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1. Introduction

In 2009, Suzuki [1] generalized the Banach contraction principle to compact metric
space by introducing the notion of a contractive map T : U — U, where (U, ) is compact
metric space, such that

Vu,v € U(u #v), %Q(u, Tu) < o(u,v) implies o(Tu, Tv) < o(u,v).

Berinde [2] introduced the notion of almost contractions:
Amap T : U — U, where (U, ¢) is a metric space, is called almost contraction provided
that it satisfies
o(Tu, Tv) < qo(u,v) + Ko(v, Tu),

whereg € (0,1) and K > 0.

Berinde [2] generalized the Banach contraction principle by proving the existence of
fixed points for almost contractions defined on complete metric spaces.

On the other hand, Branciari [3] gave a generalization of the notion of metric spaces,
which is called Branciari distance spaces, by replacing triangle inequality with trapezoidal
inequality, and he gave an extension of Banach contraction principle to Branciari distance
spaces. He used the following to obtain the main results:

(1) each open ball is open set;
(2) each Branciari distance is continuous in each the coordinates;
(38) each topology induced by Branciari distance spaces is a Hausdorff topological space.

Sarma et al. showed that (1), (2), and (3) are false (see example 1.1 in [4]), and
they extended the Banach contraction principle to a Branciari distance space under the
assumption of Hausdorffness of the space (more specifically, the uniqueness of the limits
of the converging sequences). Since then, some authors (for example, [5-7]) obtained
fixed-point results in Branciari distance spaces under the assumption that the spaces are
Hausdorff and/or the Branciari distances are continuous.

In particular, Kadelburg and Radenivi¢ [8] investigated the existence of fixed points in
Branciari distance spaces without the two conditions:

- Hausdorffness of Branciari distance spaces;

- Continuity of the Branciari distances.

After that, many authors ([4-6,9-26] and references therein) extended fixed-point
results from metric spaces to Branciari distance spaces.
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Given function ¢ from (0,00) into (1, 00), we consider the following conditions:

(91) ¢ is non-decreasing;
(92) for any sequence {s,} C (0,00),

lim 9(s;) =1« lim s, =0;
n—,oo n—oo

(93) thereare g € (0,1) and k € (0,00), such that

lim o) =1 =

s—0t s

k

(94) ¢ is continuous on (0, c0).

Jleli and Samet [22] obtained a generalization of the Banach contraction principle in
Branciari distance spaces by introducing the concept of ¢ contractions, where ¢ : (0,00) —
(1, 0) satisfies conditions (81), (92) and (93). Ahmad et al. [27] generalized the result of
Jleli and Samet [22] to metric spaces by applying conditions (¢1), (#2), and (9#4), and they
introduced the notion of Suzuki-Berinde-type ¢ contractions and investigated the existence
of fixed points for such contractions.

Very recently, Cho [24] introduced the concept of £ contractions, which is a more
generalized concept than some existing notions of contractions. He proved that every £
contraction mapping defined on complete Branciari distance spaces possesses only one
fixed point.

Afterward, the authors [23,28-33] gave generalizations of the result of [24].

In the paper, we introduce the new two concepts of Suzuki-type £, contractions
and Suzuki-Berinde-type £, contractions, which are a generalization of the concept of £
contractions, and we establish two new fixed point theorems for these two contractions in
the setting of Branciari distance spaces. We give examples to support main theorem.

Let ¢ : [1,00) x [1,00) — (—00,00) be a function.
Consider the following conditions:

¢ ¢(11) =1
(§2) &(t,s) <3 Vs, t>1;

(€3) ¢(t,s) < % Vs, t > 1, where v is a non-decreasing self-mapping on [1, c0), satisfying

Y1) =1
(¢4) for any sequence {ty}, {sm} C (1,00) with t,, <s,,m=1,2,3,---,
nliggotm = nligrgosm >1= nliggosupé(tm,sm) < 1.
A function € : [1,00) X [1,00) — (—o0,0) is said to be L-simulation [24] whenever the
conditions (1), (¢2), and (¢4) are satisfied.

Note that §(t,t) < 1Vt > 1.

We say that § : [1,00) X [1,00) — (—o00,00) is an L,-simulation provided that the
condition (¢1), (¢3) and (¢4) hold.
Remark 1. If y(t) = t Vt > 1, then L.-simulation is L-simulation.

) = (—00,00),and

Denote L by the class of all £-simulation functions ¢ : | 00
— (—00,00).

1,00) x [1,
L., by the collection of all £, -simulation functions ¢ : [1,00) x )

[1,00

Example 1. Let &y, &, & 2 [1,00) X [1,00) — (—00, 00) be functions defined as follows, respectively:
(i) &p(ts) = %for allt,s > 1, wherer € (0,1);
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(ii) Cw(t,s) = 0] ((2(5 ) Vt,s > 1, where ¢ is a non-decreasing and lower semi-continuous
self-mapping on [1,00), satisfying p~1({1}) = 1;
1 if (s, 1) = (1,1),
(i) E(ts) =40k ifs<t,
) otherwise,
Vs, t > 1, where A € (0,1).

