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Abstract: In this paper, we investigate the controllability of first-order impulsive fuzzy differential
equations. Using the direct construction method, the controllability of first-order linear impulsive
fuzzy differential equations is considered with a < 0, the (c1) solution, and a < 0, the (c2) solution,
respectively.In addition, by employing the Banach fixed-point theorem, the controllability of first-
order nonlinear impulsive fuzzy differential equations is studied. Finally, examples are presented to
illustrate our theoretical results.
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1. Introduction

The study of the controllability is an important area of research and classical differ-
ential controlled systems have been discussed in many articles. In 1993, researchers [1]
initiated the study of impulsive controls related to impulsive differential equations and ob-
tained some simple results to demonstrate the importance of employing impulsive controls.
In [2], the authors demonstrated the controllability of impulsive functional differential
equations with nonlocal conditions. In [3], the authors investigated the complete controlla-
bility of the control system with impulse effects. In [4], Liu and Willms gave necessary and
sufficient conditions for the impulsive controllability of linear dynamical systems. In [5],
the main goal was to present a technique suitable for the study of local and global control-
lability properties for nonlinear systems. In [6], the controllability and the observability
of continuous linear time-varying systems with norm-bounded parameter perturbations
were analyzed. In [7], the authors studied the existence and uniqueness of solutions and
controllability for the semilinear fuzzy integrodifferential equations in n-dimensional fuzzy
vector space (Ey)" using the Banach fixed-point theorem. In [8], the authors used the
direct construction method to derive the controllability results for first-order linear fuzzy
differential systems, but in practice, the impulsive phenomenon will affect the modeling
of the system. Controllability plays an important role in many engineering problems, but
little work has been conducted on the controllability of linear and nonlinear impulsive
fuzzy differential equations. Since the present results available in the literature cannot
model systems with impulsive effects, here we study the controllability of impulsive fuzzy
systems.

Motivated by [7-9], we consider the controllability of the following systems.

Firstly, we consider first-order linear impulsive fuzzy differential equations:
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y'(t) = ay(t) + b(t) +du(t), t € J' == ]\ {tc}pens
Ay(te) = cy(ty), 1+ € R, ke M, (1)
y(0) =yo € Rp,
wherea € R, yg € Rp, M= {1,2,--- ,m}andb:] — Rp,u:] = Rf,d € R;.
Next, we consider the following first-order nonlinear impulsive fuzzy differential
equations:

y'(H) = ay(t) + gty (1) +du(t), d € Ry, L€ [0,T], t# by,
{ Ay(ty) = cey(ty ) + 8k Sk €ERp, 1+ € R, ke M, )
y(0) = yo € Rg,
where Ay(t) := y(t]) + (=1)y(t; ) and y(t, ) = lim._,o- y(fx + €) represents the left limit
ofy(t)att =t, M ={1,2,--- ,m}. Herea e R_, 0=ty < t] < b < -+ <t <ty <
b1 = T, andg: [O, T} X RF — ]RF-

In Section 2, we present notations, concepts, and lemmas needed in this paper. In
Section 3, we establish some theorems concerning the controllability of impulsive fuzzy
differential systems. Finally, in the last section, we provide some examples to illustrate our
main results.

2. Preliminaries

Let ] = [0, T] and C(J,Rf) denote the space of all continuous functions from | into
Rr. Let PC(J,RF) := {y : ] = Rr : y € C((t, txr1], Rp), k € My and 3 y(t, ) and
y(t ),k € My, withy(t, ) = y(tx)} with the metric Hy (1,0) = sup D(u(t),v(t))(u, v €

te]
Rg), where My := MU {0}, M = {1,2,---,m}, and t; < t 1 for any k € Mjy; here
O=to<thi <ty < - <t <ty <ty =T.

We now collect some concepts which will be used throughout the paper; for more
details, see [10,11].

Denote by R := {v | v : R — [0,1]} the class of the fuzzy subsets of the real axis
satisfying the following properties:

(X71) visnormal (i.e.,, 3x9 € Rs.t. v(xg) = 1).

(X2) v is a convex fuzzy set (i.e., v(¢so + (1 — ¢)s1) > min{ov(sp),v(s1)}) for all s,
st € Rand ¢ € [0,1].

(X3) v is upper semicontinuous on R.

(X4) [0° = {x € R:v(x) > 0} is compact.

Leta € (0,1]. Consider the a—level set of v € Rp by [v]* = {s € R | v(s) > a}, which
is a nonempty compact interval for all & € (0, 1]. We use [v]* = [v,, T« to denote explicitly
the a—level set of v. We call v, and 7, the lower and upper branches of v, respectively. We
use the notation diam([v]*) = Ty — v, to denote the length of v.

The support I';, of a fuzzy number, v is defined, as a special case of level set, by the
following:

I, ={seR|o(s) >0}.

Now Vo € [0,1], u, v € Rr and ¢ € R; we define the sum u + v and the productiu as
[+ 0] = [u]* + [v]* = [u, +v,, Ua + V] and [Gu]* = &u]".

Consider the Hausdorff distance D : Rp x Rp — R U {0} where D(u,v) = sup

0<a<1
dy([u]®, [v]*) = sup max{|u, — v,|,|#x — Ta|} (see [12]). Then (Rf, D) is a complete
0<a<i

metric space (see [13]) and (i) D(u +e,v+¢) = D(u,v),V u, v, e € R, (ii) D(gu, cv) =
lg|D(u,v),V¢eR, u,veRE, (i) D(u+e,v+0) < D(u,v)+ D(e,0),Vunuve 0 € Rpare
satisfied.
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Definition 1. (see [11], Definition 2.1) Let f : [a,b] — Rp be measurable and integrably bounded.
The integral of f over [a, b], denoted by [ Hb f(t)dt, is defined levelwise by the expression

[ rwa| = [

= {/b f(t)dt | f : [a,b] — Rp is a measurable selection for [f()]”‘},

for every « € [0,1].

Throughout this paper, we use the symbol © to represent the H-difference. Note that
a1 S ay #a+ (—1)ag := a; — ap.

Here we simplify the classes of strongly generalized differentiable by considering case
(1) and case (ii) as in paper [14].

Definition 2. (see [11], Definition 2.2) Let Q : | — Rp and fix ng € |. We say Q is differentiable
at no, if we have an element Q' (ng) € R such that either

(c1) for all p > 0 sufficiently close to 0, the H-differences Q(ng + p) © Q(no), Q(ng) &
Q(ng — p) exist and the limits (in the metric D)

lim QU0 +p)© Qo) _ .
p—0* p p—0* p

or
(c2) for all p > 0 sufficiently close to 0, the H-differences Q(ng) © Q(no + p), Q(no — p) ©
Q(no) exist and the limits (in the metric D)

i QUI0) QUm0 +p) _ | Qlo— p) © Qo)
p—0* —p p—0t —p

= Q'(ny).

Definition 3. (See [11], Definition 2.5) Let Q : ] — Rp. We say Q is (c1)-differentiable on ] if Q
is differentiable in the sense (c1) in Definition 2 and its derivative is denoted D1Q. Similarly, we
can define (c2)-differentiable and denote it by D, Q.

