ W C U.
We are going to prove that qc(Sy) C Sy;. Thus, let (x,) € Sy, ie., Yenku(xn) > 1. We
have to find x = (xu) € (Sw)> = (W>)N such that x(x,) ¢ T. In case there is n € N such
that x, ¢ W, there exists x,, € W” such that x, (x,) € T+. Then, x = pJ, (X») has the desired
property. Assume now that x, € W for all n € N. This implies #;(x,) < % Let N € Nbe
minimal with the property that YN ; x(x,) > 1, F = {n: 1 <n < N, xy(x,) > 0}, and
put ky(x,) = m% for n € F, where m;, > 3 must hold. By the minimality condition, N € F.
For n € F, we choose x, € U” such that x,(x,) = t, + Z where ﬁ <tp < 41

71 1’!
(cf. Lemma 1 (c)). Because W+ W C U, we obtain U” + U> C W* (Fact 1). Thus,
X = PP ((2xn)ner) € (W”)N. We obtain: x(xn) = Lyer 2Xn(Xn) = Ly 2tn + Z where

1
151 ZKuxn =)

4mn = szn+2< ) 2t <

neF neF neF neF
1 1 1 1 2 3
ST = T o S5 54
neF mn neF\{N} My MmN mN
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because N was chosen to be minimal and hence Znep\ (N} m%, < 1; further, because
xN € W, we have %N = xy(xn) < % This shows that x = pR((2xn)ner) has the
desired properties. [J

Proposition 13. Let G be a Hausdorff abelian group. Then, (G)N) is dense in £1(G)".

Proof. Fix x = (xx) € £'(G)" and a compact subset K of £!(G). Because x is continuous,
there exists U € Ng(0) such that x € (Sy)” = (U”)N. Choose Ny € Nsuch that K C Sy,,u
(cf. Proposition 8).

For (x,) € Sn,,u we have
(X - p/l\\lu (Xl/ e IXNU))(XH) = Zn>Nu Xn(xn) € T4 because Zn>Nu KU(xn) <land x, €
U~ foralln € N, so x — py, (X1, -+, XNy) € (Sny,u)” € K, as desired. [

Next, we are going to study the continuity of a1 and start with the following obvious

Proposition 14. Let G be a metrizable group. Then, ap ) is continuous.

Proof. Because G is first countable, so is £!(G) by Proposition 9 (a). Hence, &g is
continuous. [

Lemma 8. Let G be an abelian Hausdorff group. Then, & ) is continuous if and only if for every
compact subset K C (1(G)" the set Ty := U,yen 1oy (K) € G is equicontinuous.

Proof. Recall that for an abelian topological group G, the canonical homomorphism a is
continuous if and only if every compact subset of G” is equicontinuous. Thus, a, (G) is
continuous if and only if for every compact subset K of £1(G)" there exists a neighborhood
U € Ng(0) such that K C (Sy)> = (U”)N. This implies p/,(K) € U® for all m € N and
hence Tx C UP.

Conversely, assume that for every compact subset K C ¢1(G)" there exists U € N(0)
such that Tx C U”. Then, K C [Tenpm(K) € (U")N = (Sy)®. This shows that K is
equicontinuous and hence a1 (G) 1s continuous. [

For a continuous homomorphism @ : H — G between Hausdorff groups, the ho-
momorphism ¢y : ('(H) — ¢'(G) is continuous and so is its dual homomorphism
()" LH(G) — (L(H).

Lemma 9. Let ¢ : H — G be a continuous homomorphism between abelian Hausdorff groups.

Then, (¥#)" (xn) = ($"(xn)) holds for all (x,) € ¢*(G)".
IfK C (1(G)" is compact and Ty = U,yen piy (K) and T(yy)n (k) 1S the analogous subset of

H" corresponding to the compact set ()" (K), then " (Tk) C Ty, (k)-

Proof. By Lemma 6, the mapping ¢y : ¢! (H) — ¢!(G) is a continuous homomorphism.
Hence, ()" : ¢1(G)" — ('(H)" is a well-defined continuous homomorphism. Fix
(xn) € £1(G)" and (hy) € ('(H). Then, we have (4)"((xn))(n) = (Xn) (4(hn)) =
(Xn) (@ (hn)) = Laen Xn(P(hn)) = Lpen " (Xn)(hn) = (" (xn))(hu). Now, the first

assertion follows. This yields
YM(Tk) € {9 (pm(x)) = x € K, m e N}

= {IIJA(Xm) cx=(xn) €K meN} = T(w#)/\(K).
O

Theorem 1. For every compact abelian group G, the mapping g g, is continuous.



