@ axioms

Article

On Classes of Non-Carathéodory Functions Associated with a
Family of Functions Starlike in the Direction of the Real Axis

Kadhavoor R. Karthikeyan 1

check for
updates

Citation: Karthikeyan, K.R.; Cho,
N.E.; Murugusundaramoorthy, G. On
Classes of Non-Carathéodory
Functions Associated with a Family
of Functions Starlike in the Direction
of the Real Axis. Axioms 2023, 12, 24.
https://doi.org/10.3390/
axioms12010024

Academic Editor: Valery Y. Glizer

Received: 2 December 2022
Revised: 21 December 2022
Accepted: 22 December 2022
Published: 25 December 2022

Copyright: © 2022 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

3,%,1

, Nak Eun Cho >**({0 and Gangadharan Murugusundaramoorthy

Department of Applied Mathematics and Science, National University of Science & Technology,
Muscat P.O. Box 620, Oman

Department of Applied Mathematics, Pukyong National University, Busan 608-737, Republic of Korea
Department of Mathematics, School of Advanced Sciences, Vellore Institute of Technology,

Vellore 632014, India

*  Correspondence: necho@pknu.ac.kr (N.E.C.); gmsmoorthy@yahoo.com (G.M.)

t  These authors contributed equally to this work.

Abstract: In this paper, we introduce a new class of analytic functions subordinated by functions
which is not Carathéodory. We have obtained some interesting subordination properties, inclusion
and integral representation of the defined function class. Several corollaries are presented to highlight
the applications of our main results.
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1. Introduction

In a study related to analytic functions starlike in one direction, Robertson in [1]
defined the following integral

(% 1+ie ®sinalp(z) — 1]
$(z) = /0 1 — 2cos fze~ it + e=2inz2 4z M

and established that g(z) is univalentin |z| < 1if «, f arein [0, 7r] and Re p(z) > 0. Here,
in this paper, we study the geometrical implications of the integrand defined in (1) and its
applications to certain class of analytic functions defined in the unit disc. Let .A denote the
class of functions analytic in the unit disc/ = {z: |z| < 1} and having an expansion of
the form

flz)=z+ i anz". (2)
n=2

In addition, let NP denote the class of functions that are analytic in the unit disc and
equals 1 at z = 0. We call P the class of functions p € NP which satisfies Re(p(z)) > 0,
zel.

Very well-known subclasses of A are the so-called family of starlike and convex func-
tions, which we denote here by S* and C, respectively. Using the principal of subordination [2],
Ma and Minda [3] defined the classes S*(¢) and C() as follows.

5% () = {f € A: ZJ{;S) < tp(z)} and C(p) = {f €A1+ Z;,/;S) < ¢(z)},

where 1(z) € P maps U onto a starlike region with respect to 1 with ¢’(0) > 0 and
symmetric with respect to the real axis. The classes S*(¢) and C(y) consolidated the study
of several generalizations of starlike and convex functions. Setting ¢ to be a conic region,
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several authors studied the classes of analytic functions associated with the conic regions.
Most popular among those studies are S*(1/1 + z) defined by Sokét [4] and followed by
S*(z+ V14 z?) defined by Raina and Sokoét [5]. For studies related to the conic region,
refer to [6-9] and references provided therein.

Convex and Starlike in One Direction

A domain D is convex in the direction of the line L if each line parallel to L either
misses I, or is contained entirely in I, or intersection with D is either a segment or a
ray. Note that such a domain need not be convex or starlike with respect to any point. A
function f € A is said to be convex in the direction of the line L if it maps the unit disc
onto a domain which is convex in the direction of the line L. Here, we denote such a set
of functions as CV(r), if L is the real axis. Similarly, S7 (r) denotes the class of functions
starlike in the direction of the real axis, refer to [1] for its formal definition.

