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1. Introduction

From 1975, the French academician Andre Lichnerowicz defined and studied several
generalizations of symplectic manifolds: canonical manifolds, Poisson manifolds, Jacobi
manifolds, and locally conforming symplectic manifolds. With regard to the structures
related to the differential systems, A. Lichnerowicz pointed out the mechanics of Y. Nambu.
In this perspective, the k-symplectic structures have been introduced to give a formalism
to the mechanics of Y.Nambu by analogy to the symplectic geometry that constitutes
the natural formalism of classical mechanics. With regard to the geometry of polarization,
this notion plays an important role in the theory of geometric quantization of Kostant-
Souriau; see for example [1]. It was in 1965 that J.M. Souriau gave a rigorous mathematical
foundation to the process of quantification of a classical mechanical system: he used
a polarization of a symplectic manifold to construct a Hilbert space and to associate, with
each observable classical of a mechanical system, a self-adjoint operator on this space [2].

The k-symplectic structures were introduced for the first time by A. Awane [3] (1984)
whose goal was to set up a formalism of the mechanics of Y. Nambu [4] in analogy with
Hamiltonian mechanics.

A k-symplectic manifold is a triplet (M, 6, §) in which M is a differentiable manifold
of dimension n(k + 1) and 6 = 0 ® v, € &7*(M) ® R is a closed R¥-valued differential
2-form and § is an n-codimensional foliation vanishing 0. The fundamental example is
given by the Whitney sum M = T*V @ ... ® T*V equipped with the vectorial differential
2-form 0 = 0P ® v, € «/*(M) ® RF subordinate to the Liouville 1-form on M, and § is
defined by the fibration:

m:T'Ve...oTV —V.

The theorem of Darboux type with respect to k-symplectic structures [5] shows
that in the neighborhood of each point of M, we can find a system of local coordinates

(xP',y") 1<p<ki<i<n such that

k n
=) (Z dxPi A dyi> ® vy 1)

p=1 \i=1
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and § is defined locally by the equations

Such a new structure is called a polarized k-symplectic structure.

In the language of G-structures, the pair (6, §) is equivalent to the existence on M
of a Sp(k, n; R)- structure [6], where Sp(k, n;R) is the polarized k-symplectic group.

In this work, we study new geometrical and topological aspects of polarized k-symplectic
manifolds. We give some properties of the De Rham cohomology group of the k-symplectic
group and its Poincare group in order to highlight new topological properties of polarized
k-symplectic geometry with respect to those of symplectic geometry and of the k-symplectic
group with respect to the symplectic group, respectively.

It is well known that a symplectic manifold is orientable [2,7]; thus, we pay particular
attention to the problem of the orientation of polarized k-symplectic manifolds in an analog
way to symplectic manifolds by emphasizing other sides of k-symplectic manifolds.

2. Linear Polarized k-Symplectic Structures
Definitions

We denote by K the field of real numbers R or the field of complex numbers C.
Let V = K¥ and (v1,...,0x) the canonical basis of V.

Let E be a vector space of dimension n(k + 1) over K, F a vector subspace of codimension
nof E,and 6 = Zlszl 07 ® vy an exterior 2-form with values in V.

Definition 1 ([3,5]). The pair (0,F) is said to be a polarized k-symplectic structure on E
if the following conditions are satisfied:

1. 8 is not degenerate for every x € E,iy0 = 0= x = 0.
2. Fis totally isotropic,
Vx,y € F,0(x,y) = 0.

We denote by A(0) the subspace associated to the 2-vector form 6 :

A(B) ={x € E|i(x)0 =0},
then

e 0 is non-degenerate if and only if, A(61) N --- N A(6F) = 0;
e Fis totally isotropic if and only if, 6 (x,y) = O for every x,y € Fand p =1,... k.

the dual basis of the canonical basis, and let F be the vector subspace of E generated by the vectors
(epi)1<p<ki<i<n- Forevery p =1,...,k, we set

n
oF = Z wP' A W
i=1

and 6 = Y5 _; 67 ® vp.
The pair (6, F) is a polarized k-symplectic structure on E.

