@ axioms

Article

Soft Complete Continuity and Soft Strong Continuity in Soft
Topological Spaces

Samer Al Ghour

check for
updates

Citation: Al Ghour, S. Soft Complete
Continuity and Soft Strong
Continuity in Soft Topological Spaces.
Axioms 2023,12,78. https://doi.org/
10.3390/ axioms12010078

Academic Editor: Mica Stankovic

Received: 6 December 2022
Revised: 9 January 2023
Accepted: 10 January 2023
Published: 12 January 2023

Copyright: © 2023 by the author.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Department of Mathematics, Jordan University of Science and Technology, Irbid 22110, Jordan; algore@just.edu.jo

Abstract: In this paper, we introduce soft complete continuity as a strong form of soft continuity and
we introduce soft strong continuity as a strong form of soft complete continuity. Several characteriza-
tions, compositions, and restriction theorems are obtained. Moreover, several preservation theorems
regarding soft compactness, soft Lindelofness, soft connectedness, soft regularity, soft normality, soft
almost regularity, soft mild normality, soft almost compactness, soft almost Lindelofness, soft near
compactness, soft near Lindelofness, soft paracompactness, soft near paracompactness, soft almost
paracompactness, and soft metacompactness are obtained. In addition to these, the study deals
with the correlation between our new concepts in soft topology and their corresponding concepts in
general topology; as a result, we show that soft complete continuity (resp. soft strong continuity) in
soft topology is an extension of complete continuity (resp. strong continuity) in soft topology.
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1. Introduction and Preliminaries

In many fields, such as engineering, the environment, economics, medical science,
and social science, classical mathematical ideas have their own difficulties in dealing
with uncertainty. Fuzzy sets, rough sets, intuitionistic fuzzy sets, and vague sets are
all methods for handling uncertainty [1-4]. According to Molodtsov [5], each of these
structures has particular difficulties. These difficulties are mostly due to the limits of the
parameterization tool. Molodtsov [5] presented soft sets as a solution to these issues and
to handle uncertainty. Many authors have discussed and studied the concepts of soft
sets (see [6,7]). The authors [5,8] used soft sets in many different fields, such as operation
research, game theory, smoothness of function, probability, and measurement theory.

Soft set theory has been used by several researchers to investigate various mathemati-
cal structures. Shabir and Naz [9] introduce soft topology as one of the unique extensions
of classical topology. Many classic topological concepts such as generalized open sets,
separation axioms, covering properties, etc., [10-18] have been extended and expanded in
soft set contexts, but there is still space for substantial contributions. Thus, the study of soft
topology is a current trend among topological researchers.

In this paper, we introduce soft complete continuity as a strong form of soft continuity
and we introduce soft strong continuity as a strong form of soft complete continuity. Several
characterizations, compositions, restrictions, and preservation theorems are obtained. The
study deals with the correlation between our new concepts in soft topology and their
corresponding concepts in general topology. As a result, we show that soft complete
continuity (resp. soft strong continuity) in soft topology is an extension of complete
continuity (resp. strong continuity) in soft topology.

The terms STS and TS, which stand for soft topological space and topological space,
respectively, will be utilized in this paper. The concepts and phrases from [19,20] will be
used throughout this paper.
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This paper is organized as follows:

In Section 2, we introduce the notion of “soft completely continuous mappings”. We
study the correlation between soft completely continuous mappings in soft topology and
completely continuous mappings in general topology, and we characterize soft completely
continuous mappings. Moreover, we show that this class of soft mappings is strictly con-
tained in the class of soft continuous mappings. Moreover, we study the behavior of soft
completely continuous mappings under soft restriction and soft composition. In addi-
tion, via soft completely continuous mappings, we obtain several preservation theorems
regarding some soft topological properties.

In Section 3, we introduce the notion of “soft strongly continuous mappings”. We
study the correlation between soft strongly continuous mappings in soft topology and
strongly continuous mappings in general topology, and we obtain several characterizations
of soft strongly continuous mappings. Moreover, we show that this class of soft map-
pings is strictly contained in the class of soft completely continuous mappings. Moreover,
we study the behavior of soft strongly continuous mappings under soft restriction and
soft composition. In addition, via soft strongly continuous mappings, we obtain several
preservation theorems regarding some soft topological properties.