Theorem 4. (see [11], Theorem 2.6) Let Q : | — Rp and put [Q(t)]* = [pa(t), ga(t)] for each
x € [0,1].
(i) If Q is (c1)-differentiable, then p, and q, are differentiable functions and [D1Q(t)]* =

[Pi(t), 9 (1)]-
(ii) If Q is (c2)-differentiable, then p, and q, are differentiable functions and we have

[D2Q(1))* = [qa(8), pa(b)]-

Theorem 5. (see [15], Theorem 2.2) Let K : | — Rp be a differentiable fuzzy number-valued
mapping and we suppose that the derivative K’ is integrable over J. Then for each t € ], we have

(a) if K is (c1)-differentiable, then K(t) = K(b) + fbt K'(s)ds;
(b) if K is (c2)-differentiable, then K(t) = K(b) © fbt —K'(s)ds.

Theorem 6. (see [11], Theorem 2.7) Let Q be (c2)-differentiable on | and assume that the derivative
Q' is integrable over ]. Then for each t € ] we have

t
Q) =Q & [ Q@i
Theorem 7. (see [16], Theorem 2.4) Let K : | — Ry be continuous. Define the integral G(t) :=

o fUt —K(s)ds, t € ], where o € Rp is such that the preceding H-difference exists on J. Then,
G(t) is (c2)-differentiable and G'(t) = K(t).
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Consider the following conditions (here p : R — Rp):
(H1) Foragivent € |, p(t+h) © p(t) and p(t) © p(t — h) exist for h — 07;
(H2) Fora givent € |, p(t) © p(t + h) and p(t — h) & p(t) exist for h — 0.

3. Main Results

In this section, we introduce some concepts related to the controllability of our prob-
lems.

Definition 8. (see [7], Definition 4.1) Fuzzy system (1) and (2) is called controllable on [ty, T]
(T > ty) if, for an arbitrary initial state yo € Rp at tg and final state y; € Ry at time Ty (here
to = 0and Ty = T), there exists a control u : | — R such that the system (1) and (2) has a
solution y that satisfies y(Ty) = y1(i.e., [y(T1)]* = [y1]").

3.1. Controllability of First-Order Linear Impulsive Fuzzy Differential Equations
Consider the following system (see [17]):

Y (5) = ay() + b(t) + du(t), t € J'i= ]\ {txhery, d € RS,
Ay(ty) = cay(ty), 1+ € R, ke M,
y(0) = yo € Ry,

where Ay(t) :=y(t;) + (—1)y(t; ) and y(t; ) = lim._,o- y(t + €) represents the left limit
ofy(t)att =t, M= {1,2,---,m}.
From ([17], Theorem 3.1, a < 0), the (c1)-solution of (1) can be written in the form:

y(t)
= cosh(a(t— t,‘f)) p1k Yo + cosh(a(t — f;’)) g1,k Yo
a<0 a<0
+sinh(a(t — £1)) p1yo +sinh(a(t — £7)) g1k yo
a<0 a<0

k=1 )
+ Z/t Glilkcosh(a(t—tlj) —IZS)(b(s) +du(s))ds

i=1"ti-1

k=1t )
+ Z /t 921',]( Cosh(a(t — tk+) — IZS)(b(s) 4 dl/l(s))ds

i=1 -1

k=1t )
+5 /t * Oapsinh(alt — ) —as) (b(5) + du(s)ds .

k=1 -
+Y / By sinh(a(t — ) — as) (b(s) + du(s))ds
i=17ti1

+ ttk (1 + cx) cosh(at — as) (b(s) + du(s))ds
+ ttk (1+ cx) sinh(at — as)(b(s) + du(s))ds
+ tcosh(at —as)(b(s) + du(s))ds

tr

+ tsinh(at —as)(b(s) +du(s))ds,

tr
where

xXi=14¢; (1—|—Ci € ]R,),
0.ix = pit1,k(j)xi cosh(at;) + qit1(j) xi sinh(at;) (1 = 1),
a<0 ) ) a<0 )
0ix = Piv1k(f)xisinh(at;) + qi114(j)xi cosh(at;) (1 = 2),
a<0 a<0
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r(j) =1+ cj) sinh(a(tj — tjtl)) +(1+ C]‘) Cosh(a(tj — t].tl)),

a<0
ar<20(j) = (1+¢;)sinh(a(t; — tjtl)) — (1+¢;) cosh(a(t; — t}tl)),
I 1)+ 11720 I1116) - [ 120
pLi() = = Qi) = )
a<0 a<0
it1 it1 i i
Hkrl()+1:[kr2() [Ilcfl(])—grz(])
pitik(j) = = 5 = , Givk(j) = = 5 =
a<0 a<0

From ([17], Theorem 3.2, a < 0), the (c2)-solution of (1) can be written in the form:

y(t) = w00 © [ (~1wlts)b(s)ds & [ (~1lt,du(s)ds, £ € (1 bl

provided that H-differences exist. Here, i(t,0) is the number of impulsive points in the
interval (0, 1),

e”(t—s), t;S S (tkl tk-‘rl]/ k = O/ 1/2/ e li(t’O)’
(H?)(l + cr)e® ) by <5 <t <t < by, k=1,2,-4+,i(,0) — 1,

w(t,s) =\ a1 ' Ha+e e ) (1 4ot by < s << b <t < by, ®)
j=k
i= 1/2/' o /l(tlo) - 1/k = 2/' o /i(t/O)/
and
- T oalt—t )
w(t,tg) = w(t,0) =" (14 [Te™ (1 +¢521), t0=0, 0o =0,

j=k

1
= ST+ c]-)e”(tf_tftl).
j=k

Thus, we consider two cases to study the controllability of (1): the (c1) solution and
the (c2) solution.
Case 5.1 Consider a < 0 via the (c1) solution.

Theorem 9. In Case 5.1, system (1) is controllable, if the control function uy(t) is given by

wa¢>aﬂ

S xik |:3dt cosh(a(Ty — tf) — at) Ay, S smh( (Th — ) — at)AyO]
;b( )tin <s <t <t <t <ty

m |:%y1 COSh(ﬂtk — ﬂt) S %yl Sinh(ﬂtk — at):|

uz(t) = .
7(t) @m {% cosh(aty — at)Ay, © % sinh(at, — at)AyO]

@%b(t), toq <s <t <t <ty

IXik [M y1cosh(a(Ty — 1) — at)

m {%yl cosh(at;” — at) © 1y sinh(at] — ut)]

@ﬁ [ cosh(at;” — at)Ay, © 3 sinh(at; — at)Ayo}

Ob(t), ts € (b, by,
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where the H-differences exist,

OixXik =1,
and )
pir1k(f)xi cosh(at;)+qi1 x(j) xi sinh(at;)
a<0 a<0
when 0, (1 = 1),
Xik = 1
pir1x(f)xi sinh(at;)+qi41 k(f) xi cosh(at;) !
a<0 a<0
when 0, (1 = 2),
and
Ay, = cosh(a(t—t")) prryo+ cosh(a(t — 7)) g1 yo

a<0 a<0

+ sinh(a(t — t,j)) P1x Yo + sinh(a(t — f;j)) q1,k Yo-
a<0 a<0

Proof. Since the H-differences exist in uy(t), for Ty > 0, we obtain y(T;) = y;. Thus, the
system (1) is controllable in this case. O

Case 5.2 Consider a < 0 via the (c2) solution.