Example 2. Consider k-symplectic vector spaces (E*, o), ..., (EX,c*) of the same dimension 2n,
and for each p = 1,...,k, we consider a Lagrangian subspace LV of (EF,o?), i.e., a maximal
totally isotropic subspace of this space . Each quotient vector space EF / L? is of dimension n, and
there exists an n-dimensional vector space B and surjective linear maps rt? : EP — B such that
kern? =LP forallp =1,...,k.

Consider the product symplectic space, (E* x - - - x EX, o), where o is the symplectic form

U((xll' . '/xk>/ (yll . ka)) = Ul<xlr]/l) + tee +ak(xklyk)
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Let E be the vector subspace ofE1 X -+ X EK defined by
E= {(xl,...,xk) €EE'x---xE'| al(x)=....= nk(xk)}.
The linear map 7w : E — B such that mw(xy,...,x) = 7wl(x1) = .... = 7f(xy) is

surjective and verifies ker 1 = L' x --- x LK. Leti : E — E' x --- x EX be the canonical
injection, and let pr?(p = 1,...,k) be the canonical projection E' x --- x EXx — EP. For all
p(p =1,...,k), the composition pr¥ oi is the restriction of pr? to E; it is a surjective linear map.
It is clear that the space E is of dimension n(k+1). Forall p =1, ...k, we set 0P =(pr? oi)*c?,
and § = 2’;:1 07 @ v, . Then (0, F) is a polarized k-symplectic structure on E.

Theorem 1 ([5]). If ( 6,' F) is polarized k-symplectic structure on E with 6 = 21;21 0F @ vy, then
there is a basis (wV', w')1<p<1<i<n of E* such that

oF = iw”i/\wi,F = kerwlﬂ....ﬂkerw”.
i=1

The basis (epi, €;)1<p<k1<i<n Of E with the dual basis (whi, wi)lgpgk,lgign is called a polarized
k-symplectic basis on E.

Fork >2and p =1,...k, we take

FP = (] A(8").
I#p

Under the above assumptions and notations, we find the following:

F=F'g....oF,;

2. Forevery p(p =1,...,k), the map i, : x — i(x) defines an isomorphism of vector
spaces from FF to the annihilator Ann(F) of F. Recall that Ann(F) is formed by the
elements f of E* such that f(x) = 0, for all x € F. This space is isomorphic to (E/F)*.

1<i<p its dual

—_

PSS PSR,

basis, then Ann(F) is generated by w!,...,w", and F? is generated by the vectors
epl, ey epn.
The sub-spaces Fl..., I are called characteristic sub-spaces of the polarized k-

symplectic structure. Forall p =1, ...,k we set

G’ =FFO@B

and B = E/F. We have 0F (x,y+ f) =67 (x,y),

forall x € FP,y € Eand f € F; then, 67 (x,y) depends only on the class i of y modulo F.
This allows us to set

O(x+4,x'+7) = 07(x,y") — 07 (x,y),
where 6" defines a symplectic structure on G¥ = FP @ B.

Let E be a vector space of dimension n(k +1) and (6, F) a polarized k-symplectic
structure on E with 6 = 27;21 0F ® vp.

Definition 2 ([5]). Let f be an endomorphism of E. We say that f preserves (6, F) if it leaves
invariant 6 and the subspace F, i.e., if the following conditions are satisfied:

1. f(F)CF;
2 Vxy e E0(f(x), f(y)) = 0(x,y), f0 = buy.

Note that the non-degeneracy of 6 implies that each endomorphism f of E is
an automorphism. The automorphisms of E which preserve the polarized k-symplectic
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structure of E form a group denoted Sp(k, n; E) and called the k-symplectic group of E.
Let Sp(k, n; K) the group of matrices of k-symplectic automorphisms of E, expressed on
a polarized k-symplectic basis, consist of the matrices of the type

Q 0 ---0 Sy
0 .
. . (2)
. . Q Sk
0o --- 0 (Q—l)T
where Q, 51, ..., Sy are real square matrices of order n with coefficients in K, Q invertible
and QS; =S,QT forall p(p =1,...,k). Sp(k,n; E) is a Lie group.
All matrices of type (2) can be simply denoted by

[(Qr Slr ceey Sk)}

The Lie algebra of this group, denoted by sp(k, n; E) and which is identified with
the tangent space of this group at the identity mapping of E, consists of the endomorphisms
u of E such that

u(F) CF, 0(u(x),y) +0(x,u(y)) =0

forall x,y € E.