Let (T,u)bea TS, (T, 1,B) beaSTS, U C T,and G € SS(T, 7). Then, the closure of
Uin (T, u), the interior of U in (T, u), the closure of G in (T, 7, B), and the soft interior of
Gin (T, i, B) will be denoted by Cl,,(U), Int,(U), Clx(G), and Int;(G), respectively; the
family of all closed sets in (T, jt) (resp. soft closed sets in (T, 7, B)) will be denoted by u¢
(resp. 71°); and the family of all clopen sets in (T, j) (resp. soft clopen sets in (T, 7, B)) will
be denoted by CO(T, u) (resp. CO(T, t, B)).

Definition 1. Let (T, ) bea TS and let U C T. Then
(a) Ref. [21] U is called a regular open set in (T, u) if U = Int, (Cl,(U)).
(b) Ref. [21] U is called a reqular closed set in (T, ) if T — U is a regular open set in (T, ).
(c) The family of all reqular open sets in (T, u) will be denoted by RO(T, p).
(d) The family of all reqular closed sets in (T, i) will be denoted by RC(T, ).

Definition 2. A function p : (T, ) — (S, 6) between the TSs (T, i) and (S, 6) is called
(a) Ref. [22] strongly continuous if p(ClL, (X)) € P(X) for every X C T.
(b) Ref. [23] completely continuous if p~*(U) € RO(T, ) for every U € 6.

Definition 3. Let (T, 7t, B) be a STS and let K € SS(T, B). Then

(a) Ref. [24] K is called a soft reqular open set in (T, 71, B) if U = Int(Cl;(K)).

(b) Ref. [24] K is called a regular closed set in (T, 7, B) if 15 — K is a soft reqular open set in
(T, , B).

(c) The family of all reqular open sets in (T, 7, B) will be denoted by RO(T, 7, B).

(d) The family of all reqular closed sets in (T, i) will be denoted by RC(T, rt, B).

Definition 4. A soft mapping fyu : (T, 1, B) — (S, v, D) is called

(a) Ref. [25] soft almost open if fy,(H) € v for every H € RO(T, 7t, B).

(b) Ref. [26] soft weakly continuous if for every by SP(T,B) and every G € v such that
fou(br)EG, there exists K € 1t such that by€K and fy, (K)CCly(G).

Definition 5. A STS (T, T, B) is called

(1) Ref. [27] soft compact (soft Lindelof) if for every A Crt such that Uye g4A = 1p, there
exists a finite (resp. countable) subcollection A C Ay such that U ¢ A, = 1.

(2) Ref. [28] soft connected if CO(T, t, B) = {0p,15}.

(3) Ref. [29] soft regular if whenever G € 1t° and by€1p — G, then there exists L, N € 7t such
that b;€L, GCN, and LON = 0.

(4) Ref. [29] soft normal if whenever G, H € 1t° such that GNH = Op, then there exists
L, N € rtsuch that GCL, HCN, and LON = 0.
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(5) Ref. [30] soft almost regular if whenever G € RC(T, it, B) and by€1g — G, then there
exists L, N € 7t such that by€L, GCN, and LN = 0g.

(6) Ref. [31] soft mildly normal if whenever G, H € RC(T, rt, B) such that GNH = Og, then
there exists L, N € 7t such that GCL, HCN, and LOYN = 0.

(7) Ref. [32] soft almost compact (soft almost Lindelof) if for every A Crv such that Uac 4A = 1,
there exists a finite (resp. countable) subcollection A C Ay such that Upe 4, Clr(A) = 1.

(8) Ref. [33] soft nearly compact (soft nearly Lindelof) if for every A CRO(T, t, B) such that
UacaA = 1, there exists a finite (resp. countable) subcollection A C Aj such that U z¢ A4, A =13

(9) Ref. [28] soft paracompact if for every A Crt such that Uyge 4 A = 1, there exists K Crt
such that K is soft locally finite, UgcxcK = 1p, and for each K € K there exists A € A such that
ACK.

(10) Ref. [33] soft nearly paracompact if for every A CRO(T, 7t, B) such that Upe 4 A = 15,
there exists KK C = such that K is soft locally finite, Ugcx K = 1, and for each K € K there exists
A € Asuch that ACK.

(11) Ref. [34] soft almost paracompact if for every A Crt such that Uge q4A = 1p, there
exists K Crt such that K is soft locally finite, Uxcx Clr (K) = 1p, and for each K € K there exists
A € Asuch that ACK.