Axioms 2022, 11,218

13 of 22

T<1l>

9

TD<1 —

Proof. Let K C /1(G)" be compact and let Tx be as in Lemma 8. Assume that Ty is an
infinite subset of G". Let D be the divisible hull of the discrete group G” and consider
the embedding G — D. Let Dy be a divisible countably infinite subgroup of D such that
Tk N Dy is infinite. Because Dy splits, there is a continuous homomorphism 7 : G — Dy
such that «(Tk) is infinite. Because G and Dj are reflexive groups, we may consider y = y”
for a suitable homomorphism ¢ : D{ — G (after identifying Dy with its second dual group).
Indeed, let 7" : D} — G"" be the dual homomorphism and let ¢ = oc(_;l oy :Dj — G
be the composition of " with the topological isomorphism zxal. (Observe that G is
compact and hence reflexive.) Then, " = 7" o (ag')" =9 oagr : G" — D} holds,
because (0(51)A = agn. Finally, because the discrete group Dy is reflexive, ‘XB; oyph =
zxgé oy M owgn = . We are going to identify Dé\/\ with Dy via the topological isomorphism
"‘15; and obtain that ¢"* = v. Thus, ¥"\(Tk) is an infinite subset of Dj.

By Lemma 9, ¢"(Tk) is contained in the set T(y,)r(x). Because Dy is metrizable,
&g1(py) is continuous by Proposition 14. As (y4)" (K) is a compact subset of ¢1(D})", the
set T(y,)A (k) is an equicontinuous and hence compact subset of the discrete group Dy” by
Lemma 8, and hence finite. This contradiction proves that Tx must be finite and hence
equicontinuous. Thus, again by Lemma 8, a1 (G) 1s continuous. [

Lemma 10. Let (G, T) be a reflexive group such that G has a countable point-separating subgroup.
For a compact subset K of £1(G)" and m € N, put Ty, = uy(K) and T = U,exy Tri- Then, T is
totally bounded.

Recall that the hypothesis that G has a countable point-separating subgroup is
fulfilled in case G is second countable or G is separable by Propositions 1 and 2.

Proof. Let D = {y; : k € N} be a countable point-separating subgroup of G. Because
the topology ¢(G, D) induced by the mapping G — TP, x — (1(x))yep is Hausdorff, we
obtain that on every T-compact subset C of G, the subspace topologies induced by T and
by (G, D) coincide. Denote by F the set of all finite subsets of G"* containing 0.

Assume that T is not precompact. By Proposition 3, T is not qc-precompact either,
because G” is Iqc. Thus, there exists a compact subset 0 € C C G such that for every F € F
we have T € qc(F + C”). Because qc(FUC”) C qc(F +C”), we evenhave T ¢ qc(FUC”)
for all F € F. This is equivalent to

qe(T) € qe(FUC™).

As C” = qc(C)” and because qc(C) is compact according to Remark 1, we may assume
that C is quasi-convex. Hence, we have

—

*)

qc(T) € qe(FUC?) = (FUCh)™ = (FUC™)® = (F'n gj )" = (F'nC)”

=qc(C)=C

The equations marked by () hold because G is reflexive, so a is surjective. Hence,
we have
VFeF T2 F'nC. 1)

We inductively construct:

() Asequence (x),cn, in K where x™ = (x")icn:

(b) A strictly increasing sequence (1, ),¢n of natural numbers;

(c) Anincreasing sequence (Fy,),cy in F such that ¢, € F, foralln € N;
(d) A sequence (xy),en in C such that foralln € N

(1) xp € CNEF]
() ) (xn) ¢ T
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i) XY (CNES) CTyforallme Nand0<j < n.

Choose X(O) € K arbitrarily.

Assume now that for some n € Ny (X(O),X(l),...,x(")), m<...<my, FfC...C
F, and (x1,...,x,) have been constructed, satisfying the above-listed properties.