Now, we define the function

e ®[cosa +isinap(z)]
"~ 1—2cos pze~ i + e~2inz2’

Ale, B; p(2)] ®)
with a, B € [0, 7] and p(z) € P. The function A, B; p(z)] is related to the class of
functions starlike with respect to the real axis (see page 210 in [10]). To be precise, the
function f(z) € A s said to be in ST (r) if and only if thereisaw, p € [0, 7r] and p(z) € P
such that )
f(z) e ™[cosa+isinap(z)]
z  1—2cosBze it + ¢=2inz2’

Now, let p(z) = 14 2z/1 —z in (3), it can be seen that {A{oc, B; %} }Z:O =1

but Re{A w, B; 1= } # 0 (see Figure 1). Hence, we observe that in general func-

tion Alx, B; p(z)] does not belong to class P, but belongs to N'P. Further, to illustrate
the fact that impact of Afx, B; p(z)] is not same on all conic region. We let p(z) =

z + v/1+ z2 in (3), then the function A {zx, B z+V1+ 22} is convex univalent in /. How-
ever, Re A [zx, Biz+V1+ zz} # 0 (z € U), so the function A {a, B z+VvV1+ 22} which

is convex in U does not belong to P. However, the function A {tx, B z+VvV1+ zz} will
be convex and in P if |z] < 0.7 (see Figure 2). From Figures 1 and 2, we can see that
Ala, B; p(z)] € NP and maps the unit disc onto a domain which is symmetric with respect
to the real axis irrespective of the choice of p(z).

Figure 1. Mapping of the unit disc under A[%, 5; p(z)] if p(z) =1+2/1 —z.
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Figure 2. Mapping of |z| < 0.7 under A[%, §; p(z)] if p(z) =1+2z/1—z.
Motivated by [11-17], we now define a generalized class of Bazilevi¢ functions.

Definition 1. For0 < «, B < 7, v > 0and v € C such that Re(vy) > 0, a function f belongs to
the class MS" (a, B; 7; ¥(z)) if it satisfies

{(1 -7) <f(zz))v +7f'(2) (f(z)y_l} < e [cosa +isina () 4)

z 1 — 2cos fze~it 4 g~ 2iaz2’

where P(z) € N'P has a power series representation of the
P(z) =1+ Ryz+ Rpz? + Raz®- -+ . (5)

Setting & = B = 0 and p(z) = 1 — z? in Definition 1, we get

MSY(0,0; 7;1—2%) = {f €A: Re[(1—7)<f(zz)>v+yszéz)) <f(zz)ﬂ > 0}.

For different choices of the parameters, the class MS" («, B; v; (z)) reduces to those
classes which have been studied in [18-21]. In particular MS"(0, 0; 1; 1 — z2) is the well-
known class of Bazilevi¢ functions. For other studies closely related to this present study,
refer to [22-24].

2. Inclusion Relations and Integral Representations

Now, we state some results which we use to establish our main results.

Lemma 1 ([25]). Let g be convex in U, with ¢(0) = a, v # 0 and Re(vy) > 0. Suppose that 9(z)
is analytic U, which is given by

0z)=a+ 02" + 012"+, zEU. (6)
If
20 (z
o)+ ) < g2,
then
8(z) < q(z) < g(2),
where

(5 Z
_ (6/n)—1
9(2) = 57 /0 g(t)t dt.

The function q is convex and is the best (a, n)-dominant.
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In order to further broaden our study, we drop the necessity of p(z) in (3) to satisfy
the condition Re p(z) > 0. So, hereafter, throughout this paper, we denote

e ™[cosa+isinap(z)]
"~ 1—2cos Bze~it 4 g~ 2inz2’

Ala, B; ¢(2)] @)
where (z) € NP is defined as in (5).

Theorem 1. Let the function Ala, p; (z)] defined as in (7) be convex univalent in U. Let
feMS(a, B; v; ¥(z)) withRe(y) > 0and v # 0, then

<f(Z)>V <) = %Z_TV /Oz t:1< e~ ®[cosa +isina(t)] >dt <Al B 9(2)]. ©®

z 1 — 2cos Bte~it 4 ¢~ 2int2

and q(z) is the best dominant.

