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Abstract: We deal with a multidimensional Markovian backward stochastic differential equation
driven by a Poisson random measure and independent Brownian motion (BSDE] for short). As
a first result, we prove, under the Lipschitz condition, that the BSDE]’s adapted solution can be
represented in terms of a given Markov process and some deterministic functions. Then, by means
of this representation, we show existence results for such equations assuming that their generators
are totally or partially continuous with respect to their variables and satisfy the usual linear growth
conditions. The ideas of the proofs are to approximate the generator by a suitable sequence of
Lipschitz functions via convolutions with mollifiers and make use of the L2—domination condition,
on the law of the underlying Markov process, for which several examples are given.
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1. Introduction

Let {Q), §, P} be a complete probability space, {3}~ be a nondecreasing family of
sub-c-algebras of §, on which are defined two fundamental time homogeneous indepen-
dent stochastic processes: a standard R7-valued Wiener {W; : t € [0, T]} and a real-valued
Poisson random measure N(ds, de) defined in [0, T| x E, where E = R7\ {Ogs }. We denote
also by dsv(de) the compensator of N, in other words:

N(ds,de) = N(ds,de) — v(de)ds,

N is a martingale with mean zero called the compensated Poisson random measure. For the
theory of stochastic differential equations with Poisson’s measure we refer to [1].

We consider F = (§t)[o,7] to be the filtration generated by the two processes W and
N. In this work, we are interested in the following backward stochastic differential equation
driven by both a Wiener and a Poisson random measure. For a given R7-valued random
variable ¢ defined on (Q), §7,P) and an RP-valued cadlag Markov process (X¢)c[,r] on
(Q, §1,F, P), we consider the following multidimensional BSDEJ: for any ¢ € [0, T

T
Y, = ¢+ /t F(r, X0, Yy, Zo, Ko (-))dr (1)

_/thr dWr—/tT/EKr(E)N(dr,dE).

Recall that BSDE (1) without the jump part was first studied by Pardoux and Peng [2],
whereby they addressed the existence and uniqueness problem under the globally Lipschitz
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condition. Since then, the theory of BSDE has known enormous growth and has been
applied to several domains such as stochastic control and optimization, game theory,
mathematical finance, economics, partial differential equations, etc. For more information,
we refer the reader to [3,4] and the references therein. Specifically, among these extensions
we mention that Tang and Li [5] were the first authors who studied BSDES driven by a
Poisson random measure and independent Brownian motion of the type BSDEJ (1). They
proved the existence of a unique solution for such equations under the Lipschitz conditions.

There is a huge literature devoted to the theory of one-dimensional BSDEs driven by
Brownian motion with continuous generators. Firstly, Lepeltier and Martin [6] proved the
existence of a solution for such BSDEs when the driver satisfies the linear growth condition,
and the terminal condition is square integrable. Later, Jia and Peng [7], based on the result
found in [6], showed that underlying BSDE has either one or uncountably many solutions.
They also provided the structure of those solutions. Then, Kobylanski [8] provided ex-
istence, comparison, and stability results for one-dimensional continuous BSDEs with a
quadratic growth in the Brownian component and the terminal condition is assumed to
be bounded. Finally, Fan and Jiang [9] discussed the existence of the minimal solution
to BSDE whose generator satisfies linear growth conditions in (y, z), left-continuous and
lower semi-continuous in y and continuous in z. Compared to the continuous setting there
were few papers dealing with the existence problem for BSDE with jumps and less regular
coefficients. Yin and Mao [4] dealt with a class of one-dimensional BSDE with Poisson
jumps and with random terminal times. They showed the existence and uniqueness of
a minimal solution for BSDE whose driver has a linear growth. Then, Qin and Xia [10]
proved the existence of a minimal solution for BSDEs driven by Poisson processes where
the coefficient is continuous and satisfies an improved linear growth assumption. They
also extended the result to the case where the coefficient is left or right continuous. More
recently, Madoui et al. [11] and Abdelhadi et al. [12] provided some examples that ensure
the connection between one type of quadratic BSDEs with jumps and standard BSDEs
with continuous drivers. It is worth pointing out that all the previously mentioned results
are given for one-dimensional BSDE and the main tools in the proofs are approximating
technique and the comparison theorem.

To the best of our knowledge, the first result dealing with multidimensional BSDE
with continuous generator was provided by Hamadene [13]. The author obtained the
existence of a solution for multidimensional BSDE under the assumptions that the generator
f is uniformly continuous with respect to y, z and the ith component f; of f depends
only on the ith row of z. Secondly, Hamadene and Mu [14], via an existence result for
a multidimensional Markovian BSDE with continuous coefficient and stochastic linear
growth, proved the existence of Nash equilibrium point for a non-zero-sum stochastic
differential games. Subsequently, the result was extended to a coupled system of BSDEs in
Mu and Wu [15]. Our results come to complete these studies in the setting of BSDEs with
jumps and continuous generators.

Since the aim of the first result of this paper is to investigate a deterministic represen-
tation theorem for the solution of the Equation (1). We first recall some existing results in
the literature that study regularity and representation of the viscosity solution of partial
differential equations via the solution of forward-backward stochastic differential equa-
tion driven by continuous Brownian motion. The first result that went in this direction
was established by Pardoux and Peng in [2] which claims the backward components Y
can be determined in terms of the forward component X, when the coefficients satisfy
the Lipschitz continuity condition. Then, they proved, under more strong smoothness
conditions on the coefficients (e.g., of class C in their spacial variables), that the Brown-
ian component Z has continuous paths. Two years later, under the previous smoothness
conditions, Ma et al. [16] proved the following explicit representation for all s in [t, T],
Y& = u(s, XU¥) and Z5* = 9,u(s, X))o (s, XU™). Subsequently, this result was weakened
by Ma and Zhang [17] where they relaxed the smoothness condition on the coefficients
by assuming that they are only C! and the diffusion coefficient of the forward component
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is uniformly elliptic. Later, N'zi et al. [18] studied the regularity of the viscosity solution
of a quasi-linear parabolic partial differential equation with merely Lipschitz coefficients.
The main results are obtained by using Krylov’s inequality in the case, where the diffu-
sion coefficient of the forward equation is uniformly elliptic. In the degenerate case, they
exploited the idea used by Bouleau-Hirsch on absolute continuity of probability density
measures. On the other hand, when the Markov process is a solution of some SDE with
jumps, it is shown in Barles et al. [19] that the solution Y/* of a class of BSDE with jumps
provides a viscosity solution of PIDE by mean the deterministic functions u(t,x) = Y;**
but no representation has been given for the Z:* and K ().

