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Abstract: A reproducing kernel Hilbert space (RKHS) approximation problem arising from learning
theory is investigated. Some K-functionals and moduli of smoothness with respect to RKHSs are
defined with Fourier—Bessel series and Fourier—Bessel transforms, respectively. Their equivalent
relation is shown, with which the upper bound estimate for the best RKHS approximation is provided.
The convergence rate is bounded with the defined modulus of smoothness, which shows that the
RKHS approximation can attain the same approximation ability as that of the Fourier—Bessel series
and Fourier-Bessel transform. In particular, it is shown that for a RKHS produced by the Bessel
operator, the convergence rate sums up to the bound of a corresponding convolution operator
approximation. The investigations show some new applications of Bessel functions. The results
obtained can be used to bound the approximation error in learning theory.

Keywords: bessel function; Fourier-Bessel series; Fourier—Bessel transform; K-functional; modulus of
smoothness; semigroup of operators; reproducing kernel Hilbert space (RKHS); best approximation
error; learning theory

1. Introduction

The error analysis in learning theory shows that the learning rate of the kernel regular-
ized regression depends upon the approximation ability of the kernel function spaces (see,
for example, [1-3]).

Let X be a complete metric space and y be a Borel measure on X. Denoted by Li (X),
the Hilbert space consisting of (real) square integrable functions with the inner product

. iz = [ 08 du(x),  f.g € LX),

Suppose that K : X x X — R = (—o0, +00) is continuous, symmetric and strictly

positive definite, i.e., for any given integers m > 1, (K(x;, xj)>;'1,1]‘:1 are positive definite

matrices for given finite sets {x1,x3,- -, X} C X. Assume that K € LiXV(X x X), i.e.,
K(x, £)Pdu(x)du(t) < +oo.
[, JIK GO Pan(x)dp(e) < +oo
Then the linear operator Ly : L%(X) — Li(X) defined by
Li(f,x) = /X K(x, )f(Ddu(t), xeX 1)
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1
is positive, and its range lies in C(X). Take L} to be the linear operator on L%(X ) satis-

11 _1 1
fying Lz o Ly = Lg and Ly ?, the inverse of Lg. Additionally, define Hg = LI%(L%[(X))
Then (Hk, || - |7, ) is a reproducing kernel Hilbert space associated with Ky (y) = K(x,y),
i.e., (see [1,4-7]),

=

f(X) = <f/ Kx>7-l1</ feHtHkg xeX, (2)

where the inner product (-, -), is induced by a norm defined as

_1
Il = ILc® Flizy  f € Hao ©)

ie.,

1L fllge = 2y f € LAX). @

One of the targets of learning theory is to find an unknown function f : X — R from
the random observations {(x;, y;)}/"; drawn ii.d. (identically and independently dis-
tributed) according to a unknown probability p(x,y) = px(x)p(y|x) defined on X x R
(see [1,6]). A usual algorithm to realize this aim is to solve the following kernel regularized
optimization problem:

m

_ o1 Y — ) 2
fz,/\—argfrg;'lr;mg(f(xz) Yi) +A|’f”%l<’ ©®)

where Hy is taken as the hypothesis space, A > 0 is a parameter which balances the
m

relationship between the empirical error term ¥ (f(x;) — y;)* and the penalty term || f H%{K
i=1

Let fo(x) = [y dp(y|x) be the regression function. Then f, is the least-squares-best

predictor (see Section 9.4 in Section 9 of [8]), i.e.,

E(fp() =y = infE((f()—9)?).

g€l (X)

It is known that the convergence analysis of model (5) sums up to bound the conver-
gence rate for error || f; 1 — f, HL% (x)» Which depends upon the decay of the best approxi-
X

mation I(f, 'y)L%X(X) defined as (see e.g., [1,2,6])

I(ff7)L§X(x) = geHK,llﬂngHKSW If = 8||Lgx(x)/ 7>0 (6)
as y — +oo.

Formula (6) deals with a decay rate which depends upon the approximation property
of Hg. Many mathematicians have performed investigations on it. For example, D. X. Zhou
gives the decay of (6) with the RKHS interpolation theory (see [2,3]). P.X. Ye gives the decay
using convolution operators in the Euclidean space R? (see [9]). H.W. Sun gives a decay
for (6) with the help of operator theory in a Hilbert space (see [10]). It is known that the
Fourier—Bessel series is a good approximation tool and has been studied by many mathe-
maticians (see for example, [11-16]). Additionally, we found that approximation by RBF
networks of Delsarte translates was studied by some mathematicians. The essence of RBF is
summed up as the approximation of Fourier—Bessel transforms (see, for example, [17-20]).
So it is of interest for us to conduct investigations on the decay of I(f, R) 12, (X) with both

the Fourier-Bessel series and the Fourier—Bessel transforms.
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Leta > —% and 1 < p < o0 be given real numbers, and L (R, du,) denote the
space of all measurable real functions on Ry = [0, +o0) such that

1

duy, )’ < +oo, 1< p< +oo,
9| )’ p

(Jr, [

Hf”pa =
ess sup ’f(x)’ < o0, p = +oo,
XER4
where dp,(x) = %{:jl) dx. The normalized Bessel function j,(z) of the first kind and
order « is
) +o0 (_1)n(%)2n
= Ta+1) )y — 22/
fa(z) (a+ )ngon!l"(n—i—a—i—l)
— 2°T(a+ 1)]”‘36(3), z€R,, @)
where

e ()G
]“(x):(i) :Onll"(n—i-jc—i-l)

is the Bessel function of first kind and order «, and I'(« + 1) is the Gamma function.
For f € L'(R4, du,), the usual Fourier-Bessel transform JF gx) (f) is defined as

FHHW) = /R+ F(x) ju(Ax) dua, A € Ry.

