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Abstract: In this article, we propose a one-dimensional heat conduction model for a double-pane
window with a temperature-jump boundary condition and a thermal lagging interfacial effect
condition between layers. We construct a second-order accurate finite difference scheme to solve
the heat conduction problem. The designed scheme is mainly based on approximations satisfying
the facts that all inner grid points has second-order temporal and spatial truncation errors, while
at the boundary points and at inter-facial points has second-order temporal truncation error and
first-order spatial truncation error, respectively. We prove that the finite difference scheme introduced
is unconditionally stable, convergent, and has a rate of convergence two in space and time for the
Le-norm. Moreover, we give a numerical example to confirm our theoretical results.
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In the last decades, there is an increasing interest in the research and development of
mathematical models related with clean technologies; see, for instance, [1]. The interest is
motivated by the diminution of adverse environmental impacts of conventional energies,
the growth of world population with improved life standards, the reduction in energy
Academic Editor: Xi Deng production costs, and the optimization of energy consumption [2]. It is known that about a
third of the total energy is used in buildings and a about a third of energy is lost through
windows [3]. Then, a key aspect to understand in order to save energy in buildings is the
design of appropriate windows.

In the recent literature, there are several works focused in the study of heat transfer
Publisher’s Note: MDPIstays neutral i pane windows [4-14]. The finite difference techniques is used to solve numerically the
with regard to jurisdictional claims in - Boussinesq equations and to simulate the flow of the air in a window cavity [4]. The problem
published maps and institutional affil- - of natural convective flows in the cavity of a double-glazed window with photovoltaic
iations. cells is modeled and simulated by the Navier-Stokes and energy equations [5]. From a

stationary two-dimensional formulation of heat transfer through a triple-pane window and
applying the method of numerical modeling, we deduced that the thermal resistance of the
triple-pane window filled with air turns out to be 1.7 times higher than that of the double-
pane window having the same thickness as the triple-pane [6]. The determination of the
optimum thickness of the air layer that is trapped between the interior and exterior glass of
a window pane has been studied in the context of window design [7,13]. The research of
conditions of the Creative Commons  Other potential problems arising in pane windows (such as the low consumption of energy
Attribution (CC BY) license (https:// 1N @ building with double pane window, the numerical modeling, the design of multiple
creativecommons.org/ licenses /by / pane windows, the relation to the climate, etc.) are conducted by several works [8-12,14].
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The study of transfer heat problems between different substances, for instance, solids
of different types or solids and fluids, are considered by several researchers [15-23]. The
motivations are of different types: simple examples, analytical solutions, creation of mathe-
matical models, different applications, theoretical study, and numerical simulations [15].
Particularly, in relation to the numerical solutions, we propose several numerical methods
including the use of high-order implicit time integration schemes [17], hybrid boundary ele-
ment method and radial basis integral equation [18], high-order finite volume schemed [19],
projection method [20], high-order implicit Runge—Kutta schemes [21], and finite difference
methods [23].

On the other hand, we know that for situations of very-low temperatures near absolute
zero the heat propagate at a finite speed [24]. Then, the classical models of heat transfer,
based on the Fourier law, needs an improvement. One of those generalizations is the
well-known dual-phase-lagging model proposed by Tzou in [25] (see also [26]), which is
based in non-Fourier heat conduction law and the energy equation given by

glx,t+1) = —kg—Z(x,t+ Tr), 1)
=20, = CoL(x,1) + Q1) @

respectively; where ¢ is the time, x is the space position, T is the temperature, g is the heat
flux, k is the heat conductivity, 7r is the phase lag of the temperature gradient, 7, is the
phase lag of the heat flux, C is the heat capacity of the material, and Q is the volumetric
heat generation. By applying a Taylor series expansion in (1), we deduce that

2
q(x,t) + qu—Z(x,t) = k[gT(x t) + 17 z?taT (x, t)} (3)

Then, by using (2) in (3), we obtain

oT 0T *T PT
C(at +T"atax) k(axz +TTatazx)’ @)
which is known as the heat conduction equation under the dual-phase-lagging effect or
briefly as dual-phase-lagging model.

In this paper, we are interested in the problem of heat transfer in a double pane
window. Let us consider a double pane window of a total width thickness L, schematically
presented in Figure 1. The width thickness of exterior glass, air space, and interior glass are
given by ¢y, {, and /3, respectively. For convenience of the presentation, we introduce the
following terminology and notation

Lo=0,Li=0,La=b+l,Ls=0L+0L+{=1L,

Lo and L3 are called the boundaries and L1 and L, the interfaces,
7, =]Lo, L1[, Zp =|L1, L[, and Z3 =]Ly, L3], are called the layers,
Ty = UL, 0T, T = {[4}U{ly}, T=T"wuT, ®)
0L ={Lo, L1}, Zyr={Le} x[0,T], Qur =717, x[0,T],
Ql]?y — Tlay « [0, T], Iznt [int [0, T], Qr = Ql{]y UI%"t.

We assume that the mathematical model for heat transfer is given by the initial
interface-boundary value problem

Ju () %u
Q(m+% Fr

u(x,0) = pi(x), W (x,0) = a() onZ, O

=k FPu i Pu £, £=1,2,3 lay, 6
- a 2+TT ata 2 +ff(x ) — L, &9 an ()
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(~ k%4 ) (Lo,6) = gut), onl07), @)
(22K 2+ ) (L3, 1) = a(0), on 0T, ©
u(x—0,t) = u(x+0,1t), on I, (10)
ke (gz + T;@;’jgt) (x—0,t)

— ks (gz + i ;j;) (x+0,t), £=1,2, on ", (11)

(0)

where u(x, t) is the temperature at the position x and time t, Cy is the heat capacitance; T,

and T;w stand for the heat flux and the temperature gradient phase lags, respectively; k,

is the conductivity; f, are the source functions; a; and a; are some coefficients; K,gl) and

KSZZ) are the Knudsen numbers; 1; and ¢, are the initial conditions; and ¢; and ¢; are two
given functions modeling the boundary conditions. We notice three facts: the relationship
between K, and k is given by K2CL2 = 3kt, with L a characteristic length, the boundary
conditions (8) and (9) are a consequence of assuming a temperature-jump condition, and
the model are not in dimensionless form; see [27,28] for details.

e

0 Ly L, L

Figure 1. A schematic form of a a double-pane window.