As the first result of this paper, under standard assumptions where the generator f of
BSDE] (1) satisfies the Lipschitz and of the linear growth conditions, we prove, without
using the connection with PIDE, a new representation theorem for BSDEs with jumps
(Theorem 1). This is performed with less regularity on the generator and the Markov
process. Based on the seminal paper on semi-martingale theory by Cinlar et al. [20] and
Cinlar and Jacod [21], we represent the components of the adapted solution in terms of the
Markov process (X&) sclo,7) starting at x at time f. In other words, we prove the existence

of three deterministic functions u, v and 6 such that for all s in [t, T], Y!* = u(s, X1),
7 = (s, XU) and KE¥(-) = 0(s, X*, -). In fact, this result generalizes the one obtained
by El Karoui et al. [3] to the jump case.

As the second result, starting with the case where f satisfies the linear growth con-
dition, with the help of the L2-domination property and some lower and upper bounds
of the density of the law related to the transition probability of the underlying Markov
process, we prove an existence result for BSDE] (1) with a continuous generator in y, z, and
globally Lipschitz in k(-) such that fOT E|Y; |2dr < c0. Then, for the case where f satisfies
2

the sub-linear growth condition, we prove that E supy;.7|Y:|” < cc. Finally, by assuming

that the generator f depends on x, y, z, and fOT k(e)v(de) rather than k(-), we obtain the
existence of at least one solution to BSDE] whose generator is continuous in y, z, and k.
Notice that our results use neither a comparison theorem, nor a deterministic representation
usually obtained by partial integral differential equations.

This paper is divided into four sections. In Section 2, we shall give some preliminaries,
introduce some notations and definitions and state some technical results. Section 3 deals
with the deterministic representation of solutions of BSDE] by means of the representation
of additive functionals of Markov processes to establish the existence and uniqueness of
solutions of our BSDE]J in the Markovian case.

In Section 4, we deal with Markovian BSDE] with a continuous generator and prove
the existence of at least one solution to our Markovian BSDE] using the so-called L2-
domination technique and some regularization and approximation arguments. Further-
more, some special cases on linear and sub-linear growth conditions and the regularity
of the generator are discussed. We conclude this paper with several examples of Markov
processes with the L2-domination property.

2. Preliminaries and Auxiliary Results

In this section, we collect some technical results that will be needed in the proofs of our
main results along different sections of the paper. We start by providing some definitions
and notations.

e TForanyx € RY, |x|* = Z?:1 x? denotes its Euclidean norm.

e L[2(Q,F, P,RY): the Banach space of R7-valued, square-integrable random variables
on (O, §,P).

. Mé(O, T,RR7): the Banach space of R-valued §-adapted processes ¢. such that

T 2
/ E|g;[2dt < co.
0



Axioms 2023, 12, 26

4 0f22

. £,2ﬂ := L2(E,R9,v(de)): the Banach space of Ri-valued deterministic functions
(¢(e))eck such that

l9O, = [lp@)u(de) < .

* Mé([o, T] x E,R7,dtv(de)): the Banach space of R-valued F;-adapted processes
(¥e(e))o<t<Teck such that

[T OR,at = [* [ Epe)Pv(aea <

) Sé(O, T;R7): the Banach space of R7-valued, §t-adapted, and cadlag processes
(Yt)ogth such that
E sup |Yt|2 < 0.
0<t<T

¢  For the convenience of notations we set:
M? = M3(0,T,R7) x M%(0, T, R7*7) x M3 ([0, T] x E,R%,dtv(de)),
and
M?% = S2(0, T;RT) x M%(0, T,R7*7) x M3 ([0, T] x E,RY,dtv(de)).

Representation of Additive Functionals of Markov Processes

Let X = (Q,§, 81, 0t Xt, Py) be a right-continuous left-hand limited strong Markov
process with an infinite lifetime, with state space R”. The operators 6;, t > 0, are called the
shift operators defined by

Xs(0:(w)) = Xiys(w),

where as usual X is the coordinate process.
Assume further, along the rest of the paper, that X is a right process in the sense of
Getoor see ([22], [(9.7) Terminology p. 55]).

Definition 1. (i) An additive locally square integrable martingale on (X, (§t)o<t<t) is an RP-
valued process Y that is adapted to (Ft)o<i<T, is right-continuous, is a locally square integrable
local martingale on (Q), §, (§t)o<t<1, Px) for every x € R and is additive with respect to (6;)
(vanishing at 0), and for every pair (t,u),

Yieu =Y+ Y0 Ot

almost surely.
(ii) We say that Y is quasi-left-continuous if Y7, — Yt almost surely for every increasing
predictable sequence (T,),>o of stopping times with finite limit T.

First, we recall some more facts about semi-martingales which are defined on the proba-
bility space (Q, 35, (St)tzo, Px) . We consider a g-dimensional semi-martingale Y. = (Y,l)lg,-gq.
We define the g-dimensional process Y¢ = ((Y*)), ;. .

Y= ), AYljay sy
0<s<t

where 15 stands for the indicator function of the set G and AY; = Y; — Y. It is well
known that Y? is a right-continuous pure jump process which has finitely many jumps in
any finite interval. Therefore, the semi-martingale Y. — Y* has bounded jumps and can be
decomposed uniquely as follows

Yi— Y =Yo+ Y + Y +YY,
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where Y? is a predictable process of bounded variation on every finite interval Y¢ is a con-
tinuous local martingale, and Y? is a purely discontinuous local martingale (corresponding
to the a compensated sum of jumps). Moreover, Y5 = Y = 0. The canonical decomposition
of the g-dimensional special semi-martingale Y. is

i = Yo+ Y+ Y +Y YL )

In fact, the decomposition (2) is unique up to a Py-null set. All the above processes are
g-dimensional, for example, the ith component of Yf is simply Y°.
We define the following integer-valued random measure I' on R, x R7 by

T(w,dt, dy) = ) Liav, (w)£0)9(s.av:(w)) (dE dy),
>0

I is called the jump measure of Y.

Let B; = Y? in the decomposition (2) C; = (C;])lgi,qu = (<Y_ic, Y.jc>t)1§i/fﬁfi and 7 is
the dual predictable projection of I' (called also the compensator).

The triplet (B, C, ) is called the local characteristics of Y which is unique, up to a P-null
set. In fact, one can choose a version of (B, C,y) that satisfies the following conditions:

a. Forallt > s > 0, C; — C; is a non-negative symmetric matrix;
b. F(a),RJr X {ORq}) =0;
¢ Jri(IAJy*)v(w,[0,4],dy) < oo for every t > 0.
According to ([21], [Theorem 2.43]), a g-dimensional additive semi-martingale has the

decomposition (2), Moreover, B., and C. are F-predictable additive processes and v is an
F-predictable additive random measure.

Lemma1 ([21], Theorem 2.44). LetY bea g-dimensional additive semi-martingale on (Q, (F t)tz o P)
which is quasi-left-continuous. Then, there exist:

(1) An (§:)-adapted continuous increasing additive functional A;

(i) An B(R7)-measurable R1-valued functionb = (by,...,by);

(i) An B(R7*7)-measurable R1*1-valued function lower triangular matrix-valued function
¢ = (¢ij)1<i,j<q of measurable functions such that c;; = 0if j > i, or if cjj = 0;

(iv) A positive kernel ©(x,dy) from (R7, B(R7)) to (R7, B(RY) having
O(x,{Oga}) = 0 forall x € RY such that

/qu(x,y)(a(x, dy) < oo forall x € E. 3)

for B(RT) ® B(E)-measurable strictly positive function f.
Such that

t t
B = / b(X,)dAs, Cf = / cc*(Xs)dAs and (ds,dy) = O(Xs, dy)dAs,
0 0
define a version (B, C, ) of the triplet of local characteristics of Y under every Py, x € RP.

