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Abstract: Let M be a torsion-free module over an integral domain D. We define a concept of a unique
factorization module in terms of v-submodules of M. If M is a unique factorization module (UFM),
then D is a unique factorization domain. However, the converse situation is not necessarily to be held,
and we give four different characterizations of unique factorization modules. Further, it is shown
that the concept of the UFM is equivalent to Nicolas’s UFM, which is defined in terms of irreducible
elements of D and M.
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1. Introduction

Throughout this paper, M is a torsion-free module over an integral domain D with the
quotient field K. In [1], the authors introduced a concept of a completely integrally closed
module in order to study the arithmetic module theory. M is completely integrally closed if
for every non-zero submodule N of M, Ox(N) = {k € K| kN C N} = D.

In Section 2, we define a concept of unique factorization modules (UFMs) as follows.
M is a unique factorization module if:

1. M is completely integrally closed.

2. Every non-zero v-submodule N of M is principal, that is, N = »M for some non-zero
reD.

3. M satisfies the ascending chain condition on v-submodules of M.

If M is a UFM, then D is a UFD and Og (M) = D. However, the converse situation is
not necessarily to be held (see Example 1). The aim of Section 2 is to provide four different
characterizations of UFMs (Theorem 1). Unique factorization modules were first defined
by Nicolas in terms of irreducible elements in M and D, ([2]) and many interesting results
were obtained [2-6]. In Section 3, we show that UFMs in the sense of Nicolas are equivalent
to ours, which is proved by using the properties of v-submodules (Propositions 2 and 3).

It is well known that M([x] is a UFM over D[x] if M is a UFM [5]. Let F,(M][x]) be the
set of all fractional v-submodules in KM[x]. As an application of Theorem 1, it is shown
that F,(M]x]) is naturally isomorphic to F,(M) & F,(M]x]).

2. A Submodule Approach to Unique Factorization Modules

Throughout this paper, M is a torsion-free module over an integral domain D with
the quotient field K.
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Definition 1.

1. A non-zero D-submodule N of KM is called a fractional D-submodule if there is a non-zero
r € D such that rN C M.

2. A non-zero D-submodule a of K is called a fractional M-ideal in K if there is a non-zero
m € M such that am C M.

Note that we use these concepts [1,7] under the extra conditions KN = KM and
KNT = KM. We denote by F (M) the set of all fractional D-submodules in KM, and we let
Fup (D) be the set of all fractional M-ideals in K. Let N € F(M) and a € Fp;(D). We define
N- ={ke€K|kN C M}and at = {m' € KM | am’ C M}. Then, it easily follows that
N~ € Fy(D) and a™ € F(M).

For N € F(M) and a € Fy(D), we define N, = (N7)* and a,, = (a™)". Then,
N, € F(M) such that N, O N, and a,, € Fyp(D) such that a,, D a.If N = N,, then we say
that N is a fractional v-submodule in KM. A fractional M-ideal a is called a v;-ideal ( with
respect to M) if a = ay, .

The following properties are easily proved in a similar way as in [1].

Property (A): For any N € F(M), N, = NyckmkM, where k € K.

Property (B): The mapping v : F(M) — F(M) given by v(N) = N,,N € F(M) is a
*-operation on M (see [8], Section 3 for the definition of a x-operation on M).

Property (C): Suppose Ox(M) = {k € K | kM C M} = D. Then, the mapping v:
Fm(D) — Fpm(D) given by v1(a) = ay,, a € F(D) is a x-operation on D (see [8] for the
definition of a x-operation on D).

Property (D): Let k € K, a be fractional M-ideal and N be a fractional D-submodule. Then:
i. (ko) =k7lat.

ii. (kN)” =k IN".

iii.  (ka)y, = kay,.

iv. (kN)p, =kNy,and N~ = (Np)~.

In [1], the characterization of completely integrally closed domains is adopted to
define a completely integrally closed module.

Definition 2. A torsion-free module M over integral domains D is completely integrally closed if
Ok(N) = {k € K| kN C N} = D for every non-zero submodule N of M.

Proposition 1. ([1], Proposition 2.1) M is completely integrally closed if and only if:

(1)  Every v-submodule N of M is v-invertible;
(2) Ok(M)=D.