Because x¥, x(1), ..., x(") are continuous, there exists U € N (0) such that (/) ¢
(Su+u)* forall 0 < j < n, which implies

)(5,];)(11) CT, forallmeNand0<j<n. ()

As a finite union of compact sets, ", y;' (K) is compact. (In case n = 0, this set
is empty and hence compact.) Because a¢ is assumed to be continuous, U;"; py (K) is

equicontinuous. Thus, for a suitable neighborhood W € N (0), we have

My
p(x) € T4 forallx € Wand ¢ € | pi (K). (3)
k=1

Because C is compact, the original topology T coincides with the weak topology
o(G, G") on C; hence, there exists a finite subset F,, ;1 € F such that

0eCNF ,CCNUNW. 4)

WLOG, we may assume that F, U {¢;,11} C F,1, so that item (c) is fulfilled. Thus, for
all0 < j<mandm € N, we have Xﬁ,?(c NE,) C )(%) (U) C T, by Equations (2) and (4)
(i-e., (d)(iii) is satisfied).

Because by Equation (1) T* 2 CN F}

1, there exists x, 1 € CNF;; \ T%. This means

. 1
that there exist x("*1) € K and m,,; € N such that yﬁnnﬂ (x" ) (x11) = X,S?n;) (xp11) €
T:. Asx,41 € CNF;; € W by Equation (4), the index m,, 1 must be strictly larger than

my, because otherwise X,S?nﬂ) (xu41) € T+ would follow from Equation (3). Thus, x("*+1),

Xp+1 and m,, 1 satisfy the properties stated in (a), (b), (d)(i), and (d)(ii). This completes the
inductive step.

Let S := {0} U {pm, (xn) : n € N}. Applying Proposition 8, we are going to show first
that S is a compact subset of ¢! (G). Of course, p;(S) consists of at most 2 points, because
the sequence (1, ),¢N is strictly increasing. It can be easily checked that S is closed in the
product topology and by Corollary 2 also in the topology %1 ().

Fix U € N (0). We have to show that there exists Ni; € N such that for all (y,) € S
Yn>Ny ¥u(yn) < 1holds. By the special form of the elements of S, this is equivalent to
ku(xy) <1 for all n such that m, > Ny;. Because C is compact, there exists a finite subset
F of D such that F*'NC C UNC. By item (c), there exists ng € N such that F C F,; C F;,
for all n > ng. Thus, for n > ng, we have x,, € F;NC C F,fOﬂC C UnNnC C U by item
(d)(i) and hence k7 (x,) < 1 for all n > ng. Now, choose Ny := 1 + my,. For 1, such that
my > Ny, we have (because (my,) is strictly increasing) n > ny and hence xy;(x,) < 1. This
shows that S is compact.

Let us prove that

Vki,kp €N k1 #£ky = X(k2) _X(kl) ¢ (S+S): ®)

WLOG, we may assume that k; < k,. Because XS,]ZC 1) (F,j‘2 NC) C T, for all m € N by
item (d)(iii) and xy, € F,fz N C by item (d)(i) and X,Slf]fz) (x,) & Ty by item (d)(ii), this implies

— X(k1)><ﬂmk2 (xk2>) = ng’fz) (xkz) — X,(,lf,}z) (Xk2> ¢ Ts. 6)
—_———— N——

¢T, €T,
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Because ¥ € (S + S)” if and only if ¢(S) C T,, Equation (5) is an immediate conse-
quence of Equation (6).

Because by item (a) (") € K for all n € N, Equation (5) implies that K is not totally
bounded. This contradiction implies that T is precompact, whence totally bounded. [

Theorem 2. Let G be a reflexive group which has the following additional properties:

1. G’ has a countable point-separating subgroup.
2. GMis complete.

Then, ap () is continuous.

Proof. Let K be a compact subset of £1(G)". By Lemma 10, T = ey i (K) is totally
bounded. Hence, its closure Ty = T is also totally bounded and complete by the assumption
that G" is complete. Thus, Tk is a compact subset of G"*. Because ag is continuous, the
compact subset Tx of G” is equicontinuous. By Lemma 8, the canonical homomorphism
&1 (G) is continuous. [

2.3. The Second Character Group of £*(G)

In this section, we study the second character group of ¢! (G) and show that each ele-
ment 77 € £1(G)"" can be identified with a sequence (17,,) in G*"". Next, we study necessary
and sufficient conditions for G such that (7, ) belongs to ¢! (G"""). As a consequence, it is
possible to prove the main theorems of this paper, asserting that ¢! (G) is reflexive if G is
metrizable and reflexive or an LCA group.