Then, Cp, Cw, Cc € Loy
Note that if y(£) = ¢Vt > 1, then &, Gu, &c € Lisee [24])

Example 2. Let §q,8p,83: [1,00) X [1,00) — (—o00,00) be functions defined as follows:

(i) ¢&i(t,s) = %, Vt,s > 1, where i and ¢ are continuous self-mappings on [1,00),
satisfying P(t) = ¢(t) =1 <t =1, P(t) < t < @(t), Vt > 1and ¢ is an increasing
mapping;

(ii) &o(t,s) = %, Vs, t > 1, where 1 is a upper semi-continuous self-mapping on [1,00),
satisfying n(t) < t, YVt > landy(t) =1 t=1;

(iii) G3(t,s) = W
fo s)ds exists and fo s)ds > t, and fo s)ds = 1.

Thef’l 61/ 52/ 63 € ‘C’)/
Note that if y(t) = t ¥Vt > 1, then {1, o, &3 € L (see [30]).

Vs, t > 1, where ¢ is a self-mapping on [0, c0), satisfying Vt > 1,

The following definitions are in [3].

Amapo: U x U — [0,00), where U is a non-empty set, is said to be Branciari distance
on U if the following conditions are satisfied:

forallu,v € Uand forz,w € U — {u,v}

(1) o(u,v) =0 u=myv;
(©2) o(u,v) = o(v,u);
(03) o(u,v) < o(u,z)+ o(z,w) + o(w, v) (trapezoidal inequality).

The pairs (U, ¢) is said to be a Branciari distance space.

Note that Branciari distance space (U, ¢) can not reduce the standard metric space and
it does not have a topology which is compatible with ¢ (e.g., [34] and Remark 4 (3)). For
such reasons, we call (U, ¢) a Branciari distance space, not a rectangular metric space or a
generalized metric space.

Remark 2. If the triangle inequality is satisfied, the trapezoidal inequality is satisfied. However,
the converse is not true. Thus, the class of Branciari distance spaces includes metric spaces.

The notion of convergence in Branciari distance spaces is similar to that of metric
spaces (e.g., [3]).

Let (U, 0) be a Branciari distance space and {u, } C U be a sequence and u € U. Then,
we say that

() {un} converges to u, whenever limy, o 0(uy, u) = 0;
() {un} is a Cauchy sequence, when limy, ;—sco 0(Un, Um) = 0;
() (U, o) is complete if every Cauchy sequence in U converges to some point in U.

Let (U, ¢) be a Branciari distance space, and let 7, be the topology on U, such that
U-Cety+—= Y{u,} C C, lim o(uy,u) = 0implies u € C. (1)

The topology T, induced by (1) is called a sequential topology.
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Amap T : U — U is said to be continuous at u € U if, and only if, VV € Tp contains
Tu, and there exists W € 7, containing u, such that TW C V (see [24]).

We say that T is continuous, whenever it is continuous at each point u € U.

Remark 3. Amap T : U — U, where (U, 0) is a Branciari distance space, is continuous if, and
only if, the following condition holds:

nlgn o(Tuy, Tu) = 0, whenever nlgn 0(un, u) = 0 for any sequence {u, } C U.

Let us recall the following example in [4] where we can understand the characteristics
of the branchiari distance spaces.

Example 3. Let U = {0,2} U {1 : n € N}, and define a map ¢ : U x U — [0,00) by

0,(u=n0),

1,(u,v €{0,2}),
L(wve{l:neN},

L (we{02}andve {l:neN}).

o(u,v) =

Then, (U, o) is a Branciari distance space.

We have the following.
(i)  Limit is not uniqgue.
We infer that
. 1 0 .1 . 1 0 .1
A, 0G0 = fim, 5y = Oand Jim,e(5,2) = Jlim, 3 =0 ®

Hence, the sequence {%} is convergent to 0 and 2, and the limit is not unique.
(ii)  The convergent sequence {%} is not a Cauchy sequence.

) # 0, because o ) =1

|-
SN

7

SN

lim Q(%,

n,Mm—>00

Hence, {1} is not a Cauchy sequence.
(iii) limu—e 0(2,3) # 0(0,3).
(iv) The open ball with center  and radius % is the set B(1,%) = {1,0,2}. Thereisnor > 0,

such that 1
B(0,7) C B(g,g). (3)

Remark 4. (i) It folows from (2) that the sequential topology on U is not a Hausdorff space.
(ii)  The Branciari distance o is not continuous with respect to the sequential topology on U. In
fact, let y € U be a fixed point, such that y # 0 and y # 2.
We show that

n—oo

lim Q(%,z) ~0.
However, .
lim o(—,y) # 0(2,y)-

n—oo "1

Hence, o(-,y) is not continuous with respect to the sequential topology on U.

(iti)  From (3) the family {B(u,r) : u,r > 0}, where B(u,r) = {v : o(u,v) < r}, is not a basis
for any topology on (U, 0), and so there is no topology which is compatible with the Branciari
distance o.

(iv) It is known that the sequential topology is not compatible with the Branciari distance o.

(v)  There is no Cauchy sequence, so it is a complete Branciari distance space.