In the present paper, some investigations on the decay of I(f, ) 12 (X) in the case
X

that Hg are constructed with j,(z)(z € [0,1]) and ]-"1(3“) (f) are provided. Some K-functional
and moduli of smoothness are defined with the help of the semigroup of operators, and
their equivalences are shown, with which the error for the decay is bounded. The results
obtained are two kinds of upper bound estimates associated with Fourier-Bessel series and
Fourier—Bessel transforms, respectively.

The paper is organized as follows. In Section 2, some notions and results of the
Fourier-Bessel series and Fourier—Bessel transforms are provided, with which two kinds
of RKHSs are constructed; the corresponding best RKHS approximation problem in these
setting is restated. Some K-functionals and moduli of smoothness associated with Fourier—
Bessel series and Fourier—Bessel transforms are provided, and their equivalence is shown,
with which some upper bounds for the best approximation are shown in Sections 3 and 4,
respectively. All the proofs for the propositions, the theorems and lemmas are given in
Section 5. Some further analysis for the results of the present paper are given in Section 6,
from which one can see the value of writing this manuscript. A general proposition for the
strong equivalence of K-functionals and moduli of smoothness is listed in the Appendix A.

2. Preliminaries

Let A1, Ap, - - -, be the positive zeros of J,(u) arranged in increasing order. It is well
known that ju(Ayx), n = 1,2,---, form a complete orthogonal system in L2 = {f :

Iz = fo X241 £(x)[2 dx)? < +oo} (see, for example, [12,16,21]), i.e.,

1
/0 xzaﬂ]'a(/\n”) Ja(Amu)du = ||]zx()\z)||i§ Omn-
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sk 'a /\i
Take ji (Ajx) = H]i(f\%ﬁ‘)ﬂ Then

1
) () it = ®

{jx (Aix) }$2, forms an orthonormal basis of L2 and for any f € L2, there holds Fourier—
Bessel series

+o0
flx) = ;“i(f) ja(Aix),  x€[0,1], )
where a;(f) = fol X241 £ (%) (A;x)dx and

1
2

+oo
1fll2 = (;Wi(f”z) : (10)

Lemma 1. We have the following results:
(i) Let A C N. Then

1) cija(Aix)ll 2 = (Z C?) : (11)

ieEA ieA

(ii)  The generalized translation operator Ty on L2 defined as

T:(f)(y) = \/% /On f(\/x2 + 12 _nycose) (sin§)*de, x,y€[0,1]
has the expansion of
+o0
Te(F)(y) = Y ai (f) ja(Aix) ju(Aiy),  x y € (0,1, (12)

i=1
where a¥ (f) = fol X2 (x) ju(Ajx) dx, and
ITh(HOllz < lIfllz, YR e[01]. (13)

(iii) The zeros {A1, Ay, - - -, } satisfy

X TT 1

Proof. See it from Section5. [

Inequality (13) is a theoretical basis for defining the moduli of smoothness with
translation operators Tx(f)(y).

Let {h;}:"% be the set of given positive real sequences such that the right side of
the series

00
K@) =KW (x,y) = Y b ji(hix) fi(Ay),  x y€[0,1], (15)
=1

1
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has uniform convergence for all x € R. It therefore is a Mercer kernel. Then
Z hiai(f) ja(Aix),  x€10,1]. (16)
Take

Z Vhiai(f) ji(Aix),  x€[0,1]. (17)

1 1
Then it is easy to verify that L) = L12<(ﬂ) o L;(a), and

—+o0

1
% L L2 Lz L*% _ ‘ai(g)F ’
Ke) = ={g€ ||g||1< = K@) (8)||L§ = Z; 7}” < 4oo}
=

is a RKHS in L2 associating with reproducing kernel K(*) (x, y) and an inner product (-, -) ;)

defined as
(f, g = 1 BDEE) g o
i=1 i
Since
w(KO() = [ PO )i Ay
1 +o0
I ( L) ww) J+ )y
= B ju(Aix),
we have
(F, K@ () _ Eﬂi(f) ail/([iKJ(C“)( )
2 a;(f) hy ji(Aix)
— g i(f ;11104
= Za ) jx(Aix) = f(x)
Equality (6) becomes
I(fv)e = _— 'Hg” Hf—gIILg, 7>0 (18)
as y — +oo.

Let C.(R) be the class of even C*-functions on R = {—o0, +oc0}. Denoted by A.(R),
the space of even C*-functions on R which are rapidly decreasing together with all their
derivatives, i.e.,

Vp,ke N, sup(|x” f<k>(x)|) < +oo,

x>0

where N is the set of natural numbers.
Let D, ; denote the space of even C*-functions on R with supportin [—a, a],a > 0and

R) = |J Dsa-

a>0
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Additionally, define the generalized translation operator Ty on L! (R4, dug) as

I'(a+1)

Te(f)(y) = ————5— /Onf<\/x2 + 12 —2xycos6> (sin)**df, x, y € R,.