Proof. The necessity: Let N be a v-submodule of M. If NN C kM, where k € K, then
MDKkIN"N=Nk!Nand k!N C (N")* = N, = N. Thus, k! € Ox(N) = D,
k™M C M and so M C kM follows. It follows that M O (N~ N), = Nn-nckm kM 2 M
from Property (A). Hence, M = (N~ N), = M, thatis, N is v-invertible. It is clear that
Ok (M) = D.

The sufficiency: Let N be a non-zero D-submodule of M. First, we prove that
(N"N)p = (N"Np)p. f NN C kM, where k € K, thenk !N~ C N~,andsok !N~ N, C
N™N, € M, thatis, N"N, € kM. Hence, (N"Ny) € Ny-nckmkM = (N™N), by
Property (A).

Let k € Og(N), that is, kN C N. Then, kN, = (kN), C N, by Property (D). It
follows that M = (N"Np)p, = (N " N)py 2 (N"kN), = k(N™N), = kM. Therefore,
k € Ox(M) = D by the assumption. Hence, Ox(N) = D, thatis, M is completely integrally
closed. O
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Definition 3. M is called a unique factorization module (UFM) if:

i.  Every v-submodule N of M is principal, that is, N = rM for somer € D.
ii. Ox(M)={keK|kMC M} =D.
iii. M satisfies the ascending chain condition on v-submodules of M.

It can be proved that M is a UFM if and only if:

i.  Mis completely integrally closed;
ii.  Every v-submodule of M is principal;
iii. M satisfies the ascending chain condition on v-submodules of M,

which follows Proposition 1.

Lemma 1. Suppose Og(M) = D. Then:
(1) (aM), = (a,M), for every fractional D-ideal a in K.
(2)  Let a be a proper v-ideal of D. Then, (aM)~ = a~'and M D (aM)s.

Proof.

(1) TItis clear from Property (B) that (aM), C (a,M),. To prove the converse inclusion,
assume aM C kM, where k € K, then k~'aM C M, and so k~la C Ox(M) = D,
that is, a C kD. Thus, a, C kD, and a,M C kM follows. It follows that a,M C
Namckm kM = (aM), by Property (A), and so (ayM), € (aM),. Hence, (aM), =
(apM)o.

(2) We first show that (aM)~ = a~!. Tt is clear that a=! C (aM)~. Conversely, let
k € (aM)~, that is, kaM C M, so that ka C D by the assumption and k € a~!. Hence,
(aM)~ = a~ L. Suppose M = (aM),. Then, D = M~ = ((aM),)” = (aM)~ = a!
by Property (D), and so D = a~!, which is a contradiction. Hence, M D (aM)yp.

O

Definition 4. M is called a v-multiplication module if every v-submodule N of M is a multiplica-
tion submodule, that is, N = nM, wheren = (N : M) ={r € D | rM C N}.

Note that if D is a UFD, then every minimal prime ideal is a principal prime (see [8],
Theorem 43.14).

Theorem 1. Suppose Ox (M) = D. The following conditions are equivalent:

(1) M is a unique factorization module.

(2) M is a v-multiplication module and D is a unique factorization domain.

(3) i D is a unique factorization domain, and
ii. for every prime element p of D, pM is a maximal v-submodule of M, and
iii.  for every v-submodule N of M, n = (N : M) # (0).

(4)  Every v-submodule of M is principal and D is a unique factorization domain.

Proof.

a. (1) = (2): Itis clear from the definition of UFMs that M is a v-multiplication module.

To prove that D is a unique factorization domain, let a be a proper v-ideal of D. Then,
(aM)y is a proper v-submodule of M by Lemma 1, and so (aM), = rM for some
non-unit » € D. It follows that r!D = (rM)~ = (aM,)~ = (aM)~ = a~!, and so
a=a, =rD.
Let a; be v-ideals of D such thata; C a; C ....Put L; = (a;M), = r;M for some
riM, and a; = r;D. Since L; C L;;1, there is an n > 1 such that L, = L, 1, that is,
wM = 1,41 M. Then, r, 17, .1M = M, and so since Ox (M) = D, 1, 7,1 € D, that is,
ay =1,D =r,41D = a,41. Hence, D is a unique factorization domain.

b. (2) = (3): (iii) is trivial since M is a v-multiplication module. To prove (ii), let p
be a prime element in D and N be a v-submodule containing pM. Then, n = (N :
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M) D (pM : M) = Dp, and n is a v-ideal of D by Lemma 1. Hence, n = pD, and so
N = pM = P follows. Hence, pM is a maximal v-submodule of M.