Consider the following assumptions:

(Aq)Let Y = (Yi)lgigq be a collection of continuous additive local martingales, on
(Q, (St)tzo) such that d<Y,i, Yf)t < dt almost surely, forall 1 <i <g.
Let ¢ = (cjj)1<ij<q be the collection of B(R7*7)-measurable functions whose existence
and properties are given by the Lemma 1 with A; = t;
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(Az) Let T be an additive integer-valued random measure on Ry x R7 defined over
(9, (3t)40)- Let v be its dual predictable projection. For each G in B(R7) and

t > 0sety" = v([0,t] x G). Assume that dy® < dt almost surely such that the
mapping t — 7C is locally integrable. This is equivalent to the existence of a positive
kernel O(x,dy) on (R7, B(RY)) satisfying (3) and y(ds, dy) = ©(Xs,dy)ds a.s.

Lemma 2 ([21], Lemma 3.4 and Theorem 3.7). Under the assumptions (A1) and (Ayz), there
exists a Wiener process and a Poisson random measure both still denoted by W = (Wi)lgigq and
N on Ry x RT with compensator dsv(de) (by extending the probability space if necessary by usual
product spaces) such that

. 9 t .
Y = Z/ cij(Xs)dW! forall i=1,2,...,q,
=170

and
I(G) ://R 16(5,0(Xe—,0))N(ds, de) forall G € B(R.) @ B(RT),

where 0 is a measurable function satisfying
O(x,H) = / 1y (8(x,e)v(de)) forall x € RP and forall H € B(RT).
E

Remark 1. Suppose (Xt)y<,<7 is a semi-martingale Markov process on RP that is not time-
homogeneous, then the time-homogeneous process (t, Xy — Xo) is an RPH-valued semi-martingale
additive functional. Therefore, the measurable functions b;(x), c;j(x), and 8(x, e) become b;(s, x),
cl-]-(s, x), and 6(s, x, e).

3. Deterministic Representation for Markovian BSDE]

In this section, we are interested in a class of multidimensional BSDE with jumps for
which the generator f and the random terminal value ¢ at time T are both functions of a
right process X on the filtered probability space (Q), F, (§t);c 0,7y P.) for x € RP. Notice that
the filtration (§ t)te[o,T] is generated by the Markov process X and two processes obtained
in the Lemma 2, still denoted W and N.

Our objective is to generalize to the jump case the work of El Karoui et al. ([3],
Theorem 4.1, p. 46). That is, to represent the components of the BSDE]'s adapted solution
in Lipschtiz framework in terms of X and some deterministic functions. Compared with
the representation by the well-known Feynman-Kac formula using PIDEs, our method
does not require regularity on the coefficients.

From now, we shall deal with the following Markovian BSDE]J: for all t <s < T and
x € RP

T
Vi = g+ [ e XY 2 K ()
T T -
B / Z> AW, — / / Ki*(e)N(dr, de), )
s s JE

where (X1)s>0 is an RP-valued right process and X" = x if s < t.
The following assumptions will be considered in this paper.

f:[O,T]xRpquququﬁﬁ’q—)Rq, g:RF — RT

are measurable functions, and satisfy the following hypotheses:

(Hs1) supogngEHXé'xF] < oo
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(H32) Forany (r,x,y,z) € [0,T] x RP x RT x R7*9 and k € ﬁ%’q, lg(x)] < C(1+ |x|) and
[f(rox,y,2, k()| < CA+[x] + |yl + |z + [[k()[l,0)-

(H33) There exists L > 0, such that forallr € [0,T],Vx € R?,V (y,y) € R1,V (2,2) €
R71 and (k(-),K'(-)) € L2

[f(rx,y,2. k() = f(tx,y, 2 K () < L(ly —y/| + [z = 2| + [ (k= K) ()

In view of the hypotheses (Hjz 1), (H32), and (H33) the Lemma 2.4 in [5], see also [23-26]
among others, confirms that the BSDE]J (4) admits a unique solution (YZ*, Z&, K& (-))s<
which belongs to M?2.

In what follows, we are interested to establish a Markovian structure of the solution
(Y&, ZE*, KL (+))s<T of a BSDEJ in terms of some deterministic measurable functions
evaluated at (s, Xi").

The following Lemma is found to be useful.

q,v)'

Lemma 3. Under the assumptions (Hs1)—(Hz3). There exists a constant C such that for any
t <s < T, we have

]E[|Yst"‘ 2JF/OT(|ZV|2+ ||K£/"(-)||§rv)dr] <c(1+aP). 5)

Proof. Applying It6’s formula from s to T, to |y|2 with the Equation (4), we obtain

T
P [ (1ZE 4 KO, ) ar

2 T
+ 2/ Y;‘,x f(i’, Xﬁ,x, Y;‘,x, Z,t,’x, Ki,x(.))dr
s

= Je(xt)
(M~ M) — (N N,

where s s
M =2 / YHE ZEE W, + 2 / / YH¥ KU (e)N(dr, de)),
0 0 JE

and .
NE~ :/ /fKﬁ'x(e)‘ZN(dr,de)),
o JE

are real-valued martingales.
If we take the expectation in each member, we obtain

T
+ [ (|2
S

2 T
+2E [ | pn Xt i, 22, Kf'x(-))dr].
s

B |1~ KGR, )]

~ Ejg(x}")

1
Making use of the linear growth of g and f and |ab| < ela)® + - |b|? for any ¢ > 0 and
a, b € RY, we obtain, by the usual techniques for BSDEs,

1 /T
E[\Yé’x|2+2/5 (\Zﬁ"(|2+|\K£"‘(~)H;’V)dr] )

2dr) .

Y T 0y T
< C(l—l—ElXT'x +/ E| X} dr+/ E|Y/*
s Bl
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It follows, thanks to Gronwall’s Lemma and Assumption (Hj 1), that
IE|Y§"‘|2 <C|1+ sup E[Xﬁ"‘]z < C(1+|x).
0<s<T

Similarly, from (6), one can arrive at

[ [ (12

Finally, a combination of the two above inequalities leads to (5), which achieves
the proof. O

2, HKj,x(.)wa)dr] < C(1+ |x).

Theorem 1. Under the assumptions (Hz1)—(Hsz3), there exist three measurable and deterministic
functions u : [0, T| x RF — R7,v:[0,T] x RP — R7*7and 6 : [0, T| x R — £ such
that for any (s,e) € [t,T] X E

YE® = u(s, X)), Z8% = v(s, XI*) and K4 (e) = 0(s, X1, e).

