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1. Introduction

Fractional calculus sweeps the board in science and engineering, such as chemistry,
economics, biology control of dynamical systems, financing viscoelastic materials, signal
processing, and so on. For more details on the theory and applications in this filed, one
may see the monographs [1-5], and the references cited therein. The fractional calculus
from the physical community, for instance, fractional calculus and anomalous diffusion
have been studied intensively [6-9].

Controllability of fractional semilinear evolution systems in Banach spaces has been
paid much attention. Many researchers have focused on this topic. We refer the readers
to El-Borai [10,11], Balachandran and Park [12], Wang et al. [13-15], Zhou and Jiao [16,17],
Sakthivel et al. [18], Debbouchra and Baleanu [19], Li et al. [20], Kumar and Sukavanam [21],
and Lord et al. [22] and the references therein. In 2013, Feckan et al. [23] investigated
the controllability of g € (0,1)-order Caputo fractional functional evolution equations of
Sobolev type in Banach space X :

te],

{ SDJEx(t) + Ax(t) = f(t,x;) + Bu(t), 1)
te[-r0],

x(t) = ¢(t),

where ¢ € C([—r,0],X), A and E are linear operators, A is closed, E is bijective, and
E~!is compact. By utilizing the Schauder fixed point theorem and the properties of two
new characteristic solution operators, the authors presented the exact controllability of
system (1).

Due to important and potential applications of impulse and delay, the study of dynam-
ical systems with impulses and time delay has gained more and more attention. Impulsive
fractional differential equations with delays have been widely applied to many fields, such
as weather predicting, drug delivery processing, agricultural insect pests control, and some
other optimization problems. We refer the readers to [24-28] and the references therein.

In 2021, Zhao [29] studied the exact controllability of a class of impulsive fractional
nonlinear evolution equations with delay in Banach spaces:
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CDVx(t) = Ax(t) + f(t, x(t),xt) + Bu(t), ae.tel:=][0,a
{ Ax(t;) = x(t7) — x(t7) = Li(x(t;)), i=1,...,m, )
x(t) = ¢(t), t € [—b,0],

where v € (0,1), A: D C X — X is a closed the linear unbounded operator on X with
dense domain D. In Ref. [29], Zhao defined the mild solution of system (2) as follows:

¢<o>+rgwA< L i (=) >ds+fti<t—s>“x<s>ds>

0<te <t
—l—ﬁ <0<%<t ftiil (e — )" 1 (f(s,x(s), x5) + Bu(s))d5> 3)
+r(% fttk(t — )7 1(f(s,x(s),xs) + Bu(s))ds + ¥ L(x(t)), te€lo,1],

O<t<t

Unfortunately, (3) is not correct. In fact, from [30] we know that the mild solution of
system (2) should be defined as below.

9(0) + 5 Jo (¢ = )71 (Ax(s) + f(5,x(s), %5) + Bu(s))ds, t€[0,t1),
¢(0)+11< (t1))

157 Jo (= )71 (Ax(s) + f(s, x(s), x5) + Bu(s))ds, t € (b, 12),
¢(0 )+11( (t1)) + L(x(t2)

+r(7 f (t —s)71(Ax(s) + f(s,x(s), xs) + Bu(s))ds, t€ (tp,t3), @

—I—ﬁ Ot(t —5)7 Y (Ax(s) + f(s,x(s), xs) + Bu(s))ds, t € (tm,a,

In recent decades, the generalizations of the fractional calculus operators have been
done [31-34], since they are more general operators that allow for the discussion and
analysis of a wide class of particular cases. Considering the Caputo fractional derivative of
a function with respect to another function ¢, Almeida [35] generalized the definition of
Caputo fractional derivative, in which the advantage of this new definition of the fractional
derivative is that by choosing a suitable function 1, a higher accuracy of the model could
be achieved. For recent relevant work on generalized fractional derivatives, one may see
refs. [36-38]. In ref. [39], Suechori and Ngiamsunthorn studied the following semilinear
yp-Caputo fractional evolution equations:

{ §DSu(t) = Au(t) + f(t,u(t)),  te(0,T), )

where 0 < o <1, T < oo, A s the infinitesimal generator of a Cy-semigroup of uniformly
bounded linear operators {T(t) }+>¢. Existence results of mild solutions to (5) have been ob-
tained. These results generalize the previous work in which the classical Caputo fractional
derivative is studied.