VAT (a+ %)

and define a convolution on L' (R, du,) by

(F58)(®) = [ T(NWsWdu(v), £, g € L'(Ry,dpa), x € R

+

For the Bessel operators
> 2u+1d

la:ﬁ x dx

we have (see p. 12 or p. 177 of [22])

(=1a) (e (A)) () = A% fa(Ax), (=1a) 7 (ju(A)) (x) = % ju(Ax), A, x €Ry.

and therefore .
(1) T2(ja(A))(x) = AT ju(Ax), x € Ry.

Moreover, we have the following lemma.

Lemma 2. There hold the following:
(i)  D«(R) is dense in A«(R);
(i))  Both D.(R) and A.(R) are dense in LF (R, duy), 1 < p < 400, and

D.(R) C A.(R) C LP(Ry,dus), 1< p < +oo;

(iii) Iff € A(R), then F&) () € Au(R) and Ty (f) € A(R);

(iv) F é“) is a topological isomorphism from A.(R) to itself and F ng = F E(;a).
(v)  There hold

FO(Frsg) = F(HFY(Q),  fg€ LRy, dua),

(Fp9)() = [ FOWOF @)W A)dua(2)
and
FTNW) =i FF (OO, f € LRy, da).
It follows
Te(fy) = [ FOAN) ja(Ax) ja(Ay) dpa(A), - f € LRy, dpa).

Ry

@) Iff, F&(f) € LRy, dpg), then
F) = [ FYEAA) ja(Ax) dua(r), aex € Ry;

Ry

(vii) Let f € Ax(R)or f € L?>(Ry,duy). Then

J 7P = [ |70 ) W) ()

(19)

(20)

(21)

(22)

(23)

(24)

(25)

(26)
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(viii) There hold the following relations

FREENWN) = (DPAZPFL (), fe LNRy, dpa), (27)
ITe(Fllpa < I fllpa,  f € LP(Ry,dua), 1< p < oo, (28)
FGa(A) ) = ja(Ax) ja(Ay), Vx,y,A € Ry (29)

Proposition 2.1 of [23] shows that if ¢ € LY (R, du,) satisfies ]:lga)((l)) > 0 and
]:1(3“) (¢) € L'(Ry, duy), then

K(¢p,x,y) = Ke(¢,y) = Te(¢,y) / FE@)(A)ja(Ax) ju(Ay) o,y € Ry

defines a Mercer kernel on R, . We give an assumption

Assumption 1. Let ¢ € L' (R, du,) satisfy ]:1(3“) (¢) >0, ]-'Iga)(cp) € LY (R4, duy) and for
any u > 0 there is a real number a € R such that

{(AeRy: FPA) < :l} c [0, a]. (30)

We point here that the functions ¢ satisfying Assumption 1 are existent, and give two examples.
Example 1. Fort € (0, +oc0) the function p; : [0, +c0) — R defined by

29417 (a + 3) t
pr(x) = 3
VT (£2 4 x2)%+3

satisfies ||ptl|1(r,, ay,) = 1 Pt *B Ps = pr+s and flg“)(pt)(}\) = e for A € Ry (see
Problem 5. VIII 2 in Section 5.VIII Problems of [22]).

Example 2. For t,s € (0, +o0) the function k¢ : Ry — R defined by

x2
e
ki(x) = W
satisfies |[kell11 (g, 4u) = 1 ke #B5ks = kess and ]-'l(;“)(kt)()\) = e for A € Ry (see
Problem 5. VIII 1 in Section 5.VIII Problems of [22]).

Define
]:(“)
Hg) = {8 € L*(R+, dpta) NCi(R) : 5)7@)1 € L2(Ry, dua),
T (9)2
8 = Jo T @) ) dua(M)}

1
. f 2 7
with norm ||g”7'l1<( (fR+ . ((SZP)()\))‘ dﬂtx)

Define an inner product on Higp) a

FOHMNFD (@)
= AW
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It is known that K(¢, x, y) is a reproducing kernel of K() (see [24]), i.e.,
(& K(p,x, ))kp) =8(x), 8§ E€Hky)y, XER4 (31)
We have
L (F0) = [ K@) () dpa(w)
+

[ @OWOFD Q) jo(A0) duah), - f € LRy ) 32

Define for a given real number r € R an operator as

r
LU0 = [ (F @MW) FPOO) ja(Ax) dua(A), £ € L (Re,dpa). - (63)
+
1 1 1 1
Then it is easy to show that Lg4) = L12<(¢)(LI"’<(¢)) = L12<(¢) o L12<(¢),
75 (9)(M)

1 2 2
LIZ<(¢)(L2(R+/dﬂa)) ={g € L*(Ry,duy) : </R dﬂd) < oo} = Hy(y),

- A @
and )
1fllkip) = Niipy (O Nliz(ry, ap)r [ € Hiig)-

In this case, the decay (6) becomes

J— 3 _ 2
IfV)are, du) = gEHK((p)}I”l;HK@)S'Y If =82k, duy)r  f € L7(R4, dua)  (34)
for v — +oo.
If .7:1(;“) (¢)(A) = 55, then we define the corresponding RKHS

Hig) = LI%<(¢)(A*(R)) ={g€ A(R): </R+ Az‘fé“)(g) (A)‘z dw) " < foo}

and for g € 7—[1"(( ) there holds

_1
8l = My (®) iz, e

- ( 2 |E (g)(A)\de(M)%

1
= [(=1a)28l2(r., dpa)-

We have by (34) that

If V)R, due) = , inf I1f = 8llz2 (R, dyuy) (35)
110 gl2a gy <1

for v — +oo.