Proof. Let (z) be defined by

h(z) = <f(z)>v, zelU. 9)

z

Then the function h(z) is of the form h(z) = 1+ c1z + cpz% + - - - and is analytic in U.
Differentiating both sides of (9) and by simplifying, we have

1 (P rap o (12) T <hey o (10

z
By hypothesis f € MS"(«, B; v; ¥(z)), so from Definition 1, we have

e ®[cosa +isina (z)]
v 1 —2cos fze~ it + e~ 2iaz2’

Applying Lemma 1 to (10) with § = % and n =1, we get

(f(z>>1/ L /Oz tﬂvrl( e~ ™ [cosa +isina (t)] >dt <Al B p(z). (1)

z ¥ 1 — 2cos te~ it 4 e=2iny2

Hence, the proof of the Theorem 1 [

Remark 1. From (10), it can be easily seen that if v = 0, we can get

(f(z))” - e~ [cosa +isina(z)]

z 1 —2cos fze it + g~ 2iaz2"

Corollary 1. Let f € MSY(%,0;v; 1+ z2) with Re(y) > 0, then for v # 0, we have

f(2)\" v P v g1t 1+z
(Z <q(z)—,yzw A ] Tt dt{l—z'

and q(z) is the best dominant.

Proof. Let ¢(z) = 1+ z? in (7). Since ¢(z) = 1+ z?> maps unit disc onto convex domain
in the right half plane, the choice of p(z) = 1+ z? is admissible as per the Definition 1.
Replacing « = Z, B = 0 and y(z) = 1+ 2 in (7), we get

T 1422 1—iz
A(—, 1 2): : e
2 0,142z 142iz—22 1+iz
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Clearly,the function A(%, 0,1+ zz) maps the unit disc on to convex region which is
symmetric with respect to the real axis (see Figure 3).

Figure 3. Mapping of the unit disc under A(%, 0, (z)) if p(z) = 1+ 22
On replacing the superordinate function in Theorem 1, we get the desired result. [

Corollary 2. Let f € MS"(%, F; 7; (14 z)?) with Re(7y) > 0, then for v # 0, we have
v v gz
<f(z)> <q(z):%27 t 1<1+t>dt<1+z

1—t 1-2z
and q(z) is the best dominant.

<=

Remark 2. Notice that {(z) = (1 + z)? in the Corollary 2 does not belong to P (see Figure 4). How-
ever, P(z) = (1 + z)? is admissible as per the definition of the function class MS" (&, B; 7v; ¥(2)),
as P(0) = 1and Y(z) e N'P.

Figure 4.()Mapping of ti'1e unit disc uznder A%, %, P(z)) if 1/;(2; = (1+2)2
If we let ¥ = 1 = v in Corollary 1, we get
Corollary 3. Let f € MS"(%, 0; 1; 1+ z2) with Re(y) > 0, then
f(z) < q(z) = —z —ilog(1+2%).

and q(z) is the best dominant.
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If we let v = 1 = v in Corollary 2, we get
Corollary 4. Let f € MSY(Z, %; 1; (14 z)?) with Re(7y) > 0, then
f(z) < q(z) = —z —2log(1 — z).
and q(z) is the best dominant.

As a consequence of Theorem 1, we have the following integral representation of the
class MS"(a, B; v; ¥(2)).

Theorem 2. Let the function Alw, p; ¢(z)| defined as in (7) be convex in U. Let
feMS(a, B v; ¢(z)) with0 < y <1, then for v # 0, we have

(i) for0<y<1,

_ v (i) 7 e ™ (cosa +isinaplw(t)]) v
f(z)_{z ( )/ot 1(1—2cos/3w(t)e—i‘"+e—2i“[w(t)]z>dt} /

(ii)  fory =0,

_ ei(cosa +isinaplw(z)]) ¥
f(Z) = Z{ 1—2cos ﬁw(z)g*itx + (3721'“[60(2)]2 }

where w is analytic in U with w(0) = 0and |w(z)| < 1.