Axioms 2022, 11, 479 50f 20

Note that Example 3 shows that the Branciari distance space is much weaker in
mathematical structure than the metric space. As we have seen in the example above and
Remark 4, there are some mathematical drawbacks to the Branciari distance. Nevertheless,
it is attractive for researchers to study the existence of fixed points in this space without
additional conditions such as the uniqueness of the limit of the converging sequence in
Branciari distance spaces or/and continuity of a Branciari distance with respect to the
sequential topology on a Branciari distance space.

Lemma 1 ([35]). Let (U, ) be a Branciari distance space, {u, } C U be a Cauchy sequence and
u,v € U. If there is a positive integer ng, such that

(i) Uy # um Vn,m > ny;

(i) uy #uvVn>ngy;

(iii) un #ovVn > ngy;

(iv)  limp—ye0 0(tty, u) = limy_ye0 01y, v),

then, u = v.

From now on, let ¢ be a function from [0, c0) x [0, 00) into (—o0, 00), such that
1
p(s,t) < 55~ t, Vs, t € [0,00).

Note that if %s < t Vs, t € [0,00), then the following conditions are satisfied.

D) ¢(st) <0;
(i) ¢(min{s,u},t) <O0.

2. Fixed-Point Results
2.1. Fixed Points for Suzuki-Type L., Contractions

Let (U, 0) be a Branciari distance space.

A map T from U into itself is Suzuk-type L., contraction with respect to { € L., provided
that it satisfies the condition:

Vu,v € U with o(Tu, Tv) > 0

¢(min{o(u, Tu), o(v, Tu)}, 0(u,v)) <0
= §(0((Tu, To)), 8(e(u,0))) = 1 (4)

where ¢ : (0,00) — (1,00) is a function.

Lemma 2. Let | > 0, and let {t,} C (I, 00) be a sequence, such that

b, <t,_1VYn=1,23,---,and lim t, = I.
n—o0

If 9 : (0,00) — (1, 00) is non-decreasing, then we show that

lim d(t,) = Y}Lr{}o O(ty_1) = tlglr}F o(t) > 1.

n—o0
Proof. Since ¢ is non-decreasing and {t,} is non-increasing,

E}l 9(t) = nh_r}r; O(ty) < ;111—I>I;lo Ot 1) < tlgﬂ o(t).

Thus, we established that limy, o #(t,) = limy 00 O(t,—1) = lim;_,j+ 0(t) > O(1) >
1. O

We now establish main theorem.
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Theorem 1. Let (U, 0) be a complete Branciari distance space. Suppose that mapping T from U
into itself is a Suzuki-type L., contraction with respect to ¢ € L. If & is non-decreasing, then T
possesses only one fixed point, and for every initial point ug € U, the Picard sequence {T"ug} is
convergent to the fixed point.

Proof. Firstly, when a fixed point exists, let us show that it is unique.
Assume that w = Tw and u = Tu, such that u # w.
Then, o(w, u) > 0 and ¢(min{o(w, Tw), o(u, Tw)}, o(w, u))
— p(min{0, o(u,w)}, 0(u,w)) < 3 min{0, 0(u, w)} — o(w,u) < 0.
From (4), we have

1 <¢(8(e(Tw, Tu)), 8(o(w, u)))
=¢(0(e(w,u)), 9(e(w,u))) <1

which is a contradiction.
Hence, w = u, and the fixed point of T is unique.
Secondly, let us show the existence of fixed points.
Let up € U, and let {u, } C U be a sequence defined by u,, = Tu,,_1 = T"ug, Vn € N.
If up, = ty,41 for some ng € N, then u,, = Tuy,, and the proof is completed.
Assume that
Up—1 7# Uy Vi € N, (5)

We infer that

q)(min{g(un,l, leln,1 )r Q(u”/ Tunfl)}/ Q(unfll u”))
=@(min{o(uy—1,un), 0(tn, tn)}, 0(Un—1,1n))

1 .
=5 min{o(uy_1,un),0} — 0(uy—1,un) <O. (6)

It follows from (4), (5), and (6) that for alln € N
1<2(8(e
=2(9(e

Y(9(
S (8

Consequently, we show that

Tuy—1, Tun)), 8(0(un—1,un)))
Un, Unt1)), 0(Q(Un—1,Un)))
(ty—1,1n)))

(tn, 1n11)))”

—_— o~

@)

oI

v(B(e(un, unt1))) < v(8(e(un—1,un))) Vn €N

which yields
O(o(un, ttys1)) < O(o(upy—1,un)) Vn € N.

Thus,
o(tn, upi1) < 0(Uy—1,un) ¥n € N. (8)
So, the sequence {o(u,_1, 1)} is decreasing, and hence there is an ! > 0, such that

lim o(uy—1,un) = 1.

We prove that ! = 0.
Assume that [ > 0.

Let t,—1 = 0(0(up—1,un)) and t, = 0(0(un, tty11)) Vn € N.
Then, t, < t, 1 Vn € N.
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By applying Lemma 2,

lim t,_1 = lim ¢, = lim 6(¢) > 1.
n—oo n—oo t—I1+

By applying (¢3), we have
1< Jiilgosup E(ty, tn1) < 1.

This is a contradiction.
Thus,

lim o(uy,_1,uy) = 0. 9)

n—oo

Now, we show that {u, } is a Cauchy sequence.

On the contrary, assume that {u, } is not a Cauchy sequence.