3. An Upper Bound Estimate with Fourier—Bessel Series
To bound the decay of (18), we define a K-functional

_ _ 2
Dy (fr D12 _gelﬁja) <||f 8l +tHgHK(0‘))/ feLlyt>0 (36)
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and a modulus of smoothness
Wi ()2 = [(Tgw () = Dfllz, f€ Ly, t>0, (37)

where

% ie \ﬁ a;(f) jx(Aix), x €10,1].
Then we have the following P;Op081t10n 1 whose proofs can be found from Section 5.
Proposition 1. There holds an equivalent relation
Dy (f Dz ~ wn (, (f D)2 felz, t>0. (38)
Proof. See it from Section 5. [

Theorem 1. There is a constant C > 0 such that

I(f, 7)1z < Con g, (f, ”{EL%) . fel} (39)
L

if y = +oo.
Proof. See it from Section 5. [

Taking h; = % into (15), we have a kernel

= 1 -k ok
Ki(y) =K' (x,y) =) 2 Jaix) i), xy €01,
i=1"%

It follows that

1
2

+00
= {geli: |glk= (Z A?Iai(g)|2> < +oo},
i=1
which shows that ||g||x+ = ||(—l“)%(g)||L§ and

1
Dy (00 = inf (If =gz + ()2 @l3)  fELfe>0
and

W (f )2 = (T () = Dfll 2, fELL >0,
where

Te0f(x) = Y e ™ a(f) jr(Ax),  x€ (0,1,

i=1
We have two corollaries.

Corollary 1. Forany f € L2, there holds

D'HK* (f’t)Lg ~ w'HK* (f’t)Lg’ f € Lilt >0
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Corollary 2. Forany f € L2, there holds

1(f,7)s2 < Com,. ( ‘ IIfJYLg

P Y — +o0.
12

4. An Upper Bound Estimate with the Fourier-Bessel Transform
Tobound I(f, 7)12(r,, dy,) We define a K-functional Dy ) (f,t)2(r, dy,) and @ mod-
ulus wy ) (f, 1) 12(r ., dy,) Tespectively corresponding to Hy 4 as
D) (fr D) 12(Rs., dua)
ot (If = llizce,, an + H18 ko)

1
= , inf <|f_g||L2(R+,dy,X) + L) (f)|L2(R+,dy,x)>/f € L*(Ry., dpa),
gELI%(¢)(L2(R+,d]4a))
and
W) (F D2k, due) = |1 (Tk@) () = Dflli2r,, due)r f € LP(Re, dppa), £ >0,
where

SR S
T 05G) = [ e VO ED (1)) u(0x) s ().
The K-functional and the modulus are equivalent, i.e., we have the following proposition.
Proposition 2. Let ¢ € L1(Ry., duy) satisfy Assumption 1. Then there holds the equivalence
Di(p)(frD12(r,, due) ~ Wk(9) frD12R,, dpe) £ € LP(Ry, dpia), £ > 0. (40)
We now give an upper bound estimate for (34).

Theorem 2. Under the conditions of Proposition 2, there is a constant C > 0 such that

AN c2(Re, dpa)

) , f€L2(Ry, duy) (41)
7 I2(R+, dp)

I(f, V)Lz(lh, dg) S CwK(‘P) <f’

if y = +oo.

For F]ga) (Pp)(A) = % we define a K-functional on L?(R., du,) as

. 1
Dy (O, ap = 0 (IF =8+ (1) 28lliz(r, gy ) £ > 0
)

l *
2 ge?-lK(¢

Define a modulus of smoothness as

wl (fr t)LZ(R+, duy) — (T

l () = Dfll2(ry, dpa) t > 0

Bl

1
2
a

where

T
1

()= [ M FPAQ) jn(Ax)dpa (V).

Then we have the following two corollaries.

2=
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Corollary 3. There holds the equivalent relation
Dl% ()2, du) ™ w3 (f)12R., due) f € L (R, dpa),t > 0.

Corollary 4. There is a constant C > 0 such that

<f AN e2(Re, dpa)

= , f € L2(Ry, duy). (42)

I(f, R) 2R, apy) < Cw )
L2(R+., djta)

R0

1

We give further computations for T 1 (t) f(x). By Example 1, we know flga) (p)(A) = e M,
I
which, together with (21), gives

OF@) = [ FEOWF OO je ()

= Jo B @) ) (3)

= (fxsp)(x),  x€ERy,

which with (42) shows that
w3 (fiary, au) = 1Uf *B Pt) = flli2r., dpg) £ > 0 (43)

Take (43) into (42). Then

I(f V)ia(ry, aue) < CINCF*B PE) = flli2(re, dug)

