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Abstract: The goal of this paper is to introduce two new concepts x-fuzzy premeasure and outer
*-fuzzy measure, and to further prove some properties, such as Caratheodory’s Theorem, as well as
the unique extension of *-fuzzy premeasure. This theorem is remarkable for it allows one to construct
a x-fuzzy measure by first defining it on a small algebra of sets, where its *-additivity could be easy
to verify, and then this theorem guarantees its extension to a sigma-algebra.
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1. Introduction

The notion of *-fuzzy measure (*-FM) and its properties were defined and investigated
in [1]; this version of fuzzy measure has a dynamic situation and can model new events,
such as the COVID-19 disease, explained in [2]. Further, some results of *-FM are discussed
in [3]. In fact, *-FM is a dynamic generalization of the classical measure theory. This
generalization is obtained by replacing the non-negative real range and the additivity
of classical measures with fuzzy sets and triangular norms. Our development of the
fuzzy measure theory has been motivated by defining a new additivity property using
triangular norms. Here, the classical additivity of measures based on the addition of real
additivity is replaced by triangular norms-based aggregation. Our approach is related to
the idea of fuzzy metric spaces [4-6]. Though our paper is purely theoretical, we expect
several applications of our results in domains considering the development in time, e.g., in
quantum physics or in color image filtering. Based on the obtained work, we are going to
define two new notions *-fuzzy premeasure and outer *-fuzzy measure, and study their
properties and the relationship between them.

2. *-Fuzzy Measure

We begin by giving some background and related results from *-fuzzy measure theory
that we will use in this article. Let X # @ and M be a c-algebra of subsets of X. Further,
weuse [ = [0,1] and | = [0, +0).

Definition 1 ([7,8]). A topological monoid
w2 — 1,

such that
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(i) pxp' = *xp, forall p,p' €1,
(i) = (p'*p") = (p* ) *p'", forall p, o', ¢" €1,
(iii) px1=g, forallp €1,

(iv) If o1 < o and p} < @), then o1 x ) < o * 5, forall p1pm, P}, 05 € 1,
is said to be a ct-norm.

Example 1. Now, we consider important ct-norms.
(D) y*py =77
(2) y*mv" =min{y,~'};
(3) v+ =max{y+7"—1,0}

(4)
, 0, lf’)’ = 7, =0,
THEHY = L - otherwise,

(the Hamacher ct-norm).

When a ct-norm possesses an Archimedean property (77 * ¢ < 7 for every v € [ =
(0,1)), we say that * is a cat-norm. For example, p, *1, *p are cat-norms but *y; is not (for
more details about the cat-norm we refer to [9]).

Definition 2 ([1-3]). Consider the set X, o-algebra M C P(X), and cat-norm . We define a

*-fuzzy measure (x-FM) u from M x ] to I, in which

(1) pmaps (D,t)tol, foreach t € J;

(2)  u(v,.) is left-continuous, increasing and u(v,t) tends to 1 when t tends to +oo for every
veM;

(3) ifvy e M,inwhichvyNvy =Qforl #kand l,k=1,2,- -, then

+00
y( U ve t) =5, Su(vy, t), forevery te].
=1

It is clear that Item (3) of Definition 2 is a countable x-additivity. Further, a *-FM is
finitely *-additive if

n
y( U ve t) = xy_q1u(vy, t), forevery te],

(=1

whenever vy, -+, v, € Mand vy Nv, =, L # k.

Observe that if « is a strict cat (i.e., * is strictly increasing on (0, 1]2), then it is additively
generated by a decreasing bijection f : I — [0, +o0], where p x o' = f~1(f(p) + f(¢')).
Then, for any *-FM y, and any ¢ € ], the set function m; : M — ] given by f(u(.,t)) is
a sigma-additive measure. Vice-versa, for any decreasing surjection g : | — ], and any
sigma-additive measure m, define (v, t) = f~1(g(t).m(v)) for v € M, which implies that
pisa x-FM.
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Example 2. Consider the measure space (X, M, m), and classical o-additive measure m : M —
[0, +00]. Put f(p) = 1;” for each o € I and g(t) = 1 for every t > 0. Then * = xp because

g = 11T§f0r every & € [0, 400}, and hence

1(1-p 1—30’) 1
! 1
f < o o 14 =0

Further,

Wot) = fig0mw) =1 (M) =
forallt € |, and y is a x-FM.