Motivated by the above works, we consider the following impulsive p-Caputo frac-
tional evolution equations of Sobolev type:

)= Ax(t) + f(t, x(t),xt) + Bu(t), aete],
x(t)), k=1,...,m, (6)
= ¢(t), t € [-r,0],
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where 0 <a <1,]=1[0,b] (b>0),] =]\ {t1,ta,- -, tm}, the {t;} satisfy 0 =ty < t; <
th <o <ty <tpmi1=0bF§ Df’wx(t) is the Caputo fractional derivative of a function x with
respect to another function . The operators A: D(A) C X - Yand E: D(E) C X — Y,
where X and Y are two real Banach spaces, x(-) € X and the control function u(-) € U.
The Banach space of admissible control functions is denoted by I/ involving a Banach
space U, in which we define either &/ := L%(],U) for 4 < a < 1or U := L*(],U) for
0 < « < 1. A bounded linear operator B is from U into Y, x : J* := [-r,b] — X, x; €
C := C([-r,0], X) defined by x;(s) := x(t+s), —r < s < 0. D(E) of E is a Banach space,
Ixllpey :== l|Ex|ly, x € D(E) and ¢ € C(E) := C([-r,0],D(E)), f : ] x X x C(E) = X
and I : PC(J*,X) — X, k = 1,...,m are appropriate functions which will be specified
later. PC(J*,X) = {x : J* — X, x(t) is continuous at ¢ # t, and left continuous at t =
tr, and x(t,j) exists, k = 1,2,...,m}. Obviously, PC(J*, X) is a Banach space with the
norm || x| = sup, ;. {[|x(t)[| : x € PC(J*, X) }.

In this paper, by means of two new characteristic solution operators and Schauder fixed
point theorem, we present the controllability of impulsive -Caputo fractional evolution
equations of Sobolev type in Banach spaces. This paper will be organized as follows. In
Section 2, we will briefly recall some definitions and preliminaries. In Section 3, sufficient
conditions ensuring exact controllability of the systems are provided. In Section 4, an
example is given to illustrate our theoretical result. Finally, we give the conclusions in
Section 5.

To the best of our knowledge, no such results in the literature studied theoretically
the impulsive fractional evolution equations of Sobolev type containing the fractional
derivative of a function with respect to another function. Our goal is to cover this gap in
this paper. Our results extend the main results of Ref. [23].

2. Preliminaries

In this section, we recall some basic definitions and lemmas that will be used later.

Definition 1 ([40]). Let & > 0, f be an integrable function defined on [a, b] and ¢ € C*([a, b]) be
an increasing function with '(t) # 0 for all t € [a, b]. The left Y-Riemann—Liouville fractional
integral operator of order « of a function f is defined by

AH0 = i [ YO0 = 96 s @)

Definition 2 ([35,40]). Letn —1 < a < n, f € C"([a,b]) and ¢ € C"([a,b]) be an increasing
function with ¢'(t) # 0 for all t € [a,b]. The left p-Caputo fractional derivative of order « of a
function f is defined by

DA = G A )
= tirmay Ja (WO = 9 ()" f () (s)ds,

where n = [a] + 1 and I (t) := (w’l(t)%yf(t) on [a,b].

®)

We will give some properties of the fractional integral and the fractional derivatives of
a function with respect to another function.

Lemma 1 ([35]). Let f € C"([a,b]) and n —1 < « < n. Then we have
W) SO f(t) = £(1);
n—1 r[k] (a+)
2) IYCDYYF(H) = F(t) — S2@T) ey - k
PEDPI0 = £0) = T gy (90— 9(@)
In special case, given o € (0,1), we have

LD = f(t) — f(a).
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Ex(¥)

E¢(0) +

Definition 3 ([40]). Let u, 9 : [a,00) — R be real valued functions such that {(t) is continuous
and ' (t) > 0 on [a, 00). The generalized Laplace transform of u is denoted by

Lofu(®)} = [ e WOty ()ar ©)

foralls.
From Ref. [40], we have the following property of the generalized Laplace transform of the
Caputo fractional operators with respect to function .

Lemma 2. Assume that 0 < a < 1, h is continuous on [a, 00) and of P-exponential order, while
EDf’wh(t) is piecewise continuous on [a, o). Then

Lo (SDIF) (O} = s*Lylf(1)} =" fla).

For problem (6), throughout this paper, the following assumptions on the operators A
and E are satisfied.

(H1) A and E are linear operators, and A is closed.
(H2) D(E) C D(A) and E is bijective.
(H3) Linear operator E~' : Y — D(E) C X is compact (which implies that E~! is bounded).

By (H3) we know that E is closed. In fact, E~! is closed and injective, then the
inverse is also closed. Note (H1)-(H3) and the closed graph theorem that the boundedness
of the linear operator —AE~! : Y — Y. Consequently, —AE~! generates a semigroup
{T(t),t >0}, T(t) := e~AE't. We assume M := sup,-, || T(t)|| < co.