c.  (3) = (4): Let N be a proper v-submodule of M. Then, n = (N : M) # (0), and it
is a v-ideal of D by (3) (iii) and Lemma 1. Write n = p‘il .. .p;", where p; are different
principal prime ideals of D and ¢; > 1 foralli(1 <i < k). Putn =e; +--- + ¢ If
N = nM, then N is a principal submodule, since n is principal. Therefore, we may
assume that N D nM and N~ = n~!a for some ideal a such that D O a D n. We prove
that N is a principal submodule by inductionon n. If n =1, then N D pjM and N =
p1M, which is principal by the assumption. Put P; = p;M for all i(1 < i < k), which
are all maximal v-submodules. Suppose that P; 2 N for all i. Then, (P, + N), = M,
andsoD =M~ = ((P;+ N)y)~ = (P;+ N)~ = P. Nn~la. Thus,

DP;‘ = (pi_l ﬂn_la)pi = pi_lDPi ﬂn_laDp’.. (1)

If nD,, = aDy, for all i, thena C aDp,ND = p'ND = p; and a C p7'.. .pz" =,
which is a contradiction. There is an i, say i = 1, such that aDy, D nDj, = p'D,,, and
so there is an  such that aDy, = p} Dy, withe; > | > 0, since Dy, is a discrete rank
one valuation domain. Thus, by (1), Dy, = p; "Dy, N plfel Dy, = p; 'Dp,, whichis a
contradiction. Hence, there is a j, say j = 1, such that P; = pyM D N, and p; INisa
v-submodule of M with (p; !N : M) = p; In = pilflp? ... p¥. Tt follows by induction
on n that p;- N is principal, and hence N is a principal submodule as desired.

d. (4) = (1): One only needs to prove that M satisfies the ascending chain condition
on v-submodules of M. Let L; C L, C -+ C L, C ... be an ascending chain
of v-submodules of M. Put L; = r;M for some non-zero r; € D for each i. Then,
r;D = (L;: M) C (Lj11: M) = r;11D. There is an n such that r,D = r,, 1D, since D
is a unique factorization domain. Hence, L, = L, 1, and so M satisfies the ascending
chain condition on v-submodules of M.

O

Remark 1. Let M be a UFM and N be a v-submodule of M. Then, N is a maximal v-submodule if
and only if N = pM for some principal prime p of D.

Proof. If N = pM for some principal prime p of D, then it is a maximal v-submodule of M
by Theorem 1. Conversely if N is a maximal v-submodule, then it is a prime submodule
(see [7], the proof of Theorem 3.1), and n = (N : M) is a prime ideal of D. Since N = nM, it
follows from Proposition 1 that n is a prime v-ideal. Hence, n is a principal prime. O

If M is a UFM, then D is a UFD and Og(M) = D. The converse situation is not
necessarily to be held.

Example 1. Let D be a UFD, and let a be an ideal of D with a, = D. Then, M = a is not a UFM
as a D-module.

Proof. It is easy to see that Ox(M) = D. Let p be a prime element in D such that p € a.
Let L = pD, a submodule of M, and P = pM. Then L D P = pM. It is easy to see that
L~ =pla,andsoL, = (L7)" = (p~ta)™ = pat = pD = L. Thus, P = pMisnota
maximal v-submodule. Hence, M is not a UFM by Theorem 1 part (3). O

See [7], Examples 5.1 and 5.2 for other examples. Example 5.1 is a Krull module and
Example 5.2 is a G-Dedekind module, but these are not UFMs.

3. The Connection to the Point-Wise Version of the UFM

In [2], Nicolas first defined unique factorization modules in terms of irreducible
elements in D and M. M is a UFM (a factorial module) in the sense of Nicolas if:



Axioms 2022, 11, 288

50f7

i. Every non-zero element m has an irreducible factorization, thatis, m = r - - - ram’,

where r; are irreducible elements in D and m’ is an irreducible element in M.
ii.  If pisirreducible in D, then pD is a prime ideal.
iii. If mis irreducible in M, then it is primitive.

It turns out that M is a UFM in the sense of Nicolas if and only if every irreducible
factorization in (i) is unique up to associates (see [2,5]).

The aim of this section is to show that Nicolas’s UFM is equivalent to ours by using the
properties of v-submodules. We refer the reader to [5] and [2] for definitions of irreducible
and primitive elements.