Proposition 15. For every abelian topological group G, the mapping
¥ =(pn") - 4G = (G™)N, = (2" (1)

is a continuous monomorphism. For all (x,) € £*(G), Yo (g (xn) = (aG(xn)) holds. If ag
is continuous, then
Youpgy = (ag)s

Proof. It is clear that ¥ is a continuous homomorphism. Fix 5 € £1(G)"" with p,” () = 0

forall n € N. Then, 1 o pj, is trivial for all n € N. Hence, 7 vanishes on the subgroup )

of £1(G)", which is dense by Proposition 13. This implies that 7 is trivial. Because ¥ is a
homomorphism, we conclude that ¥ is injective.

Observe that for (x,) € £'(G), we have ¥ (ap ) ((xn))) = (Pn/ (@p1(G)((xn))))men =
(ag1(G)((xn)) © pin)men. Further, for x € G, we have

a6y () (Pm (X)) = 2 (6) ((en)) (X © pm) = (x 0 p) () = X (xm) = et (2m) ()

Combining these observations yields ¥ (a1 (¢)((xx))) = (ac(xn)). If ag is continuous
(and hence (aG)4 is well-defined), then ¥ o a1 () = (ag)s. O

For the remainder, we identify an element 7 € ¢'(G)"" with the sequence ¥ (1) = (77,)
where 17, = pi"\ (7).

Proposition 16. Let G be an abelian Hausdorff group and let ¥ be as in Proposition 15.
(@) Ifag is continuous, then ¥ (¢1(G)"\) C £1(G").
(b) If ag is surjective and G is Iqc, then ¥ (¢1(G)"\) D £} (G™).

In particular, if G is reflexive, then ¥ (¢1(G)") = £1(G").

Proof. (a) Assume first that ag is continuous. Fix € ¢1(G)"" and let 5, := p,"(y).
Because 7 is a continuous character of /! (G)", there exists—by definition of the compact-
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open topology—a compact subset K C ¢'(G) such that 4 € K*. In order to show
that ¥(17) = (7,) € £'(G""), we fix a compact subset C of G" and wish to prove that
Yen Kev (1n) < 0. Because, by assumption, «g is continuous, there exists a neighborhood
U € Ng(0) such that C C U”, whence C> D U>. Because K C ¢!(G) is compact, there
exists by Proposition 8 Ny € N such that K C Sy, u. Hence, 7 € K* C (Sy,u)™ =

({O}{l,...,Nu—l} x (UP)NML- N1} >

Because p) (U”) C {0} {1-Nu=1} 5 (=)N\{L--Nu=1} —: M for all n > Ny;, we obtain
1n(U”) = pp(n)(U*) = 5(pp(U”)) C T4, which implies that 7, € U™ for all n > Ny.
We want to show that

Y ke () < 2.

TIZNU

14
Assume that this does not hold and let v > Ny be minimal with ) xypes (17,) > 2.
n:Nu
LetN ={n € N: Ny <n <vandxy(,) > 0}. Forn € N, we have x> (17,) = m%

for a suitable natural number m,,, because 1, € U*>. Next, for n € N, choose x, € U~

1
—_ . For k = 0. Th
4(mn+1)<tn_4 o o € N\ N, put xx = 0. Then,

X = (Xn)neny € M and hence 17(x) = (C,en tn) + Z € T. Further,

such that 7, (x») = t, + Z where

1 1
- < t
4 *ng,smn X;V mn—l—l ng, " *ngvzlmn
1 1
= <
neN neNZ,n;év 4my 4my

% + i = 431 This yields 7(x) = Yuen tn +Z ¢ T4 and gives the desired contradiction.
Now, it easily follows that Y, cn ke (17n) < Ypen Kues (71n) < 0.
(b) Assume now that a is surjective and G is Iqc. Then, rx(_;l : G — G is continuous.

We show that the composition

%1(G)
—

-1
fl(GA/\) (“G_z# el(G) 61(G)M l) (G/\/\>N

is the identity on £1(G""). Fix (17,) € £*(G""). Because ag is surjective, there is a sequence
(xn) € GN such that ag(x,) = 5, for all n € N. Applying Proposition 15, we obtain

Y oup g o (g ulm) =¥ o () = (ag(xn)) = (i)
This shows ¢! (G"") C ¥ (¢}(G)""). The final statement is an immediate consequence of
(a) and (b). O

Corollary 5. Let G be a reflexive group. Then, ap ) is surjective.