Then, there is an € > 0 for which we can find subsequences {u,,(;)} and {u,;} of
{un}, such that m(j) is the smallest index for which

m(j) > n(j) > j, @(ty(j), n(j)) = € and @(ty(jy—1, n(j)) < €. (10)

From (10), we infer that

€
<Q(tyn(j), tn(j))
<0(Un(jys () —2) T 0(Um(j) 2, Um(j)—1) + Q(tp(j)—1, Um(j))
<€ + 0(Up(j)—2, Um(j)—1) + 0 (Upm(j)—1, X (j))- (11)

By letting j — co in (11), we have

Tim @ (i), tn(j)) = €-

On the other hand, we obtain

0 (), () < @(n(jy Un(j)+1) T (i) 41, Um(j)+1) + Q(Um(j)11 U (j))
and
0(tn(jy+ 1 Um(j)+1) < (Un(j)11 Un(j)) + Q(Un(j), (i) + Q(Um(j)s Um(j)+1)-
Thus,
im0 (uty(j) 41, Um(j) 1) = €.

]

It follows from (9) that there exists N7 € N, such that
Q(un(]')/un(j)—i-l) <€, V] > Nj.
Hence, we infer that Vk > N;
1 .
5 min{ (it (j), Tity(j) ), @t (j), Titn ()}

1 .
=7 min{Q(ttu (), tn(j)+1), Q(t(j) tn(j)+1)
<€
<1ty ), )

which implies

p(min{o(uy (), Tity ), 0 (m(jy Tty 1)} Q(n(j), Um(y)) <0, V> Ny
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It follows from (4) that Vj > N

n(i) Tt (i) (@), thm(j))))

)41 m(j 1+1)), 800 () (i)
19(Q(u )))
(

o
=
3

which implies
Y@ (0(n(y+1, tm(jy+1))) < 7 (O(0(ty(j), i)
and so
B(0(tn(jy+1, tm(jy+1)) < B(0(tn(j), m(j))) Vi > Ni.
Put
tj = 0(0(Up(j) 41, tm(j)+1)) and tj—1 = 8(0(y(j), tm(j)))
Then, we have
ti<ti1Vji>N

and
li , =1 N) = €.
Jim, Q(tn(j)+1, Um(j)+1) = Jim, (U (), Um(j)) = €
By Lemma 2,
limt; = lim t; ; = lim &(¢) > 1.
]—)00 ]%oo t—et
From (¢3), we have
1< limsup{(t;,tj1) <1
]—r0

which leads to a contradiction.
Thus, {u,} is a Cauchy sequence.
It follows from completeness of U that there is u € U, such that

lim o(un,u) =0. (12)

n—

We may assume that there is mg € N, such that
o(upy1,u) < o(up,u),¥n > m.
We infer that Vn > my

@(min{o(un, Tun), 0(u, Tun)}, 0(thn, 1))
=@(min{o(un, tny1), 04, Uny1)}, 0(thn, 1))

1 .
<5 min{o(ien 1), 00ty 41)} = 0itn, 1)

<0.

Applying (4), we establish that

1< &(8(0(Tuy, T)), 8(o(un, 1)) < QU)o

which implies
Y(0(0(Tun, Tu))) < ¥(0(0(un,u))), ¥ > mo.

Hence,
0(Tuy, Tu) < o(un,u), ¥n > my
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and hence,
nh_r)rolo o(up41, Tu) = 0.

Applying Lemma 1 with (12) and (13), we have u = Tu. O

The following example interprets Theorem 1.

Example 4. Let U = {1,2,3,4}, and let us define ¢ : U x U — [0, 00) as follows:

0(1,2) =0(2,1) =3,

0(2,3) =0(3,2) =0(1,3) =0(3,1) =1,
0(L4)=0(41)=0(24) =0(4,2) =0(34) =0(43) =4
o(u,u) =0vu € U.

Then, (U, o) is a complete Branciari distance space, but not a metric space (see [6]).
Defineamap T : U — U by

(u=1,2),

Tu =

7

(u=4).

W o~ N

Let ® : (0,00) — (1, 00) be a function defined by
NG
o(t) = e (0<t<1),
3 (t>1).

Then, © is non-decreasing.
We prove that T is a L. contraction with respect to {p, where Go(t,s) =
n(s)=3s—sVs>1q(t) = st+ vt >1

We have
02,2)=0 (u=10=2),
02,4)=4 (u=10=3),
oTu, To) — 02,3) =1 (u=10v=4),
02,4 =4 (u=20=3),
02,3)=1 (u=2,0v=4),
03,4)=4 (u=30v=4)

S0

o(Tu, Tv) >0 (u=1v=3),(u=1Lv=4),(u=20v=3),(u=20=4),(u=3,0=4).