For convenience, denote Jo = [to, t1], J; = (ti, tiz1],i=1,...,m.

By Definitions 1 and 2, and Lemma 1, the impulsive problem (6) could be written as
the following fractional integral equation

1

- /()t(lp(t) —p(s)) T (Ax(s) + f(s,x(s), x5) + Bu(s))ds, t€J,

E¢(0) + Y. EL(x(t))

i=1 (10)

+1"(1ry) /Ot(lr’)(f) —(s))" 1 (Ax(s) + f(s,x(s),xs) + Bu(s))ds, te€J,, n=1,...,m,

Ep(t),

te[-r0],

if the integral in (10) exists.

Lemma 3. Suppose that (H1)-(H3) hold, then
(i) SDYYIESEY(t,0)w] = ASEY(t,0)w,

i) SDIYIESEY (4, t)w] = ASEY (4 t)w, i=1,...,m,
t
i §01*[E [ 90 = 9o T )50

= 4 [ (9~ 9o T (15)g(5)ds + (1),

where S%’w(t,s) and Tg'lp(t,s) are called characteristic solutions given by

sp(tso = [TETEOT((p(E) - p(s) o)ed, an

and

T () i=a [ ET62,(O)T((9(1) — 9(s))0)ode, 12)
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for0 <s<t<bhereT(t) := e~ AETN

and

0a(0) = L i(—nk—le—“’f—lw sin(k7a),

where &, is the probability density function defined on (0, c0).
Proof. (i) For t > 0, by (11) and Definition 3, we get
Ly{ESYP (100w} = [7 e AW ([ 5, (0)T(((r) — (0))"6)ewd6) ' (1)d
= [ e AW -p(0 (f oa( (7” $(0)) )wd@)tp’(t)dt
= I I Bpa (0)e CWO—VOOT((p(t) — p(0))* oy (t)dod
= Jo —Fare” FEOPONT((p(t) — 9(0))*)avdt (13)
= a [ A () — p(0))* e AWOVONTT(( () — p(0))*)wy' (£)dt

= At [T M T(s)wds (s = (p(t) — 9(0))")
= A*1(A®] — AE~1)1

On the other hand, by Lemma 2, one has

Ly{SDIYESEY (1,0)w]} = A*Ly{ESEY (1,0)w} — A*1ESEY(0,0)w
= A*[ATAT — AEY) " Tw] — A% lw

14

= AN A — AETH) T AY — (A — AE D)]w (14

= AETIA* (AT — AE~ D) 1w,
Combing (13) with (14), we obtain

SDYYIESEY (1,0)w] = AET'ESEY (,0)w = ASEY (1, 0)w.

(ii) For t > t;, similar to the proof of (i), we can prove that (ii) holds, so we omit it here.
(iii) For t > 0, by (12), we have

Ly E Jo(p(t) = ()" ' TE (8, 5)g(s)ds |

= [ MO-VO) [ [ 002,(6) () — p(s))*IT(((1) — 9(5))*0)(s)y (s)dbds

= [ e MO0 fE ey (9) W f>—g;<5>)“T(W(f);;/’(”)“) ¢(s)y! (s)dods

= 5™ Ji a((s) - <o>>**1e*“<¢<s>*¢<0>>>“T<<¢<s>—¢<o>>“>e*A<¢<f>*¢<°>>g<t>¢'<s>¢’<t>dsdt
= |7 e M T(z) [37 e MOV O)g(t)y! (t)dtdz

= (AT - AETN) Ly {g(B)}.

(15)
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From Lemma 2, we have
£y {§Di (E 5 (p(t) zp(s))“*lT;'l”(t,s)g(s)ds)}
= ALy {E [y (p(t) = ()" T (1, 5)g(s)ds | — A1 -0
e AE‘l)‘lﬁw{g(t)} (16)
= [(A®] — AE1) + AE" (A1 — AE"Y) 1Ly {g(t)}

= AETY (AT = AETY) T Ly{g(t)} + Ly{g(B)}.
Thanks to (15) and (16), we obtain

s (& [ (wio) - ¢<s>>“1Tz'¢<t,s>g<s>ds)

—A/ VLT (1, 5)g(s)ds + g (1),
O

Lemma 4. Assume that (H1)-(H3) hold, then problem (6) has a unique solution x € PC(J*, X)
and satisfies the following integral equation:

SELOEQ0) + [ (0(e) 96 T (1,5) (5, x(5),x0) + Bulo)y/ (53, € o

() = sl :))15(;)(0) + é U (¢, 1) EL(x(1)) .