Proof. By Proposition 15, ¥ o ay () = (g )# holds. Because g is a topological isomor-
phism, Proposition 6 implies that (ag)s : £1(G) — £1(G"") is a topological isomorphism.
Because ¥ : ¢}(G)" — (1(G"") is an isomorphism by Proposition 16, we obtain that
Xpg) = Y1 o (ag)s is an isomorphism, whence surjective. [

Theorem 3. Let G be a reflexive group. Then, a ) is an open isomorphism. If

(@) G is metrizable or
(b) G” is complete and has a countable point-separating subgroup,

then €'(G) is reflexive.
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Proof. If G is reflexive, then G is an 1qc Hausdorff group. According to Propositions 5 (c)
and 12, £1(G) is Iqc and Hausdorff as well and hence « ¢1(c) is an open isomorphism by
Corollary 5.

It remains to show that a (G) is continuous if (a) or (b) holds. In case (a), it is a
consequence of Proposition 14. In case (b), it is a consequence of Theorem 2. O

Theorem 4. For every LCA group G, the group ' (G) is reflexive.

Proof. Let G be an LCA group. By the structure theorem for LCA groups, G has an open
subgroup H topologically isomorphic to R” x K where n € Ny and K is a compact abelian
group. By Proposition 6 (a), /! (H) can be considered to be an open subgroup of ¢!(G).
Because by Theorem (2.3), in [23], a group is reflexive if and only if it has an open reflexive
subgroup, it is sufficient to show that ¢!(H) is reflexive, or, by Proposition 6 (b), that
H(R)" x £1(K) is reflexive. The group ¢! (R) is reflexive by Theorem 3.

By Corollary 5, a1 gy is surjective, and by Theorem 1, a1 g is continuous. As the
group ¢ (K) is Iqc and Hausdorff by Propositions 12 and 5 (c), the assertion follows. [

Recall that a subgroup H of an abelian topological group G is dually closed if for
every x € G\ H there exists a continuous character xy € G” such that x(H) = {0} and
x(x) # 0. The subgroup H is dually embedded if every continuous character of H can be
extended to a continuous character of G; in other words, the dual homomorphism of the
canonical embedding : : H — G is surjective.

It is straightforward to check that y1(G) is a dually closed and dually embedded
subgroup of £!(G) provided that G is an MAP group. We are going to apply the following
result of Noble:

Proposition 17 ([24], Theorem 3.1). Let G be an abelian Hausdorff group such that a is an open
isomorphism. If H is a dually closed and dually embedded subgroup of G, then also ay is an open
isomorphism.

Theorem 5. If (' (G) is Pontryagin reflexive, then so is G.

Proof. Assume that ¢!(G) is reflexive. Because i1 is an embedding and y1(G) is a dually
closed and dually embedded subgroup of £!(G), we obtain from Proposition 17 that ag is an
open isomorphism. Because p; : 1(G) = Gisa projection (Proposition 5 (b), Lemma (14.7)
in [13]) implies «¢ is continuous. [

Corollary 6. Let G be a metrizable group. Then, G is reflexive if and only if €*(G) is reflexive.

Proof. If G is a metrizable reflexive group, then ¢!(G) is reflexive by Theorem 3 (a). If
(1(G) is reflexive, then G is reflexive by Theorem 5. [

2.4. The Schur Property of £1(G)

A normed space V is said to have the Schur property if a sequence (x,) converges to
0 provided that (f(x,)) converges to 0 for every continuous linear form. In this section, we
first recall the definition of the Schur property for MAP groups; afterward, having in mind
that ¢! (R) has the Schur property, we prove that /! (G) has the Schur property for groups if
and only if G has this property (Theorem 6).

Definition 4. For a topological group (G, T), denote by T the topology on G induced by G —
TC", x (x(x))yegn- The topology T is called weak topology.

The weak topology T+ is Hausdorff if and only if the characters of G separate the
points. A subset C of G is called weakly compact if it is compact with respect to 7.
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Definition 5. A MAP group (G, T) is said to have the Schur property if every T+ -convergent
sequence converges in T.