Moreover, ¥ (s, x) € [t,T] x RP,
T
s x) = BJg(F) + [ Fl0, X% 0%, 2% K ().
S

and is continuous such that |u(t,x)| < C(1+ |x]) ¥ (t,x) € [0, T] x RP.

Proof. We split it up into two steps.
Step 1. In this step, we suppose that f does not depend on y, z and k(-), in which case,
Equation (4) becomes

T T T -
YiE = (X5 + / F(r, X dr — / 78 AW, — / /E K (e)N(dr, de) @)

Therefore, by taking the conditional expectation with respect to §s, we obtain for all
1<s<T

Yt,x - E Xt,x T Xt,x d
! RO+ [0, 5

/Osf(r, XpX)drHE[g(X;") + /OTf(r, XE*ydr | g} (8)

Now, by the Markov property of (s, Xi* — X}*) = (s, Xi* — x) for all s > t, we can
write Y = u(s, Xstx) where

o) =E[s()+ [ 50, %]

The regularity of u can be checked similarly as in Proposition 2.5 in [19].
Define G = (Gs), cjo,r] the filtration generated by the deterministic functions

/, tT Ey(r, XY )dr where 1 is a continuous R7-valued function. Thus, for any G-measurable
f and g such that

T
2
E|g(X%x)|2—0—/o E|f(r, Xp)| dr < co.

Notice that we do not change the filtration here, we have just introduced the appropri-
ate filtration to guarantee the measurability of the deterministic function u.
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The process (Y¥) sefo,7] admits a cadlag version given by Y& = u(s, X&) thanks to
the decomposition (8) as the sum of an absolutely continuous process and a martingale
which can be chosen to be cadlag.

Obviously, the stochastic process (Y )qc (t,7]

oim [ fn a1 vt =Bl + [ f, x5, ©)

is an additive square-integrable martingale and therefore, by Lemma 4.1. [3] p. 45, or by
Lemma 2, with X starting at x at time ¢, it admits the following representation:

?s—/ o(r, Xp¥) dWﬁ—// th N(dr,de),

where v(r,x) € R7*9and 6(r,x,-) € £ are two measurable functions [0, T] x RP. More-
over, fors = T, we have

YT:/ o(r, XbY) dWr+/ / X”‘ N(dr,de)
t
and then compute the difference YT — 175. On the one hand, we have
VoY, = / o(r, XI%) dW, +/ / (v, X2, ¢) N(dr,de).
S
On the other hand, in view of the equality (9),
- T 5
Yo=Y = [ flr X+ g = [ fn X0 dr 4 Y
t t
t,x T t,x t,x
= S(Xi)+ [ flr XA,
hence,

T
Y= (X + [l xear

_/s o(r, XI%) dW, — / / X”‘ N(dr,de)

=gm%+/fmnﬂm

—/ 75 () dW, — //K“‘ N(dr, de).
S

Now, due to the uniqueness of the solution of Equation (7), we obtain
ZE = o(r, Xt*) and K¥¥(e) = 0(r, X e),

that is exactly our BSDE]J.

Step 2. In this step, we shall consider the general case where the generator f depends onr,
x, ¥, z and k(+). Let us introduce the following sequence (Y, Zt%m Kixm(.)), - defined
by Y#*0 = 0, 280 = 0 and K**? = 0 and

T
Y;’x’n+l _ g(Xt,x) + / f(?’, X}{,x,n, Yrt,x,n’ Z:,x,n, K,t,’x’n ())dT

/. thn+1 dW / /Ktxn-H dT de).
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Since we are still under the Lipschitz condition of the generator, one can show exactly
as in the proof of the Lemma 2.4 in [5] (see also [23-26]) that (Y'*", Z!%", KM (1)), o is a
Cauchy sequence in the Banach space M?, and hence,

t,x t,x tx(, — : t,xn t,xn txng,
(Y%, 20, K () = Tim (Y, Z050, K ()). (10)
From the previous step, for any r € [t, T], we know that there exist three measurable
functions u!, v! and 6! such that

(Yl zbod KB (o)) = (ul (r, XE¥), 0 (r, XI¥), 01 (1, X, ), P-as.

We conclude, by recursion, for any n € N there exist measurable functions u", v",and
6" such that P-a.s. Vr € [t, T|

(Yo", Zp K e)) = (u (r, X1Y), 0" (r, X7Y), 07 (r, X1 e)). (11)

Notice that theses representations have been studied in the literature for smooth
coefficients by Barles et al. [19], (Bouchard and Elie [27] [Section 4]) and Delong [24].
Set

u(r,Xﬁfx) = 1_1>r41r1 supu” (r, X[¥), v(r, X\¥) = 1_1}1}_1 supo" (r, X}"),
n (o) n (o)
and
t,x — 1 n t,x
0(r, X", e) fngrfoosqu (r, X" e).

Then, by invoking (10) and (11), it follows that P-a.s. V r € [t, T]

t,x — : n t,x — : t,x,n —_ t,x
u(r, X;*) ngrfm sup u” (r, X}) ngrEw Y} Yhx,
the same convergence holds true for v and 6. Finally, the linear growth condition on u is a
simple consequence of the previous representation in step 2 and Lemma 3. This completes
the proof. O

4, Markovian BSDE]Js with Continuous Generators

Our aim in this section is to handle the existence problem for multidimensional
Markovian BSDE driven by both g-dimensional Brownian motion and compensated Poisson
random measure on E. We first study the case when the BSDE] generator is only continuous
with respect to the state variable along with the Brownian component and Lipschitz in the
jump component. The idea of the proof is to approximate the BSDEJ under consideration
by a suitable sequence of, BSDE]Js having globally Lipschitz coefficients that guarantee the
existence and uniqueness of solution and then obtain the existence result of the original
equation by using limit arguments in appropriate spaces. The drawback to relaxing
the Lipschitz condition on k(-) is that it belongs to the functional space £12,’q and thus,
the approximating technique does not work in this situation. However, if we allow the
generator f to depend on [;. k(e)v(de) rather than k(-), as a particular case, we can prove
an existence result in the case where f is also continuous in k. Finally, due to the lack of
the comparison principle between solutions of multidimensional Markovian BSDE, the
technique used in [6] cannot be applied in our situation. As the trade-off, we shall use the
relationship between the processes X'* and (Y, Z"*,K'*(-)) established in Theorem 1
and the L2-domination technique to be defined below.
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4.1. Partially Continuous Case
Let us consider the BSDE] of the following type for all s € [0, T]
T
YO = (XYY + [ pr X, ¥, 2070, KOO () )dr (12)
S

T 0,x T 0,x 7
_/ 7,50 AW, —/ / K;"%(e)N(dr,de),
s s E

where Xg’xo = xp € R?, g is the same as in BSDE] (4). Throughout this section, we assume
that f satisfies the following assumptions:

(Hy1) The mapping (y,z) — f(s,x,y,z,k(-)) is continuous for any fixed
(s,%,k(-)) € [0, T] x R x £,
(Hyp) Forany (t,x,y,z) € [0,T] x R? x RT x R7*7 and k, k' € Yo

£(x, 3,2, k() — Flt 29,2 K ()] < Cl(k=K) ()],

Before we state and prove the main results of this section, let us first recall the precise
definition of the L2-domination condition, as given in Hamadene [14].