2. Soft Completely Continuous Mappings

In this section, we introduce the notion of “soft completely continuous mappings”. We
study the correlation between soft completely continuous mappings in soft topology and
completely continuous mappings in general topology, and we characterize soft completely
continuous mappings. Additionally, we show that this class of soft mappings is strictly
contained in the class of soft continuous mappings. Moreover, we study the behavior of
soft completely continuous mappings under soft restriction and soft composition. In addi-
tion, via soft completely continuous mappings, we obtain several preservation theorems
regarding some soft topological properties.

Definition 6. A soft mapping fp, : (T, 7,B) — (S,v,D) is soft completely continuous if
fuil (G) € RO(T, 7, B) for every G € v.

Theorem 1. For a soft mapping fpy : (T, T, B) — (S, v, D), the following are equivalent:
(a) fpu is soft completely continuous.
(b) frjul(H) € RC(T, m, B) for every H € v°.

Proof. (a) — (b): Let H € v°. Then, 1p — H € v and by (a), f,;/(1p — H) = 1 —
fmi(H) € RO(T, 7, B). Hene, f,,! (H) € RC(T, 7, B).

(b) — (a): Let K € v. Then 1p — K € v°. Then, by (b), f,,/(1p —K) = 1p —
f];ul (K) € RC(T, m, B). Hence, fp’ul(H) € RO(T, m, B). Therefore, fy, is soft completely
continuous. [

Theorem 2. Let {(T, ;) :i € I} and {(S,v;) : j € J} be two families of TSs. Let p : T — S
be a function and u : I — | be a bijective function. Then, fpy, : (T, ®ierm;, I) — (S, ®jejvj, )

is soft completely continuous if and only if p : (T, ;) —> (S, vu(i)) is completely continuous for
alli e I

Proof. Necessity. Suppose that fy, : (T, Dier7t, 1) — (S, ®jejvj, ]) is soft completely
continuous. Let k € I and let W € v, ). Then (u(k))y € ®jejvj. Sinceu : [ — ]
is injective, then fy,' ((u(k))w) = k1) Since fpu : (T, ®icrmi, [) — (S, ®jeyvj,))
is soft completely continuous, then fp’ul((u(k))w) = k,-1w) € RO(T, m,B). Thus, by
Proposition 3.28 of [35], (kp,l(w))(k) = p~Y(W) € RO(T, m;). Hence, p : (T, ;) —

(S, vu(k)) is completely continuous.
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Sufficiency. Suppose that p : (T, ;) — (S, vu(i)) is completely continuous for all
i€l Let G € @jejvj. Then, for every j € ], G(j) € vj. Since u : I — ] is bijective,
then p : (T, 71'“—1(]*)> — (S, vj) is completely continuous for all j € J. Thus, p~(G(j)) =

((fr;}(G)))(u‘l(j)) € Ro(T, nu,l(j)) forallj € J. So, (f,;}(c))(i) € RO(T, ;) for all
i € I. Therefore, by Proposition 3.28 of [35], fp_ul(G) € RO(T, ®jcrm;, I). It follows that
fou s (T, @ierrmi, I) — (S, Djeyv;j, ]) is soft completely continuous. [

Corollary 1. Let p : (T, ;) — (S,0) be a function between two TSs and let u : I — |
be a bijective function. Then p : (T,u) — (S,0) is completely continuous if and only if
fou s (T,t(u), I) — (S, 7(9),]) is soft completely continuous.

Proof. For eachi € I'and j € ], put r; = p and v; = J. Then T(p) = ®ic;m; and
7(6) = @jejvj. Thus, by Theorem 2, we obtain the result. [

Theorem 3. Every soft completely continuous soft mapping is soft continuous.

Proof. Let f,, : (T, 71,B) — (S,v,D) be a soft completely continuous mapping. Let
G € v. Then, fp_ul(G) € RO(T, m,B) C . Hence, fpy is soft continuous. [J

Theorem 3’s converse does not necessarily hold in all cases.