¥ f e LRy, duy). (44)
t

7I|fHL2(R+/dM
- v

(44) shows that the decay of I(f,7)2(r,, dy,) 18 controlled by the approximation order of

convolution operator f *p p; for t = w
For ‘7:1(3“) (P)(A) = % we define
1
Hiap) = Ligp(A+(R))

= {g€A(R): (/R+ A F A A 2>% < oo}, (45)

Then

1
2\ 2
Il = ([, A0 0am])
+
= 1(=1)glli2(r,, dpa)- (46)

Define a K-functional on L?(R., d Ja) as

Dy, (f ) 2Ry, dua) = ge?i{ifu( )(||f =8l +tI(—la)gll 2(x, dy,x)>/ t>0.
0

Define a modulus of smoothness as

wi, (f 2Ry, due) = 1T (8) = Dflli2ry, dugy, >0,
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where

TLOf@) = [ e HMFEA) jn(0) dpa (V)

Ry

Then we have the following two corollaries.
Corollary 5. There holds

Dy, (f,i2(r., due) ~ @1, (FD12(R,, ap)y [ € L2(R, dpa), £ > 0.

Corollary 6. There is a constant C > 0 such that

1A e2(r, dpa)

> , f € L3Ry, duy). (47)
i I2(R+, dp)

I(f, ')’)L2(R+,d;4,x) < Cuwy, (f/

Additionally, by Example 2, we know F, é’x) (k) (A) = e~"t which, together with (21),
gives

O = [ FEOWF (N fAx) d)

_ /R ) FS(F#pk)(A) ja(Ax) dpa(A)
= (f*sk)(x), x€Rs,

which, with (47), shows that

wi, (f ) 2Ry, due) = I *B k) = flli2(ry, dp)r >0 (48)

Take (48) into (47), we have

f, V)ra(re, due) < CNCf*B k) = flli2(r,, djun) Ve feL*(Ry, du).  (49)
— PRy di)

We know by (49) that the decay of I(f,7)12(r,, ay,) is controlled by the approximation

. A1
order of the convolution operator f *p k; for t = M

5. Proofs
—+o00

Proof of Lemma 1. Formula (11) can be obtained by the orthonormal of {jj(A;x)};"7.
Formula (13) can be seen from [11] or Lemma 1 in [12]. Formula (14) can be seen
from [16]. O

Proof of Lemma 2. Proof of (i). See Proposition 2.II.1 in P51 of [22].

Proof of (ii). See Corollary 4.111.2 in P104 and Corollary 4.111.3 in P105 of [22].

Proof of (iii). See Theorem 5.111.1 in P127 and Proposition 5.11.4 in P129 of [22].

Proof of (iv). See Theorem 5.111.1 in P127 and (5.1I1.3) in P128 of [22].

Proof of (v). See Proposition 5.11.2 in P120 of [22] and (4.1I1.10) in Proposition 4.111.4
of [22].

Proof of (vi). See Theorem 5.11.2 in P126 of [22].

Proof of (vii). See (5.11L.5) and (5.111.6) in Proposition 5.111.2 in P128,(5.V.2) in P139 of [22],
and Proposition 2.2 in [25].

Proof of (viii). Formula (27) may be found from (5.11.12) of Proposition 5.11.3 in P122
of [22]; (28) may be found from (4.11.9) of Proposition 4.11.2 in P94 of [22]; (29) may be found
from (4.11.8) in P93 of [22]. O

Proof of Proposition 1. We show it with the help of Proposition Al in the Appendix A.
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It is easy to see that Ty, (t) satisfies (A1) and (A2). Simple computations show

Ty (D f (%) = f(x)
Ef(x) = lim K@ ;

t—0
t
T (e VE—1)
= Yanim CT T
= —0 t

“+o00

_ ;(‘\/lﬂ ai(f) ju(Aix)

and
FET (o (t Yt vm (A
cw 0F@ = 1 (-7 )e V7 al) iz
It follows
1
+oo<t>_\/t}722(f)z
tET, o (t = — e i oa;
|| K( >( )f||L§ l; N
oo :
< (Za?(f)) = || fll2- (50)
i=1
Collecting (50), and (A5), we have (38). O
Proof of Theorem 1. Because h; — 07 (i — +00), defining
A = ¥ alf) i), (51)

1
i <H

we have for any g € H () that

F) =90 = ¥ ailf) ji(hix) = i(f =) ja(dix) + 1 ailg) ju(Asx)

ik ik m M
and
1 1
2 2
=i < | Ela(f-9P | +| X lag)?
ik ik
1
2
h; 2
< Nf—gla+ lai(g)]
1
2
1 1 )
< f -8l +— = |a;
If =8llz + E i lai(s)]
hl-fy
< 1If = glliz + =gl o (52)
SN
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Since the arbitrariness of g € H (), we have

@, < inf ( > (53)
I1f = fu Iz A 1f—gllz + \/ﬁ”gHK”
() ai(f) (5. Wy _ 17 (@
Take 1y, ' (x) = Z \f],x(/\lx).Thean (x) LK(W)(h x) € Hyw and
h <p
||fy||1<(w) = ||hy||L§
%
i (f)I?
- | gl
1z i
hi I
b
< VE| LlaHP | < vElfllz
Take /7| fll;2 = - Thenf HfHL“ . By the definition of I(f,v);2, we have (39). O

Proof of Proposition 2. It is easy to see that Tx ) (t) satisfies (A1) and (A2). Simple com-
putations show