Theorem 6. Let G be an Igc Hausdorff group. Then, G has the Schur property if and only if £1(G)
has the Schur property.

Proof. Assume first that G has the Schur property. Let (x(")),,c be a weakly convergent

sequence in /1(G), where x(") = (x,(1 ))nGN- WLOG, we may assume that (x(")),,cx

converges to 0. For y € G” and n € N, the sequence (p) (x)(x™))eny = (X(x,({”)))meN

converges to 0 in T. The assumption that G has the Schur property implies that (x,(j“> Y meN
converges in the original topology of G to 0 for every n € N.

Assume that the sequence (x(™)),,cx is not convergent in the original topology. This
means that there exists a quasi-convex neighborhood U € N;(0) such that for 1nf1n1tely
many m € N, x(") ¢ §;;. After passing to a subsequence, we may assume that x(") ¢ S for
all m € N. In order to obtain a contradiction, we are going to inductively construct strictly
increasing sequences (1), (1) and (Nj) of natural numbers and a sequence (x;) € (U>)N
such that
(@ Ng<mngp < NjyforallkeN;

(b) Zn 1 Xn(xfj”k)) ¢ T3, and Yy, kU (2Xp (m k)) 1 forall k € N.

Let m; = 1. Because x(1) ¢ Sy, there exists N; € N minimal such that ) ' N, L ku(x (1)) > 1.
Further there is 1y > Ny such that ), ., Ku(xsll)) 1 .If forsome 1 < n < Nj the element

) ¢ U, then we choose Xn € U” such that )(n(xn ) ¢ Tyandforje {1...,nm}\{n}
we put Xj = 0. Otherwise, let F = {n: 1 <n < Nj, Ku(x,(})) > 0}. Fix n € F. Because
xg) € U, we have 0 < Ku(x,(f)) < 1; hence, there exists I, € N such that % = Ku(x,gl))
for some I, € N. The minimality of Nj implies that Ny € F and Y ,cr Ku(xﬁ,l)) =
Zan 1 Ku(x,(ql)) < 2. For every n € F, choose x, € U such that )(n(x,(zl)) = t, + 7Z for
some t; €]z ] +1), i L]. Because

1.1
L =2

»MH

1 1 1 1 1
S<ila S L <ImsiL
8 4 neF 21y neF I +1 neF neF
we obtain ), cr )(n(xn ) & Ts. Forn € {1,...,n1} \ F, we put x; = 0. Then, conditions (a)
and (b) are satisfied for k = 1.

Assume now that forsomek € N, mq,...,m, Ny,..., N, nq,...,npand xq, .. ank e u”

) ) meN
converges to 0 for every n € N; hence, there exists ;.1 > my such that Y ¢ |« (x;, )) < %.

(x
{1k
Because x("k+1) ¢ Sy, there exists a minimal Ny, ; > 1y such that Zrl:]"zl Lpfu(x ,(1 "“)) > Z.

have been constructed such that (a) and (b) hold. By the initial observation, (x;

We choose nkH > Niy1such that Y, ki (X (m "“>) <3

Fixs € [—1, 1] such that % | xa(xy " k“)) =s+Z. lfs+7Z & T3, we define x; = 0 for
allmp <j < ”k+1

Assume now thats +7Z € T3 and that for some 1 < j < N1, the element x](mk“) ¢ U.
Then, we choose x; € U” such that x;(x; x M) ) ¢ T4 and then ) ¥ | xu(x (mk“)) +x;j(x (mk“))
¢ T3. Further, foralln € {n; +1,. ”k+l} \ {j}, we put x» = 0.

Finally, assume that s + Z € Tg, and x}mkﬂ) € U for all ny < j < Niyq. The min-

imality of Ny, implies an+nlk+1 Ku(x,(1 k“)) < %5. LetF = {n e N: n <n < Nepq

and Ku(x,(1 "“) > 0}. Forn € F, Ku(x,(j“k“)) = %for suitable I, € N. Hence,
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there exist x, € U" such that x,(x (mk“)) = ty + Z where |ty| € (g7 i +1)'4l L], Because
N
Y neF & r=x, "*nlkﬂ Ku(xg, "“)) € [, %], we obtain
1 l 7 1 15 1
— <. <z - <> Y — <2<,
1212716 Z:21,1— Z:l+1<2|”—421—32 2

neF “n

Forne{nk—i—l nkH}\F we put x, = 0.
Ifs €0, 12] then Zn“llx (x(mer1)) ¢ Ty,
Ifs € [— 12, 0], replace x, by —x» for n € F such that Z”k“ (x M41) ) ¢ T3 holds.