7

Remark 3. Theorems 1 and 2 are not valid for v = 0. Let us suppose that v = 0, then (4) can be
equivalently written as

il [f(z)} B e~ (cosa +isina pw(z)]) 1-29
iz 87z | T v z[1 —2cos Bw(z)e~ ™ + e~2%[w(z)]?] vz

Integrating the above expression, we get

) :Zexp{/()Z<M e~ (cos a + isina p[w(t)]) B 1-27){#} (v £0).

1—2cos Bw(t)e ™ + e=2%[w(t)]?] yt

Unlike in Theorem 1, Ala, B; (z)] needs not be convex if v = 0.

3. Initial Coefficients”’ Bounds

The Fekete-Szegt problem possesses various geometric quantities which are helpful
in establishing univalence and norm estimates. Most of all recent papers establish the
Fekete-Szego inequalities for the defined function classes.

We need the following well-known coefficient estimates for functions belonging to the
class P.

Lemma 2 ([3]). Let p € P and also let v be a complex number, then
|p2 — vp3| <2 max{1,[2v —1]}. (12)

The result is sharp for functions given by

_1—5—22 1+z

PO =nE =1 PR =nE =1

Lemma 3 ([26]). If p(z) = 1+ Y52, przk € P, then |pi| < 2 for all k > 1, and the inequality is
sharp for p(z) = p1(z) = %
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Theorem 3. Let f(z) = z+ axz? + 32> + - -+ € MS (&, B; 7v; ¥(2)) for z € U. Also, let
a, B € [0, t] and p(z) € NP satisfy the condition for all z € U

. , B i
Im( . sinezp ‘(Z) . 2 cos Bze ‘ <l 13)
e~®[cosa +isinap(z)] 1—2cosPze it + e=2itz2

6721‘&22

Then, the bounds of the initial coefficients of f are given by

\/4 cos? B + sin? aR?
v+l

|az| < (14)

and

2
lag| < cosp max{l,

sec,B—4cos,B} sina|Rq |
~ v+ 29|

2 v+ 27
(v—1)e ®(2cos p + isina Ry )*(v + 2)
2isina(v+ v)*R;

R 4
R7j +2e " cosp—

}. (15)

Further, the Fekete—Szego inequality for u € C is given by
e~ ™ sec B —4e~™™ cos B } L sina|Rq|
2 v+ 27|

‘ — pa 2‘ 2cosp max{l,
max{l (V+2V—1)e*i“(2cos/3+isinszl)z(lH_zry) }

v +2y]
2isina(v + v)*R;
Proof. The function A, B; ¥(z)] defined in (7) belongs to N'P. The hypothesis (13) is
equivalent to ‘Im(zﬁ[ “ ﬁﬁ l;/}( ) ’ < 1, which implies the function Alx, B; P(z)] € P (see
Theorem 2 in [27]). Now, f € MS"(a, B; v; ¥(z)) (z € U) implies that there is a Schwarz

function w(z) such that

f(2)\" s FONT L e®(cosa + isina lw(z)))
{(1_”<z) e (2) }1—2cosﬁw<z>e—m+e—2m[w<z>12' (16

Define the function h(z) by

max{l,

Ry
Rf—i-Ze cosﬁ

14wz | 1+z

=T w0 1% zelU. (17)

h( )—1+h12+h22 + -

We can note that #(0) = 1 and h € P (see Lemma 3). Using (17), it is easy to see that

1 W2 w3
hiz + (hz— 21>Zz+ <h3—h1h2+41>23+"'

T h)+1 2

On applying the above expression in (16), after a long and tedious computation,
we get

e~ (cosa +isina P[w(z)]) e % Iy .
- - =14+ ——(2 R
1 —2cos Bw(z)e~ i 4 e=2i%[w(z)]2 Tt (2cosp+isinaRy)z