The state equation (Equation (6)) is deduced by assuming by the fact that the dual-
phase-lagging model of the form (4) is satisfied in each layer 71, Z; and Z3. The interfacial
conditions (10) and (11) are imposed in order to obtain a continuous behavior of tempera-
ture and the heat flux, respectively. For instance at x = L1, we have that (11), by application
of the first-order non-Fourier’s law, is rewritten as follows

(L1 —0,1) + Tg”%(h —0,t) = q(L1 +0,t) + T;Z%(Ll +0,1).

The condition of the type (11) was introduced in [27] for the case of the mathematical
model of a double-layered nano-scale thin film, where the authors observe that these kind
of interfacial conditions plays an important role in the derivation of energy estimations.
Other important aspect of the mathematical model (6) and (11) is the fact the state equation
and the boundary conditions (8) and (9) are given only in terms of the temperature, which
is different from the standard models where a variable the heat flux is considered.

The main results of the paper are the following: (i) we prove an energy estimate, (ii) we
introduce a second-order accurate finite difference scheme for solving the mathematical
model, and (iii) we prove that the unconditional stability, the convergence, and estimate
that the rate of convergence is two in space and time for the Lo-norm. Additionally, we
give two numerical examples.

The methodology used in the paper is a generalization of the one introduced in [27]
for the case heat transfer in a double-layered nano-scale thin film. We consider the change
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variable v = u; and deduce the equivalent system to (6)—(11) in terms of u and v. We
introduce the discretization by a semidiscrete finite difference scheme. In addition, we
deduce a fully finite difference scheme, approaching the system for (u,v). We rewrite
the discrete scheme to approximate the solution of (6)—(11). Then, we introduce and
prove the results of discrete energy estimation, unconditional stability, convergence, and
error estimates.

2. Change of Variable and Continuous Energy Estimation

We introduce a new function v : Q7 — R such that v = u;. Then, from (6)—(11), we

deduce that
C, (v + >?;t’> — kgaa—z2 (u n &v) Ffolxt), £=1,2,3, in QI (12)
o(x, £) = z?t (x,1), in Qr, (13)
u(x,0) = 1 (x), v(x,0) = (x), onZ, (14)
— oK} >aa (n+0) (Lo t) + (- TV0) (Lo, t) = g1(H),  on[0,T],  (15)
ok 2 (1wt o0) (L, ) + (w4 o) (Lo, 1) = o), on[0,7],  (16)
u(x—0,t) =u(x+0,t), v(x—0,t) =0v(x+0,t), on [, (17)
ke aa (u+ 7o) (x—0,t) = kmaa (w+ o) x40, onr, (18)

where ¢; = ¢; + T%i)(goi)t fori=1,2.

Theorem 1. Consider the notation and terminology defined on (5) and u, v solutions of (6)—(11)
and (12)—(18) with boundary conditions ¢1 = ¢p = 0, respectively. If we denote by E the function

defined as follows
3 2 2
u®(Lo,t)  u*(Ls,t)
ot ||712|| 27,y + 2 kellu 1722, + + . (19)
2 q 12(Z) é; xll2(z,) 0é11<1(11) azKﬁz)
Then, the estimate
E(t) < E(0) 4+ 1 t i 1 / fﬁz(x,s)dxds, (20)

is valid for any t €10, T.

Proof. Multiplying the Equation (12) by v, integrating over Z'%, using the identities

ov _1a 2
L atvdx ¥ v dx,

Ju 9v dx = 14 ou dx
7, 0x ox 24t ox
o2 () pdx — (2 (0
/I/ 2 (u + 17 )vdx = (ax(u + 17 v)v> (Lp+,1t)

(D0 _ 00 o0 [ (22 ’
(ax(u+TT U)U)(L[l ) — L axaxd" Tr L \ox dx,

for £ = 1,2,3, and the interface conditions (17) and (18), we have that
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3 3
1 d
2 () / 2
dx + - - d
ZCg/Iv x+2;Cﬂq T Izv x

- Zkg[( (u+700)0 )(Lg—k,t)— (;C(u+r§f>v)v>(L“—,t)]

Ju dv

o [ (9N, ¢
- Z;lkg /24 aadx - ;k[r]- /I[ <8x> dx—i—[;/zé fo(x, t)vdx (21)
_k3( 9 (4 +T§d>v)v>(Ld, b — k1< 9 (u+ 7oy )(Lo,t)

ax
1 u
2

3 2 2 3
L P 0 [ (90
; [ I/<8x> dx z;kﬂT /@(E)x) dx+ZZ1/Iifg(x,t)vdx.

Now, using the fact that ¢; = ¢» = 0, from (15) and (16), we deduce that

9 (1) _ 1)

kq e (u+130) (Lo, t) = (XlKr(zl) (u+ 77 '0)(Lo, t) (22)
9 (3) _ 1 (3)

k3ax (M+TT 0)(L3, i’) = . K(Z) (M+TT Z))(L3, t). (23)

Thus, replacing (22) and (23) in (21), using the definition of E given on (19), and the
Cauchy-Schwartz inequality, we have that

1d

sl 02 e
S oE() Zc[/ dx + Zk <8x) dx
_ Z / Folx, botdx
=17
3. 1 2 2 2
< —/ x, t)dx + Cg/ v-dx,
;4@ Iéfe( ) Z; L

which implies (20) by an integration on [0,¢]. [
3. Discretization of the Domain, Finite Difference Notation, and Preliminary Results

3.1. Discretization of the Domain

Let us consider the notation in (5). We assume that each interval Z; is divided into
M, parts of size Ax; = (Ly — Ly_1)/ My, the temporal interval is divided into N parts
of size At = T/N, and we introduce the notation xy; = Ly_q +iAxy, xpjy1,20 = Ly_1 +
(i+1/2)Axp, and t, = nAt fori = 1,...,My; £ = 1,2,3and n = 0,...,N. Then, the
discretization of Q7 is given by

Qaxat = Qax X Ta

= ({xﬁ : i:O,...,M/_;—l,6:1,...,3,}U{L3}) x {tn : n:l,...,N}.