A x-fuzzy measure space (abbreviated to *-FMS) is denoted by the tetrad (X, M, p, *).
According to Definition 2, u(v,.) is a left-continuous and increasing map (it is a left-
continuous distance function in the sense of Rodabaugh and Klement’s earlier works).
Therefore, j(v, .) is a fuzzy number. We claim p is monotone because (v, .) is a decompos-
able measure with *, and *-decomposability implies the monotonicity [10]. From [11,12],
we can extend y : v x (0,+00) = Itou : v x (—co,+00) — I with u(v,t) = 0 for every
t < 0. Thus, p(v,.) from R to I is a special L-fuzzy number [13-15] or is a distance func-
tion [8]. The fuzzy measure theory was initially introduced by Sugeno et al. in [16,17].
With new approaches, we have further defined *-FMS from fuzzy metric spaces and fuzzy
normed spaces [4-6,10,13,18-34]. There are two classical references [35,36] in this area.

Definition 3. Let the quadriple (X, M, u, ) be a x-FMS. Positivity of (X, t) for positive number
t implies that y is a bounded +—FM. Furthermore, when X = U vy, forvp e M, £ =1,2,...and

u(vg, t) > 0, we get y as o-bounded. If y is a bounded *-FM we say the quadriple (X, M, u, *) is a
bounded x-FMS. On the other hand, o-boundedness x-FM, y shows o-boundedness of (X, M, u, *).
Let t > 0. If for every v € M with u(v,t) = 0, there exists a set ¢ € M such that & C v and
0 < u(9,t) <1, wecall ua x-fuzzy pseudo bounded measure.

Definition 4. Let the quadriple (X, M, u, *) be a +-FMS. If v € M and u(v,t) = 1, for each
t > 0, then we say v is a x-fuzzy null set.

The notion of a *-fuzzy null set should not be confused with the empty set as defined
in set theory. Although for the empty set @ we have u(@,t) = 1, for each t > 0. Consider
Example 2, for any non-empty countable set v of real numbers, we have

t
t+m(v)
t
t+0

7

plv,t) =

|
—_

for each t > 0.
Definition 5. A complete x-FMS is a x-FMS that contains all subsets of null sets.

Note that a *-FMS (X, M, 1, ) is complete if and only if v C u € M and p(u,t) =1
for each t > 0 implies that v € M.
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Theorem 1 ([1]). Let the quadriple (X, M, j1,*) be a x-FMS. Let
Ny ={N, € M : u(N,,t) =1, forevery t> 0},

and
M ={vUd:ve Mand®d C N, forsome N, € Ny},

such that it is not necessary ¢ € M. Then, it is clear that M is a o-algebra and there exists a
unique extension | of y.

3. Outer x-Fuzzy Measure

Definition 6. Consider X # @. A fuzzy set u® : P(X) x (0, +00) — I that satisfies the following
forevery t > 0,

i) p (ot =1,
(i) Ifv C O then yo(ﬂ,t) < u®(v,t),

—+00

(ii) MO( U vwf) e (v, ),
(=1

is called an outer x-FM.

For example, let X = R and define ° : P(R) x (0, +00) — I by

1, ifo=0Q,
wot)=4¢ .
1 ifv #Q,

for each t > 0 and let * = *p. Then, y° is an outer *-FM.

Definition 7. Let { C P(X), we say ¢ is an elementary family of subsets of X, if,

i) ©Deg
(i) Ifv,0ethenvnd eg;
(iii) Ifv € ¢ then v° is a finite disjoint union of members of ¢.

Now, we present a fact concerning elementary families [35].

Theorem 2. Let ¢ be an elementary family, then
n
A= { UU[ZUgmUk_®,f7ék,Ug€C}
(=1

is an algebra.
We obtain outer *-FMs by a family ¢ of elementary sets as follows:

Theorem 3. Let ¢ C P(X) such that X,® € ¢, and p : ¢ x | — I satisfy p(D,t) = 1 for every
t > 0. We define for v C X,

+00
ue(v,t) —Sup{ oo t) o€ and v | Qé}- 1)
/=1

Therefore, u® is an outer *-FM.

Proof. For any v C X we can find {o,};® C ¢ such thatv C U oy (take g9y = X for all ¢)

so the definition of #® makes sense. Now, we show the outer *- fuzzy measure properties.