Theorem 10. In Case 5.2, system (1) is controllable, if W, 1 [0, T1] exists; here
Ty o
W3[0, Ty ] :/ w(Ty,s)ddw(T;, s)ds.
0

Proof. From W3[0, T}] = f T o= Joa(o)do Jdo—=Jo a ©dvgs for T1 > 0, for any final state y; €
Rr we can choose a control function as follows:

ug(i’) = —d~w(T1,t)W3_1[0, Tl] (yo S /OTl(— )) fO dvdS Oe fo a(v)dv}h), te],

where the H-differences exist. Then we obtain y(T;) = y;. That means that system (1) is
controllable in this case. [

3.2. Controllability of First-Order Nonlinear Impulsive Fuzzy Differential Equations
We consider the following first-order nonlinear impulsive fuzzy differential system:

y'(t) = ay(t) + g(t,y(t)) +du(t), t 6[ T), t #t, d € Ry,
Ay(t) = ay(ty) + 80 k=1,2,--- ,m,
y(0) = yoeRF,

wherea < 0,0 =ty <t <th < - <t <ty <ty =T,¢ € C(0,T] x Rp,Rg) and
g =-8"1+c <08 €Rp
If y is (c1)-differentiable, then

1 n k=1 rt; "
y(t) OTTA + ey 0 { 2/ (—=1)e"t=H)
j=k i=1 7/t

- i—t ) a(ti—s)
XH T+c)e™ TV (14 ¢;)e" i g (s, y(s))ds

b t

+ [ (=) (1 4 c)e g (s, y(s))ds + [ (—1)e" g (s, y(s))ds

te—1 tk

+1
(Z/ a(t ) H(l+Cj)ea(tj*t]t1)(1+Ci)ea(ti—s)d~u(s)ds
j=k
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t t
+ ‘ (—1)6““*”(1 + ) e du(s)ds + (—1)ea(t_5)¢7l~u(s)ds)} (6)

fk 1 tr

i+1 o+
+ Ze (=t [T+ e + e gy, t € (1, b ).
j=k

If y is (c2)-differentiable, then

y(t) = cosh(a(t—t})) p1xyo+cosh(a(t — 1)) g1 o
a<0 a<0

+sinh(a(t — 1)) p1xyo +sinh(a(t — 7)) g1 vo

a<0 a<0

k=1 .
+ % [ uxcoshlatt =) = as) (g(s,y(s)) + du(s))ds
i=1"7ti-1

k=1 .
+ % [ xxcoshlatt =) = as)(g(s,y(s)) + du(s))ds
i=1/ti-1

k—1 .
FE [ Oagesinh(alt — 1) — a5) (5(5,y(6) + du(s))ds %
i=1 7/t

k=1 .
+ % [ uxsinh(a(t — 1) = as) (3(5,y(s)) + dus) ds
i=1"ti—1

+ ./ttk (1 + cx) cosh(at — as)(g(s,y(s)) + du(s))ds

+ /t:: (1 + ¢x) sinh(at — as)(g(s,y(s)) + du(s))ds

+ tcosh(at —as)(g(s,y(s)) +du(s))ds + tsinh(ut —as)(g(s,y(s)) +du(s))ds

tk tr

n 2 { [h (£ = £)) prg(j) + sinh(a(t — £)) (i )}gl

a<0 a<0
T [coshoz(t ~ ) qux() + sinh(a(t — £)) pl,k@} g,}
a<0 a<0
+cosh(a(t — £))ge +sinh(a(t — £))ge, £ € (to tioa],

where x;, 0k (01 = 1,2), r1.(j), 2 (7), p1e()s 916(7), Piv1k(7), git1x(j) are the same as
in (4) a<0 a<0 a<0 a<0 a<0 a<0
m .

Next, we consider two cases to study the controllability of (2): the (c1)-differentiable
case and the (c2)-differentiable case.

Case 6.1 Consider g < 0 via the (c2)-differentiable case.

Lett € (t, tgy1], k = 0,1,---,m. Now let the operator Wypr 1 : P(R) — Rp be
defined by

k—1
) ftﬁf1<— T t) H(l—l—c) ) (14 ¢)en6=5) dug (s)ds
i=1 j=k
Whok+1to = § T ft —1)e"Tit )(1 + e ) dug (s)ds
+fT1 a(Tl S)duo(s)ds, Uug € Ty,
0, otherwzse

—~——

where P(R) is the set of subsets in R. Then there exist W, Whiok1/ Wik, such that

k-1

£ i+l L -
W) = 1 [ ()T TT0 4" 14 et ()
- i—1 Jti-1 =k
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t -
+ [ (=1)e" T4 (1 + ) =5) dug® (s)ds
St 7
T -
+ t e“(Tlfs)d@"‘(s)ds,
k

k-1

t; i+1 B )
Wiioks1 (o) = Z;/t_l(—l)eu(nn?)g(ucj)ea(t/ F0)(1 4 ¢)e(9) Fag® (s)ds
t ~
n k (_])ea(Tlftlj)(]—l—Ck)ea(tkis)dLTQ“(S)dS

1

T -
+ ' e“(Tl_s)dLTo"‘(s)ds.

I
We assume that Wy, Whiok41/ Wiiok41 are bijective mappings and let up* = —up" and Wiy, =
we
~Whoks1-

Hence, the a-level of u(s) given by

() = [u(s),u"(s)]

k—1 i+1
_ﬂ“ + Z ea(Tlft;—) H(l _’_Cj)ell(t]‘—t]tl)&a _'_ea(T]t]:—)gkIX>/

i=1 i=k
(WID—CIOk-i-l)il <ea(T1t )H(1+C> (tft;r_ﬂ%tx
1
=t 1 i a(ti—t )
ST [ e D TI0 ) (1 et ()i
i=1"ti1 j=k
t T;
— [ (e (14 eI (s, y(s)ds — [ e P (s, y(s) s
k-1 k

o) T alti—t 1) o Ty -t
o+ LN [T+ e g e ),
i=1 j=k

where yo* = —70%, 11* = —1%, 8i = —8ir 8k = —8k-
Then, substituting this expression into (6) yields the a-level of y(Ty), i.e.,

[y(T1)]"
_ [ameth 1 WO N/ a(Tyi—tf)
= e K H1+c yo Z k
j=k i=1
i+1 i+ )
x H (1+¢)e™T™5) (1 + ¢)e =) g" (s, y (s) )ds
te

+ (—1)6“(T1_tk)(1+ck)e“(tk_s)g“(s,y(s))ds+ " oa(Tis *)g"(s,y(s))ds

Jte_q tk
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k=1 ot; -
i=1""-1

1
X(WI%Ok—&-l)_l (eu(Tl—t;‘)H(l +Cj)€a(tj_tj71)@a
=k

k=1 rt; i+1

—Z/ (—1)e(Tity OTTA +¢))e” alti= tl)(l+ci)e‘1(ti_s)g"(s,y(s))ds

i=1 Y ti-1 =

—.