Ef(x) = }E%TK(di)(t)fix)_f(x)

e Y A ()i )

t—0 t

- /R (—M;)Fé“)(f)@)jaw) dia (M)
S\ VFR @0

and

(ETey 0N = [ (— ) D F (£)A) (A ().

fé“><4>><A>

Since f € L2(R, dua), we know by (26) that ]-“lg"‘)(4>)(-) € L%(Ry, du,). Addition-
ally, since

we know
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It follows by (26) again that

175 () 12k, dy)
= nellz(r., duy)
< NF Ol ao = 1Br, gy 6Y

IE T (o) (DF 172k, dye)

A

By the same method, we have

_ t 2
() 2
1Tk OF Beiry i) = |, (e g W)) A A dua(a)
+

J.

Collect (54), (55) and (A6) we have (40). [

IN

W[ dua(d) = 1712
FOHN] dua) = 1ok, gy 55)

Proof of Theorem 2. Define i, , = {A € R, : 1 < and
A { + fé“)(cp)(A) u}

)= [ FDWiA) dpa().
;4/\
Then

FE = f0 = [ FO0RAY) dua(N).

Re\Ry, A

s~

It follows that for any g € H), there holds

ORSAC)
= Joon, TG QW D R+ [ F QA din (1)
Define the characteristic of R\ %, ) as AR \R, (A). Then

f0) = £.(%)

= rama WF (90 (W) de(2)
[ KR W (S A) ja(Ax) diia()

= A5 + 7 () (), (56)

where

u(V) = Xrom, WFS(F =), bu(d) = xg,\m,, W FS ()(A).

Since ¢ satisfies Assumption 1, by (30) we know g, € D.(R) C A«(R) C L*(Ry, dpy).
By (26), we have

175 (510l 2k, ) = N8l 20k, dy- (57)

By the same method, we have

1F5 0 2k, ) = W0l 2k de)- (58)
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It follows from (56), (57) and (58) that

If -
S TRTNO

IN

f*||L2(R+,dya)

</R+\§Ry,)\

Since (26), we have by the definition of &, , that

If -
< |f-
< |f-
< |If
= |f-

1
8ll2ry, dua) + ﬁllglla,«@

Because of the arbitrariness of ¢ € Hg(,), we have

If

Let h,(x)

(a)
=/ i Mtjy Then by (20) we have h, € L?(R, uy) and

VE @)

. 1
~ el < pE (1 = oz, + ﬁngnw).

£.(5) = L 0) = [ OG0 1ul1x) ds(0).

Therefore, f, € H K(9)- It follows that

Ifellkey = alliz(ry, dpe)

_ ([ Fowe,
(fm f<“><¢>< N

IN

VIS (D)l 2w, dy)

1
2
%

= Vil fll2(ry, dpa)-

(®) 2.\’
@0 dua>

f*”Lz R+ dﬂa
@O | 2w 2 )
8lli2(r,, du) T </R+\8“EM ]__ ‘P YA ‘f (8)()\)‘ dpia
2
ez ) + o) [ Fie W)
max @y
SIL2(R+, dpua) /\ER+\?R;¢A RiARy ]:lga)(cp)()\)
Ho A ewf
_ l max A oo
g||L2(R+ dpa) T <A€R+\§Rw\ @) )> /R+ -7:}(;“)(4’)()\) "

F =90 lizr,, apey + 1600 OFS () Ol2(e, )

(/R* ‘féﬂ)(f B g)(/\)‘z dy“) % i </R+\§R,4,A d

1

dpy

(59)

(60)
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Take \/7i fll12(r,, aue) = 7v- Then \/ji = W Collecting (60) and (59), together

Ry, dun
with the definition of I(f; ) L2(R., dy,) W arrive at

IN

. 1A l2(® ., dpe
I(f;’)/)Lz(R+, dug) gel??f <|f _g||L2(R+,dy“) + M”g”}[m@

K(9) r

_ D<f, ||f||L2(R+,d;4a)>
7 I2(R+, djua)

~ w (f/ ||f|L2(R+,d;4,X)> ‘
7 I2(R+, dpa)

O

6. Further Discussions

We now give some comments on the results obtained in the present paper.
A more general problem arising from learning theory is to bound the decay rate of the
function (see [2])

[(a,R) = inf (lla—=bl),  ae€BR~—+oo (61)
Iglln<R

where (B, || - ||) is a Banach space and (H, || - || ) is a dense subspace with ||b|| < ||b]||y for
beH.

It is known that the approximation ability of a function class is determined by the
smoothness of its functions. So the decay of I(a, R) is influenced by the smoothness of the
functions in H.

Smale and Zhou (see [2]) give the first estimate for the decay of (61) in the case that
a€ (B,H )9/00, which is a particular Besov space (in fact, it is the interpolation space of B
and H). This work is improved in [9]. For B = H*(R?)(s > 0) (the Sobolev space, see [2] for
the definition) and the reproducing kernel Hilbert space H = Hg,, Zhou gives an estimate
as (see [3])

inf —¢|| < By (logR)"® (62)
[P I 81 < BasogR)

if R > Allf|l 12(rd), Where K is the Gaussian kernels

 exof = yIP d
Ky (x,y) = exp{ 2 b, xye€(0,1]%c>0.