+ e_i"‘cosﬁ h fhi( —iw — 4o
ARG secp —4e " cosf+2

h

ie ™ sinaR, R, ,
—_—— |y — 1(1——261COS )
2 R, p

2

}z2+---. (18)
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The left-hand side of (16) is equivalent to

{(1 - (£2) +7f’(2)(fzz)>v_l}

—1)a3

v
=1+ V+y)az+(v+2y)|a+——F 2 24 (19)
From (18) and (19), we have
—in h
azzﬁ(ZCOSﬂ%—iSiHaRl) (20)
and
_ e~ cos B h% —in —in ie”"™ sin aRy
a?,—m h2—z(e Secﬁ—4€ COS’B+2) ‘l—m
]’l2 ) . —in .. 2
hy— 11— R _ 2¢ "™ cos B+ (v =1De (Z,COS'B +1sm;x Ri)"(v+27) (21)
2 Ry 2isina(v+v)°Ry

Hence, applying Lemma 3 in (20), we get (14). To obtain (15), we apply Lemma 2

in (21).
In view of the Equations (20) and (21), for 4 € C, we have

By e~ cos B W Cin ie~™ sinaRy
e il o e 4 2)| + —— L
’113 yaz‘ T 2) 2= (e secp —4e " cos B+ ) + 2w +27)
g .. 2
hy hj 1 Ry e cos Bt (v—1)e ’“(?cosﬁ—l—zsmgeRﬂ (v+29)
2 Ry 2isina(v+ )Ry
_ pe ™ h3(2cos B +isina Ry)?
4(v+7)?
_ |e7®cos B W Cin ie”™ sin aRy h?
= 7(1/_'_2,)/) [h24(€ sec B — 4e COSIB+2) +W 275

: —1)e @ isina Ry)*(v +2
1—&—26_“‘cosﬁ+(v+zy 1)e .(2cosﬁ+zszmzx 1)7(v+27)
Ry 2isina(v + )Ry

e~ sec f —4e ™ cos B } n |lie™™ sinaR |

—in
< 2’ecosﬁ|rr1ax{1,
v + 27| 2 v+ 27
) _ —in - 2
maxy 1, &+267""c0sﬁ— (v2u—1e .(ZCOS'B+ls2m“R1) (v+2y) . (22)
1 2isina(v+v) Ry

On simplifying (22), we get (16). Hence, the proof of Theorem 3 is completed. [

Lettingv=0,vy=1,a = Z = Band ¥(z) = 1+ z)2 in Theorem 3, we get
g 2 Y g

Corollary 5. If f(z) = z + apz* + asz® + - - - € A satisfy the inequality

zf'(z) 1+z
f(2) ST
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Then, the bounds of the initial coefficients of f are given by
‘112‘ <2, |lZ3| <3.

and the Fekete—Szeg0 inequality for u € C is given by
‘ag, - ya%‘ < max{1, |4y —3|}.

4. Conclusions

The main derivation we have provided here is that a certain differential characteriza-
tion subordinate to a function which is not Carathéodory. Apart from the function being
not Carathéodory, it was challenging as it involved a long computation when it came to
find the coefficient estimate. Further, we have discussed some geometrical and analytic
properties of the function A[a, B; ¢(z)] in detail. However, in the defined function class,
the left-hand side of differential characterization in (4) is closely related to the well-known
studies conducted by various authors (see [11,28,29]). Some subordination properties and
initial coefficient estimates are our main results.

The further scope of this study is that it can be extended by taking special functions
such as exponential function, Legendre polynomial, g-Hermite polynomial, Chebyshev
polynomial, or Fibonacci sequence instead of considering 1(z) as in (4). We also note
that the extremal function in the defined function class MS"(«, B; 7v; ¥(z)) could not be
established here.
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