>T‘

ti Ty
_/tk 1(—1)e“(T1*tk+)(1—i—ck)e“(tk’s)g"(s,y(s))ds—/tk e“(Tl’s)g"(s,y(s))ds
k-1 i+1
—yrt o+ Y O T (14 ¢p)e™ gyt 4 e k)gk“>ds
i-1 =k =
t ~ 1
* tk( DM (1 4 ¢ S)d(WHokH)l(eu(T]tk)H(lJrc;)e”(f Pyt
k-1 j=k
—Z/ T ¢ ) (1 )= g5, () ds
=k
T
= [ DT e g s y(a))ds = [T ()
1
i+1 t
—y1" + Ze Ty )H(1+C]) ( /71)g0l+ell(T1 t )gkOC)dS
i=1 j=k
h (T1=s) j 1 a(T—t) T (t—tF )
eI gg) (T[T ) e
k j:k
k-1

tre—1 te
« = a(Ty—t )l+ a(ti—t7 1) a(Ty—t7) . «
it L T TI  ge g  g )as)
i=1 =k
k— 1 a(ti—tF )
+ Zeﬂ(Tl_tk)H(l-f—C])e iTt ga+ea(T1 t; )gkzx
i=1 j=k
k=1
eu(Tl_tk)H(1+C])€ (} tjl)yoa{ / ( 1) (Ti—t)
=k i=17t
i+1 F_p )
X H(l + cj)ea( (1 + ci)e”(tifs)g”‘(s,y(s))ds
=k
t
[ DA eI s (o)) [ AT I s ()i
k-1 k
k=1 ot; -
+(Z/<1>H%TD+c<f~M+w<ﬂu
i=1

1
x(vv“mwrl(eam—m(l 4t

~

k-1

t; i+1 ( 4t )
0 ARG VECEE] § (CRR E SISO

i=1/ti1 j=

>T‘
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t T
— [ (e (14 eI (s, y(s))ds — [ Mg (s y(s)ds
k-1 k

k-1 it sttt ) )
7+ Y NI T+ )™ g + (Tl )gk“>ds
i=1

j=k
& a(Ti—t) a(te—=s) (W —1{ La(Ty—t}) 1 alti—tf )—g
[ DD @ et W) (MO TT(1 4 ¢
k-1 j=k
k=1 rt; i+1 -
~ L DM T+ e (1 e g s y(s))ds
i=1"ti-1 j=k
t T
— [T e @ eI (s y(s))ds — [T s, y(s))ds
t1 tk

k-1 it alty—tt)
7+ Y MO TT(1 +¢p)e™ g + (Tt e >ds
i=1 j=k

T, . 1 alti—
n t 1(71)651(]"1 )d( H0k+1) l(eu(Tl—t;r) H(1+Cj)e (t tjtl)%zx
k j=k
i+1
- Z [ 0O T4+ e (14 a5 v(s)as

j=k

t T;
— [ DT+ e g (s, y(s))ds — [ e TIg s,y (s) s
k-1

te

k—1 i+1
_yTa 4 Z ea(Tlftlj) 1—[(1 + Cj)ea(tjft;—,])gac +€a(T1t;r)gka)dS)}
i=1

j=k

k-1 i+1 L
+ Z ea(Tlftk*) H(l + C]')ea(t] t]-_l)gzx + ea(Tlt;r)gkzx}
i=1

= [nn'
= [n]"

Using the control above we may consider the operator ® : C((t, tri1], Rp) —
C((tk tk1l, RF), k=0,1,-- -, m, where

1

(Py)(t) = A Hl—i—c] altj— yoe{Z/ a(t=t7)

j=k
i+1 : £+ )
X H (1+cje i (1+c;)e*ti=%)g(s,y(s))ds

tg

ot
+ (—1)6“(t_tk )(1 + ck)e“(tk_s)g(s,y(s))ds + / (—1)6“(t_s)g(s,y(s))ds
Jt

tr—1

k—l ti 1 , + ) ~
+<E/ (—1)e (=) H 1+ ¢))e" ) (14 ¢;)e"i=)d
i=17/1i-1 =k

1
xwﬁokﬂ( u(Tl_tk)H(1+CJ) o 7tj+71)3/0
j=k
k=1t P
o Z / (—1)6‘1(T1_tk ) H(l + c]) altj— '*1)(1 + ci)e“(tf_s)g(s,y(s))ds
i=17ti-1 j=k

T
(—1)e" )¢ (s, y(s))ds

te—1 t
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k-1 L it st ) .
@]/1 + Z eu(Tl—tk ) H(l +C]')e 7 tj-1 gl +eﬂ(Tl—tk )gk ds

i=1 =k

N—

i 1 i
), 1(—1)6“(t_t1<+)(1+ck) alt— s)dWI;OkH( a(Ti=£) ]‘[k 1+¢))e" )y,
. i

+1
< Z / e TT(1 4+~ (1 4 e~ g(s,y(s))ds

=k

ty Ty

O [ (—1)e" M) (1 4 ) g (s, y(s))ds ©

1 te

k=1 i+1
o+ Y, (Tt [T+ c]-)ea(tfftftl)gi + e”(Tltwgk) ds
i=1 =k

(=1)e" =g (s, y(s))ds

t 1 i
* t (=1 S)dWHék+1< S [10+¢) H)VO
k j=k
k=1t N i+1 u(t )
SF [ (0O [T (1 +e)e 1+ e g s, y(s))ds
i=1“ti-1 j=k
t T;
& [T ()B4 e g (s, y(s)ds © [ T (-1)er B g(s, y(s)ds
k-1 k
@yﬁ—Ze (1= tk)H 1+c¢j) P )g +e(Tl_tk+)gk>ds)}
i=1 j=

. a(t—t*)l a(ti—tf ;) a(t—th)
—}—Ze k H(l—!—cj)e J Vg te K gk,
i i=k

where the fuzzy mappings W Ok 41 satisfies the above statements.

Note that ®y(T;) = y1, which means that the u steers (6) from (®y)(0) to y; in finite
time Ty for t € (t, t;yq), k = 0,1,---,m, provided that we obtain a fixed point of the
nonlinear operator ®.

Assume the following hypotheses:

(H;) for x(-) € Rp and y(-) € R, and assumethere is a positive number C such that

dH([g<s,y<->>1“, [g(s»c(-))]“) < CdH(M)]“, [x<~>1“), sel.

Then we have

Hi(8(s,y),8(s,x)) < CHi(y,x), s € ].

(Hy) Zth 1+c])(1+c1)|Cds+2|1+ck|(tk—tk 1)C+2(Ty —#)C < 1.

Theorem 11. In Case 6.1, suppose that (Hy ), (Hy) are satisfied. Then system (2) is controllable.