We establish that

o(u,v)

I
= s = s =
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and
1 (u=1v=3),
3 (u=1,0v=4),
m(u,v) =¢0 (u=20=3),
0 (u=2,v=4),
1 (u=3,v=4)
We infer that for all u,v € U with o(Tu, Tv) > 0,
p(m(u,0), 0(1,0)) < sm(1,0) — glu,0) <0
Thus, we have
G2(8(d(Tu, Tv)), 8(e(u,v))
_ 1 (9(e(w,0)))
v(8(e(Tu, Tv)))
735?(193(%))) (u=10=3),
L (u=10=4),
Y w=20-3),
4
S
4
Doy W=3v=4)
which yields
G2(0(0(Tu, Tv)), 8(o(u,v))
_ (@)
— (9(4))
1/3 1 1
_2(Ge—3)+3 3, 1 ,_ 3,7
- %3+% >1, becauseze 5 3—2(6 3)>0.

Hence, T is a L., contraction with respect to Go. Thus, all hypotheses of Theorem 1 are satisfied, and
T possesses a unique fixed point u = 2.

Note that T is not L contraction [24] with respect to §»(t,s) = @ In fact, foru = 3,v =4,
we establish that

& (8(0(Tu, Tv)), 8(o(u,v)) = ’7(1919(514))) _ Zgg .

Note that Banach condition principle is not satisfied. In fact, if u = 3,v = 1, then
0(T3,T2) <ko(3,2),k € (0,1)

which implies
k> 4.

Furthermore, the ¢ contraction condition [22] is not satisfied.
Note that O satisfies conditions (91), (92) and (93).
Ifforu=3,v=2

9(0(T3,T2)) < [8(0(3,2))] k € (0,1)

then
8(4) < [B(1)]* < 8(1)
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which is a contradiction.
Hence, T is not a ¢ contraction.

The following example shows that in Theorem 1, the condition that the function ¢ is
non-decreasing cannot be dropped.

Example 5. Let U = {0,2} U{L :n =3,4,5-- -}, and let ¢ : U x U — [0,00) be a map
defined by

0 (u=n0),

0(u,ve{0,2}),

o(u,v) = ¢0 (u,ve {% :n=23,4,5,---1}),
Lwe{02}andve{l:n=345 .1}
Lwe{l:n=345,.}andv e {0,2}).

Then, (U, o) is a complete Branciari distance space.
Define a mapping T : U — U by

1
o(t) = 7 +1
and let 3 . , .
n(s) = 55— 5 Vs 2 Ly(t) = St+ 5Vt >1
We infer that
0 (u=0,0=2),
1.1 1 1
bR =0,v=:,n=23,45 )
min M,Tu ’ U/Tu 7 u,o = 2n+1 n (u 4 n’ e ’
¢( {of ). a( )} o(u,v)) %#17% (uzz,v:%,n:3,4,5, ),
0 (u:%,v:%,m>n,n:3,4l5,...),

and we show that

1 1

n =Y, = :3/4/5/ 7
I )

o 2,v=,,n=234,5,)

Thus, the following is satisfied:
0(Tu, Tv) > 0 and @(min{o(u, Tu), 0(v, Tu)},0(u,v)) <0< (1 =0,v= =) and (u =2,v = %)

wheren = 3,4,5,- - - .
Thus, we obtain that for (u = 0,0 = %), (u=20= %)
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Thus, T is a L., contraction with respect to ¢>. However, T has no fixed point. Note that

o(t) = % -+ 1, Vt > 0is not a non-decreasing function.

The following Corollary 1 is obtained from Theorem 1.

Corollary 1. Let (U, 0) be a complete Branciari distance space and T : U — U be a map. Suppose
that there is & € L., such that for all u,v € U with o(Tu, Tv) > 0

¢(8(e(Tu, To)), 8(e(u,v))) = 1.

If ¥ is non-decreasing, then T possesses only one fixed point.

Corollary 2. Let (U, 0) be a complete Branciari distance space and T : U — U be a map. Suppose
that there is ¢ € L, such that for all u,v € U with o(Tu, Tv) > 0

¢(e(u, Tu),0(v, Tu)) < 0= ¢(d(e(Tu, Tv)), 8(e(u,0))) > 1.

If ¥ is non-decreasing, then T possesses only one fixed point.

Corollary 3. Let (U, 0) be a complete Branciari distance space and T : U — U be a map. Suppose
that there is ¢ € L, such that for all u,v € U with o(Tu, Tv) > 0

¢(8(e(Tu, To)), 8(e(u,v))) > 1.

If ¥ is non-decreasing, then T possesses only one fixed point.

Remark 5. (1) It does not take continuity of ¢ to obtain Corollary 3, and continuity of ¢ is not
required to prove Theorem 2.1 of [24].
(2) Corollary 2 is a generalization of Theorem 2.1 of [24].

2.2. Fixed Points for Suzuki-Berinde-Type L., Contractions

Let (U, ¢) be a Branciari distance space.

Amap T : U — U is a Suzuk—Berinde-type L., contraction with respect to § € L.,
provided that the condition is satisfied:

Vu,v € U with ¢(Tu, Tv) > 0

¢(m(u,0),0(u,0)) <0
= ¢(8(e(Tu, Tv)), 8(e(u, v) + Km(u,0))) > 1 (14)
where 6 : (0,00) — (1,00),K € (0,00), and m(u,v) = min{o(u, Tu), 0(v, Tu)}.

Theorem 2. Let (U, 0) be a complete Branciari distance space and T : U — U be a Suzuki—
Berinde-type L, contraction with respect to { € L.,. If © is non-decreasing and continuous, then T
possesses only one fixed point, and for every initial point ug € U, the Picard sequence {T"ug} is
convergent to the fixed point.