—i—/o (p(t) — w(s))“*ng/w(t,s)(f(s,x(s),xs) +Bu(s))y'(s)ds, t€ ., n=1,..., m,
¢(t), te[-r0].

Here S%’lp(t,s) and Tg’lp(t, s) are as in (11) and (12), respectively.
Proof. If t € Jy = [0, t1], then we get by Lemma 3 that
§DIVEx(t) = §Di (ESy" (£,0)E(0)
FE JI0p(0) — 9(s)P TR (1, 5) (5, x(5), %) + Bu(s)) g/ (5)ds)

= ASEY(£,0)EP(0) + A [5 (p(t) — () T (t,8) (f (s, x(5), x5) + Bu(s)) ' (s)ds
+f(t x(t),xt) + Bu(t)
= Ax(t) + f(t,x(t),x¢) + Bu(t).

If t € J, = (tn, ty+1], then we obtain by Lemma 3 that

SDIYEx(t) = CD“lp(ES’w(t 0)E¢(0) +2Es“” (t, t)EL(x(t))
i=1

+E/ YT (g, s)(f(s,x(s),xs)—i—Bu(s))tp’(s)ds)

= ASEY(£,0)Ep(0) + A - SEY (¢, ) EL (x(1))
i=1
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+A / VT (1,5) (£(5, x(5), x5) + Bu(s))y' (s)ds
+f(t,x(t),x¢) + Bu(t)
= Ax(t) + f(t,x(t),x¢) + Bu(t).
For t = 0, one has
£(0) = S (0,0)E9(0) = [ E7124(6)T(0)d6EQ(0) = E'Eg(0) = 9(0)
Moreover, we have

Ax(t) = x(t) — x(t)
k k—1
= [2 SEY(E ) EL(x(t) — Y SE¥ (1, ) EL(x(t))
i=1 =1

= Sp (t 1) El(x (1))
= | E e TOEK(x(t)do
= ET'EL(x(t)) = L(x(t))-
Thus, expression (17) is a solution of problem (6). O

Definition 4. For each u € U and ¢ € C(E), a function x € PC(J*, X) is called a mild solution
of (6) if (17) holds.

From [35], we can obtain easily that the following properties of Sg’l‘b (t,s) and Tg’l’b(t, s).

Lemma 5. Suppose that conditions (H1)—(H3) hold. Then the operators S%’lp and Tg’lp have the
following properties:

(i)  Forany fixedt > s >0, Sogw(t, s) and Tg’lp(t,s) are bounded linear operators with

) _ : M||E!
159 () ()| < MIEllxl) and 1T (1, 5) (o0 < MIED

< S Il

foreach x € X.
(i1) S;"P(t,s) and Tg’lp(t,s) are strongly continuous for all t > s > 0, that is, for each x € X and
0<s<t <ty <bwehave

155" (t2,5) = SE¥ (b 9)ll = 0 and || Tg Y (2,8) = T (t1,9)]| = 0
asty — to.
(iti) If T(t) is compact operator for every t > 0, then SZ"p(t, s) and Tg"p(t, s) are compact for all
t,s > 0.

(iv) If S‘E’lp(t,s) and Tg’lp(t,s) are compact strongly continuous semigroup of bounded linear
operator for t,s > 0, then Sz’w(t,s) and Tg’w(t, s) are continuous in the uniform operator
topology.

3. Main Results

According to the exact controllability considered in Ref. [41], we give the following
definition.
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Definition 5. The fractional system (6) is the exact controllability on | = [0, b] if for any initial
function ¢ € C(E) and x1 € D(E), there has a control u € U such that the mild solution x of (6)
on [—r, b] satisfies x(b) = x1.

Besides (H1)—(H3), we need the following hypotheses.
(H4) If f fulfills the following two conditions:

(i) Foreachx € PC(J*,D(E)) and ¢ € C(E), the function f(-,x, ¢) : | — Y is strongly
measurable and for each t € ], the function f(t,-,-) : PC(J*,D(E)) x C(E) — Y'is
continuous;

(i) Foranyt € Jand x € C, there are two continuous nondecreasing functions y, pi and
constant L such that, for any (t,x,¢) € ] x PC(J*, D(E)) x C(E), such that

£ x)l < L+ (el + (), Jim ing 1RG0 1g)

(H5) For every i =1,2,...,m,1; : PC(J*,D(E)) — PC(J*,D(E)) is continuous, and
there exists constant k; such that

1)l < killull, ue PC(J*, D(E)). (19)

(H6) For ¢ € C!(J,R), and there exists a constant ¢ > 0 such that 0 < ¢/(t) < 7,
vVt e J.