We have constructed the subsequence (x(")); of (x(™)),,cy and the character y =
(xn) € (U*)N C £1(G)". We obtain

1k
mk) Z X mk) Z + Z Xn é Té/
n=1 n>ny

¢Ts €TgCTg

because Y-, Ku(xslmk)) < % and x, € U” for all n € N (cf. Lemma 1 (c)). This shows

(x(x("))) does not converge to 0 and gives the desired contradiction.
Because 1 : G — (1(G) is an embedding, and the class of groups having the Schur
property is closed under taking subgroups, the result follows. [

AnMAP group (G, 7) is said to have the Glicksberg property if every weakly compact
subset is compact.

Every group which has the Glicksberg property also has the Schur property. This
definition honors Glicksberg who proved that every LCA group has this property. Because
then many other examples of groups having the Glicksberg property were established,
for example, it is a consequence of the Eberlein-Smulian theorem [25] and the Schur
theorem [12] that ¢! (R) has the Glicksberg property. Further, the class of groups having the
Glicksberg property is stable under taking subgroups and products. In particular, if for an
MAP group G, the sequence group £!(G) has the Glicksberg property, then also G has the
Glicksberg property (as G can be embedded in ¢!(G)). However, the converse implication
is not clear, see Question 6.

2.5. Schwartz Groups

In this final section, we show that only under very restrictive conditions is the sequence
group /1 (G) a Schwartz group, a class of groups introduced in [14] generalizing Schwartz
topological vector spaces (see ([8], p. 201) for the definition).

Notation 1. Let G be an abelian group. For a symmetric subset U of G containing 0, one defines
1
I/mU:={xeG: jxelUV1<j<n}= K&l([O,E]).

Observe that if U is a symmetric neighborhood of 0 in a topological group, then also
(1/n)U is a neighborhood of 0 for every n € N.

Definition 6 ([14]). An abelian topological group G is called a Schwartz group if for every
symmetric neighborhood U € N (0) there exists a symmetric neighborhood V € N(0) and a
sequence (Fy) of finite subsets of G such that V.C (1/n)U + F, forall n € N.

The class of Schwartz groups is closed under taking subgroups, arbitrary products,
and Hausdorff quotients ([14], 3.6). Every lqc Schwartz group has the Glicksberg property,
in particular, the Schur property ([19]). A topological vector space is a Schwartz space if
and only if the additive group is a Schwartz group ([14], 4.2).
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Definition 7 (Tarieladze). A symmetric subset U containing 0 of an abelian group G is called a
GTG-set (Group Topology Generating set), if the sets ((1/n)U),cw form a neighborhood base at
0 of a not-necessarily Hausdorff group topology. An abelian topological group G is called a locally
GTG-group if it has a neighborhood base at 0 consisting of GTG-sets.

The following two statements follow straightforward from the definitions. For a
GTG-set U in G, the intersection Us := (,en(1/n)U is a subgroup of G. It is a direct
consequence of Lemma 1 (c) that every lqc group is locally GTG.

By ([8], 10.4.3), every bounded subset of a Schwartz space is precompact. Hence, a
normed space is a Schwartz space if and only if it is finite-dimensional. Thus, ¢! (R) is not
a Schwartz space and hence no Schwartz group either. Conversely, if ! (G) is a Schwartz
group, then necessarily G is a Schwartz group, because G embeds in ¢! (G). However, the
example R — ¢!(IR) shows that this property is not sufficient.

Theorem 7. For a locally GTG-group G, the following assertions are equivalent:
(@) ¢1(G) is a Schwartz group.
(b) G is linearly topologized.