Example 1. Let T = {1,2,3,4}, S = {5,6}, u = {0, T,{1,2}}, 6 = {9,5,{5}}, B =R
Definep : T — Sand u : B — B as follows: p(1) = p(2) = 5, p(3) = p(4) = 6,
and u(b) = b for all b € B. Since {5} € éand p~1({5}) = {1,2} € u— RO(T, ), then
p:(T,u) — (S,90) is continuous but not completely continuous. Therefore, by Theorem 5.31
of [20] and Corollary 1, fpy : (T,t(u),B) — (S,7(6),B) is soft continuous but not soft
completely continuous.

The following example demonstrates how the soft restriction of a soft completely
continuous mapping may not be a soft completely continuous mapping;:

Example 2. Let T = {1,2,3,4}, S = {567}, u = {©7T,{1,2},{3},{1,23}},
6 ={92,5,{5,6}}, B=R. Definep : T — Sand u : B — B as follows: p(1) =5,
p(2) = 6, p(3) = p(4) = 7, and u(b) = b forall b € B. Since p~1({5,6}) = {1,2} €
RO(T,u), then p : (T,u) — (S,0) is completely continuous and by Corollary 1, fp, :
(T,t(n),B) — (S,7(6), D) is soft completely continuous. On the other hand, since Cys6y, €

0t (e, ) (Cioar) = (5 (Csa))iC0n = ComiCha = Cpy @
RO({1,4}, (7)) 10y B) thers (o) e, + ({141 (7)) 109, B) — (5,7(2), D) is ot

soft completely continuous.

Theorem 4. If fy,u, : (T, 71, B) — (S, v, D) is soft completely continuous and fy,y, : (S,v,D) —
(R, 7, E) is soft continuous, then f : (T, m,B) — (R, 7, E) is soft completely continuous.

paop1)(uzou)

Proof. Let H € 7. Since fy,u, : (S,v,D) — (R, v, E) is soft continuous, then fp_z}lz(H) €.
Since fp,u, : (T, T, B) — (S, v, D) is soft completely continuous, then fi;ﬁ‘l ( fp’z}Q(H )) =

f(;iom)(uzoul) (H) € RO(T, rt, B). This ends the proof. [

Corollary 2. The soft composition of two soft completely continuous mappings is soft completely
continuous.
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Theorem 5. If f,,, : (T, 71, B) — (S, v, D) is surjective, soft almost open, and soft completely
continuous, and fp,u, : (S,0,D) — (R,7,E) is a soft mapping such that f(,,op)(urou;) *
(T, mt,B) — (R, ", E) is soft completely continuous, then fp,, : (S,v,D) — (R, <, E) is soft
continuous.

Proof. Let H € 7. Since f(p,0p,)(uyouy) * (T, 71, B) — (R, 7, E) is soft completely contin-

uous, then f(;opl)(uzoul)(H) € RO(T, rt, B). Since fp,u, : (T, 7, B) — (S,v, D) is soft al-

mostopenand fp,y, is surjective, then fp, ,, (f(;;opl)(uzoul) (H)) = foun (fl;l}ll (fpjtz (H)) )
= fp_z}lz(H) € v. This ends the proof. O

Theorem 6. If f,, : (T, 7, B) — (S,v, D) is surjective and soft completely continuous such
that (T, 7, B) is soft nearly compact, then (S, v, D) is soft compact.

Proof. Let A Cv such that Ugqc4A = 1p. Since fp, : (T,7,B) — (S,v,D) is soft
completely continuous, then {fp’ul(A) tAe A} C RO(T, m, B). Since OAeAf,;ul(A) =
foi (UacaA) = 1p and (T, 7, B) is soft nearly compact, then there exists a finite subcollec-
tion A; C Asuchthat Ugca, fu! (A) = fi! (Onca, A) = 1p and thus, fp, (fp’u1 (LNJAeAlA))

= fpu(1p). Since f,, is a surjective, then fp, (1) = 1p and fpy (fp_u1 (OAeAlA)) = Ugeq, A
Therefore, Upc 4, A = 1p. It follows that (S, v, D) is soft compact. [

Theorem 7. If f,, : (T, 7, B) — (S, v, D) is surjective and soft completely continuous such
that (T, 7, B) is soft nearly Lindelof, then (S, v, D) is soft Lindelof.