(H7) B : U — Y is a bounded linear operator and a linear operator W : &/ — D(E)
defined by

Vvu:—(éb@paﬂ——¢(ﬂ)“1Tgw(hs)Bu@)¢%syh. (20)

The right inverse operator W1 : D(E) — U is bounded, i.e., WW~! = Ip(E), and
thus there exist two constants My, M > 0 such that ||B|| < M; and |[W~!|| < M,, then by
determining M, we could define the norm || - [ p(gy on D(E).

If « € (0,1), then we have

t t
/O(IP(f)—'#(S)) 1||bl(S)||l,L’(19)dS§/0(%’J('f)—IP(S)) ' (s)ds oo
_ (@) —9(0)" lullew < (¥(b) — 9(0)" tl]eo = ((b) — $(0))
<= [(a) e
If « € (1,1), then one has by (H6) that

1
2

[0 =9 g s < ([ 00 96> 206 ) el

0

< V([ 0 =922 s ) Tl

_ =) —9(0)
=V T(2a—1

_ 20—1
= IO

20—1 _ 200—1
; H”||L2(],u) < \ﬁ(lp(bl)q(zalpﬁol); ||uHL2(],u)

Thus

/Ot(lP(t) = ()" Hu(s) 19’ (s)ds < Kuplluller (21)

for any t € |, where
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@®)—p()*1 2 1
DCIP:{ —1 ’)/’ MGL(I,U),2<[X<1, (22)

2
b)—y(0))* )
M, uel®(J,U),0<a<l.

Obviously, Wu € D(E) and W is well defined. In fact, by Lemma 5 and (21), one has

|EWu]| = H/) $)FIT (b, ) Bu(s) ! ()ds
A,MW”/ /() Jus) s
_ M|B|
= F( ) KDHIJH ||U

For an arbitrary function x(-), by means of the above assumptions, it is suitable to
define the following control formula:

u(t) :=w-1 |ﬁ1 Mp (b,0)E¢(0 is V(b L;(x(t;))
i=1
b
= [ ) =9 T 06, x(), W (s @3)
In the following, we will prove that, in view of the control u in (23), the operator P
defined by
WuoE¢ +/¢ (1)~ 95T (1,5) (5 (), ) (5)ds
—|—/ Ve 1T"”l](t s)Bu(s)y'(s)ds, t € Jo,
P a P
(Pr)(t) = SV (t,0)E$(0 +1215 (t,t)EL(x(t;))
+/ $))* TV (t,5) (5, %(5), %) (s)ds
+/O (1) = ()" TP (4,5)Buls)y' (5)ds, 1€ Ju, n=1,2,...,m,
¢(t), tel[-r0],

from PC(J*, D(E)) into PC(J*, D(E)), has a fixed point. It is obvious that this fixed point is
just a solution of system (6). Moreover, we can check that

(Px)(b) := ¥ (b,0)E¢(0) +2s“4’ (b, t;)EL(x(t;))

b

+ [ (p(0) — () TV (b,5) f (s, x(5), %)y (s)ds

0

+ [ (@) = 9(s)* T (b,5)Bu(s)y (s)ds

JO
= S2Y(6,0)EQ(0) + ) S (b, 1) EL(x(1)

b

+ [ (@) = 9(s)* T (b,5) f(s,x(5), %)y (5)ds

0

+ [ ((0) = () T (b,5)BW |51 — S1¥ (6,0)E(0) - i S¥¥ (b, ) EL(x(t:))

0 i=1
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b
~ [ @) ~ 90T (0,0 (o, x(0), w0 (e | o ()5 = 1
For each number K > 0, set
By :={x € PC(J*,D(E)) : |[x(t)|| <K, t € J"}.
Clearly, By is a bounded, closed, convex subset in PC(J, D(E)).

Lemma 6. Assume that (H1)-(H7) are satisfied. Then there exists a K > max{ lloll, 1NT3P}

M Lkt MR () — ()

+WK w51 ki HER o) - p0)) <1, u=r20u),

where

(24)

(25)

p=
M z i+ MEE (p(0) - p(0))°
+WKW (E b+ Yt o —por) <1, u=1og,0),
and
Ny = | Mo+ FE w0 ®) —pO)* @+ VEIBIND, - U = 120, 1),
M0+ FELL (p(6) = p(0)* (L + [BINy), U =L=(],u),
here
ML .
Ni =[xl + MIEGO)I| + 77 (#(0) = 9(0))",
such that PBx C Bk.
Proof. Let x € Bg. If t € [—r,0] then ||(Px)(t)|| = |l¢(t)] < maX;e|_ ] ()| = lloll- If
t € [0,b], then
xil = sup [x(t+7)| < max{|¢l], ]I}
Te[—r,0]
Since K > ||¢||, by (25), we note that the control u defined in (23) satisfies
()] < W |12 = S5¥ (b,0)Eg(0) — Y Sp¥ (b, 1) ELi(x (1))
i=1