Definition 2. (L2-domination condition) For a given t € [0, T}, a family of probability measures
{u1(s,dx), s € [t, T|} defined on RP is said to be L?>-dominated by another family of probability
measures {po(s,dx), s € [t,T]}, if for any e € (0, T — t], there exists an application ¢y : [t +
e, T] x RP — Ry such that

(iY)VN >1,¢: € L2([t +¢ T] x [N, NJ?; po(s,dx)ds).

(ii) p1 (s, dx)ds = ¢ (s, x)po(s,dx)ds on [t +¢, T| x RP.

Let xo € R, (t,x) € [0,T| x RP, s € [, T| and u(t, x;s,dy) the law of our Markov
process (X*);<s<T, defined for each A € B(RP), by u(t,x;s,A) = P(XL* € A).
We further assume the following assumption:

(Hy3) For each t > 0 and for each x € RP the family {u(t, x;s,dy), s € [t,T]} is L?-
dominated by {u(0, xo;s,dy), s € [t, T]}.

Lemma 4. Let f satisfy (H;,), (Hs,), (Hy), and (Hy,). Then, there exists a sequence of
functions (fn),~q such that:

(@) supy  |ful(t,x,y,2,k(-)) = fu(t, %,y 2, K ()]
< C(|y Y|+ lz=2Z|+| (k- k’)(-)||qrv),for some positive constant C;

() 1fult,x,y,2, k()| < CAUA+|x[ + [y + [z + k()]0 ), for all (,x,y,2,k(-)) € [0, T] x
RP x RY x RI%1 x L2,

(¢) Forall (t,x,y,z,k(-)) € [0,T] x RP x RT x R7*1 x L2 and n € N, there exists positive a
constant C such that | f,(t,x,y,z,k(-))| < C(1+ |x|);

(d) Forany (t,x,k(-)) € [0,T] x RP x £, and for any compact subset S C RY x R1*1

sup |fu(t,x,y,2,k(-)) — f(t,x,y,2,k(-))| — 0as n — +o0.
(y,2)es

Proof. Let ¢ be an element of C®(R7 x R7%9, R) with compact support and satisfy
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where U = (y,z) € R1T7%4_ We define
Fltx () w0 = [ flx D pn(F = )T

and P € C®(R7 x R7*1,R) such that

B = { N

‘ 2

4

1
2.

=] =]
IV IA

o, |7

Obviously, the sequence of the measurable functions { f,;, n > 1}, such that

Fult,x, ) = nz@(f)(f(f/xfﬂ)) sp(n() (W),
satisfies all the assertions of Lemma 4. [J

Next, we state and prove the first main result in this section. The following theorem
extends a part from the paper [14], from BSDEs driven by Brownian motion to BSDEs with
jumps. However, our generator depends also on the state variable y which is not covered
in [14].

Theorem 2. Assume that (H31)—(H32) and (Hy1)—(Hy3) are in force. Then, there exists a triple
of processes (Y., Z.,K.(-)) belonging to M that solves the BSDE] (12).

Proof. We first define the following family of approximating BSDE]s obtained by replacing
the generator f in BSDE] (4) by f, defined in Lemma 4.

T
Y= gOX) [l XA Y, 24, K () (13)

T T ~
- / Zb5 qW, — / / KL (¢) N (dr, de).
s Js JE

On the one hand, since for each n > 1, f; is uniformly Lipschitz with respect to
(y,2,k(+)), so Lemma 2.4 in [5] or [23-26] shows that there exists a unique solution

(Yltxm, zbxm KEOm()),q € M,

which solves BSDE] (13).
On the other hand, since f; satisfies the property (c) in Lemma 4, Theorem 1 yields that,
there exist three sequences of deterministic measurable functions u" : [0, T| x R? — R1,

v":[0,T] x R? — R7*7and 0" : [0,T] x RP — £ such that
Yixm =y (s, XI¥), ZE5 = o' (s, XI*) and K (e) = 6" (s, XY e).

Furthermore, we have the following deterministic expression for the function u" such
that forn > 1,

u"(t,x) = E {g(X%x) + /tT Eu(s, Xé'x)ds} , V (t,x) €[0,T] x RP, (14)

where
Fu(t,x) = fu(t,x,u"(t,x),0"(t,x),0"(t,x,-)).
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Hence, keeping in mind the property (b), as in Lemma 3, one can show that there
exists a constant C > 0 (independent from n) such that for any n > 1and s € [t, T],

T
E|lu(s X6+ [ (|12

O, )ar| < ca+lay

In particular, due to the fact that Xtt’x = X, we obtain
[u" (t,x)[* < C(1+|x|*) Vn>1andt € [0,T],

consequently |u"(t,x)| < C(1+ |x|)Vn >1andt € [0, T], and thus, for any s € [0, T] and
n>1,
Y| =

u" (s, XY < C(1+4|x¥%]),dP-as. (15)

The remainder of the proof will be broken down into the following three steps.
Step 1. In this step, we will prove, for each (t,x) € [0, T] x R, that (u"(t,x)),>1 has a
convergent subsequence in R7. On one hand, since f;, satisfies the property (b), the same
technique as in the proof of Lemma 3, yields

2+/(;T<Z

We now apply the property (b) with Assumption (Hy3), (H31), and the estimate (16)
to show that there exists a positive constant C such that, forany n > 1,

T ) T
/0 /RP|Fn(SJ/)| #(0, xo;5,dy)ds :E/O

Therefore, there exists a subsequence {n;}, (which is still labeled by {n}), and B([0, T]) ®
B(R?)-measurable deterministic function F(s, x) such that

12 .
g,xo,n K?,xo,n ()

+|

supE “Ys(),xo;n
n>1

2
>dr] < (C,Vs<T. (16)
qv

2
Fu(s, X2™)|ds < C. (17)

F, — Fweaklyin L2([0, T] x R?; u(0, xo; s, dxds)). (18)

On the other hand, let (¢, x) be fixed, ¢ > 0, N, n, and m > 1 be integers. Then,
from (14), we have

w0 - w0 = (2] (Rl X0~ Fus Xe)as]

IN

t+e
]E[ |Fa(s, Xb¥) — Fm(s,Xé"‘)!dS]
+’ [ (Fuls, X2) = Fm<srXé”‘”ﬂﬂxg/ww}ds}

t,x
+E[/t+£]1fn(s,xs ) — F(s, X |]1{|X£,x|>N}ds]

= [ | | e, (19)