Proof. Let A Cv such that Ugcg4A = 1p. Since fpu = (T,m,B) — (S,v,D) is soft
completely continuous, then { fol (A): A€ .A} C RO(T, 7, B). Since Ugeafp' (A) =
foil (UaeaA) = 1p and (T, 7, B) is soft nearly Lindelof, then there exists a countable sub-
collection Ay C A such that Upc 4, fpil (A) = fou! (Jaen, A) = 1p. Since fpy is a surjective,
then Uge 4, A = 1p. Hence, (S, v, D) is soft Lindelof. [

Theorem 8. Let fy, : (T, T, B) — (S, v, D) be surjective, soft completely continuous, and soft
closed such that fp’ul (ds) is a soft compact subset of (T, 7, B) for all ds € SP(S, D). If (T, 7T, B) is
soft almost reqular, then (S,v, D) is soft reqular.

Proof. LetK € v° and let ds € SP(S, D) such thatds€1p — K. Then, f,,! (ds)1f,,! (K) = 0p.
Since fyu : (T,7m,B) — (S,v,D) is soft completely continuous, then by Theorem 1,
fp’ul (K) € RC(T, mt, B). For each btéfpj}(ds), we have b;€1p — fr;} (K) and by soft regular-
ity of (T, 71, B), there exist Hp,,, G, € 7t such that b;€H,,, f}g’ul (K)iGht, and Hj, NG, = 0p.
Since fp_ul(ds) is soft compact and fp_ul(ds)i Obté ol 40 Hoys then there exists a finite sub-

set M Q{bt : btéfp_b}(ds)} such that f;;}(ds)iﬁbteMHht. Let H = Up,epmHp, and G =
Nb,emGp,- Then, H, G € 7 such that fp_ul(ds)iH, fp_ul(K)QG, and GNH = 0p. Let
L=1p— fpu(lp—H)and N = 1p — fuu(1g — G). Since fp, : (T,7,B) — (S,v,D) is
soft closed, then f,, (1 — H), fpu(1p — G) € v° and thus, L, N € v. [

Claim. 1. d;€L.
2. KCN.
3. LAN = 0p.

Proof of Claim. 1. Suppose to the contrary that ds€1p — L = fp,(1g — H). Then, there
exists ax€1p — H such that ds = f,,(ax). Thus, a, éfp’ul (ds)CH, a contradiction.
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2. Suppose to the contrary that there exists ¢,€K — N = KNf,,(1p — G). Since
ey€ fpu(1p — G), then there exists a,€1p — G such that e, = fp, (ax). However, since e, €K,
then a, € f,,} (K) CG, a contradiction.

3. We will show that 1p — (LNN) = 1p. Since f,, is surjective, then f,,(15) = 1p. So,

Ib— (LAN) =  (1p—L)0(1p — N)

= fpu(lB - H)G]ipu(lB - G)
= (15— )15 - G))
= s - (HAG))
= fpu(1p — Op)
= fpu(lB)
- 1p.

Therefore, by the above Claim, (S, v, D) is soft regular. [

Theorem 9. Let fy, : (T, 7w, B) — (S, v, D) be surjective, soft completely continuous, and soft
closed mapping. If (T, 7, B) is soft mildly normal, then (S,v, D) is soft normal.

Proof. Let M, N € v° such that MN\N = 0p. Since fou : (T, m,B) — (S,v,D) is soft
completely continuous, then by Theorem 1, f,,! (M), f,;! (N) € RC(T, 7z, B). Since (T, 7z, B)
is soft mildly normal, then there exist H,G € v such that fp’ul(M)iH, fp’ul(N )QG and
HNG = 0p. Let L = 1p — fpu(1g — H) and K = 1p — f,u(1g — G). Since fpy : (T, , B) —
(S,v,D) is soft closed, then fy, (1g — H), fpu(1p — G) € v° and thus, L, K € v. [

Claim. 1. MCL.
2. NCK.
3. LAN = 0p.
Proof of Claim. 1. Since fp_ul(M)iH, then 13 — HC1p — fp_u1 (M) = fp_ul(lp — M) and so,
Fou(lp — H)C fpu (fp‘ul(lD - M)) — 1p — M. Hence, MC1p — fpu (15 — H) = L.
2. Since f,,}(N)CG, then 13 — GC1p — f,,/ (N) = f,,'(1p — N) and so, fpu(1p —
G)Cfyu(fu(1p = N)) = 1p — N. Hence, NC1p — fyu(15 = G) = K.
3. We will show that 1p — (LNN) = 1p. Since f, is surjective, then f,,(15) = 1p. So,
1p— (LAN) =  (1p—L)JO(1p —N)
= fou(lp— H)Ofpu(lB -G)
= fpu((lB — H)U(1p - G))
= fru(1p — (HNG))
= fpu(lB - OB)
= fpu(lB)
— 1p.
Therefore, by the above Claim, (S, v, D) is soft normal. [

Definition 7. Let (T, 7t, B) be a STS and let M CSS(T, B). Then

(a) M is soft point finite in (T, 7t, B) if for every by € SP(T, B), the set {M € M : bye M}
is finite.