- /(f(w(b) 9 T (b,5)£ (6 () %) ()i

D(E)

= W™

E ( [xl — S (5,0)E9(0) — Y S¥Y (b, 1) EL(x(1))

i=1

-/ ) — () T b f <Sfx(5)'xs>‘”/(s)ds} ) H

< W llExll + M<||E4>(0)|| + KI|E] ih)

i=1

b
+I€f{)/{) (lp(b)_lp(s))“1L[1+V1(K)+Vz(max{||¢||rK})]lP/(S)dS}
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< [Iw lIExll +M<HE<P(0)|I +K[E| ih)

i=1

L i (K) 2K g (90— 900

= Np + N2 (K)K,

which implies that

HuHM < { \/B(Nl +N2(K)K)r U= Lz(]l U), (26)

N1+ NZ(K)K/ U= Loo(]/ U),

where

ML

N = [IEx ]+ MIEQO)] + rray s

(p(b) - w(o»“} WL

M| E| iki + r(i\/ﬂfl)(lp(b) - 1’0(0))“%

Thus, for t € J,, we derive by (21) and (26) that

No(K) = W=

[(Px)()]| < MIIE™ 1II<||E<P ||+ZkI\EI| )

1
MHE ll )* ML+ pa([lx()) + e (max{|[x(s)]] [l 1)]g' (s)ds

-1
+M||f;(al)||Bll /0 (B(0) — ()" (5)JuCs) s

1
<||¢ |+I<Zk> ME L (e) = 90 (1 () + )
-1
+MIE By

-1
<||¢ ||+1<Zk> T LE00) ~ 901+ 1 (K) + pa(K)

M| E~||IB] Vb(N7 + N2 (K)K),
T T {N1+izz<z<ff<,

:= N3 + Ny (K)K,
where

_ { Milg(0) 1+ T (w(b) — () + el o, u = 120,

Mg(0)] + MEE (p(n) — (o)) + MEME Ky Ny, 1 = L2(), 1),

M Z ki + M\éiﬂ\)lL (p(b) — p(0))" Ml(K)zﬂz(K)

1
WKWVEM(K), U =12(,u),

m 1 l
M ‘2 kit NII"‘5+1‘)|L (p(b) — (0))* Lkl

Ny(K) =

—1
+MIE LB K Ny (K), U = L2(], ).
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From (18), we have M > A for K > 0. Thus
M E i+ M () - 9(0))"

AL (1 E i+ S ) - gl ), = 120,),
M ¥ i+ M () — 9(0))"

AR (8 ko HER e -y ), u =10,

Ny(K)

%

i=1

=p.

So N3 + Ny(K)K < K for each K > max{ lloll, 1 p} sufficiently large, that is PBx C
Bk. We complete the proof. [

Lemma 7. Assume that (H1)-(H7) are satisfied. Then, for any fixed t € | the set Vi (t) :=
{(Px)(t) : x € Bx} is precompact in X.

Proof. For t € [—r,0], obviously, it holds. For t € J\ {ty,...,tx} be fixed. Without loss of
generality, let t € J,. Note that

(Px)(t) = E-L(Pox) (),
(Pox)(t) = 3 (1,0)¢(0) + ;si"l*(t,ti)n(x(ti))

+/ )2 1T"‘1/’(t S)f(slx(s),xs)ll)/(s)ds

+/ VT (1 5)Bu(s)y (s)ds, for t € J,.

For x € By, we can derive

[1(Pox) (£)]] <M<H<P |I+K2k)

Ty P0) = PO L+ i (K) + 2K0) + s Kl Bl el

Thus, {(Pox)(t) : x € Bk} is bounded in Y by (28).