Let sp(k,n;K) be the Lie algebra of the Lie group Sp(k, n;K); it is the Lie algebra
of the matrices of the endomorphisms belonging to sp(k, n; E) relative to the polarized
k-symplectic basis. The elements of sp(k, n; K) are all matrices of the type

A 0 -0 &
0 .

. . A Sk
0 --- 0 —AT

where A, S1, .. .., Si are square matrices of order n with entries in K such that S; = Sp
forallp(p=1,...,k).
We observe the following;:

1.  The group Sp(k,n; E) is of dimension n? + M,‘

2. The k—symplectic group and its Lie algebra leave invariant the characteristic sub-
spaces of the polarized k-symplectic structure;

3. If (6, F) is a polarized k-symplectic structure on an n(k + 1)-dimensional vector space
with 6 = 21;:1 07 ® vy, then the forms 01, ..., 0% are of rank 2n.
In the above assumptions and notations, we consider thespace G = FF®&B,p =1,...,k,

endowed with the symplectic structure:

0P (x+y,x' +y') =07 (x,y) — 607 (x,y),

forallx +y,x' +y' € GP.
For every f € Sp(k, n; E), the map

frix+y—= fx)+ f(y)

defines an element of the polarized symplectic group Sp(6?, G*,F¥) of the polarized
symplectic vector space (G, F?,6F).
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3. Topological Properties of Sp(k,n; E)

We propose here to highlight new topological properties of the polarized k-symplectic
geometry compared to those of the symplectic geometry through the k-symplectic and
symplectic groups, respectively.

3.1. Symplectic Group

Recall that a symplectic structure on a finite-dimensional vector space E on K, is
defined by a non-degenerate exterior 2-form. The vector space E is necessarily even-
dimensional. Thus, a symplectic vector space is a pair (E, w) in which E is a vector space
of dimension 2n and w" = w A - - - A w, (n-times), is a volume form on E.

There exists a basis B = (e1, ..., ey, €], ..., €},) in which the matrix of the 2-form w is

0 I
=(5 )

or,

with (wy, ..., wy, &), ..., wy) the dual basis of (e, ..., ey, €}, ..., €}).

The basis B is called the symplectic basis of E.

By virtue of the non-degeneracy of w, we deduce that, if an endomorphism u of E
leaves invariant w, i.e., if u*w = w, then u is an automorphism of E.

The automorphisms of E that leave w invariant form a group denoted Sp(E, w) and
called the symplectic group of E.

Let Sp(n,K) be the group of matrices of symplectic automorphisms of E expressed
on a symplectic basis. Then,

Sp(n,K) = {p € Gl (K) | PTJP = ]}.

In the case K = R, Sp(E, w) is a Lie group of dimension n(2n + 1), and its Lie algebra
is denoted by sp(E, w)—it consists of endomorphisms f of E such that

w(f(x),y) +w(x f(y)) =0,
for all x,y € E. Let sp(n, R) be the Lie algebra of Sp(n, R); then,
sp(n,R) = {A € ghy(R) | AT = —JA}.

Let us denote by Oy, (R) the orthogonal group, U, (C) the group of unitary matrices
of order n, and SU,,(C) the unitary special group:

O(R) = {A€GL,[R)[AT=A"},
u,(c) = {aecL(©|a" =47},
SU(C) = {A€Uy(C)|detA =1}

By well-known results on algebraic groups, the Sp(n,R) group is homeomorphic
to (02, (R)NSp(n,R)) x R™, and so

Sp(n,R) ~ (O2(R) () Sp(n,R)) x R,
for a certain natural number m. In addition, it is well known that
O2:(R)NSp(n,R) = {M = ( g *AB > | A,B € gly(R) etMeOzH(R)}
Ux(C)

®)

12
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and therefore,
Sp(n,R) ~ U, (C) x R

Therefore, Sp(n,R) and U,(C) have the same topological invariants, so in particular,
Sp(n,R) and U,(C) have the same homotopy groups and have the same cohomology
groups. In particular,

*  Sp(n,R) is connected;
e The Poincare group: 71 (Sp(n,R)) = Z;

e De Rham cohomology groups: H!(Sp(n,R)) = R ; H*(Sp(n,R)) = {0} ; H"
(Sp(n,R)) = Rand HP(Sp(n,R)) = {0} for p > n>.