We first estimate I, According to the Schwarz inequality and (17), we obtain

1
T 2
me < ¢ {EUO |Fu(s, X!*) — Eu(s, Xé"‘)\zds} } < Cye.
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Next, the L?-domination property implies

e = ! F F 1 t,x;s,dy)d
= [ Balsy) — Ba(s )1y enp(t xis, dy)ds
T
= [, ] (Fa(s) = Fuls, )1 gy cny (s, )10, 5075, dy)ds:

Since ¢1x(s,y) € L?([t +¢, T] x [=N, N]?; (0, xo;8,dy)ds), for k > 1, it follows from
(18) that for any > 0, (0, xo; s, dy)-almost every x € R?, we have

T

E[/ (Fu(s, X4%) = Fu(s, Xé’x))]l{|xt,x|<N}dS:| — 0asn, m — co.
Jt+e s 1=

Finally,

1

1
! : ! x |2 2
{E[/He]l{xg’xbmds} } {E{/HJRZ(S, X¢*) = Fu(s, X ds} }

C
< —
- VN
Therefore, by letting N and (m, n) tend to infinity successively, the sequence (1" (t,x)),;>1

has a convergence subsequence in R7 with limit u (¢, x) for any t > 0 and every x € RP.
Step 2. We are going to show the existence of a subsequence still denoted

n,m,e
13

IN

0,x0;n ~0,x9;n 1,0,x0;n
(Y 0 /Z- 0 /K~ 0 )1’121/

which converges in M? to (Y., Z.,K.(-)) solution of the BSDE] (12).
From step 1, there exists a measurable function u on [0, T] x R?, such that for any ¢ € [0, T],

lim Y = u(t, X™0), P-as.
n——+0o
Considering (15), and using Lebesgue’s dominated convergence Theorem, the se-
quence (Y)"™),~1 converges to Y™ := u(t, X*™) in MZ(0, T, RY), that is,

T
E [ /0 [y — P

Next, we will show the convergence of (Z*"),-; and (K*™"),-; respectively in
Mé(O, T,R7*7) and M%([O, T] x E,R7,dtv(de)) as n — +oo. For the sake of convenience,
we omit the subscript (0, xg).

To simplify the notations, for any n, m > 1, and s < T, we set:

2dt} — 0. (20)

Y= Y)Y, Z0 = 22— 20 and RP() = KI() — K2()

and
Frm(s) = fu(s, XO™, Y, ZI,KE()) — fu(s, XO0, Y, 20, K ().

1t6's formula applied to | |* leads to

ynm 2 T =n,m |2 T o1,

oy [Tz par s [TIRE O,
T -

— o [T - () - (N,
s

where s s
M =2 [z dw, —2 [ [ v ke o) Nidr, de),
0 0 JE
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and

s -
Nem = [0 1R @) N dr, de).

are real-valued martingales. Hence, according to property (b), the Assumption (Hz1) and
the estimate (16), we obtain by taking the expectation in (21)

T T
snm |2 | || |2 |2
| E[izem +||K:l"1<>||q,v]drSC[/0 E[[Y"] }dr]-
Thanks to (20), it follows that ((Z"),>1, (K"(:))n>1)) converges to some (Z.,K.(-)) in

MZ(0, T,R7*9) x MZ([0, T] x E,R,dtv(de))). Finally, we have proved that for a sub-
sequence 1,

(Y, 25, K ())js1 — (Y., Z,K.()) in M2, (22)

Step 3. In this step, we will verify that the limits of the subsequences are exactly the
solutions to BSDE]J (12). It remains to prove that f, (¢, X?’xo, Y/, Z}, K} (+)) converges to
F(t, XY, Y, 74, Ki(+)) dt @ dP. For N > 1, we define

Av: = {(nw): Y| +|ZM <N}, Ay = Q\ Ay, 23)

then, we have

EUOT
EM)T

T
= <fn—f)(r,X?'xo,Yf,zr,Kr<->>\ﬂANdr}'

ol X0 X2, 20, KEC)) = 0, X%, 20, K ()|

IN

Falr, X250, 0, 20, K5 () = falr, XS"‘O,Y:qu,KA-))\dr}

r rT
][ |- N vz ],

r rT
B [0, 0820, () = 0, X0, %, 2 Ko ),
N

Thanks to (a) in Lemma 4 and (22) I} converges to 0. Again, according to (22) and
the continuity of f with respect to (v, z, k(-)), it follows, using Assumptions (Hs1), (H32)
and Lebesgue’s dominated theorem, that I} converges to 0 as n tends toward infinity.
Moreover, since f, satisfies the property (b) in Lemma 4, f satisfies (H31), (H32), and the
estimate (16), a simple computation shows that there is a positive constant C such that

Iy <CN -1, Now, we return to estimate the second term I3. The linear growth condition
(b) together with (Hz1) and (H32) imply that:

= £ X210, 22 K ()[4, 2001+ N + | x0

)

On the other hand, it is easy to see that

= )0 X030, 220, K ()L,

< s [t X gz K]
{(w.2),lyl+[z|<N}

Then, from the property (d) in Lemma 4, we conclude that the second term of the last
inequality converges to 0. Finally, Lebesgue’s dominated convergence theorem asserts that
I3 converges also to 0 in L1([0, T] x Q, dt ® dP).
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Eventually, we find, by sending n and N to infinity, the converges of sequence

(fu (b, X720, YP, Z0, K () Jo<t<)ns1

to
(f(t, X?’XO, Yi, Zt, Ki(+)) Jo<e<T

in L1([0, T] x O,dt @ dP), and then F(f, X)™) = f(t, X\, Y1, Zt, K (), dt ® dP-as. Tt
follows clearly that (Y., Z., K.(-)) solves Equation (12). [

To obtain the convergence in MZ%, we add the following assumption on the generator f:

(Hgq) f @ [0,T] x QO x RP x RT x RT*T x £27 — RY is measurable and for any
t,x,y,z,k(-)) € |0,T| X X X x L', there exists a constant C > 0 an
y,z,k 0,T] x RP x RY x R11 x £, th i C > 0and

0 < B < 1such that
(6 y,2, k()| < CO+ x| + [y| + 2] + k() )P

Corollary 1. Assume that (Hz1) and (Hy1)—(Hga4) are in force. Then, there exists a triple of
processes (Y., Z.,K.(-)) belonging to M% that solves the BSDE] (12).

Proof. By using the inequality |x|ﬁ <1+ |x|, it is easy to check that the sub-linear growth
condition (Hy 4) implies the linear growth condition (Hjz ), thus the above theorem con-
firms that there exists a triple (Y., Z.,K.(-)) solution to the BSDE]J (12) which belongs to M?2.