Proof. We can easily check that @ is continuous function from C((t, ¢ 1], Re) to C((tx, txi1],
Rg),k=0,1,--- ,m. For x,y € C((t, tx+1), Rp), we obtain

ACTORCO

1
([ T e o {
j=k

k-1

) " (et
tiq

i=1
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X 1_[ (14cj)e™ ftl)(l +¢;)e" %) g (s, y(s))ds
K a(t—tF) a(t—s) ! a(t—s)
et et gl y()ds + [ (~1)e (s, y(s))ds
k-1 k
(z/ T+ )0 (1 4 et
':k
1 -
XWHékH(” Hl—i—c ~tia Yo
j=k
e alt—ty)
© Z/ DI04+ )1 4 e g(s,y(s) s
j=k
t T;
& [T (e B4 e gls, y(s)ds © [ T (-1)e B g(s, y(s)ds
k-1 k
9y1+2e (Ti— tk)H (1+¢j)e ) g oMty gk)ds
i=1 j=
"k a(t—th) a(te—s) - pH(Ti—t ! -t )
+ . ](—1)e (14 cp)e” Wioest ]_[k 1+ c;)e™ - Vyg
: 1
k=1 rt; S i+1 a(ti—t+ )
OF [ (DA [T+ ) (14 cet-g (s, y(s))ds
i=1"7ti-1 j=k
t T;
O [ (1M 4 e gls, y(s)ds © [ (1T g(s,y(s)ds
k-1 k
+
eyl—i-Ze (Ti—£) (1+c]-)ea(tftf+—1)gi+e”mtkﬂgk>ds
i=1 j=k
! a(t—s) 1 ! t)
+ tk( 1)e” dWH0k+1< Hk (1+¢)) ~Ha Yo
]:
o T—t5) T a(ti—tf ;) t
S ¥ [ (e T+ e 1+ et g (s, y(s))ds
i=17ti-1 =k
t T;
& [T (=) B (14 e g (s, y(s)ds © [ (~1)e B g(s, y(s)ds
k-1 k
oy + Ze (1= tk)H 1+¢)) S e e (Tl‘t;)gk>ds)}
=1 =

14

+ Zea(t b H (1+c; ) (j—tj*l)gi+ea(t—t,j)gk] ,
j=k

[ ll[1+c yO@{Z/ a(t—tf)

X H (1+c))e (tj=t7) (1+c;)e*ti=%)g(s, x(s))ds

t t
+ [ (DI (1 e g (s, x(s)ds + [ (~1)e ! )g(s, x(s))ds
te—1 te
z+1
( Y / a(t=t) [Ta+ cj)e”(tfftftl) (1+cp)e?ti=o)d
j=k



Axioms 2022, 11,471

13 of 24

IN

IN

1
><Wﬁok+1< O TT + e U1y,
j=k
o Z/ (M= tk)H(lJrc]) alti=ti 1)(1+c) ati=3) o (s, x(s) )ds
=k
t T.
S ‘ (—1)6“(T17tk+)(1+ck)e“(tkfs)g(s,x(s))ds@ 1(—1)6”(T175)g(s,x(s))ds
te—1 t

k—1 +1
oy + Zeam H 1+c (=t 1)g 1T gk>ds
i= =k
1

i—=1
t
+ tk (=)t =1 (1 + g )e =) dw H0k+1< (1+¢j) - 1)y0
k-1 j=k
k=1t i+ alt
oy [ (~pen >H<1+c> 5 (14 ¢)eli) g (s, x(s))ds
i=1""t-1 j=k
t T;
o [ ()M (1 4 e lg(s,x(s))ds & [ (~1)e"Tg(s,x(s))ds
te—1 tk
k—1 i+1
oy + Y T+ cj)ea(tf_tftl)gi + e”(Tl_tkﬂgk> ds
i=1 i=k

t 1
+ [ (=1)e" Al s)dwﬁ0k+1< a(f H 1+C] 1y~ 1)3/0

tk ]:k
k=1 rt; i+1
@Z/ (=) Bt TT(1 4 ¢)e" 50 (1 4 ¢)e" =g (s, x(s))ds
i=1/ti-1 j=k
t T;
o [ (=1t Tt (1 4 )"t g(s, x(s))ds & [ (—1)e" T g(s, x(s))ds
1 te
k—1
ey + ) e ) H1+c (1) g, 4 ¢o(Th tk)gk>ds>}
i=1 =k
v a(t—t o a(t; ) a(t—t") ¢
+) e "H g e kgk])
i=1 j=k
a(t—t s a(t ) a(t
Z / OTT0+ )01+ e |y (Ls(o, w1 Lg(s, 16))) ) s
j=k

M et (14 e fkS>|dH([g<s,y<s>>1“,[g(ax(s))}“)ds

te—1

[T i (ls(s, (61 s x(o)]* ) ds

k_l ti '+
SX [ e T )4 e | (Tg(s, ) s x(o)] ) s
i=1"7t-1 j=k

+. t'ktk \ (*1)eﬂ(T1—tk+)(1 +Ck)eﬂ(tk—s) | dH([g(s,y(s))}“, [g(S,X(S))]“>ds
+ tle | (—1)ea(T1—s) IdH([ (s,y(s))]", [g(s, x(S))]“)ds

i+1

Z/ |H 1+¢j) 1+C)CdH<[ (s)]" ,[x(S)]"‘)ds

+/tk71 | 14+ c | CdH([y(S)]“, [x(s)]a>ds+ t: CdH<[y(s)]“, [x(s)]”‘)ds
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i+1
+2/1|]r£1+c, 1+ | Gl [y(o)" (e)* ) s
" /tH 16| Gt (1y(5)" [x(s)]“)ds+ [ CdH(Ms)]“, [x(s)]“)ds,
then
D(®y(t), Px(t)) = sup dH([q’y(t)]"‘r [<Dx(t)]“)
0<a<l
k—1 ; i+1
< oili%(lzl/t Ta+e) 1+c>|<:dH([y< o) ()] ) ds
+/ 11+ | CdH< "‘)der/tthH( Jo [x(s)]"‘)ds
i+1
+Z/1|]Hk1+c] (1+4c¢) CdH< ”‘)ds
+/ | 1T+ ck | CdH< )ds—i— CdH< s)|* [x(s)]"‘)ds)
i+1
- 2/t T10+6)(1+ ) | D), x(5))ds
Lj
+/ | 14+ cx | CD(y(s), x(s))ds + t CD(y(s),x(s))ds
-1 o k
+2/ |1‘[k1+c, (1+ci) | CD(y(s), x(s))ds
-1
+ /tH |1+ c | CDy(s), x(5))ds + | " CD(y(s), x(5))ds;
thus,
Hy(®y, ®x) = P D(Dy(t), Px(t))
i+1
< sup (Z/ | TT(M+¢))(1+ci) | CD(y(s), x(s))ds
0<t<Ty i=1 1 j=k

—0—/k 1 | 14 cx | CD(y(s), x(s))ds + CD(y(s),x(s))ds

te
i+1

+2/ ITTA +¢)(1+c;) | CD(y(s), x(s))ds

-1 ] k

+/k 1| CD(y(s), x(s))ds + CD(y(s),x(s))ds)

te

i+1
= (22/ [ TTA+¢)(1+c) | Cds+2 | 1+ck | (f — te-1)C

1 ] =k
+2(Ty — tk)C> Hi (y, x).
According to hypothesis (H2), ® is a contraction mapping. According to the Banach

fixed-point theorem, ® has a fixed pointy € C((t, ty41],Rp), k=0,1,--- ,m
In summary, the proof is completed. [

Case 6.2 Consider a < 0 via the (c1)-differentiable case.
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—