Proof. Let 1y € U and let {u, = T"up} C U be a sequence, such that
Uy # U Vn=1,2,3---. (15)
We infer that
m(ty—1, un) = min{Q(up—1,un), Q(tn, un)} =0 (16)

and
(P(m(unfll ui’l)/ Q(unflrun)) S _Q(unflrun) < 0. (17)
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It follows from (14), (15), (16) and (17) that Vn € N

1 <8(8(e(Tup—1, Tun)), 8(e(tn-1, tn) + Km(uty_1,un)))
=¢(8(e(un, un11)), 8((tn-1,1n)))
v(0(0(n_1,1n)))
< , (18)
v(8(0(un, un+1)))
which shows that {o(u,_1,u,)} is decreasing, because ¢ and <y are non-decreasing.
Hence,
nlg];lo Q(unflrun) =1
where [ > 0.

We prove that ! = 0.
Assume that ! > 0.
Then, since ¢ is continuous, we have

lim d(o(uy_1,un)) = 0(1) > 1.

n—o0

Let t,_1 = ¢(0(uy_1,un)) and t, = 0(0(un, tty11)) Vn € N.
Then,
tg <ty 1VYneNand lim t, 1 = lim t, =6(]) > 1.
n—o00 n—oo

By applying (¢3), we show that
1< Jiilgosup E(ty, tnq) <1,

which leads to a contradiction.
Thus,
lim o(uy_1,un) =0. (19)

n—oo

We shall show that {u, } is Cauchy.

On the contrary, assume that {u, } is not a Cauchy sequence.

Then, there is an € > 0 for which we can find subsequences {u,,(;)} and {u,;} of
{un}, such that m(j) is the smallest index for which

m(j) > n(j) > j, @(tp(j), tn(j)) = € and @(uy(j)—1, () < €. (20)

As demonstrated in the proof of Theorem 1, we show that

]1i_>rro10 0(ty(j), Un(j)) = € and ]h_)fglo (Un(j)1 Um(j)+1) = € (21)

From (19), there is an N € N, such that
0(tp(j)s Un(j)1) <€ Vj>N.
Thus, we infer that Vj > N
0y, Titn(j)) = Q(ttn(jy, tn(j)+1) < € < @t thm(j)) (22)

and
M (), Um(jy) = {0 (1y0(j), () 41), @ (Uim(f), () 1) }- (23)
From (22) and (23), we obtain that

1
@ (m ity (j), () 0ty hm())) < 51ty ) — @ity thmgy) < 0.
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By applying (14), we have

<G(O(e(Tun(j), Trmj))), 8(0(thn(j), thm(jy) + Km (), th(i))))
=C(B(0(tn(j)+1, tm(j)+1)), O(0(u n(])/ m(j)) T Km gy, (i)
V(@ (0(tn(jy, Um(j)) + Km (i), i)

(B (0(tn(j)+1, m(])+1)))

which implies

YO0 ()41, tm(j)+1))) < V(@ sy (j)) + K (), (i)

and so
B(0(tn(jy+1, tm(jy+1)) < B(Q(tn(jy, Um(j)) + Km(uyj), th)))-
Let
ti = 0(0(Un(j) 1, Um(j)+1)) and s; = B(0 (s, () + Km(uy(j), thy(j)))
Then,

tj <s;j VjeN.
Applying (21) and (22), we obtain that

]ll)m Q(tn(j) 41, Um(j)+1) = €

and
JILT?O[Q(“n(j)/Mm(j)) + Km(uy(j), ()] = €.

By continuity of ¢, we have

lim ¢; = lim s; = ¢(e) > 1.

]%oo ]~>oo

From (¢3), we have
1< klim sup &(tg, s¢) <1
— 00

which leads to a contradiction.
Thus, {u,} is a Cauchy sequence.
It follows from the completeness of U that

nh_I}n o(uy,u) =0 forsome u € U. (24)
We may assume that
o(upy1,u) < o(up,u)Vn e N. (25)
We infer that
m (i, u) = min{Q(un, un41),0(1, n11)} Vn € N. (26)

From (25) and (26), we show that Vn € N

—_

(P(m(un/u)/ Q(Mn, u)) < Em(un, u) — Q(Mn,u) < 0.
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It follows from (14) that Vn € N,

v (B8((un, u) + Km(un,u)))
7(8(e(Tun, Tu)))

1< ¢(9(o(Tun, Tu)), 9(0(un, u) + Km(utn, u))) <
which implies

Y(0(0(Tun, Tu))) < y(8(0(tn, u) + Km(uy,u))), ¥n € N

Hence,
0(Tuy, Tu))) < o(un,u) + Km(u,, u) Vn € N,
and hence
nlgn o(uyyq, Tu) = 0. (27)

By applying Lemma 1 with (24) and (27), we have z = Tz.
Now, we prove the uniqueness of the fixed points.
Let u and v be fixed points of T, such that

u # 0.
Then, o(u,v) > 0 and m(w,u) = 0. Hence, we have
p(m(u,v),0(u,v)) < —d(u,v) <O0.
Thus, from (14), we infer that

1 <g(8(o(Tu, Tv)), 8(g(,0) + Km(u,0)))
~2(8(0(n,0)), (0(u,0))) < 1.