Lemma 2. Suppose Ox(M) = D. Let m € M such that (Dm)~ = D. Then, m is irreducible.

Proof. Suppose m = rm’, where r € D and m’ € M. Then, D = (Dm)~ = (Drm')” =
r~1(Dm')~, and so (Dm')~ = rD. Thus, M = M, O (Dm'), = ((Dm')")* = (rD)* =
1Dt =r~IMand r~! € Ox(M) = D. Hence, r € U(D), and so m is irreducible. [

Lemma 3. Suppose M is a UFM in the sense of [2]. Then:

(1) Ox(M)={keK|kMC M} =D.

(2)  If mis primitive, then (Dm)~ = D and (Dm), = M.

(3) Letm € M such that m = rm’, where r € D and m' is primitive. Then, (Dm)~ = r~'D
and (Dm), = rM.

Proof. (1) Let k € Ox(M) and write k = ab~!, where a,b € D are non-zero. Since
kM C M, for a fixed irreducible element m € M, there is an n € M such that km = n,
that is, am = bn, and we write n = sm’ for some s € D and m’ € M, which is
irreducible so that am = bsm'. Since D is a UFD by ([2], Property 2.2), any irreducible
elementin D is a prime element. Hence, a2 = bsc for some unit ¢ € D by the uniqueness
of irreducible factorization, am = bsm’'. Thus, k = (bsc)b’1 = sc € D, and hence
Ok (M) = D.

(2) Letk=ab~! € (Dm)~,wherea,b € D are non-zero. Since m is primitive it follows
that k € D in the same way as in (1), and so (Dm)~ = D. Thus, M = Dt =
((Dm)~)* = (Dm)..

(3) (Dm)~ = (Drm')~ = r~Y(Dm')~ = r~'D by Property (D) and (2). Hence, (Dm), =
((Dm)~)* = (r"'D)* =rD* =rM.

O

Proposition 2. If M is a UFM in the sense of Nicolas, then M is a UFM in our sense.

Proof. Ox(M) = D by Lemma 3. Let N be a proper v-submodule of M. First, we show
that every non-zero element m € N is not primitive. If m is primitive, then Dm C (Dm), C
Ny = N and so N = M by Lemma 3, which is a contradiction. Thus, every non-zero element
m € N is of the form m = rm’, where r is not unit in D and m’ is primitive. It follows from
Lemma 3 that N = N, O (Dm), = rM, thatis,r € n = (N : M) # (0). To prove that
N = nM, we assume on the contrary that N D nM. Let x = sm be an element in N but not
innM, where s € D and m is primitive. Then again, N = N, D (Dx), = sM by Lemma 3,
and so s € n. Thus, x = sm € nM, which is a contradiction. Thus, N = nM. Hence, M is a
UEFM in our sense by Theorem 1 (2). O

We will prove that the converse is also true, that is, if M is a UFM, then it is a UFM in
the sense of [2].

Lemma 4. Let m be an element in a UFM M in our sense. Then:
(1)  mis irreducible if and only if (Dm), = M;
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(2)  mis irreducible if and only if it is a primitive.

Proof.

(1) Note that (Dm), = M if and only if (Dm)~ = D by Property (D). Therefore, the
sufficiency is clear from Lemma 2. The necessity: We assume on the contrary that
M D (Dm),. Then, (Dm), = rM for some non-unit r € D and M = r~*(Dm), >
r~lm. Thus, there is an element m; € M with m = rmy and r € U(D), which is a
contradiction. Hence, (Dm), = M.

(2) Itis well known that any primitive element is irreducible [5]. Suppose m is irreducible
and am’ = rm, where a,r € D and m' € M. Then, a~Y(Dm')~ = (Dam’)~ =
r1(Dm)~ =r'Dby (1),and soa~'D C r~!D since (Dm')~ 2 D, thatis, aD 2 rD.
Therefore, ¥ = as for some s € D and am’ = asm. Hence, m’ = sm and m is primitive.

O

Proposition 3. Every UFM in our sense is a UFM in the sense of [2].

Proof. Suppose M is a UFM in our sense. Then, we must prove the following three

properties (by the definition):

i. Every non-zero element m has an irreducible factorization, thatis, m = ryrp - - - rym’,
where r; are irreducible in D and m’ is irreducible in M.

ii.  If pisirreducible in D, then pD is a prime ideal.

iii. If mis irreducible in M, then m is primitive.