Since E™! : Y — Y is compact, then (Px)(t) :== E~1({(Pox)(t) : x € Bx}) is precom-
pactin X. The proof is completed. O

Lemma 8. Assume that (H1)—(H7) are satisfied. Then PBy := {Px : x € By} is equicontinuous.
Proof. Let x € Bxand t/,t” € J,, t' < t". One has

I(Px)(¢") = (Px)(#)]

< |[s¥(¢",0)E¢(0) +ZS“¢t”t)E1(())

i=

—S¥¥(¢,0)Ep(0) ES“‘Pt i) EL(x(t ))H
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| [ @) = 9o T )15 x(5), 209 ()

= [ ) = ) T, 6 x(5), )y )i

"

[ @) =9 T (7, 9)Bu(e)y ()ds

— [ ) = 9T () B ()

<|

[S(t,0) = S (¢, 0)]Eg(0) |

2P ) — SEY () Li(x(1))

+i‘[s

[ ) — 96— @) — PP INTE )55, 29,2 (5)ds
+ /(f(w(ﬂ) = (&) M TEY () = TE (F,9)1f 5, x(5), x5) 19/ (5)es

[ ) — ) — @) — T, 9)Buts) 9/ 5)as

+ /Ot'@p(t’) = () TR (¢, 5) = Te* (¢, 5)]Bu(s) [ (5)ds

4 [ ) — gl T, 9)f5, (5,50 19 (5

A

[ @) = 9 T, ) Buls) |y ()ds

<ht+h+B+at+]s+]e+]7+]s,

where
hoi=||sEY (7,0 = s (¢, 0)| [ E¢(0)]]
Ja = 2 SEY (1) = SEP(H 1) [killx (),
o= MU 1 0) 4 )
-/ 1) = 6™ = (0l) — 90y (5)ds
Ji = () = pO)* (14 1 (K) +12(K) sup [TE4(E",5) — TEV(E,9),

se(0,¢]

-1 t
Joi= LWL ) = gt = o) = pis)* el (),

Jo = sup [TS(t",5) — TV(t,5)]| B / Hu(s) ' (s)ds,

s€(0,t']
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_ M|ETYL

1) (L 1)+ (K@) — 9,

J7:

t//

-1
Joi= 2B T ) — gty s I s,

Obviously, J; — 0 as t/ — '. By Lemma 3(iv), S‘;’w(t, s) and Tg’¢(t,s) are continuous
in the uniform operator topology for t > s > 0, and u(-) is bounded by (28). Then one
can check the terms J1, J2, ], Jo, Js — 0 as t’ — /. By virtue of Lebesgue’s dominated
convergence theorem, we obtain J3, J5 — 0 as t” — t'. Hence, P By is equicontinuous and
bounded. O

Theorem 1. Suppose that (H1)-(H7) are satisfied. Then the system (6) is controllable on | provided
that the condition (24) holds.

Proof. From Lammas 6-8 and the Arzela—Ascoli theorem, we obtain that PBx is pre-
compact in PC(J*, X). Thus P is a completely continuous operator on PC(J*, X). By the
Schauder fixed point theorem, P has a fixed point in Bx. Each fixed point of P is a mild
solution of the system (6) on | such that (Px)(t) = x(t) € X. Hence, the system (6) is
controllableon J. O

Remark 1. Let (t) = t,and I;(-) =0(i = 1,2,...,m), then, Theorem 1 reduces to Theorem 4.1
in Ref. [23]. That is, the classical Caputo fractional derivative and non-impulse cases in Ref. [23]
are generalized to the {-Caputo fractional derivative and non-impulse cases.

4. Example

An example is provided to demonstrate the controllability result for the proposed criteria.
Let X = Y = U = L?[0, ] equipped with the norm and inner product defined,
respectively, for all u, v € L2[0, 7] by

7T % T
|lul| = </ |u(x)|2dx> and (u,0) = / u(x)o(x)dx.
0 0
Consider the -Caputo fractional differential control system of Sobolev type

X2z (t,z) + f(t,x(t,2), x(t —1,2)) + Bu(t,z), aete],zel0,n],

CDIMY (x(t,2) — x22(t,2)) =
te]:=10,1], 27)

x(t,0) = x(t, ) =0,
Ax(t,z) = L(x(tg, 2)), k=1,...,m,
x(t,z) = ¢(t,2), (t,z) € [—%,O] x [0, 7],

wherea = 2, y(t) = VE+1,

o1 1 . x(t—r,2)
f(t,x(t,Z),x(t—T,Z)) =e _“gx(t,Z)‘i‘gSlntm, (28)
and
Li(x(ty, 2) = sin(x(t, 2)) k=1,2,...,m. (29)

©9m(1+ |x(ty, 2)])
We define
D(A) = D(E) = {x € X : x, x; are absolutely continuous, x.; € X, x(t,0) = x(t, r) = 0}.
AX = Xz, Ex =x— Xy

It follows that A has eigenvalues —n?, n € N with corresponding orthogonal eigen-
vectors ¢, (z) = \/g sin(nz). From Ref. [42], A and E can be written as
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e )

[e0]
Ax:= Y n*(x,en)en, x € D(A),

n=1
Zl—i—n x,en)en, x € D(A).