3.2. Finite Difference Notation

The grid function space is defined as follows

— — (40 Ny . . n_ (01 n n n n n
Z/IAX,At—{U—(u ,oe,u) tu —(”1,0/-'-r”l,leuz,lr--'/”Z,szus,lf-~-/”3,M3)}-
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Then, for (W, ¢, n) € Uaxar X {1,2,3} x {0,..., N}, we introduce the finite differ-
ence notation

W= Sl ), i= 0, My,
5w;jl/2fé(ngl— 1, i=0,..., My,
wzi:%(wﬁl—%Zwél—i—w?ll), i=0,...,M,
ol ﬁ(w?lﬂ witY), i=0,...,M,
1

Moreover, we consider the notation

M1
1 g 1
(W}, v}) = Axg (2“’?,0”20 + ) wy vy + 2w?,M(UZM£>’ (24)
i=1
3
Wi [? = (w}, wp), Wi =3 Wil (25)
n n n
I o = max [l Wl = max Wl 26
2 et 2 2_ %
62w [|* = Axp Y (0xtwfii)0)%, 16: W[ = Y [l62wi %, (27)
i=0 =

for the inner product and norms on Uy ;-
On the other hand, in the case of semidiscrete and discrete sachems, we use the notation

ugi(t) = u(xgit), vei(t) =v(xgit), uy; =ulxeitn), vp;=0v(xita),  (28)
for{=1,2,3andi =0,..., My, respectively.

3.3. Four Useful Finite Difference Approximation Lemmas

Lemma 1 ([27,29]). Let us consider that [a, b] is an interval partitioned in m sub-intervals of the
form [z;_q,z;], where z; is defined by z; = a+ih fori =0,...,m withh = (b —a)/m. If we
consider that the function g is such that ¢ € C*([z0,zm)), then it holds

¢'(ao) = | SELTSE) )| - 29" o) €0 € ez, )
hZ
§"(21) = o 8(zien) — 28() + g(zi1)] — 158 (Go),
¢i € [Zi—lrzi-i-l] i=1,....m—1, (30)
() = 5 |8/ Geo) — 28OV R, G € ol GO

Lemma 2 ([29,30]). Consider that the function g is such that ¢ € C*([a,b]), then it holds

[g<>+g<>}— UL

2 [l (5 05)

N —

o (5005
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Lemma 3 ([27,29]). Consider that W € Uy py, then for any € > 0, it holds
2 2 1 2
< 1+ ey + (142 ) Lalocml,

2 1 2

s < (14 €)u pp, + (1+ 2 ) (Ls = L) [ drus .

4. Semidiscrete and Discrete Schemes for Numerical solution of (12)—(18)
4.1. Semidiscrete Approximation of System (12)—(18)
4.1.1. Approximation of (12) on Ty

Here we construct the semidiscrete scheme at inner points, i.e., except on the inter-
faces and boundaries. The inner nodes at 7, are xy; fori = 1,..., My — 1. We start the
discretization by considering Equation (12) at the inner points (x;;, ), we have that

9?2
Cy (U(xzu )+ ()&U(xzu )> kis 2(u+ 7o )(xz,i/f)+fz(xe,i/f)/ (32)

for{=1,2,3andi =1,..., My — 1. To discretize the right-hand side of (32), we can apply
the approximation (30) in Lemma 1 and observe that

2

d Ax;)? o4
ox N2 (M + T](”é)v) (xf,i/ t) = 5)2C (L[ + TT@)U) (xf,i/ t) - ( 122) ax4 ( + T]("g)v) (‘:L’,i/ t)/ (33)

for ¢p; €)xpi1,%7i41[ and i = 1,..., M, — 1. Dropping the small value terms in (33),
replacing the approximation in (32), and using the notation (28), we deduce that the
semidiscrete approximation form of (12) at the inner points is given by

N d
C (W,i(f) + Tq(e) dtW,i(t)) = k67 (Me,i(f) + T;@W,i(t)) + fe(xgirt), (34)
for{=1,...,3, i=1,...,M,—1.

4.1.2. Approximation of (12) on Z"

We observe that the interface between /—th and (¢ + 1) —th layers is located at x )1, =
X¢41,0- Then, considering Equation (12) at the inner points (xy,,t) and (x/41,,t), we
deduce that

d 0?
C (v + 7" v) (xirt) = kes—s (u+740) (v ) + filxom, D), (39)

ot
(41) 0 02 ¢
Crs (U + Tq( o at”) (xev10t) = ker155 Y (u + T% Wy ) (x¢41,0,1)
+ fre1(xeg10, 1), (36)

for £ = 1,2. To discretize the right-hand sides of (35) and (36), we can apply the approxima-
tions (29) and (31) in Lemma 1, respectively; observe that

92 )
32 (u + T; ) >(XZ,Mé,,t)
2 d ) !
= Axé{ax (Ll -+ T](- )U) (xZ,MU t) — Oy (M -+ Tj(w )U> (XE/M[,l/z, t)} (37)
Ax; 3° )
+ Tgafg (“ + T; )U) (Comrt), Gom, € [Xom—1,X0m, ),

82
Fyol (” + #H)v) (x¢11,0,1)



Axioms 2022, 11, 422 8 of 21

_ 2 (£+1) 9 (£+1)
T Axp {5" (u T v) (Xes1/2:) = 52 (” +Tr U) (xe11,0.1) (38)

Ax o3 V4
§+1 ax 3( utr Vo )(C(Jrl,o/f)/ 8e41,0 € [Xe41,0,X011,1]-

From (18) we have that

J 4 d (41
kﬁa (u + T; )U) (xem,0t) = k4+1£ (u + T1(~ )v) (Xp41,0,1)- (39)

Thus, multiplying (35) and (36) by Ax,/(Ax; + Axpy 1) and Axp 1/ (Axy + Axpyq),
respectively; dropping the small value terms in (37) and (38) and replacing the approx-
imations in (35) and (36), respectively; summing up the results and using (39) and the
notation (28), we obtain the semidiscrete approximation form at the interface points

Ax,C 0 d Axp1C 1) d
(oo (0 87 o0 () 4 S (w0 + i) Torano))

Axyp+ Axpiq Axp+ Axpyq
_ 2 (6+1) (0)
= AT A {ke+1f5x (u + 17 0) (x¢11,1/2,t) — kodx (u + 17 U) (xem,-1/2:) (40)
Axy Axpiq

fe(xem, t) + for1(xet10t), £=12.