Since D is a UFD by Theorem 1, (ii) is clear and (iii) follows from Lemma 4. To prove
statement (i), it is enough to prove that every non-zero element m is of the form m = rm’,
where r € D and m’ is irreducible in M since D is a UFD. We assume on the contrary
that there is a non-zero element m € M such that m # rm’ for every r € D and every
irreducible m’ € M. Since m is not irreducible, there are r; € D\ U(D), and m; is not
irreducible. Therefore, m = rymy, where r; € D \ U(D), and m; is not irreducible. For any
natural number i, m; = r;;1m;,1, where r;,1 € D\ U(D) and m; 1 is not irreducible, and
Dm; C Dm; 1. Taking the v-operation, we have the ascending chain

(Dm)v - (Dm1>v c..-C (Dmi)v c..-Cc M

Since M satisfies the ascending chain condition on v-submodules of M, there is a natu-
ral number n > 0such that (Dmy,), = (Dmyy1)y, and so vy 1 (Do) = (Drysimyi1)e =
(Dmy)y = (Dmy1), by Property (D). Thus, r;il(DmnH)v = (Dmy41)p, and so r;}rl €
Ok ((Dmy41)0) = D, since M is completely integrally closed. Thus, 1,11 € U(D), which is
a contradiction. Hence, every non-zero element m is of the form m = rm’, where r € D and

m' is irreducible. Therefore, M is a UFM in the sense of [2]. O

We denote by F,(M) the set of all fractional v-submodules in KM, where M is a UFM.
Let N be a fractional v-submodule in KM, that is, there is a non-zero r € D such that
rN C M. Then, M = M, D (rN), = rN, = rN by Property (D), and so rN = sM for
some s € D by Theorem 1. Hence, N = r~IsM. Conversely, for any non-zero k € K, kM
is a fractional submodule in KM and (kM), = kM, = kM. Hence, kM € F,(M). Hence,
F,(M) = {kM | 0 # k € K}. We define a product “o” in F,(M) as follows: N o Ny = kk;M
for N = kM and N; = kiM in F,(M). Then, F,(M), endowed with the product o, is an
abelian group generated by the principal primes pM and is naturally isomorphic with
F,(D).

Remark 2. Suppose M is a UFM, then:

(1)  Fy,(M) is an abelian group generated by the principal primes pM and is naturally isomorphic
with Fy(D).

(2) F,(M)={kM |0 # ke K}.
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The following properties of Krull domain D are more or less known:

(1) DI[x] is a Krull domain.
(2) Letpbe a non-zero ideal of D[x].
(@) IfpnD # (0), then p is a minimal prime ideal of D[x] if and only if p = pg[x]
for some minimal prime ideal py of D. In this case, we say p is of type (a).
(b) If pn D = (0), then p is a minimal prime ideal of D[x]| if and only if p =
p’ N D[x] for some prime ideal p’ of K[x]. In this case, we say p is of type (b).
(3) There is a one-to-one correspondence between Spec(K|x]) and Specy(D]x]) = {p :
prime v-ideals of D[x] | pN' D = (0)}, which is given by p" — p = p’ N D[x]| and

p — Kp, where p’ € Spec(K[x]) and p € Specy(D|[x]).

If M is a UFM, then M[x] and K[x]M[x] = KM]x] are both UFMs over D[x]| and
K[x], respectively ([5], Theorem 6.1 and Result 2.2). Thus, D[x| and K][x] are both UFDs.
Thus, F,(D[x]) is an abelian group generated by the minimal prime ideals py[x] and p €
Specy(D]x]), where py are minimal prime ideals of D, which are all principal primes in
DIx]. Hence, F,(M|x]) is an abelian group generated by the po[x]M[x]; and pM[x], which
are all principal primes of D[x| by Remark 2.

Further, F,(KM|x]) is an abelian group generated by p’ M[x], where p’ € Spec (K[x]). It
is easy to see that the subgroup of F,(M|x]) generated by the pg[x] M is naturally isomorphic
with F,(M), and the subgroup of F,(M]x]) generated by pM][x] is naturally isomorphic
with F,(KM[x]). Hence, we have the following remark.

Remark 3. Suppose M is a UFM. Then:

(1)  Fy(Mlx]) is an abelian group generated by the po[x]M|[x] and pM|x] (po[x] is of type (a) and
p is of type (b)).
(2)  Fy(Mlx]) is naturally isomorphic with F,(M) & F,(KM|x]) as abelian groups.
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