Furthermore, for each x € X one has

[ee] 1 (e}
-1, ._ 71
E 'x:= ngl m(x, enYen, —AE g

x en €n,
and
t)x = Z el+n (x,en)e
Obviously, E -1is compact, ||E -1 || < 1. We also have —AE —1 which generates the

above strongly continuous semigroup T(t) on Z with ||T(t)|| < e~ < 1. So, the two
characterized operators Sz’¢(~, -) and Tg’w(-, -) have the following formulas

SEP (s = [T ETE O TV T - Vs Dieyds,

and
=& [T E e @ T(VITT- Vs E)io)de.
Clearly,
Is¥¥ sl <1, uTg*"(t,s)nsré), 0<s<t<1

Let B=wl:U — Z (w > 0), then defined W : i/ — D(E) by

1
Wu —w/ ZW) 5Tg'lp(l,s)u(s,z)als.

Since &« = % € (%,1),we take U := L*(J,U), and

Kayp = (1P(1)2—“1P_((i))2“*17 _ g(\fz_ 1)3 = 0.4911.

Next, let u(t,z) := x(z) € U. Thus,

/ E71024 (0)T((V2— Vs +1)36)doxds

2\/s+1
_g 4 4
2\/m / E108, (6 Zel+n (V2=VEHD30, o Ve dods
0 / 4
:w/ E’l(j / St ) st )59d5<x,en)end6
0 2\/s+

o [Ce e [ 4 (V2o R
_w./o Cg(Q)n;l/o 5(1+n2)9 ds(x,en>end9

2v/s+1

o5 [ LA ]
= %(9),;/0 nstle s (x, ex)endt
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n=1 n

o ad 1 1’12 \/‘ 4
_wn;lﬁ 1-E4 1 nz( 2—1)5 ) [(x,en)en, (30)

where

n? 4 2 (\2-1)50
E% <_]_—|-1’12(\/§ 1)5) : /0 el+n 65 (9)(16,
is a Mittag-Leffler function (see [43]).
VZ-1)30
Note that0 < 1 — el+n2( 1)56 < 1—e"Yfor@ > 0. Thus one has
1 4 n? 4 4

By (30) and (31), we have W is surjective. Denoted W1 : D(E) — U by

n?(x,en)en

"
e R g )]

(W=1x)
1+n2

for x =Y 7 1 (x, en)e,. Moreover, we can obtain that

||(W_1x)(t,«)”:% i 14 (x, en)? 4
= [1 E4( 1+n2(\f 1) S)}

_ \/i (1+n2)2(x,e,)?
n=1

Tl Ex]

=7 7 HXHD(E)-

Z R SIET)

Since W~ !x is independent of ¢ € [*, we have

W=t <

1
~T
w[1-Ey(~3(v2-1)3)]
By utilizing the integral representation formula (34) in [44], we define

i~ 1

SlI'I /
1+ 2s% cos(arr) + s

Ey(—z):=

1
_ZESdS

For o = % and z = %(ﬁ -1) %, a numerical computation in Matlab shows

ir

<—;(\f2—1)§> _n %) /Ooo é?) 2T ds = 0.7366.

E

4
5

U!\OO

T 14 255 cos
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m
Thus, [W™1|| < %ﬁ. From (28) and (29), it is easy to know that ) k; = %, L=1,
i=1
and A = % Then

m MIETTLA

PZM;kiJr T+ 1) ((b) —9(0))"
2 -1 n -1
A0 B £k R 00 - w0
1 3 s w 37965 (1 1 4
§9+r(2§)(\f2—1)5+r(®-0.4911.w<9+r(zg)(ﬁ—1)s>
=0.9789 < 1,

that is, (24) holds. Thus, all the assumptions in Theorem 1 are satisfied. Therefore the
system (27) is controllable on .

5. Conclusions

In this study, we constructed a mild solution for a class of impulsive Caputo fractional
evolution equations of Sobolev type based on generalized Laplace transform with respect
to the y-function. By using the boundedness and compactness of two new introduced
characteristic solution operators and the fixed point technique, we derive some new con-
trollability results for i-fractional impulsive functional evolution equations of Sobolev
type. The obtained results generalized the non-impulse and classical Caputo fractional
derivative cases. Finally, an example is given to illustrate the effectiveness and feasibility of
our criterion.

In the future, we will consider the nonlinear impulsive y-Hilfer fractional evolution
equations of Sobolev type, and study the controllability of the mild solution for such equations.
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