It remains to prove that the sequence (Y{'),>1 = (1" (s, Xs(o’x‘)) ))n>1 defined in the above

proof converges to Y. in Sé(O, T,R7). From (12) and (13), squaring both sides of (Y} — Y;),
taking the supremum, the conditional expectation, using BDG inequality, we obtain

E 2

sup |V =Y,

T 2
< ClE [ | =N X0, 02 20 K ) Tyl 24)
0<r<T 0

T 2
—HE/O ‘(fn_f)(”/XE'xO/YfrZ:Z/Kr('))‘ Lg,dr
T OXQ n n OXO 2
+]E~/O )f(rlXT, rYr /ZrlKT(')) 7f(1’,Xr’ /Yr/erKr('))‘ d?’
T n 2 T n 2
48 120 - 2 Par+ B [ 12 - K)O) o],

where Ay and Ay are defined by (23).

Since (Z"),>1 (respectively (K"(-)),>1) converges in E%(O, T,R7%7) (respectively
MZ([0,T] x E,RY,dtv(de)) to Z. (respectively, K.(-))), the fourth and fifth terms on the
right-hand side of the above inequality tends to 0 as n goes towards infinity. Then, by using
similar arguments to estimate I} (respectively, I}') in the previous step, one can prove that
the first (respectively, the third) term also tends to 0 as n tends to infinity.

Next, we proceed to estimate the second term in inequality (24). Since f,, satisfies the
property (b) in Lemma 4 and f satisfies (H44), we have

[ [0 - v 22 0) 15,01

T O,XO
< CE U (1+]x;
0

Y+ 224 1K Ol P2y,

Thanks to Holder’s inequality applied with p = % and g = ﬁ, along with (Hs1)
and the estimate (16), one can show that
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2 - _
[/ ’ (r, X2%0 Y1 7z K,(-))‘ ﬂANdr} < C(TP(AN))' P
Chebyshev’s inequality yields that there is a positive constant C such that
2
[/ ’ (r, XO% 1z K"(. ))’ ]IANdr} < CNFL,

By letting N tend to infinity, the previous inequality tends to 0 as n goes to infinity.
Consequently, (Y),>1 converges to Y. in §3(0, T,R7). O

Remark 2. Note that all the previous results of this section still hold true if the Markov process X.
is constant with value x € R on [0, t].

4.2. Totally Continuous Case

So far, we have investigated the existence results for BSDEs driven by a Brownian
motion and a compensated Poisson random measure. The case of BSDE] with continuous
generators y and z and Lipschitz continuous on k(-) is considered. We claim that, from a
mathematics point of view, it is hard to deal with the general case where the generator f
is continuous in (y,z,k(-)). Indeed, the difficulty comes from the fact that the process k(-)

takes values in the functional space [ﬁi’q not in RY. In the remainder of this paper, we try to
relax the globally Lipschitz condition on k(-) by considering the following special case

T
Yir = g(XE) + / f<r,X£'x,Y,’f”‘,th / Ky (e )dr (25)

—/ 7b% AW, — //K” N(dr,de),
S

where X = x for s € [0, t]. For a given measurable function f defined from [0, T] x R x
R x R7*9 x R7 into R, we consider the three assumptions:

(Hy5) forany (t,x,y,z,k) € [0,T] x RP x R7 x R7*7 x IR, there exists a constant C > 0
such that
If(t,x,y,z,k)| < C(L+ [x[+ |y| + |z + [K]).

(Hyg) forany (t,x,y,z,k) € [0,T] x RP x RT x R7*7 x IR, there exists a constant C > 0
and 0 < < 1 such that

f(tx,y,2,k)] < C(L+ x|+ |y| + 2] + [k])P.
(Hyy) the mapping (y,z, k) — f(t,x,y,z, k) is continuous for any fixed (¢, x) € [0, T| x RP.
Theorem 3. Under (Hz1), (Hys), and (Hy7) BSDE] (25) has at least one solution (Y., Z.,K.(+))
which belongs to M2, Furthermore, if f satisfies (Hs1), (Hyg), and (Hyy), then the solution is
in Mé
Proof. For a given ¥, an element of C*(R7 x R7*7 x R7,R) with a compact support

such that
/ Y(W)du =1,
RI+gxq+q

where 7 = (y,z,k) € RIT101, We define

Pl () +¥()@) = [ ft TR - F)dT

and ¥ € C*(R7 x R7<7 x RY,R) such that
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v <,
WP >

¥(7) = { (1)

Let f be a function satisfying (Hy5) and (Hs7). The sequence of the measurable
functions { f,,n > 1}, defined by

Faltyx, W) = w¥F () (F(1x, ()« ¥ (n(-) (W),
satisfies the following proprieties

() sup, [ fu(t,x,y,2,6) = fu(t,x,y, 2, K)| < C(ly —y'| + |z — 2’| + [k — K'|) for some posi-
tive constant C;

Gi) [fu(t,x,y,2,k)] < C(1+ |x| + |y| + |z| + |k|), for all (t,x,y,z, k) in the product space
[0, T] x RP x RT x R7*7 x R7;

(iii) For all (¢, x,y,z,k) € [0,T] x R? x RT x R7*7 x R7 and n € N, there exists positive
constant C such that | f, (¢, x,y,z,k)| < C(1+ |x]|);

(iv) Forany (t,x) € [0, T] x RP, and for any compact subset S C R7 x R7*9 x RY,

sup |fu(t,x,y,2,k) — f(t,x,y,2z,k)| — Oasn — +oo.
(y,zk)eS

Firstly, to prove the existence, we define the following family of approximating BSDE]s
obtained by replacing the generator f in BSDE]J (25) with f,; defined above.

T
v — gy [ (X vz, [k euae )ar e
s E
T T .
~ [ zmaw - [ [ Ko N@r,de).
s s JE
By Lemma 2.4 in [5] Equation (26) admits a unique solution denoted

(th,x;nl Z%‘,x;n’ K?,x;n(.))n21

and belongs to M. Taking into account that f, satisfies the above (iii), Theorem 1 confirms
the existence of three sequences of measurable and deterministic functions u" : [0, T] x

RP — RY, 0" : [0,T] x RP — R7<4 and 0" : [0, T] x RP —> £ such that
YERm =y (r, XI¥), ZE5 = o' (r, XI*) and K (e) = 6" (r, XY e).

Furthermore, we have the following equality
T
u"(t,x) =E {g(X%x) —l—/ Fu(r, Xﬁ'x)dr} ,V (t,x) €[0,T] xRP,
t
where we have denoted by

F.(t,x) = fu (t,x,u”(t,x),v”(t,x),./};_ 9(”)(t, x,e)v(de)).

Starting from the sequence defined in (26) and reasoning as in the three steps of the proof
of Theorem 2, we can also establish the existence of at least one solution (Y"*, Z"*, K'*(-))
to BSDE]J (25) which belongs to M? provided that (Hz1), (Hys), and (Hy7) hold true.
Furthermore, using similar arguments in the proof of Corollary 1, one can prove that
the solution (Y/*, Z"*,K*(.)) is in fact in MZ% whenever (Hz1), (Hyg), and (Hyy) are
in force. O
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4.3. Examples of Markov Processes Satisfying L>-Domination Condition
Let us give some examples of Markov processes satisfying our assumption (Hy3).