(i) Itisclear u®(@,t) =1.
(i) IfvC Othenu®(9,t) < u(v,t).
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(iii) To show property (iii) of Definition 6, we apply induction.
Let {vy,v2} € P(X) and 0 < € < 1. Since

+0c0
4 (v1,1) = sup { 2 plont) o €€, vic | Qe},

(=1
we have
1o (v1,t) —e <+ %p(0u,t). @
Similarly, we have
—+o00
u (g, t) < %5p(ort), | or C v2. ®)
k=1
From (2) and (3) we get
WO (o1, 1) 5 1 (02, 1) < % 5p(0; 1), @

" /
where Qj = 0/ 0T Q-
On the other hand, UQ;/ C v Uy, Q;/ € ¢ so

1o (v1 Uy, t) > % %p(j, 1). 5)

From (4) and (5) we can conclude that
ue(vyUuy, t) > u® (v, t) * u®(vo, t),
and the proof is complete. [
Note that v C X is a y®-*-fuzzy measurable set if 4° is an outer *-FM on X and
1o, t) =u(onu,t)xu®(oNvs,t) forall o C X.

Clearly, the inequality u°®(o,t) > u®(eNwv,t) * u®(oNve,t) holds for any v and o.

To prove v is u®-*-fuzzy measurable, it suffices to prove the converse of the above inequality.
If 4°(o,t) = 0, we claim v is p®-*-fuzzy measurable if and only if

(o, t) <u(oenu, t)*u°(oNvs,t), forall o C X suchthat u°(o,t) > 0.

Theorem 4 (Caratheodory’s Theorem). Consider outer *—FM u® on X, then the family M
consisting of all u®-*-fuzzy measurable sets is a o-algebra, and the restriction of u*| pq is a complete
*~FM.

Proof. Clearly, M is closed under the complement operation. Furthermore, if v, ¢ € M
and ¢ C X we get

pe(ot) = pu(enuv,t) * u®(0 NS, 1)
=u®(enuvNd,t)xu°(eNvNd,t)
*u® (0 NV N, t) *u®(oNve N, t). ®)

Since (vU®) = (vN ) U (vNod°) U (v° N 1Y) and sup-additivity, we derive

plen((vNd)u(vnNd)U (v nd)),t) >u(envnNd, t)«u®(eNuvNds, t)xu®(oNv-Nd,t).
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Using (6) implies that
p(et) <pt(en(vud), b) *p(en (vUB), 1).

It follows that vU ® € M, i.e., M is an algebra. Moreover, when v,9 € M and
vNY =@, wehave

u(vUd, t) =u((vUd)Nu, t)«u®((vUB) NV, t) = u(v, t) x u°(9,1),

which implies that u° is finitely additive on M.
n +o0
Consider a sequence of disjoint sets in M i.e., {vg};;";, andd, = J vyand ¥ = | vy.
/=1 (=1
Then for any ¢ C X, we have

(0N By Nvy, t)*xu®(0NY, Nus,t)

H(eNdy, t) =u°
pe(@N vy, t) * p(@NBy_1,t).

Now, a simple induction shows that y®(¢ N @y, t) = */_,u°(e Nvy, t). Thus,

1 (o t) = p°(@Ndy, t) * (e Ny, t)
=1 (0 Ny, t) x u®(o N5, t)
< s u(oNug t) * u®(o NS, t),

*
and letting n — +oo0 we obtain
(e t) < % p°(eNug, t) + pf (oMY, 1)

+o0
< V°< Uen vz),t> * 1 (N o, t)
(=1

H(@N 9, )+ u®(eNo5, 1)
< (e t).
Thus p°(o,t) = u®(eNd,t) * u®(0N Y, t). From ¢ € M and taking 0 = 9, we get

e (8, t) = «/pu°(e Ny, t); thus u° is countably additive on M. Finally, if 4°(o, t) = 1 for
any ¢ C X we have

#(et) = pt(eNu ) x p (N v, t) = p(e NS t) = p(e t),
because v € M. Hence p*| is a complete *-FM. [

Definition 8. Consider the algebra A of P(X); we say po : A x | — I is a x-fuzzy premeasure
(x-FPM), when
(i) po(D,t) =1,and
—+o00 —+o00
(i) if {v,} /5 is a sequence of disjoint sets in A such that |J v, € A, then y<>< U ve, t) =
=1 (=1
*Zg‘uo(l}g, l’).
In particular, any «-FPM is finitely additive because vy = @ for £ > n.
Let po be a +—FPMon A C P(X), Theorem 3, implies that

+oo
1o (o t) —sup{*(t"{ po(ve t) vy € A0 C ve}- ?)
/=1
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Let S be the set of intervals (a,b] and * = . Let A be the collection of sets A C R
representable as finite unions of disjoint intervals,

k

A= U (air bi]/

i=1
one may check that A is an algebra. We define

t
t+ Y5 (b —a;)

Ho(A t) =

It is easy to show that y, is a *-FPM on A.