Remark 1. If we look at U, (C), via (2), as a subgroup of Sp(n,R), then the homogeneous space
Sp(n,R)/U,(C) is contractile.

3.2. Topological Properties of Sp(k, n; E)
We denote by S, (K) the vector space of the symmetric square matrices of order n.
The k-symplectic group is
Q 0 ---0 $1

0 — [(Q,51..,50)]

. . Q Sk
0 - 0 (@M
with Q € GLy(K), Sy,..., S € gly(K) and S,QT € S, (K).
From this, it is immediately clear that we have
Proposition 1. The group Sp(k, n; K) is diffeomorphic to GL, (K) x (S,(K))*.
Proof. The map
[(Q 81,80 — (Q.$1Q7,.., 5Q")
of Sp(k,n;K) into GL,(K) x (S,(K))* is a diffeomorphism of Sp(k,1;K) to GL,(K) x
(Su(K))X. O

In particular, Sp(k, n; K) is diffeomorphic to GL,, (K) x (S, (K))¥, and therefore, Sp(k, n; K)
is of the same type of homotopy as GL, (K).
We have the following cases:

1. Case K = C: The polar decomposition and exponential application show that GL,(C)
is homeomorphic to U, (C) x H,(C), where

H,(C) = {A e gin(C) | A" = 4}

the real vector space of Hermitian matrices, so S p(k,n; C) is of the same homotopy
type as U, (C), so it has the same topological properties.
2. CaseK=R.

(@)  Sp(k,n;R) has two connected components Sp™ (k, n; R) and Sp~ (k, n; R), where
Sp*(k,m;R) = {[(Q,S1,...,5)] € Sp(k,;;R) | det(Q) > 0}

and
Sp~ (k,m;R) = {[(Q,S1,...,S¢)] € Sp(k,m;R) | det(Q) < 0}.

(b) By a similar reasoning to the complex case,

GL,;(R) >~ O, (R)xS,(R),
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where S, (R) is the vector space of symmetric real matrices. Therefore, the
Poincare group

{0}ifn =1
m(Sp(k,m;R)) = Zifn=2
Zyifn >3

with Z; is the two-elements group. Therefore, Sp+ (k,m;R) is simply connected
if and only n = 1 (even contractile).
(c)  Here are some de Rham cohomology groups:

HO(Sp(k,m;R)) = R?(Vn € N*),

and forn =1,n =2and n > 3, we have

i HP(Sp(k,1;R)) = {0},Vp > 1,

ii.  HY(Sp(k,2;R)) = R?and H?(Sp(k,2;R)) = {0}, Vp > 2,

iii.  HY(Sp(k,m;R)) = H2(Sp(k,;;R)) = {0}, H(*("=1))/2)(Sp(k,m;R)) =
R? and H?(Sp(k,n;R)) = {0}, forevery n > 3and p > ((n(n—1))/2).

N — — ~—

4. k-Symplectic Action of Sp(k,n; K)

We identify K™ with .#, 1 (K) the space of the column matrices. Consider the natural
action of the group Sp(k,1n;K) on K" x (K" — (Ogx)). S,(K) consists of vector space
of symmetric matrices with entries in K.

Lemma 1. Let X € K" — (Ogn), then, the map A — AX, from S,,(K) into K" ,is surjective.

Proof. First, let the column vector X = E; = (1,0, - - - ,O)T.For each A € S, (K), the column
vector AX is the first column of matrix A. As any vector of K" can be the first column
of a symmetric matrix, then this map is surjective.

For any vector X € K" — (Okn»), there is P € GL,(K) such that PX = Ej.
Let Y € K”; then, there exists a matrix B € S,(K) such that BE; = (P~1)TY. Then,
we obtain PTBPX = Y with PTBP € S,(K), and this proves the result. []

Proposition 2. Sp(k,n;K) acts transitively on K™ x (K" — (Ogn))

Proof. Let & = (Xy,..., Xy, X)T and ¢’ = (X{,..., X}, X’)T, with X, X;, € K" for every
p=1,...,kand X, X' € K" — (Ogn). We must find.

M = [(Q,S1,..-,5)] € Sp(k,n;K) such that M{ = ¢’. Then we must have,
(QHTX = X'and QX + 5,X = X], forevery p =1,... k.