The tools used is the RKHS function interpolation.

It is known that the most commonly used tool in approximation theory is the K-
functional. The most helpful relation is the strong equivalent relation between a K-
functional and a corresponding modulus of smoothness (see, for example, [26]). The most
commonly used quantity for describing the approximation ability of a function class is the
Jackson inequality expressed with a K-functional or a modulus of smoothness (see also [26]).
As far as we know from the literature, no Jackson inequality has been established for the
decay of (6). There is little description for the smoothness of a RKHS. Recent research shows
that any RKHS has some smoothness; it can be considered from the view of fractional
derivative and orthogonal series and show that the well-known K-functional ([27])

D (fr Mz x) (f =gl + Mgl  A>0, (63)

= inf
g€tk

is equivalent to a modulus of smoothness, where X is chosen as some compact sets,
for example, X = §$7 1 = {x ¢ R : ||x|| =1} and X = B = {x € R? : ||x|| < 1}. It
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is valuable for us to extend these results to the RKHS defined on a noncompact set. The
set X used in the present paper is X = R!, which is a noncompact set and has essential
properties different from those of a compact set (see, for example, [5]). Moreover, it is the
first time that a Jackson inequality is established to describe the decay (6). A advantage of
this manuscript is the use of the Bessel series and Bessel transforms, which transforms the
RKHS approximation problem into the classical Bessel-Fourier approximation problem
and gives the decay rate with Bessel-Fourier approximation skills.

The Jackson inequalities in Theorem 1 and Theorem 2 show that the RKHSs constructed
with Bessel series and Bessel transforms have the same approximation as that of the Bessel
series and Bessel transforms.

The moduli of smoothness defined in this manuscript are one-order moduli. It is a
valuable problem for us to define higher-order moduli of smoothness and show the Jackson
inequality to describe the decay of (6).
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Appendix A

It is known that the moduli of smoothness defined by a semi-group of operators have
the same properties as those of the usual moduli of smoothness defined by the difference
of the function (see Chapter Two of [28]) and have been used to describe the degree of
approximation in approximation theory (see, for example, [27,29-32]). We restate here a
proposition for a general strong equivalent relation.

Let (B, || - ||g) be a normed linear space, {T(t) 2 (B,and|| - ||g) — (B, ]| - ||B)} be a

£>0
strongly continuous semi-group of operators satisfying

T(s+t) =T(s)T(t), tlir& T(t) =1, (A1)
and
IT®flls < fls,  feBt>0. (A2)

The infinitesimal generator E is given by

Ef = lim %, (in B), (A3)

t—0+

whenever the limit exists. D(E) is the domain of E. Then we have the following proposition.

Proposition Al. (Theorem 5.1 of [33]) Let T(t) satisfy (A1), (A2) and (A3),

T(t)f € D(E) forall f € B, (A4)
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and there exists a positive constant N independent of t and T(t) such that
t|E T(t)||g < N(N is a constant independent of t), ET(t) : B — Bfort >0, (A5)

Then for r € N and t > 0, there holds

wrlf, 0 = T =1 flls ~ nt (If =slls +FIEslls) = K (f, ), (46)

where

(T(s) 1)’ f = kizl( L) O f + (1) S,

References

1.  Cucker, F; Smale, S. On the mathematical foundations of learning. Bull. Amer. Math. Soc. 2001, 39, 1-49. [CrossRef]

2. Smale, S.; Zhou, D.X. Estimating the approximation error in learning theory. Anal. Appl. 2003, 1, 17-41. [CrossRef]

3. Zhou, D.X. Density problem and approximation error in learning theory. Abstr. Appl. Anal. 2013, 715683. [CrossRef]

4. Aronszajn, N. Theory of reproducing kernels. Trans. Amer. Math. Soc. 1950, 68, 337—404. [CrossRef]

5. Sun, H.-W. Mercer theorem for RKHS on noncompact sets. J. Complex. 2005, 21, 337-349. [CrossRef]

6.  Cucker, E; Zhou, D.X. Learning Theory: An Approximation Theory Viewpoint; Cambridge University Press: Cambridge, UK, 2007.

7.  Ferreiar, ].C.; Menegatto, V.A. Reproducing kernel Hilbert spaces associated with kernels on topological spaces. Funct. Anal. Appl.
2012, 46, 89-91. [CrossRef]

8. Williams, D. Probability with Martingales; Cambridge University Press: Cambridge, UK, 1990.

9.  Ye, PX. Some Approximation Problems in Learning Theory, Post-Doctoral Research Work Report; Chinese Academy of Sciences: Bejing,
China, 2003.

10.  Sun, HW. Behavior of a functional in learning theory. Front. Math. China 2007, 2, 455-465. [CrossRef]

11.  Abilov, V.A,; Abilova, EV. Approximation of functions by Fourier-Bessel sums. Izv. Vyssh. Uchebn. Zaved. Math. 2001, 8, 3-9.