Proof. (a) = (b) Let N be a neighborhood base at 0 € G consisting of GTG-sets. Fix a
neighborhood U € Nj. There is neighborhood W € N such that W + W + W + W C U.
Because ¢! (G) is a Schwartz group by assumption, there is a sequence (F,) of finite subsets
in £1(G) and a neighborhood V € A such that Sy, C E. + (1/n)Sw. Because G is dense
in £1(G) (Proposition 7), there exists for every n € N a finite subset F, € G(N) such that
F, C Fy+ (1/n)Sw. Thus, we have Sy C F, + (1/n)Sw + (1/1)Sw. We are going to
show that (1/n)Sw + (1/n)Sw C (1/n)Sy. Therefore, we fix (x,), (y») € (1/n)Sy. For
1 < j < n, we obtain by Lemma 1 (a) and (b) and Proposition 4

Ynen ku(f(xn +yn)) < Luen Kwaw+wow (xn + jyn) <

< Yuen fww (jxn) + Eaen cwow (iYn) < 3 Lnen kw (%) + 3 Tpen kw (jyn) < 1.

It follows that
Sy € B+ (1/n)Sy

forall n € N. Fix n € N. Because F, is a finite subset of G&), we can choose N,, € N
such that py,(F,) = {0} for all m > N,. For m > Ny, um(V) C Sy C F, + (1/n)Sy, or
equivalently because py,(F,) = {0}, um (V) C (1/n)Sy. Thus, forallx € Vand1 <j<mn,
we have ju,(x) € Sy which is equivalent to xy;(jx) < 1forall1 < j < n. Thus, jx € U
for all 1 < j < n, which means that x € (1/n)U. We have shown that V C (1/n)U for all
n € N. This yields V C N,,en(1/1n)U = Uc. As a consequence, U is an open subgroup of
G. Hence, (U )17e A, is @ neighborhood base at 0 for G consisting of open subgroups. This
means that G is linearly topologized.

(b) = (a) If G is linearly topologized, so is £!(G) by Proposition 5. It is obvious that
every linearly topologized group is a Schwartz group, so the assertion follows. O

The class of nuclear groups was introduced by Banaszczyk in [13]. Nuclear groups
include all Schwartz groups ([14], 4.3), all LCA groups ([13], 7.10), and all nuclear locally
convex vector spaces ([13], 7.4). This class of groups is closed under taking products,
subgroups, and Hausdorff quotient groups ([13], 7.5 and 7.6), and every nuclear group is
lqc ([13], 8.5). Because every Hausdorff linearly topologized group can be embedded into a
product of discrete groups, every linearly topologized Hausdorff group is nuclear.

Theorem 8. For an lqc Hausdorff group G, the following are equivalent:
(@) ('(G) is a nuclear group;

(b) ¢'(G) is a Schwartz group;

() G is linearly topologized.
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Proof.

(a)== (b) holds, because every nuclear group is a Schwartz group ([14], 4.3).
(b)==" (c) is a consequence of Theorem 7.
()= (a) If G is linearly topologized, so is £!(G) by Proposition 5. Hence, ¢!(G) is a
nuclear group.
O

3. Open Questions

In this final chapter, we gather some open questions concerning sequence groups.

Question 1. Characterize those abelian Hausdorff groups for which ¢1(G) = GMN) holds. In
particular, is it possible that co(G) # GN) = (1(G)?

A dense subgroup H of an abelian Hausdorff group G is said to determine G if the dual
homomorphism ("' : G — H” of the natural embedding  is a topological isomorphism.
It was shown in [26] and in ([27], 4.10) that every metrizable abelian group determines its
completion.

Question 2. Assume that H is a dense subgroup of the abelian topological group G which deter-
mines G. Does (' (H) determine £*(G)?

It was shown (Theorem 5) that if £1(G) is reflexive, then G must be reflexive. Con-
versely, if G is reflexive, then a1 ) is an open isomorphism (Theorem 3). However, we do
not know if a1 ) is continuous.

Question 3. Let G be an abelian Hausdorff group such that a is continuous. Is it true that ap
is continuous?

Or, a bit weaker,

Question 4. Let G be a reflexive group. Is it true that ap g, is continuous (and hence Y(G) is
reflexive)?

It was shown in [4] that for every LCA group G, the group of null-sequences ¢ (G) is
reflexive.

Question 5. Is it true that G is a reflexive group if and only if co(G) is reflexive?
Question 6. Assume that G has the Glicksberg property. Does ¢*(G) have the Glicksberg property?

Question 7. What can be said about the groups

0(G) = {(xn) €GN+ ) (xu(xn))? < 00 VU € N(0)}

neN

for 1 < p < co? In particular, what are the properties of £>(G)?
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