As X, X" € K"—(0gn) , then, there exists P € GL,(K) such that PX = X'. So, we take
Q = (P~HT. The above lemma justifies the existence of matrices Ay, ..., Ax € Sy(K) such
that A,(Q"1)TX = X}, — QXp foreach p = 1,...,k, also, we take S, = Ap(QHT. O

Corollary 1. Let (6,F) be a polarized k-symplectic structure on E. The k-symplectic group
Sy(k,n; E) acts transitively on E-F.

Corollary 2. In the case where K = R, we have :
1. Sp*(k,n;R) acts transitively on K™ x (K" — (Ogx)), if n > 2.
2. Theaction of Sp™ (1,1n;R) on R* x R*, admits two orbits R¥ x R*+ and RK x R*~, ifn = 1.

Proof. We denote by GL™ (R) the set of invertible real matrices of positive determinants
and we resume the previous proof of the fact that

1. Ifn >2, GLT(R) acts transitively on R" — {0},

2. Ifn =1, theaction of GL; T (R) = R** on R — {0} induces two orbits R** and R*".
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5. Non-Orientable Polarized k-Symplectic Manifolds
5.1. Polarized k-Symplectic Manifolds

Let M be a differentiable manifold of dimension n(k 4 1) equipped with a foliation §
of codimension 7 and let § € 27%(M) ® R be a differential 2-form over M with values in
RK. We denote by E the sub-bundle of TM defined by the vectors tangent to the leaves of .

Definition 3. We say that (M, 0, F) is a polarized k-symplectic manifold if the following hold:

(i) 0Oisclosed (d0 = 0);
(ii) 6 is non degenerate;
(iti) 6(X,Y) = 0 for every vector field X, Y tangent to §: X,Y € T(F).

Recall here the theorem of the local model of the Darboux type with respect to polarized
k-symplectic structures [5].

Theorem 2. If (6, E) is a polarized k-symplectic structure on M with 6 = 21;11 0F ® vy, then
around each point xo of M, there is an open neighborhood U of M containing xg local coordinates
(xP', ' )1<p<k1<i<n called adapted, such that the vectorial 2-form 6 is represented in U by:

n . .

Oy = (Z dxPt A dyl> ® vy,
i=1

and the sub-bundle E|; is defined by the equations dyt =....=dy" =0.

The coordinate changes in this atlas are given by
i oy ; i
pi— Pig @byt ..yt =gyl "
x ];ayix ot (e yt) T =T (v ).

Equivalently, there is an atlas 2 of M, called the polarized k-symplectic atlas, whose
coordinate changes belong to the pseudogroup of local diffeomorphisms of R**1), which
is a canonical invariant of a polarized k-symplectic structure.

Definition 4. A k-symplectomorphism of a k-symplectic manifold (M, 6,F) on a k-symplectic
manifold (M',0',§") is a diffeomorphism f of M on M’ that exchanges the k-symplectic structures
(0,F)and (0',5),ie., f0' =0and f(F) =5

5.2. Orientation

It is well known that a symplectic manifold (N, w) of dimension 2n is orientable,
because w" is a volume form on N.
Let (M, 6,F) be a k-symplectic manifold.

Proposition 3. If k is odd, then M is orientable.
Proof. By virtue of the Darboux theorem of the local model for polarized k-symplectic

structures [5], we can find an atlas of M whose Jacobian matrices U of map changes, belong
to Sp(k, n;R), i.e., matrices of the type

Q 0 -0 Sq

u=| ¢ : =1(Q,51,...,50)]
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with Q € GL4(R), Sy,...., Sk € glu(R) and S,QT = QST so,

detl = (detQ)*~! > 0.
O

Suppose that k is even. In this casel the determinants of the two connected components
of Sp(k, n;R) have opposite signs.

In the following, we propose to give examples of non-orientable k-symplectic manifolds
by studying the quotient covering obtained by discontinuous actions of a group of
diffeomorphisms on a k-symplectic manifold.

Let X be a differentiable manifold and G a subgroup of Diff(X)the group of
diffeomorphisms of X.

Recall that G acts properly and discontinuously without a fixed point on X if the
following two properties are satisfied:

1. Forany x € X, there is an open U of X containing x such that for any g € G — {idx},
gU)NU =@.
2. Porany x,y € X, such that y is not in the orbit of x, there exists a neighborhood U of x

and a neighborhood V of y such that g(U) NV = @ forany g € G.