1.  Obviously, the Brownian Motion with drift, starting at x at time ¢: Xé’x = Bf;’x + as,
where BY* = x € RP for all s < t and B"* is an RP-valued Brownian motion and

a € RP, satisfies the (Hy3) since it has a density;
2. Letus now consider a more general Markov process solution to the following SDE

S S
X — x4 / b(r, XE%)dr + / o (r, Xt )dW,, (27)
t t

with X/ = x if s < t. The functions b : 0,T] xRPF — R, 0:[0,T] x RF — RP*1,
satisfy the following conditions:

(a) o is Lipschitz with respect to x uniformly in ¢;
(b) o is invertible and bounded and its inverse is bounded;
(c) b is Lipschitz with respect to x uniformly in t and of linear growth.

According to Lemma 4.3 in [14], the law p(t, x; s, dy) of X" satisfies (Hy3).

3. Let (W¥);<s<t be an R%valued Brownian motion such that Wi = x if s < t and
(As)o<s<T an %-stable subordinator starting at zero, 0 < & < 2, independent of W'*
for every Py. Set X\ = WA”: a rotationally invariant a-stable process whose generator
is the fractional power of order 5 of the negative Laplacian, corresponding to the
Riesz potential of order a.

It is well known that X"* is a Markov process and the law (¢, x;s,dy) of Xi* has a
transition density p(t, x; s, y) satisfying the following upper and lower estimates

_d s—t
c1(s—t) a/\ﬁ_y'dﬂ < ptxsy)
_d s—t
= plt=sx—y)<cs—1) SN Py

foralls > t, and x,y € R4. Under a simple relation between a and d, the law
1(t, x;s,dy) of Xi* satisfies (Hy3).

4. Let D be an open subset of R? and 7§ = inf{s > 0 : X; ¢ D} be the exit time of X
from D. The process X killed upon exiting D is defined by

xP =

S

X if s<ty _f Wa if s<1}
x if s>18, x if s>,

where s is an isolated point. The infinitesimal generator of the Markov process X is
the Dirichlet fractional Laplacian, —(—A)3|p, i.e., the fractional Laplacian with zero
exterior conditions.

It is shown in ([28], Theorem 1.1) that when D isa C 11 open set in Rd, d > 1 the heat
kernel pP(t,x;s,y) of —(—A)Z|p which is also the transition density of XP has the
following lower and upper estimates: for every T > 0 and (s, x,y) € (¢, T| x D x D,

o(1n 8 (10 82
D
(

p-(t,x;s,y)

p(t, x;s,y)
o(x)2 o(y)?
st st

IN
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where o(x) denotes the distance between x and D¢, the complement of D and
p(t,x;s,y) is the transition density defined in example 3. Therefore, under a sim-
ple condition on a and d, the law (¢, x;s,dy) of X satisfies (Hy3).

For simplicity and ease of notation, we shall take t = 0. The Brownian motion killed
upon exiting D is defined as

wb = [ We if s<Ty
S ox if s>1Y.

Now, we define the subordinate killed Brownian motion, YSD = WES foralls > 0, as
the process obtained by subordinating WP via the §-stable subordinator A. That is

YP =

S

WADS if s<ty
x if s>1.

Let 7P (t,x;5,1) be the transition density of YD, 1tis proved in ([29], Lemma 2.1) that if
D is a bounded C!'! domain in R?, p > 1 then for any T > 0, there exist two positive
constants C3 and C4 such that for any s € (¢, T| and x,y € D.

rD(t, X;8,Y)
p(t, x;s,y)

Dio,x, )_< o) M)( 0 M)
R 7S i Y T A\ Sy

Therefore, under a condition on « and p, the law u(t, x;s,dy) of Xé'x satisfies (Hy 3).
For d > 2, we consider the time-inhomogeneous and non-symmetric non-local operators:

Caq”(s —t,x,y) < < CygP(s—t,x,y),

where

Lif(x) = £ f(x) + b - Vf(x) + Li f(x), (28)
where
PR B & N
if(x) = 5 i,]; ai,j(t,x)m(x), b - Vf(x) = Z;bi(bx)afxi(x)
and (t2,2)
K K(t,X,Z
S = [ (F0x+2) = £ = Mgz VI (0)
where a(t,x) = (a;j(t,x))1<ij<q is a d X d-symmetric matrix-valued measurable

function on Ry x RY, b(t,x) : Ry x RY — RY and x(t,x,z) : R x R? x R — R4
are measurable functions, and « € (0,2).

We denote by p(t, x;s,y) the fundamental solution of the operator {£{,t > 0} and
q(t,x;s,y) the fundamental solution of the operator {£,¢ > 0}. From (28) £; can be
interpreted as a perturbation of £} by the operator b; - V + £f, so the heat kernels p
and q are related by the following Duhamel formula:

q(t,x;s,y) = p(txs,y) 29)
S
+/t /Rd q(t,x;1,z)(by -V + £5)p(r, -;5,y) (z)dzdr
= p(t,xs,y)
S
+/t /]Rd p(t,x;1,2)(br - V + £5)q(r, 55, y) (z)dzdr

forallO§t<s<ooandx,y€Rd.
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Forany T > Oand ¢ € [0, T), we denote
]D)ST = {(t,x;s,y) :s, t>0and x, y eR? withe<s—t< T}.

It is proved under some mild conditions of the coefficients a, b, and « (see (H?),
and (H*) in [30], Theorem 1.1) that there exists a unique heat kernel 4(¢, x; s, y) sat-
isfying (29). Moreover, q(t,x;s,y) is the transition density of the Markov process
X associated to the operator {£,t > 0}. The two-sided estimates below of g were
established in ([30], Corollary 1.5): For any T > 0, there exist constants C, A > 1 such
that on ]D)g :

—1)x—y?

bt (=0 Fe U =0 (-0t lx—al) )
< qtxsy),

and

q(t, x;5,y)
_d _) x—y|? 1 —d—a
< C(—n7 e H s =D ((—nT+[x—yl) ),

where m, = inf(; .y essinf, g x(t, X, 2).
The law p(t, x;s,dy) of X" satisfies (Hy3).

5. Concluding Remarks

In this paper, we discuss the issues of the global existence of the solutions for a class
of multidimensional Markovian backward stochastic differential equations driven by a
Poisson random measure and an independent Brownian motion. We first generalized
the representation obtained by El Karoui et al. [3] to the jump case which clams that the
solution of Markovian BSDE]J with Lipschitz generator can be represented in terms of the
Markov process and some deterministic functions. This result, with the help of so-called
L?-domination condition, on the law of the underlying Markov process, played a crucial
role in proving the main results of this paper. More precisely, we proved that BSDE] (1) in
the case where its generator is continuous with respect to i and z and globally Lipschitz in
k(-) has at least a solution. Then, we extended the latter result by allowing the generator to
be also continuous in k(-), but only for a particular form of BSDE] (1). We hope to treat in
future research the more general case where the generator of BSDE] (1) is totally continuous
with respect to all its state variables to fill the gaps and solve this open problem.
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