Lett € (t, tgr1], k = 0,1,---,m. Now let the operator Wspr,1 : P(R) — Rp be

defined by
k-1, . i
'21 ftiil 01 cosh(a(Ty —t) — as)dug(s)ds
=
k-1 i
+ L B2 cosh(a(Ty — ) — as)dug(s)ds
=1
k—1 i
+ X fttll 02i  sinh(a(Ty — tF) — as)dug(s)ds
Waokt1to = i=1""

k-1 _
tL Ji i sinh(a(Ty — ) — as)dug(s)ds

+ ft (1 + cx) cosh(aT; — as)dug(s)ds + ftik,l (1 + cx) sinh(aT; — as)dug(s)ds
+ ftk cosh (aTy — as)dug(s)ds + ftk sinh(aT; — as)dug(s)ds, ug € T,
0, otherwise,

—_—~

where P(R) is the set of subsets in R. Then there exist %, Wkﬂ such that
Wsoks1(10) = Z/ 1) 64, cosh(a(Ty — t]7) — as)dug™ (s)ds

+ i /t‘i 02 cosh(a(Ty — ") — as)dug® (s)ds

+ Z / 1) 0y sinh(a(Ty — t]) — as)dug™ (s)ds

+ Z / i 61i sinh(a(Ty — £7) — as)dug® (s)ds
h t —

t -
[ (—=1)(1 + cx) cosh(aT; — as)dug™(s)ds
tr—1 T
tx . Ty -
+ (14 ¢¢) sinh(aT; — as)dug™(s)ds + cosh(aTy — as)dug”(s)ds
tr—1 - Sty -

T; -
+ 1(—1)sinh(aT1 — as)dug®(s)ds, ug™(s) € [u*(s),u'(s)],
e — -
- k=1 rt; B
Wepera (@) = % [ (=1)Buyicosh(a(Ti — 1) — as)dimg" (s)ds
i=1""i-1

k=1 rct; -
+ Z / 02i x cosh(a(Ty — ) — as)dig" (s)ds
+ Z/ 1) 0y sinh(a(Ty — ) — as)dig™ (s)ds

+ Z /i 61i sinh(a(Ty — ) — as)dig® (s)ds

t -
[ (—=1)(1 + cx) cosh(aT; — as)dug™ (s)ds
1
ot - T -
+ ‘ (1 + cx) sinh(aTy — as)duy® (s)ds + ' cosh(aTy — as)dug (s)ds
Jte_q t
T ~
+ 1(—1) sinh(aTy — as)dig* (s)ds, " (s) € [u'(s), u*(s)].

tr
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o o« e : N o _
We assume that Wgy,  ;, W, ., are bijective mappings and let up* = —ip® and Wy, | =
N
I/VSOk-&-l‘

Hence, the a-level of u(s) given by

[u(s)l* = [u"(s),u"(s)
= {(Wg()kﬂ)l (COSh(ﬂ(Tl — 7)) Preyo” + (=1) cosh(a(Ty — £)) g1 Yo"
- a<0 a<0
+(—=1) sinh(a(Ty — t;)) p1x yo* +sinh(a(Ty — £7)) g1, yo*
a<0 a<0

k=1 .t
{ Z/ (1) O3 cosh(a(Ty — ) — as)g* (s, y(s))ds
i=1 7t

k=1 rt;
+ % [ Gicosh(a(T — ) —as)g™ (s, y(s))ds
i=1""t -

i—1
k=1 ot
+ Z/
i=1"ti
k=1t
+ %, [ (1) Oxgsinh(a(T — ) - as)g® 5, y(s) ds
i=1 7t
t
+ t ‘ (=1)(1 + ¢x) cosh(aTy —as)g"(s,y(s))ds
k-1
t
+ ‘ (1+cx) sinh(aTy —as)g" (s, y(s))ds

te-1

61k sinh(a(T; — t;) —as)g"(s,y(s))ds
: 8

T,
+ [ cosh(aTy — as)g*(s,y(s))ds
ty n
T,
L[ (—1) sinh(aT; — as)g“(S,y(S))dS} -y

k—1
+ ; { [cosh(a(ﬂ — t,':)) p1i(j) +sinh(a(T; — t;r)) ‘71,k(]')}gi“

a<0 a<0 -

-Hqﬂmmwn—q»%wwﬂmwm—qnmmﬂy}

a<0 a<0 -

+mmwa¢m#+<nmmuntpmﬂ,

(Woesn) (COSh(“(Tl —t5)) priyo” + (—1) cosh(a(Ty — £7)) g1 4 0"
a<0 a<0
+(=1)sinh(a(Ty — t])) pre 70" + sinh(a(Ty — £)) g1.4 70"

a<0 a<0

k=1 .4
{ Z/t (—1) By cosh(a(Ty — ) — as)3* (s, y(s))ds
=1 “ti-1
k=1 rt;
+ % [ Gaspcosh(a(Ty — 1) — as)3"(5,y(s))ds
i=1 /i1

k=1t
+ %, [ buxsinh(a(T, = 1) — as)3"(5,(5))ds
i=17ti-1

k=1t

+ %, [ (1) Oxgsinh(a(T — ) — as)g 5, y(s) ds
i=17ti-1

+ " (=1)(1 4 cx) cosh(aTy — as)g*(s,y(s))ds

te—1
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t
+ ‘ (14 cx) sinh(aT; — as)g*(s, y(s))ds
te—1
T,

+ \ 1 cosh(aT; —as)g*(s,y(s))ds
+ /tle(_l) sinh(aT; — as)g"‘(s,y(S))dS} -

2 { [cosh (Ty — t;j)) p1x(j) +sinh(a(T; — tlj)) ‘11,k(]’)}gi”‘

a<0 a<0

() [cosh<a<n ) () + sinh(a(T; — ) pl,ku)}gi“}

a<0 a<0

+ cosh(a(Ty — t;7))gk" + (—1) sinh(a(Ty — t;r))gk“ﬂ,

where yo" = ~0", 11" =~} 8 = i, &k = ~&k-
Then, substituting this expression into (7) yields the a-level of y(Ty), i.

y(T)]* = {COSh(a(Tl — ) preyo™ + (—1) cosh(a(Ty — ) g1 yo*
a<0 a<0

+(=1) sinh(a(Ty — t;7)) p1x yo" + sinh(a(T1 — £7)) g1 x yo*
a<0 a<0

k=1 . ~
+) / (=1)61x cosh(a(Ty — £7) — as)(g* (s, y(s)) + du*(s))ds
i=1 /ti-1

k=1 o, -
+5 / " Oypcosh(a(Ty — £) — as)(g*(s,y(s)) + du* (5))ds
+ Z / 1)6y x sinh(a(Ty — £7) — as) (8" (s, y(s)) + du*(s))ds

+ ; /til 61k sinh(a(Ty — 1) — as)(g* (s, y(s)) + du®(s))ds

+ t:kl(—l)(l + cx) cosh(aTy — as)(g"(s,y(s)) + du”(s))ds
+ t:kl(l + cx) sinh(aTy — as)(g" (s, y(s)) + Tu*(s))ds
+ n cosh(aTy —as)(g" (s, y(s)) +du”(s))ds