Theorem 3. Under the assumptions of the previous definition, there exists on the quotient space
X/ G of the orbits a single structure of differentiable manifold such that the canonical projection P is

a differentiable covering. In this case, the fibers are all isomorphic to G.

Under the conditions of the previous theorem, we find the following;:

—_

If X is simply connected, then the Poincare group 711 (X/G) is isomorphic to G;
2. Let G be a finite subgroup of Diff(X); then, G acts properly discontinuously without
a fixed point on X if and only if, for any ¢ € G — {idx}, g is without a fixed point.

Theorem 4. If G is a subgroup of the group of k-symplectomorphisms of the polarized k-symplectic
manifold (M, 6,F), acting properly and discontinuously without a fixed point on M, then M /G
admits a unique structure of polarized k-symplectic manifold such that the covering p is a local
k-symplectomorphism.

Proof. The structure of the differentiable manifold on M /G defined above admits a polarized
k-symplectic structure which is locally defined as an image by the covering p, and this
definition is intrinsic since the elements of G preserve the form 6 and the foliation §. [

Theorem 5. Let X be a differentiable manifold and G a subgroup of the group Diff(X) which acts
properly and discontinuously without a fixed point on X.

1. If X is orientable and the elements of G preserve an orientation, then the manifold X /G is
orientable;

2. If X is connected and orientable, then X /G is orientable if and only if the elements of G
preserve an orientation.

Proof. 1. We consider the canonical projection p : X — X /G and let (Uy, ¢n ) 4c1 be an atlas
of X, which defines an orientation preserved by the elements of G, where

P/, = Pt Us — p(Ua)

is a diffeomorphism, for each a € I; then, we verify immediately that the atlas (p(Us), ¢ © pa!)
xc1 defines an orientation on X/ G.

2. Note that, from the connectedness of X, we deduce that if an element of Diff(X)
conserves an orientation of X, then it preserves any orientation of X. It is a question
of showing that if X/G is orientable, then the elements of G preserve an orientation.
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If w is a volume form of X/G, then p*w is a volume form of X. We suppose there is
an element ¢ € G that does not preserve an orientation; then, there exists f € C®(X)
which takes strictly negative values such that ¢*[p*w] = f(p*w), but p o g = p. Therefore,
g p*w] = (pog)*w = p*w, which is absurd. O

5.3. Non-Orientable Polarized k-Symplectic Manifolds

1. Letk,n € N. For n odd and k even, we consider the space M = R"k*1) — {0} equipped
with its standard polarized k-symplectic structure. The set {id, —id} is a subgroup
of k-symplectomorphisms. As M is connected and —id does not preserve the orientation,
then ﬁ is a non-orientable polarized k-symplectic manifold which is diffeomorphic

to R x RP(m) wherem =nk+n—1;
2. We assume that k is even and 1 > 2. We consider an invertible diagonal matrix

Q = diag(Aq,...,An) € GIy(R),
where, A1,....,A,_1 > land A, < —1. We take
L=1[(Q,04,...,05)] € Sp(k,n;R).

Let M = (R”k — {Ogu }) x(R™ — {Ogn }) the standard connected polarized k-symplectic

manifold.  The subgroup (L) generated by L is a subgroup of the group
of k-symplectomorphisms that acts properly and discontinuously without a fixed point
on M. L does not preserve the orientation, so the quotient % is a non-orientable polarized

k-symplectic manifold.

Proposition 4. Let S™ be the sphere of dimension m and k an odd integer. The sphere S™*+1) does
not support any structure of a polarized k-symplectic manifold such that —id is a k-symplectomorphism.

Proof. If —id is a k-symplectomorphism, then the projective space % of even dimension
is a polarized k-symplectic manifold where k is odd and therefore orientable, which is
absurd, because —id preserves the orientation of S only if m is odd. O

6. Conclusions

In this paper, We give some properties of the De Rham cohomology group
of the k-symplectic group and its Poincare group in order to highlight new topological
properties of polarized k-symplectic geometry with respect to those of symplectic geometry
and of the k-symplectic group with respect to the symplectic group, respectively. We have
shown that, unlike symplectic manifolds, the polarized k-symplectic manifolds are not
all orientable.
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