Theorem 5. Consider *-FPM ., on A then
(i) pola=po,

(ii) elements of A are u®-+-fuzzy measurable.
Proof.

00 n—1
(i) Supposeo € A. Leto C | vywithvy € Aand ¢, =oN (vn - U Ug). Then the
(=1 (=1

—+o00
¥,’s are disjoint members of .4 whose |J ¢, = ¢, thus
n=1

polo,t) = po < U B, t)

= *Ii‘i#o(ﬁmt) > 5 o (Un, 1),

and so .
sup po(0, ) > sup { 12 Ho(un, t) 10 C vn},
n=1
hence
oo t) = (e t), ®)
also ¢ C o, thus
uo(et) > po(o ). ©)

From (8) and (9) we have
H(et) = Holast).

“+o00
(i) IfveA oC X, and0 < e <1, thereisasequence {8}, C vwithg C U & and
’ =1

(0, t) —e < %/ Jpo(8y,t). Since ju, is +-additive on A, we have
(@) — & < qpo(Oy 1)
= zr po (8 M (VU VE), t)
= */ 1o (9 N0) U (9, N0°), 1)
/e (Bp Nv t) % (B, NVE, t)]
= [ 0B P10, )] 5 (4o (9 10, )]
<u®(oNu,t)*xu®(onNvs,t).

Since 0 < € < 1is arbitrary, we come to

pe(ot) <plenu,t) *pu®(eNus,t).
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Thus v is p°®-*-fuzzy measurable.
O

Theorem 6. Consider the algebra A of P(X), x-FPM ., on A, and the generated o-algebra M by
A. Then we can find a +—FM p on M that y = yu®| g where u°. Let v be a different x~—FM on M

that extends p, then v(o,t) > u(o,t) for each t > 0 and o0 € M, with equality when p(o,t) > 0
If yo is o-bounded, then y is the unique extension of . to a x—FM on M.

—+o0
Proof. Let 9 € M and ¢ C | vy such that vy € A, then
/=1

v(et) = =/ Sv(ve, t) = # 5 po(vy, 1)

and so
sup{v(e,t)} = sup{*,5Jpo(vs, 1) : @ € Uy}
v(e,t) = u(o ). (10)
—+o0
Further, if we set v = |J vy, we get
(=1

—+o0
v(v,t) = v( U Ug,t) = nliToo”Q w,t)

n
=1 L7J1

n —+o0
:ngrf y(ZL_leg, ) (ﬁUlv t)- (v,t).
If u(o,t) > 0, there are v,’s such that

ulo t) —e < u(v,t). (11)
On the other hand
u(v,t) =pleU(v\e)t)

> pulot) xpu(v\ot)
> max{u(o,t) +u(v\et)—1,0}

=pet)+ulv\ot) -
Cle)
plot) —p(v,t) <1—u(v\ o). (12)
From (11) and (12) we conclude that
—p(v\ot) >¢
or

ulv\of) <1l—e.
Thus,

ulot) > p(vt) =v(v,t)
v(eU(v\e)t)=v(gt)*v(v\ot)
>v(g t)xpu(v\et) >v(et)x(1—e).

Since 0 < € < 11is arbitrary we have

u(ot) > v(ot). (13)
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From (10) and (13) we get
wet) =v(e ).

+00
Finally, suppose X = |J vy with ps(vy, t) > 0, such that vy N v, = @, £ # k, then for
/=1
each ¢ € M, we have

—+o0
o) =n( Ulenv,t) = sfutenvnn

(=1

—+o00
= *2:‘1’1/(@ Nuy,t) = v( U (oNwvy), t) =v(o,t),
(=1
which implies
V=

O

4. Conclusions

We considered an uncertain measure based on the concept of fuzzy sets and triangular
norms named by *-fuzzy measure. Next, we have extended *-FPM p, on A to a *+-FM y on
M (the o-algebra generated by A) such that y| 4 = p, based on Caratheodory’s Theorem.
In addition, we showed that y is the unique extension of y, to a *-FM on M if the outer
*-FM generated by (1) satisfying u°®| ¢ = p and p. is o-bounded. We expect applications
of our results in several domains dealing with modeling of time-dependent situations, such
as quantum physics or filtering in image processing.
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