+ tTl(—) sinh(aTy — as)(g" (s, y(s)) + du®(s))ds,

cosh(a(Ty — 7)) p1e 70" + (—1) cosh(a(Ty — ) g1, 70"

a<0 a<0
+(—1) sinh(a(Ty — 7)) p1xHo”* + sinh(a(Ty — £;7)) g1 1 70"
a<0 a<0
+ 2 / 1)64; x cosh(a(T; — tlj) —as)(3%(s,y(s)) + du“(s))ds
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k=1t -
+) /t O1ixsinh(a(Ty — t7) — as) (3" (s, y(s)) + du*(s))ds
i=1 Jtim
t ~
[ (1) 0 cosh(aTy —as) (85, y(5)) + i 5))ds
k-1
t -
+ ‘ (1 + cx) sinh(aTy —as)(3%(s,y(s)) +du*(s))ds
-1
T -
+ 1 cosh(aTy —as)(g*(s,y(s)) + du”(s))ds
te
T, -
+ 1(—) sinh(aTy — as)(g*(s,y(s)) + du*(s))ds
ti
= "
ya]®.
Using the control above, we may consider the operator @ : C((f, tyi1],Rp) —
C((tx, tks1], Re), k=0,1,--- ,m, where
(®y)(t)
= cosh(a(t —t)) prxyo + cosh(a(t — 7)) g1 yo
a<0 a<0
+sinh(a(t — £1)) p1yo +sinh(a(t — £7)) g1 Yo
a<0 a<0
k—1 ot .
+ % [ Ouigcosh(a(t = ) — as)(g(s,(5)) + du(s))ds
i=1 Jtim1
k=1 rct; -
+ % [ baxcosh(a(t = 1) = as) (g(s,y(s)) + du(s)ds
i=1 i1
k=1 rct; -
+ % [ basinh(a(t ) = as)(g(5,y(s) + du(s))ds
i=1 /ti-1
k—1 t; ~
+) /t 01 sinh(a(t — ) — as)(g(s,y(s)) + du(s))ds
i=1 /i
t -
+ (14 ¢) cosh(at — as) (g(s, y(s)) + du(s))ds
k-1
t -
+ /t ‘ (14 cx) sinh(at —as)(g(s,y(s)) +du(s))ds
k-1
t -
+ [ cosh(at —as)(g(s,y(s)) +du(s))ds
t
t .
+ [ sinh(at —as)(g(s,y(s)) + du(s))ds,
t
where
u(t) |:WS_O}<+1 (COSh(ﬂ(Tl —t5)) P yo + cosh(a(Ty — £7)) g1 yo

a<0 a<0

+sinh(a(Ty — ;7)) p1xyo + sinh(a(Ty — £])) g1 vo

a<0

a<0

k=1
o L [ uiscoshiatty — ) ~ as)gts, y(e)s
i=1 Yt

k=1
+ Z/t 6y x cosh(a(T; — t;r) —as)g(s,y(s))ds
i=1“"ti-1
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k=1 .4
+) /t 02 sinh(a(Ty — £7) — as)g(s,y(s))ds
i=1 7t

k—1 t;
+ %, [ buxsinh(a(Ti — ) — as)g(s,y(s))ds
i=1 "1t

t t
+ ‘ (1+ cx) cosh(aTy —as)g(s,y(s))ds + / ‘ (14 cx) sinh(aTy — as)g(s,y(s))ds
1 fe—1
Ty T
+ cosh(aTy —as)g(s,y(s))ds + sinh(aT) — as)g(s,y(s))ds} On

ty tx

k-1
i ; { [COSh(a(Tl =) pi(j) + sinh(a(Ty = £7)) 5]1,k(]')}8i

a<0 a<0

+ [coshw(n ) quelj) + sinh(a(T; — ) m(j)} gl}

a<0 a<0

+ cosh(a(Ty — t;7)) gk + sinh(a(Ty — t,j))gkﬂ (1),

where the fuzzy mapping W_&)}( 1 satisfies the above statements.

Note that ®y(T;) = y;1, which means that the u steers (7) from (®y)(0) to y; in finite
time T for t € (i, t;yq), k = 0,1,---,m, provided that we obtain a fixed point of the
nonlinear operator .

Assume the following hypotheses:

(S1) for x(+) € Rp and y(+) € Rf, and assume there is a positive number C such that

dH([g<s,y<~>>1“, [g(s»x(-))]“) < CdH([y«)]“, [x<~>1“), sel.

Then we have
Hi(8(s,y),8(s,x)) < CHi(y,x), s € ].

k-1 k-1
(S2)2 ¥ ftt.i . *91i,k€_(a(T1_t’<+)_us)CdS +2 ) f;i : 92i,k€_(u(T1_t"+)_as)CdS
i=1"" =1
+2 fttkk,l —(1+ ¢ )e~(@T1=85)Cds + 2 ftle e~(@Ti=as)Cds < 1.
Theorem 12. In Case 6.2, suppose that (S1), (S2) are satisfied. Then system (2) is controllable.

Proof. We can easily check that ® is a continuous function from C((tx, tx.1], Rg) to C((tx, try1],
Rg),k=0,1,--- ,m. For x, y € C((t, trs1], Rp), we obtain

[ [@x(0)

di ( [coshw(t ) prdo + cosh(at — £)) g1 vo + sinh(a(t — £)) prcvo

a<0 a<0 a<0

k=1
Fsinh(a(t ) quivo+ & [ Oupcosh(at — ) — as)(g(5,(5)) +du(s))ds
i=1/ti-1

a<0

k=1 )
+ Z / 6 x cosh(a(t — t;’) —as)(g(s,y(s)) + du(s))ds
i=1 7t
k=1 )
+ ; ‘/t’—l Oaix sinh(a(t — t,7) — as)(g(s,y(s)) + du(s))ds

k=1 o )
+ ; /t;] 01k sinh(a(t — ) —as)(g(s,y(s)) + du(s))ds
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IN

IN

+ [ (14 ) cosh(at — as)(g(s, y(s)) + du(s))ds

+ ttk (1 + cx) sinh(at — as)(g(s,y(s)) + du(s))ds
+ : cosh(at — as)(g(s,y(s)) + du(s))ds + tt sinh(at — as)(g(s,y(s)) + du(s))ds Ix,

{Cosh(a(t —117)) 1Yo +cosh(a(t — 1)) g1k yo + sinh(a(t — 7)) p1x vo
a<0 a<0 a<0

k=1 ot
+sinh(a(t — £7)) g1 yo + Z /t 01i cosh(a(t — t;7) —as)(g(s,y(s)) + du(s))ds

a<0 i=1 Yti-1
k=1 ot; -
+ %, [ Oaxcosh(alt = ) —as) (g(s,(s)) +du(s) ds
i=1""%-1

k=1
+2/9Mmmw4pwmwwm+mmﬁ
i=17ti-1

k=1 rt;
+2/9mmmmqumwwm+mm%
i=17ti-1

+ t:kl (1 + cx) cosh(at —as)(g(s,y(s)) +du(s))ds
+ ttk (1 + cx) sinh(at — as)(g(s,y(s)) + du(s))ds
+ tcosh(at —as)(g(s,y(s)) +du(s))ds + t: sinh(at —as)(g(s,y(s)) + tfu(s))ds} )

k-1 ¥ t;
Z /t (—64; x cosh(a(t — tk+) — as) + 60q; x sinh(a(t — tk+) — as))CdH([y(s)]“, [x(s)]“)ds

i:i_lf—l )
+ 2 /t (02ix cosh(a(t — t;7) — as) — 6y sinh(a(t — 1) — as))Cdy ([y(s)]”‘, [x(s)]“)ds
=1 Jti-1