Axyp 4+ Axpyq Axyp 4+ Axpyq

4.1.3. Approximation of (12) on 07

We observe that the boundaries of the physical domain are located at x;9 = 0 and
x3Mm; = L. Then, considering the Equation (12) at the boundary points (x1,, t) and (x3 a,, t),
we deduce that

Jd 02
C1 (U(Xl,o, t) + Tq(l) gv(xl,ol t)) = klﬁ (M + Tél)v) (x1,0,t) + f1(x10, 1), (41)

d 92
Cs (U(x3,M3, t) + Tq(3> gv(xaMy t)) = k3@ (U + T;B)U) (x3,M5,1) + f3(x3m5, 1), (42)

respectively. To discretize the right-hand sides of (41) and (42), we can apply the approxi-
mations (29) and (31) in Lemma 1 and deduce the following relations

2 (w40 (10,0

- Ale{zsx (u + T§1>v) (x1,1/2.1) — % (u " T}%) (*10, t)} @)
A;,C] aa 3 (” + TT )(51 ot), 10 € [x10,%11),
% (u + Tj(ﬁ‘o’)v) (x3,M;,1)
— Aixg { aax (u + T§3) ) (x3,Mm5,1) — Ox (u + TPU) (X3,0m5-1/2/ t)} (44)
+ %% (u + Tpv) (@t t)r Ean € [X30s1 3,005,

respectively. Moreover by (15) and (16), we have that

% (u + T%l)v) (x1,0,t) = 0 {(u + T§1)0> (x1,0,t) — qbl(t)], (45)
180
% (u + T](-B)ZJ) (X301, t) = % [¢2(t) - (u + rf)v) (x3,M5) t)]. (46)

(XZKn
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Replacing (45) and (46) in (43) and (44), respectively; dropping the small value terms
and replacing the approximations results in (41) and (42), respectively; we obtain the
semidiscrete approximation form at the boundaries

d
G (UI,O(t)+Tq( )atvm(f))

2k 1
= Axll{éx (M1,1/2(t) + Tél)vu/z(t)) - 706119(11) [(m o(t) + T; Yo, o(t)> - <P1(t)} } (47)
+ fi(x10,t),
Cs (U3,M3(t) + Té )atvs M3(t)>
~kam { el OB GO G B A Y “)} w0
+ fa(x3,um;5, 1)

4.1.4. Approximation of (13)
Considering Equation (13) at the point (x,;, t) we have that
0 )
o(xg,t) = au(xe,i,t), (=1,2,3, i=0,...,M,. (49)

Then, the semidiscrete approximation of (13) is given by

’Ug/i(t) = %”Z,i(t)/ £=1,2,3 i=0,...,M, (50)
which is deduced by using the notation (28) in (49).

4.1.5. Semidiscrete Finite Difference Scheme to Approximate (12)—(18)

Summarizing the results obtained before, we have that the semidiscrete scheme is
given by (34), (40), (47), (48), and (50).
4.2. Fully Discrete Finite Difference Scheme to Approximate (12)—(18)

In order to obtain the full discrete finite difference scheme, we consider the semidiscrete
approximation and evaluating each of semidiscrete relations at t = ¢, and t = t,41,
applying the Taylor expansion, Lemma 2 and adding the results, forn =0,...,N —1, we
obtain the scheme

1
C (27%’1/2 + TL; )étvﬁgl/z)

_ 2k n+1/2 (1), n+1/2 1 n+1/2 (1), n+1/2 n+1/2
_Axl{(s ( Uir” 77 011/2) ocK(l)[(ulo + T 1o ) ol } (51)

180
+fn+l/2
o (Uzlﬂ/z +T( )5, Z+1/2> = k02 (u'ﬁl/z +T( )vn—l—l/Z) +fn+1/2
i=1,...,M,—1, £=1,23, (52)
Ax,Cy n1/2 (05 ni1/2 Axp41Crp 1/2 | _(6+1) 1/2
Tt P 7( 'rlJr 5 n+
Axy + Axro (%M( T T 0V, )+ Ay + Bagyg \C410 T O )

_ 2 nt1/2 - (041) nt1/2 nt1/2
= Axg+ Axgg {k€+15x (”£+1,1/2 R A/ 1/2) — kydx (MZM ~1/2
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(0)_n+1/2 ) Axy n1/2 Axyiq n1/2 5 _
I VM2 }+Ax4+Axg 1fZM/’ Axy+ Axpq frap s £=12 (53)

Ca (53> + 7" 005142
2ks3 +1/2 (4172 _(3)_n+1/2 +1/2 , (3)_n+1/2
= A{«x K@ [4’" (”gM3 +17 05 ﬂ — Ox (”gM +Tr 5y, )

n+1/2
v 1% = 5u"+1/2 i=0,...,M, (=1,23, (55)

with the initial condition
u), =p1(xe;), 09, =a(xy;), i=0. (56)

5. Discrete Scheme for Numerical Solution of (6)—(11)

In this section, we derive a finite difference scheme to solve the initial-interface bound-
ary problem (6)—(11), using the discrete scheme (51)-(56), and especially, the discrete
version of the change of variable given in Equation (55). More precisely, let us consider the
following finite difference scheme to obtain the numerical solution of (6)—(11)

(1)

27, 2k
G 5tui62+i(fstul/2 le(xlo)) L

:rxl

1/2 s 172 1 1/2 e 172 1/2 1/2
X {5x(u1,1/2+r§ )5tu1,/1/2) - e [(”1/0 -I-T; )5t”1,/0) / ]} —|—f16 , (57)
1™n

( )
¢ ¢
Co| >+, ( 2 t (&u%z - le(xz,z‘)) = k0% (“%2 +74 )5”%2) +f,1%,

i=1,...,M;—1, £=1,2,3, (58)
o
AxyCy 12, 2% 1/2 Axp1Cr 1/2
Axy+ Axyyq Mo AL At ( e v IPZ(W'MZ)) + Axy+ Axypqq St
p AR 2
q _ (f+1)
+ =1 <5t”e+1 0 4’2(3%1,0)) TR ke110x (WH 12T T