This is a contradiction. Thus, T possesses only one fixed point. O

The following example illustrates Theorem 2.

Example 6. Let U = {0,2} U{L : n € N} and let ¢ : U x U — [0,00) be a map defined
as follows:
(u=10),

(1,0) = (u,v € {0,2}) or (M,UG{%:nGN}),
o(u, (uE{O,Z}andve{%:neN})l
(

ue{l:n=123-}andv € {0,2}).

T Q< = O

Then, (U, o) is a complete Branciari distance space (see [4]).
Let T : U — U be a map defined by

= 2
Ty — {01 (u ?or ),
T (u=+,neN).

Let 9(t) = ¢! Vt € (0,00) and K = 3.
We show that (14) is satisfied with the L., simulation ¢}, where {,(t,s) = ) Vt,s €

7(t)
(1,00), k=% and y(t) =1+1Int, Vt € (1,00).
We infer that

o(Tu, Tv) >0 < (u = %

1 1 1
’ :OI = -y :2/ = —, 0= .
v=0),(u i ), or (u 0 mn;&m)

We consider the following two cases.
Case 1: Let u = %andvzo(oru: %andv:2).
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Then, we show that
1
m(u,v) — and d(u,v) = =,
and
(m(1,0), 0(1,0)) = p(——, +) <0
(P 7 /Q 7 - (P n + 1/ n
It follows from (14) that
¢(0(0(Tu, Tv)), 9(o(u,v) + Km(u,v)))
1 1 3
=0 G )
1
PG + S
7(8(;31))
1+
> 1+n -1
1+ 1
because that
1 2n+1
( i ) _ <1+1+n) EEA
CaseZ:Letu—% n;«ém
Then, we infer that
m(u,v) = 1and o(u,v) =1,
and so
p(m(u,v),0(u,v)) <O0.
Thus, we have
¢(0(o(Tu, Tv)), ¢(e(u,v) + Lm(u,v)))
1
_ [v(8(o(u,v) + Km(u,v)))]2
(o(Tu, Tv))
[I41Ine4z
" 141Ine
V5
—7 > 1.
Hence, all assumptions of Theorem 2 hold, and T possesses only one fixed point u = 0.
Notice that the almost contraction condition is not satisfied. In fact, let u = %, V= nlﬁ
Then,
1 1 1 1 1
- < ko(=, —— >
% 1 1 1 1 1
(n+1’n+2) — Q(iln—f—l)_l_KQ(n‘i‘l n+1)
which yields
k>1.

Furthermore, note that the Suzuki—Berinde-type ¢ contraction condition [27] is not satisfied.
Let 0(t) satisfy conditions (91),(82), and (94).
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Foru = %,U = n%rl, we infer that
1 1 .1 1 1 1
220G T =2 <G )
and 1 1 1 1 1 1 1
n(ﬁ'n+1) :mm{Q(;rT*)rQ(;r m):@(mr ;)} =0
If
o( (Tl T ! )) < [9( (1 L NI* + Kn(=, ——), where k € (0,1),K >0
¢ n n+1"— Qn'n+1 nn+1" T =
then

9(1) < [8(1))F < 8(1)

which leads to a contradiction. Hence, T is not a Suzuki—-Berinde-type ¢ contraction map.
The following Corollary 4 is obtained from the Theorem 2.

Corollary 4. Let (U, 0) be a complete Branciari distance space and T : U — U be a map. Suppose
that there are { € L and K > 0, such that for all u,v € U with ¢(Tu, Tv) > 0

¢((o(Tu, Tv)), 8(e(u, v) + Km(u,v))) > 1
If ¥ is non-decreasing and continuous, then T possesses only one fixed point.

By taking y(t) = t,Vt > 1 in Theorem 2 (resp. Corollary 4), we have the following
Corollary 5 (resp. Corollary 6).

Corollary 5. Let (U, 0) be a complete Branciari distance space and T : U — U be a map. Suppose
that there are { € L and K > 0, such that for all u,v € U with o(Tu, Tv) > 0

¢(m(u,v),0(u,v)) < 0= &(8(e(Tu, Tv)), 8(0(u,v) + Km(u,v))) > 1
If ¥ is non-decreasing and continuous, then T possesses only one fixed point.

Corollary 6. Let (U, 0) be a complete Branciari distance space and T : U — U be a map. Suppose
that there are { € L and K > 0, such that for all u,v € U with o(Tu, Tv) > 0

¢((o(Tu, Tv)), (e (u, v) + Km(u,v))) > 1
If ¥ is non-decreasing and continuous, then T possesses only one fixed point.

3. Consequence

By pplying simulation functions given in Examples 1 and 2, we have some fixed
point results.
The following Corollary 7 is obtained by letting ¢ = ¢; in Theorem 1.

Corollary 7. Let (U, 0) be a complete Branciari distance space and T : U — U be a map. Suppose
that there is k € (0,1), such that for all u,v € U with ¢(Tu, Tv) > 0

¢(m(u,0),0(u,0)) < 0= v(8(o(Tu, Tv)) < [y(8(g(u,0)))]".