+ t:: ((1 + cx) sinh(at — as) — (1 4 ¢¢) cosh(at — as))Cdy ([y(s)]"‘, [X(S)]“>ds

+ [ (cosh(at —as) — sinh(at —as))dy ([y(s)]"‘, [x(s)]"‘) ds

tk

k=1 rt;
+ Z /t (=64 cosh(a(T; — t,:r) — as) + 604, sinh(a(T; — tk+) —as))Cdy ([y(s)]"‘, [x(s)]”‘)ds
i=1 /ti-1

k=1 ,t;
+ Z /t (62ix cosh(a(Ty — 1) — as) + Oy sinh(a(Ty — ) — as))Cdy <[y(s)]”‘, [x(s)]”‘)ds
i=1 Jti-1

+ tti ((1+ cx) sinh(aTy — as) — (1 + cx) cosh(aTy — as))Cdy ([y(s)]“, [X(s)]"‘)ds
+ tTl (cos(aTy — as) — sinh(aTy — ﬂs))dH([y(s)]"‘, [X(S)]”‘>ds

k=1 rt; .
¥ [ oot Cay (Ty(o) P ) s
i=1 7t
k=1 rt; n
S [ e ey (o (9 ) s
i=1 /ti-1

[ - ege ey (W " MSW)dS
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+ t: e_(“t_“s)CdH<[y(s)]"‘, [x(s)]“)ds
k-1 ¢,
gy, e @(Ti—t) —as) 8)]%, [x(s)]* ) ds
+i_21/tu i CdH(M )% [x(s)] )d
k=1 rt; N
L[ a0 I (o) )
+ ttk —(1—|—ck)e_(”Tl_“s)CdH([y(s)]"‘, [x(s)]“)ds
T t“e-WTrﬂQCdH(uﬂsﬂ%[x@n“)ds
then
D(®y(t), ®x(t)) = sup dH([q’y(f)]“/[q’X(f)]“)
0<a<1
k=1, +
< 0321(;241—ﬂuw*ﬂﬁﬁ*%kuHwavwmﬂw)%
k=1 rt; .
F L[ ooty (o), e )
+ ttf -1 +ck)e_(”t_”s)CdH<[y(s)]“, [x(s)]"‘) ds
+ tte_(“t_“S)CdH<[y(s)}"‘, [x(s)]“)ds
k=1 ,t;
1—91‘ —(u(Tl—t;r)—as)Cd « «)g
+L [ e o (11 (o) s
k=1 rt; +
L[ e OO e (o (o) )
+ ttk —(1+ck)e(”T1ﬂs)CdH([y(s)]“, [x(s)]“)ds
+ tTl e~ (@Ti=as) cg ([y(s)]“, [x(s)]“) ds>
k=1 .4 N
< Y[ b 0 ICD(y(s), x(s)ds
i=17ti-1

k=1t
S5 [ e 60Dy (), x(5)s
i=17ti-1

t

+ [~ e @)D (y(s), x(s))ds
te—1
t

+ [ e #=8)CD(y(s), x(s))ds
t

k—1 t
ST [ e (T 9Dy (), x(5))ds

i=1 i1

k=1 rt;
5[ e 009D (6, x(6) s
i=1 7ti-1

t
+ [ 1+ e TRICD(y(s), x(s))ds

t—1
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T
—I—/ 1tf(“Tﬁ”S)CD(y(s),x(s))ds;

tk

thus,

Hy(®y,®x) = sup D(Dy(t), Px(t))
0<t<Ty

k=1t
sup (Z/ —Qlirke_(”(t_tlj)_“s)CD(y(s),x(s))ds

0<t<Ty \ j=1 “ti—1

IN

k=1 .4
ST [ e 009D 55, w(s) s
i=17ti-1

+ N —(1—|—Ck)ef(“t*“S)CD(y(s),x(s))ds

te-1

t
+ t e~ @=3)CD(y(s), x(s))ds
k

k—1 t;
ST [ e @D (5), ()
i=1 7t

k=1 ,t;
E [ e 009D (5, x(6) s
i=17ti-1

£

+ ¢ —(1—|—ck)e*(”Tﬁ”s)CD(y(s),x(s))ds
te-1
T

+ e (”Tlas)CD(y(s),x(s))ds)

te

IN

k—1 ti k-1 t;
{22 / —Oy e M) =%)Cds 42 ) / 0y e~ (@(Ti=H)=85) C s
i=17/ti-1 ' i Jta

¢ T;
42 [ —(1+e)eTelcds 42 [ e—(”Tl““)CdS} Hi (y, x).
ey Jty

Based on the hypothesis (52), ® is a contraction mapping. Based on the Banach
fixed-point theorem, ® has a fixed pointy € C((t, ty11],Rp), k=0,1,--- ,m.
In summary, the proof is completed. [

4. An Example

In this section, we provide the following examples to prove our theorems.

Example 13. Consider the following nonlinear impulsive fuzzy differential equations:

y/(t) = “y(t) +g(t'y(t)) +d~u(t)l te [Ort3]/ t 74‘ tx, k= 1,2,
Ay(te) = cky(ty ) + 8k k=1,2, (8)
y(0) =7 € Ry,

where a = —1, g(t,y(t)) = tsin(y(t))y, [v]* = [« —1,1—a], ty = 0.1, £, = 0.2, t3 = 0.3,
aq=—-11c=-129g =vand g =2v,y; =0.67,d =3.

From what we know above, note that g : [0,0.3] x Rr — Rp is continuous and for x, y € Rp,
we have

i ([g(s,yn“, 8 x>]“) ~ ay ([s sin(y(s))7", s sin(x(s))ﬂ“)

IN

sdH(Msm*, [x(sm“)
smax{] (y())* — (x(s)* |,| @) — (X(s)* |}
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= st ) ).
Then C = s = 0.3. When a < 0, via the (c2) solution, for t € (0.2,0.3], we obtain
0.1
2/0 | (1+c1)(1+c) | Cds+2 | 14co | (b2 — t)C+2(T) — £2)C = 0.0192 < 1.
When a < 0, via the (c1) solution, for t € (0.2,0.3], we obtain
2 / " —0y; e~ (@Ti—R)=5)Cgs 4 2 / " 0y re~ (1(T1—0)=85) (s

42 / (14 cp)e~T=m)Cds 42 [ e (Ti=25) Cds = 0.0756 < 1.

Jty

Thus, according to Theorems 11 and 12, we can deduce that the system is controllable.

5. Conclusions

In this paper, we have mainly provided the controllability results of the first-order
linear and nonlinear impulsive fuzzy differential equations. Firstly, we demonstrated the
controllability of first-order linear impulsive fuzzy differential equations by employing
the direct construction method. Driven by the controllability of linear impulsive fuzzy
differential equations, the controllability results of nonlinear impulsive fuzzy differential
equations were then provided using a fixed-point theorem. In future works, we will study
the problem of optimal control.
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