1/2 (0) Axy 1/2
X 5t”e+1,1/2) kedx (”/M 1jp T dntghy, 1/2)} + Axg+Axg+1ff'Mf

Axyiq

ol f1/2 f =12
Axp + Axgﬂffﬂ oo forf=1.2 (59)
12, 2% 3 1/2 2k3

s | dudff, + =gy (0l — 2] | = 12

3
X {“ e {cpl/z (ué/ﬁ + Tl )&uéﬁs)} — by (ul/z T )} +filh, (60)

2k
C (Aiul 0 + Tq( )(521/{1 O) Axl
- 1 1 - 1 - -
X {‘5x (”117,1/2 + T; )At“fl/z) T X® [(”’f,o + T; )At”fo) - 4’?} } + flos (61)
15n

Cy (At”el —I—Tq( )(521451) =k (52 (u[l + (F)Atuzi) +f2i/
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i=1,...,M,—1, £=1,2,3, (62)
Ax,Cy (6) 2 Axp41Crpq (+1) 2
— - - (A n ) n e 2t S YN n 5 n
Axp+ Axgpyq < ey, T f”&Mi) + Ax;+ Axpq ( thit10 T 7 t”e+1,o)
2 il (£+1 i
= m {k€+15x (u?+1,1/2 + TT )Atu21+1’1/2> — k[(sx (U?{M(71/2
(O Agu ) I TS N
+ T Ditty g, 12 }+ AX@+AX@+1f€’Mé+ Axf+Axng”1'0’ .2, (63)
3 2k
Cs (Atug,]\/h + Tq( )Jtzug,M3> = rj;

1 7l i (3) n 7 (3) " a
X {0é21<;(12) {4’2 - (”3,M3 + 77 Atus,M3)] — Oy (”3,1\/13 + 17 At”s,M3) + v, (64)
ot =26mp; — v}, i=0,..,M, (=123, (65)

forn =1,...,N, with the initial condition
W =1(xi), v =walxg), i=0,...,My, (=123 (66)
Theorem 2. The finite difference schemes (51)—(56) and (57)—(66) are equivalent.
Proof. From (55) with n = 0, Lemma 1, and the initial condition (56), we observe that
o2 =om?, i=0,..., M, £=1,23, (67)
m%zzz(ﬁf—m%)zfx@@f—wxwg)i:Q”quzsza (68)

Letting n = 0 in (51)-(54) and using the relations (67)-(68) we deduce Equations (57)—~(60).
On the other hand, we observe the identities

1 _ 1 _
5 (vz;“l/z +0y; UZ) = Awuy; and 2 ((52)?;“1/2 + 00y ; 1/2) = (Sfuzi. (69)

We follow the equations on (61)—(66), by adding the equations (51)—(55) with super-
scripts n —1/2 and n 4+ 1/2 and using (69) . O

6. Numerical Analysis: Discrete Energy, Stability, Convergence, and Order Estimates

Theorem 3. Let us consider that

{@hog) + i=1.,M, £=123, n=1,..,N},

is the solution of the fully finite difference scheme (51)—(56) with boundary conditions 4)'f+1/ 2 =
(])SH/Z =0forn=0,...,N — 1. Moreover, assuming that E" is defined by

3 3 k
R 2 2 1 2 2 2
E'i= Y CAVEIR+ L kellosuf |2+ —Ls o2+ —2 (a2 (70)
=1 =1 a1 Ky a K,
Then, the following discrete energy estimate
i1 oy BEyn s 1 ko
R I T (71)
k=0¢=1 ¢

forn=0,...,N —1, is satisfied.
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Proof. Let us multiply (51) by 2~ 1Ax101+1/2 (52) by Axw?*l/z (53) by 271 (Axy + Axyyq)
”+1/ 2, for £ =1,2; (54) by 271 Ax3 v"+1/ 2, summing up the results; and rearranging some

terms, we obtain

‘3 —
(o F1/2)2 n+1/2y2 1 n+1/22 (0) n+1/2 n41/2

Zzlchxg 5 (53 Zl vy 2(UZM/ —i—ZCgAngq [ Soyy 2oy

Mt 1/2.n41/2 , 1 1/2. n4+1/2 12 , (1) _n+1/2 1/2

n-+ n-+ n—+ n—+ _ n—+ n-+ n—+

+ Z% P L VR A ]—Zzikg 596(“1,1/2 + 100118 )er

1= =

Mf ! 12 4 0 r1/2) g /2 172 | (0, n41/2\, n+1/2

2 n—+ n—+ n—+ n—+ n—+ n—+
Z Ax 0% (uh vy )Uf,i + Oy (uEM + T V), )Ue,Mf (72)

n+1/2 n+1/2 n+1/2 n+1/2 n+1/2 n+1/2
+>:Axl fro + 2 + fZMg, U M, ]

ki (o172 () pv1/2\ ni1/2 __Ks (onsas2 | (3) nv1/2) 4172

Y (”10 BT )7’1,0 ) ( 3M; T TT U3, )7’3 M; -
0(1K,1 “2Kn
From the following identities

1 .

h) v”“/zv’ﬁl/z A ((v”“)2 (vzi)z), i=1,...,My, {=1,2,3,

et / (0) /2 172 _ et 1/2 | _(0)_n+1/2 1/2
2 n+1/2 n+1 n-+ n—+ n—+ n—+

Y. Axedy (”zl T Ty, )vzl Z ‘5X(”ez + 1Yy, )5xvf,i+1/2

n4+1/2 (0), n+1/2\, n+1/2 n+1/2 (0), n+1/2 n+1/2 5 _ .
—Ox (”ﬁl/z +Tr V0 )Um + 0x (uﬁMé 12 T O/ S0 )P T =125

n+1/2 __ n+1/2 _ P .
st = (00t h), €=1,23,i=0,. M~ 1;

the relation (55); and the norm notation, we have that the relation (72) can be rewritten

as follows

7
ZC Vi3 + Z IV = [IvE
27

kﬂ'%l) n+1/2)\2 kBT;) ni1/2)2
ol G Bl G T
n n

a1
3 Mt nt1/2 nt1/2 3 (0) n+1/2)2
— gkmZ 2 o (w12 Yo (0032 _e—zlkm 16V 12|

L) k)
+ 2 fn+1/2 n+l/2)_ 11 n+l/25t n+1/2 3'T n+1/25t n+1/2

e Uz My Oths
=1 vclK,(q ) 0€2K;(1 ) 3 3
n+1)2 S (D)5 ontl/2)2
Y Zkf(”‘sx“e 17— [l dxuf |l ) =Y ket |8V
=1
lej(}) 1o ) k3T7(~) . ,
- (un+ ) _(un ) . 88tr (un+ ) —(u" )
2Atay K(l)( 10 10 ) 2Atac21<,(f>( 3,Ms 3,Ms )