If ¥ is non-decreasing and continuous, then T possesses only one fixed point.
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Corollary 8. Let (U, 0) be a complete Branciari distance space and T : U — U be a map. Suppose
that there is k € (0,1), such that for all u,v € U with o(Tu, Tv) > 0

1(8(0(Tu, To)) < [v(d(e(u,0)))]*.

If ¥ is non-decreasing and continuous, then T possesses only one fixed point.
The following Corollary 9 is obtained by taking ¢ = ¢; in Theorem 2.

Corollary 9. Let (U, 0) be a complete Branciari distance space and T : U — U be a map. Suppose
that there are k € (0,1) and K > 0, such that for all u,v € U with o(Tu, Tv) > 0

¢(m(u,0),0(1,0)) <0 = 7(8(e(Tu, To)) < [y(8(o(u,0) + Km(u,0)))]"
If ¥ is non-decreasing and continuous, then T possesses only one fixed point.

Corollary 10. Let (U, 0) be a complete Branciari distance space and T : U — U be a map. Suppose
that there are k € (0,1) and K > 0, such that for all u,v € U with ¢(Tu, Tv) > 0

1(8(e(Tu, Tv))) < [1((o(u,0) + Km(u,0)))]".

If ¥ is non-decreasing and continuous, then T possesses only one fixed point.

Remark 6. (1) Corollary 8 is a generalization of Theorem 2.1 of [22] and Theorem 2.1 of [27],
respectively. By taking y(t) = t,Vt > 1 in Corollary 8, Corollary 8 reduces Theorem 2.1 of [22]
without condition (62) and (03) and reduces Theorem 2.1 of [27] without condition (02) and (64),
respectively.

(2) Corollary 9 is a generalization of Theorem 3.2 of [27] to Branciari distance space without
condition (62).

By taking ¢ = {, in Theorem 1, the following result is obtained.

Corollary 11. Let (U, 0) be a complete Branciari distance space and T : U — U be a map. Suppose
that for all u,v € U with o(Tu, Tv) > 0

7(8(e(u,0)))
¢(r(8(e(u,0))))

where ¢ is a non-decreasing and lower semi-continuous self-mapping on [1, ), satisfying ¢~ ({1}) =
1. If ¢ is non-decreasing, then T possesses only one fixed point.

¢(m(u,0),0(u,0)) < 0= 7(d(e(Tu, Tv))) <

Corollary 12. Let (U, ¢) be a complete Branciari distance space and T : U — U be a map. Suppose
that for all u,v € U with o(Tu, Tv) > 0

7(6(e(T, To)) < 0

where ¢ is a non-decreasing and lower semi-continuous self-mapping on [1,00), satisfying ¢ 1 ({1}) =
1. If © is non-decreasing, then T possesses only one fixed point.

By taking ¢ = ¢ in Theorem 2, the following Corollary 13 is obtained.

Corollary 13. Let (U, 0) be a complete Branciari distance space and T : U — U be a map. Suppose
that there is K > 0, such that for all u,v € U with o(Tu, Tv) > 0

v(8(e((u,v) + Lm(u,v)))

p(m(u,v),0(u,v)) <0= y(8(e(Tu, Tv))) < o(v(8(o((u,v) + Km(u,0))))
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where ¢ is a non-decreasing and lower semi-continuous self-mapping on [1,00), satisfying ¢ 1 ({1}) =
1. If © is non-decreasing and continuous, then T possesses only one fixed point.

Corollary 14. Let (U, 0) be a complete Branciari distance space and T : U — U be a map. Suppose
that there is K > 0, such that for all u,v € U with o(Tu, Tv) > 0

v(B(e((#,0) + Lm(u,v)))
¢(r(8(e((u,0) + Km(u,0))))

where ¢ is a non-decreasing and lower semi-continuous self-mapping on [1, ), satisfying ¢~ ({1}) =
1. If © is non-decreasing and continuous, then T possesses only one fixed point.

7(8(e(Tu, To))) <

Remark 7. Corollary 12 is a generalization of Corollary 8 of [24]. In fact, if y(t) = t, ¥Vt > 1
Corollary 12 reduces Corollary 8 of [24].

Taking y(t) = ¢Vt > 1and 6(t) = 2 — 2 arctan(%) Vt > 0 in Corollary 14, the
following result is obtained.

Corollary 15. Let (U, 0) be a complete Branciari distance space and T : U — U be a map. Suppose
that the condition holds:
forall u,v € U with o(Tu, Tv) > 0

¢(m(u,0),0(u,v)) <0

1 2-2 arctan(m)

) <
o(Tu, To)" p2— %arctan(m))

2
= 2 — — arctan(
T

where r € (0,1) and ¢ denote a non-decreasing and lower semi-continuous self-mapping on [1,00),

satisfying ¢~ 1({1}) = 1.

Then, T possesses only one fixed point.

4. Conclusions

One can use £, simulation functions to consolidate and merge some existing fixed-
point results in Branciari distance spaces. By applying L., simulation functions to the main
theorem, one can obtain some fixed-point results. Moreover, fixed-point theorems in the
paper can be derived in the setting metric spaces, and by using £, simulation functions,
the existing fixed-point theorem in the setting metric spaces can be interpreted.
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