12.  Abilov, V.A; Abilova, EV.; Kerimov, M.K. Some issues concerning approximation of functions by Fourier-Bessel sums. Comput.
Math. Math. Phy. 2013, 53, 867-873. [CrossRef]

13.  Abilov, V.A.; Abilova, EV.; Kerimov, M.K. Sharp estimates for the convergence rate of Fourier-Bessel series. Comput. Math. Math.
Phy. 2015, 55, 907-916. [CrossRef]

14. Abilov, V.A,; Abilova, F.V.; Kerimov, M.K. On sharp estimates of the convergence of double Fourier-Bessel series. Comput. Math.
Math. Phy. 2017, 57, 1735-1740. [CrossRef]

15. Abilov, V.A,; Kerimov, M.K. Some estimates for the error in mixed Fourier-Bessel expansions of functions of two variables.
Comput. Math. Math. Phy. 2006, 46, 1465-1486. [CrossRef]

16. Hochstadt, H. The mean convergence of Fourier-Bessel series. SIAM Rev. 1967, 9, 211-218. [CrossRef]

17. Arteaga, C.; Marrero, I. Universal approximation by radial basis function networks of Delsarte translates. Neural Netw. 2013, 46,
299-305. [CrossRef] [PubMed]

18. Arteaga, C.; Marrero, I. Approximation in weighted p-mean by RBF networks of Delsarte translates. |. Math. Anal. Appl. 2014,
414, 450-460. [CrossRef]

19. Dai, E; Wang, H.P. Interpolation by weighted Paley-Wiener spaces associated with the Dunkl transform. J. Math. Anal. Appl. 2012,
390, 556-572. [CrossRef]

20. Marrero, I. Radial basisi function neural networks of Hankel translates as universal approximation. Anal. Appl. 2019, 17, 897-930.
[CrossRef]

21. Vladimirov, V.S. Equations of Matheamtical Physics; Marcel Dekker: New York, NY, USA, 1971.

22.  Triméche, K. Generalized Harmonic Analysis and Wavelet Packets; Gordon and Breach Science Publishers: Singapore, 2001.

23. Sheng, B.H. The weighted norm for some Mercer kernel matrices. Acta Math. Sci. 2013, 33A, 6-15. (In Chinese)

24. Sheng, B.H.; Zuo, L. Error analysis of the kernel regularized regression based on refined convex losses and RKBSs. Int. J. Wavelets
Multiresolut. Inform. Process 2021, 19, 2150012. [CrossRef]

25. Quadih, S.E.; Daher, R. Estimates for the generalized Fourier-Bessel transform in the space Lfm. Internat. . Math. Model Comput.
2016, 6, 269-275.

26. Ditzian, Z.; Totik, V. Moduli of Smoothness; Springer: New York, NY, USA, 1987.

27. Sheng, B.H.; Wang, J.L. On the K-functional in learning theory. Anal. Appl. 2020, 18, 423-446 [CrossRef]

28. Butzer, P.L.; Berens, H. Semi-Group of Operators and Approximation; Springer: New York, NY, USA, 1967.

29. Dai, E; Ditzian, Z. Strong converse inequality for Poisson sums. Proc. Amer. Math. Soc. 2005, 133, 2609-2611. [CrossRef]

30. Dai, E; Ditzian, Z. Cesaro summability and Marchaud inequality. Constr. Approx. 2007, 25, 73-88. [CrossRef]

31. Ditzian, Z. New moduli of smoothness on the unit ball and other domains, introduction and main properties. Constr. Approx.

2014, 40, 1-36. [CrossRef]


http://doi.org/10.1090/S0273-0979-01-00923-5
http://dx.doi.org/10.1142/S0219530503000089
http://dx.doi.org/10.1155/2013/715683
http://dx.doi.org/10.1090/S0002-9947-1950-0051437-7
http://dx.doi.org/10.1016/j.jco.2004.09.002
http://dx.doi.org/10.1007/s10688-012-0021-5
http://dx.doi.org/10.1007/s11464-007-0028-z
http://dx.doi.org/10.1134/S0965542513070026
http://dx.doi.org/10.1134/S0965542515060020
http://dx.doi.org/10.1134/S0965542517110021
http://dx.doi.org/10.1134/S0965542506090028
http://dx.doi.org/10.1137/1009034
http://dx.doi.org/10.1016/j.neunet.2013.06.011
http://www.ncbi.nlm.nih.gov/pubmed/23876407
http://dx.doi.org/10.1016/j.jmaa.2014.01.012
http://dx.doi.org/10.1016/j.jmaa.2012.01.049
http://dx.doi.org/10.1142/S0219530519500064
http://dx.doi.org/10.1142/S0219691321500120
http://dx.doi.org/10.1142/S0219530519500192
http://dx.doi.org/10.1090/S0002-9939-05-08089-5
http://dx.doi.org/10.1007/s00365-005-0623-8
http://dx.doi.org/10.1007/s00365-014-9232-8

Axioms 2022, 11,233 20 0f 20

32. Ditzian, Z. New moduli of smoothness on the unit ball, applications and computability. |. Approx. Theory 2014, 180, 49-76.
[CrossRef]
33. Ditzian, Z.; Ivanov, K.G. Strong converse inequalities. J. Anal. Math. 1993, 61, 61-111. [CrossRef]


http://dx.doi.org/10.1016/j.jat.2013.12.002
http://dx.doi.org/10.1007/BF02788839

	Introduction
	Preliminaries
	An Upper Bound Estimate with Fourier–Bessel Series
	 An Upper Bound Estimate with the Fourier–Bessel Transform
	Proofs
	Further Discussions
	
	References