1/2 1/2
+[Zlfn+/’?+/)
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The definition of E" given on (70) and the application of Cauchy-Schwartz inequality
imply the estimate

1 2 1/2)12
S (B =B+ ) vt
2At o
3 k (1) 2 k (3) 2
0) n+1/2)2 1T n+1/2 3T n+1/2
+Zkﬂ§ [[0xvy 1=+ 10 + U3 M
(=1 DélK,(ll)( ’ ) azK,(f)( s )
3 1)2 a2 31 /22, e 1722
n n n n
= EZ;(fg Vy ) < EZ; 4C, Hfg | +ZZ‘1CZHVK [

forn =0,...,N —1, which implies (71) and conclude the proof. [

Theorem 4. The finite difference scheme (51)—(56) is unconditionally stable with respect to the
initial values and the source term.

Proof. The proof is consequence of Theorem 3. O

Theorem 5. Let us consider that (u}f;,v},) and (U}, V},) fori =1,...,M;, ¢ = 1,2,3, and
n=1,..., N are the solution of the fully finite difference scheme (51)—(56) and the analytic solution
of (12)—(18) on Unx a¢, respectively. If 3At < 2, the following estimate

3 3 3
Yo U = uflles + Y V7 =0 lloo < C(AP + Y (830)?) 73)
=1 (=1 =1
is satisfied for a positive constant C.
Proof. Using the finite difference notation, we notice that U}/; and V/; satisty the follow-
ing relations
(Vg2 + mlavyg?)
2k +1/2 () yn+1/2 1 +1/2 (1) yn+1/2 +1/2
= Am{éx(Uf,l/z + 17 Vl”,l/2 ) — — {(Ufo +10 ' Vi ) — ¢} } (74)
180

n+1/2 | pntl/2
+fio TR

1/2 l 1/2 2 1/2 l 1/2 1/2 1/2
(Vi 2+ g o Vi) = k3 (U2 V) 4 2 R,

(75)
i=1,...,M,—1, £=1,2,3,
Ax,Cy ( nt1/2 (0) s 112 Axyp1Co4q 1/2 (4+1) 1/2
——\V otV ) 7<V”+ AN )
Axp+ Bxpgq N LM T 0V, Axp+ Dxgyq \ L0 T oY
_ 2 nt1/2 (41 ynt1/2
CAxg+ Axgy {k” 10x <Uf+1/1/2 T V€+1,1/2)
(76)

nt1/2 (0)ynt1/2 Axy nt1/2
—kedx (uz,MFuz Tr VE,M,;fl/Z) } A+ Axéﬂfe,M[;

Axpiq

+ - s
Axp+ Axpyq

n41/2 | pnil/2 | pnil/2 ) _
feiio T Rom, "+ R, (=12

+1/2 (3) +1/2
(V2 + 5 s vi?)
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2ks 1 +1/2 +1/2 (3) 1 n+1/2
B Ax3 {IXQK(Z) [4)3 N (ungS T V;Ms )} (77)
n
+1/2 (3)yn+1/2 +1/2 +1/2
—0x (u;M3—1/2 +Tr V£M3—1/2) } +fam, Ry
Vg",*m = (StuZiﬂ/z + r’l}jl/2l i=0,...,My, (=123, (78)

with the initial condition U?/l. = 1(xy;), and Vgi = o(xy;),fori=0,..., Myand ¢ =1,2,3;
there exists a positive constant C such that

RV < C(AP +Axy), n=0,...,N-1, (79)
RIFYV2 < C(AP+Ax3), n=0,...,N-1, (=123, (80)
RZJ](A][/Z <C(AP+Ax;), n=0,...,.N—1,0=1,23, (81)
RiL/Z < C(AP +Axz), n=0,...,N—1, (82)
r,’jl.“”’ <CAR, i=0,...,My £=1,23 n=0,...,N—1, (83)
srptihl <A, im0 My=1,0=123n=0.,N-1. (84

The estimates (83) and (84) are deduced by application of Lemma 2, i.e., are conse-
quence of the following relation

A2 1193 At ’u At
1,21,;&-1/2 _ = | |:at3 (xi, 172 25) + B <in 4172 + 25>:| (1- Sz)ds.

Let us consider the notation U}, = Uy, — uy; and V}; = V!, — v .. From (51)—(56) and
(74)—(78), we have that (U};, V};) satisfy the following scheme

(Vg2 + o lavigi?)

2ky +1/2  _(D)yn+1/2 1 +1/2  _(D)yn+1/2
_ Ax{(sx (U2 + Vi) = — (U2 + vy ) (85)
1 a1 Ky
LR
¢ ¢
Co (Vi 2+ o Vi) = ks (g2 + 1OV + Ry,
i=1,..,M,—1, £=1,2,3, (86)
Ax,Cy n41/2 | (0) 5 yynt1/2 Axp41Cri +1/2 . (£+1) 1/2
S ) 0 ( n S n+ )
IXTEY T (VZ,M/ T 0V )+ Axp+ Drpoy Viiio 7 0V
_ 2 n+1/2 (t+1)y,n+1/2
CAxg 4 Axpp {kéﬂ(sx (ue+1,1/2 T V”M/Z) ®7)

+1/2 (0)ym+1/2 n4+1/2 n+1/2 _
— kydx (”ZM[_l/z +1r VZ,M4—1/2) } TRy M TR, =12
3
G (Vi 2+ Vi)

_ 23 ) =1 me12, (B)y 12 n+1/2 (3)yyn+1/2
= A’%{azK,(f) <u3,M3 + T V3, ) ‘5X(u3,M3—1/2+TT Va,M3—1/2> (88)

n+1/2
+ R3,M3 .

VI = U2 Y2 i=0,0., My, £=1,2,3, (89)
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U?,i:V?,i:O/ i=0,...,M;, £=1,2,3. (90)
The rest of the proof is similar to the methodology used in Theorem 3.
Multiplying Equations (85)-(88) by 2~ 1Ax; V'3 /2, Ax V)2, 271 (Aax, + Axul)vé"ﬁl/ 2 for

¢ =1,2,and 2_1AX3V§1’ JAF,}S/ 2, respectively; summing up the results and using the follow-
ing relation

My—1
Yo A (U VR o
i=1

M;—1
— ' n+1/2 4 (O)yn+1/2 n+1/2 n+1/2  (O)y,n+1/2),n+1/2
== X% ‘5x<uz,i T Vi )‘vaf,iﬂ/z_‘sx (Z/[Z,l/Z T Vil )Vm
=

n+1/2 (£)yyn+1/2 n+1/2 p _
+0x (ue,MFl/z T Ve,Mrl/z) Vim,/ > £=123,

we obtain
2 1omiang S a2 L et
z CyAxy E(VZ/O ) + Z (Vé,i ) + E(V&M(/ )
=1 -1 '
3 O 15 s nr1/agmr1/z , S as2yi2 L L /a2
n n n n n n
+ L Cebnm! | AV AVIT R L SV AV S Y ]
> Mt 1/2 (0)yn+1/2 1/2
_ + + +
_ —élekgAxg 21 o (U + VI R ) eVt (91)
= i=
k 4172 | _(Wymt1/2\yns1/2 k3 1172 (3)ynt1/2)ymt1/2
Y (Z’{ln,o +7r Vi )Vﬁo ) (u3n,M3 +1r Vi, )V;M3
a1 K, a2 Ky,
2 112y miisz S 1/ ni1/2 o Lpnti/2v,ni1sa
n n n n n n
+€Z%)Ax€ SREg Vg Z% Ry VIS 4+ SR Vi ¢
=i i=

We observe that the following identities

1 )
SV AV = (VI = VE?), =1, My, €= 1,23,

+1/2 _ +1/2 +1/2 _ P .
VI = o (8l R) + ot i1, 0=1,2,3,i=0,..., M, — 1; (from (89)),
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are satisfied. Then, (91) is equivalent to

3
ECEH‘;ZJA/ZHZ
=1
3 T(@ le(l) 2 k3T(3) 2
+ Y Coot= (IVE I = IVEIP) + =5 (ViY?) + = (Vi
=1 ZAt( ) DélK;(fll)( 4 ) DCQKEZ)( /AVI3 )
3 My—1 3
¢
== Lkidwe X ae(Up %) (6cViilR) - Eokert 1002 2
=1 i=1 =1
kl#) +1/24,141/2 k3T§3) /20m41/2 |, % +1/2 yyn+1/2
n n n n n n
- (1)u1,0 Vl,o - (z)us,Mg, V3,M3 +2(Ré 'v£ )
w1 K, w0 K, =1
(92)
1 3 3
=~ L ke (leUr P — leUfIP) — Y ket o V22
20t =1
leg) 142 2 k3T(3) 142 2
— —L (U = U')?) — —T— (U 50)> — Ui,
2Am11<,(})< 10 ) 2Am21<§f)< M )
& RIH1/2 yn+1/2 > oA Mt S 2) (540172
+ ) (RETVEVITVE) 4 ) kedxe ) (x e,i+1/2)( xré,i+1/2)
=1 =1 i=1
ky ks
_ U2 (/2 _ U/ (n+1/2y
) (57 - ) )

In order to introduce the estimates, we consider the notation H" defined as follows

3 0 3 D G
H" = Y Cral VP + Y kellowtdf]? + —T = (Ug)? + —L (U g )%
4221 2At7TF (); oAtk T DAt KPR
From (92), we have that
LHS" < RHS", forn=0,...,N—1, (93)
where
1 1 > n1/212 L o (0) n+1/2)2
LHS" = — (H""' = H") + Y G| V217 + Y kery 16, V2]
20t (=1 ' (=1
kﬂp n41/2)2 k3T§3) n+1/2)\2
T KD (vig2) =+ KD (i)
3 My—1 k T(l)
_ +1/2 +1/2 1°7 +1/2 +1/2
RHS" = _421 Z; ke <5xu2i+1/2) (‘erZz‘H/z) n KD (Z/lf,o )(77,0 )
= 1= 1n

ksty) $172) (1/2) | o pit1/2 yyn1/2
= 2T () () + LR v,
D(an /=1

By application of Lemma 3, we deduce that

Py 5 ko) 5
(leg)”éxv;z—&-l/ZHZJr 1 1;1) (Vln’bi-l/z) >+ <k1T;3)||5ng+1/2|2+ 3 1;2) (ng,m/z)
a1 K, ar K

n

1)

Ly 1722 a1 K 1/2

<1+ (1)>(Vfo+/) + 1+ eV
qun 1

kl Tj(wl)

; 0611(;(11) + L
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kZTr1(~2) L ) 1/2 2 ( OCZK(z) ) 1/2
1+ Vi) + 1+ 16: V52|15,
0(2K,(12) + L3 — L2 01 K( ) ( My ) L *os
leél) nt1/2)2 4 kﬂ; )(L L2) iyynt1/2)2
> IV 2 ViR,
1Ky + Ly Ky + Ls— Ly

which implies the following lower estimate for LHS"

1 > 1
LHS" > TN(H'AJA _ Hn) +£_21C£||vz+1/2”2 _i_kz,r; )H(sxv721+l/2||2

(1) ()
L AR

1
K + 1, T kP (L — L)

(94)

By Cauchy-Schwartz inequality, we follow that

=) kedxg ) (‘596“;1111//22) (‘5xr2:r11//22)

3 M/*l
(=1 i=1

13 2
<3 2 ke (I6 P + IS IP) + 5 Zkﬂw 2 (i)’
(=1 i

’ a’;() (un+1/2) (7%1/2) . azl;jf) (Uﬁ/{ls/z) (rg;}s/z>

k1 142 2 ka n+142 noo\2
< — G (U + U0 ) + — ((Usag,)* + U3 ,)
4oc1K,(11)< 1,0 10 ) 4w2K§l2)( 3,M; 3,M; )
kq n+1/2 kz n+1/2 2
+ r + r ,
20, KV (s ) 20,K P (534)
3
Z(RZH-l/Z,vZH-l/Z)

1 n+1/2y, n+1/2 n+1/2 n+1/2 n1/29,m41/2
=3 ZAXERZ,O + 2 2 R, ZR[M[ ¢,M,
—0

ki) . ocK()—i—L Ax( i1/’
1tr Z Hv +1/2||2 1 1 Z( 14 +l/2>

> 1\ 1,0
2KV + L) (= p) SR
My—1 ’ PG 3
# L CIVINAE+ 3 glan L (R ¢y v
i=1 ’ 2(a1Ky '+ Ly) =1

0(1K,(1 ) + Ly (AXZ Rn+1/2)2.
2k11'§1) S\ 2 M

We can bound RHS" as follows

13 1 » kq 1\2 2
RHS" < 3 ¥k (It ™ + 16243 1F) + L (052 + @h?)
= 18n
b (U Ua)?) + ik ZW’*“ZII2 95)
dapKP N Y (k) + 1) £

3
+ Z CZHvaH-l/ZHZ + Z ”vz—&-l/Z”%o +5n+1/2’
/=1 2(0611(,(11) + Ll) /=1
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where
g1z _ 1 ik A Mfl (5 n+1/2 )2 ky ( n+l/2>2 ka ( n+1/2>2
== 1 AXp Xty + r + T
23 i=1 b2 ZoclKﬁll) o 20c2K£lz) /M
(l) 3 2 3 M,—1
a Ky’ + Ly (sz n+1/2 1 n+1/2) 2
o L7 Rio ")+ gt L (R (%)
2k1T7(~1) =N 2 =1 4Ce i=1 ( ! )
1
+7“1K’(7)+L1 - (AWR?K}/ZY'
2k1’l’7(~1) (=1 2 o
From (94)—(96) we obtain
1 1
E(H”“ —H") < 1(H”+1 +H")4+6"V2, p=0,...,N-1 (97)

Moreover, as consequence of (79)—(84) we deduce that there is a positive constant such
that 6"1/2 < C(Af? + Y3_,(Ax()?). Then, replacing in (97), we deduce the estimate

1

3
AT (H™!' + H") + C(A* + Y (Axy)?), n=0,...,N—1

=0

(Hn+1 _ Hn) <

NN

or equivalently

3
(1 — A2t>H”+1 < (1 + A2t>H” +2CAt (AP + Y (Bx))?), n=0,...,N—1
(=0

If we consider the assumption 3At < 2, the last estimate implies that

3 3
H' < (1 + 2At> H" +3CAHAP + Y (Axy)?), n=0,...,N—1
(=0

Thus, by the Gronwall inequality and Lemma 3 we obtain the estimate (73) and
conclude the proof of theorem. O

Remark 1. We notice that the second-order approximation, given by the estimate (73), is obtained
although a first-order truncation is considered as a discretization strategy at the boundaries.

7. A Numerical Example

Let us consider that the physical and geometry parameters are given by

Ly=0,L1=1/3,L,=2/3,l3=1,C;=C,=C3 =1,
Tq(l) = Tq(z) = 7,1(3) =1, 1';1) =1, 1';2) =4, 1';3) =2,

ki =8/2712, ky = 16/97%, k3 = 4/972, and a1 = ap = 1/2;
the initial conditions are given by

sin(37tx/4), 0<x<L,
u(x,0) =< cos(m(x+2/3)/4), L1 <x< Ly,
sin(rt(x —1/2)), L, <x<Lg
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and the boundary conditions are ¢;(t) = —3mwexp(—t/3)/8 and ¢(t) = mexp(—t/3)/2.
We observe that the analytic solution is given by

exp(—t/3)sin(3mtx/4), 0<x<Ly,
u(x,t) =< exp(—t/3)cos(m(x+2/3)/4), L1 <x <Ly,
exp(—t/3)sin(m(x —1/2)), L, <x<Ls.

We consider that the discretization parameters are Ax; = Axp = Ax. Let us consider
U = u(x,t) for (x,t) € Qaxat (see Section 3.1), i.e., the evaluation of the analytical solution
on the discretization domain; U the numerical solution; introduce the notation

A E E
Epxat = ||U—=TUllw, Order, = log, (M>, Order; = log, (A"'ZA*),
Ax,At Ax,At

where || - || is the notation defined in (24)-(27). For the spatial convergence orders in
the Lo-norm error, we consider several values of Ax with fixed At = 1/1000 and for the
temporal convergence in the Lo-norm error, we consider several values of At with fixed
Ax = 1/1000, the results of the simulation are shown on Table 1. The numerical solution is
given on Figure 2.

Table 1. Convergence error. For space convergence, we fix At = 1/1000. For temporal convergence
we fix Ax = 1/1000.

Ax Epxat Ordery At Eaxat Ordery
0.1000 2415 x 1074 - 0.1000 4688 x 1075 -
0.0500 4.087 x 10~5 1.992 0.0500 2.257 x 107 2.000
0.0250 2537 x 105 1.997 0.0250 3.762 x 107 2.001
0.0125 4828 x 107° 1.998 0.0125 6.276 x 107 2.002

u(x.t)

(b)

Figure 2. Numerical solution of the mathematical model (6)—(11) with the data of Section 7. (a) Full
solution for for (x, t) € [0,1] x [0,2] and (b) profile at T = 1.

8. Conclusions

In this paper, we have proposed a theoretical one-dimensional mathematical model
for heat conduction model in a double-pane window with a temperature-jump boundary
condition and a thermal lagging interfacial effect condition between layers. We construct
a second-order accurate finite difference scheme and prove that finite difference scheme
introduced is unconditionally stable, convergent, and has rate of convergence two in space
and time for the Lo-norm.
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