(b) (T, 7t, B) is called soft metacompact if for every K C 7t such that Ugcxc K = 1p, there exists
a soft point finite H in (T, 71, B) such that H Cr, UnenH = 13, and for each H € H, there exists
K € K such that KCH.

Theorem 10. Let fp, : (T, 71, B) — (S, v, D) be surjective, soft completely continuous, and soft
open such that fp’ul(ds) is a soft compact subset of (T, 7, B) for each ds € SP(S, D). If (T, rt, B) is
soft nearly paracompact, then (S, v, D) is soft metacompact.

Proof. Let H Cuv such that UyeyH = 1p. Since fp, is soft completely continuous, then
{fp_ul(H) tHe 7—[} C RO(T, m,B) C m. Since (T, m, B) is soft nearly paracompact and
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CIHGpr’Ml (H) = fp’ul (UpenH) = fp’ul(lD) = 1g, then there exists a collection K C7r such
that K is soft locally finite, UkexK = 1p, and for every K € K there exists H € H such that
KCfy (H). Let M ={fu(K) : K€ K}. O

Claim. 1. M Cv.
2. Opte M = 1p.
3. For each M € M, there exists H € H. such that MCH.
4. M is soft point finite.

Proof of Claim. 1. Since K Crr and fy, is soft open, then M z{fpu(K) :Ke IC} Co.

2. Since fpy is surjective, then fy,(1g) = 1p. So, UyemM = Ukerfpu(K) =
fpu (UKeICK) = fpu(lB) = 1p.

3. Let M € M. Then, there exists K € K such that f,,(K) = M. Choose H € H such
that KC £, (). Then, M = fou (K)E fyu ( £y (H) ) CH.

4. Letd; € SP(S,D). Since K is soft locally finite, then for every b€ fp’ul (ds),
there exists G,, € m such that b;€G;, and the collection {K € K : KNGy, # 0g} is fi-
nite. For each bi€f,!(ds), put S, = {~K € K : KNGy, # 0p}. Since f,,!(ds) is a soft
compact subset of (T, 7, B) and fp_ul (ds)QObté Fal(d )th, then there exists a finite subset

pu \4s

A Q{bt : btéfp_ul(ds)} such that fp_u1 (ds)ifjb,eAGb,. If ds€fpu(R) for some R € K, then
there exists wréRﬁf,;} (ds). Since wréfp’u1 (ds) COb,eAthr then there exists b; € A such that
w;EGy,. Thus, we have w,€RNGy, and hence R € S),. Therefore, {K € K : ds€fpu(K)} C
{KeK:ReS,, be A} Since {KeK:ReSp, bye A} is finite, then
{K € K :ds€fpu(K)} is finite. Hence, M is soft point finite.

Therefore, by the above Claim, (S, v, D) is soft metacompact. [

3. Soft Strongly Continuous Mappings

In this section, we introduce the notion of “soft strongly continuous mappings”. We
study the correlation between soft strongly continuous mappings in soft topology and
strongly continuous mappings in general topology, and we obtain several characterizations
of soft strongly continuous mappings. Moreover, we show that this class of soft map-
pings is strictly contained in the class of soft completely continuous mappings. Moreover,
we study the behavior of soft strongly continuous mappings under soft restriction and
soft composition. In addition, via soft strongly continuous mappings, we obtain several
preservation theorems regarding some soft topological properties.

Definition 8. A soft mapping fp, : (T, 7w, B) — (S, v, D) is soft strongly continuous if for every
M € SS(T, B), fpu(Clz(M))C fpu(M).

Theorem 11. For a soft mapping fp, : (T, 7, B) — (S, v, D), the following are equivalent:
(a) fpu is soft strongly continuous.
(b) fpjll(H) € nt° for every H € SS(S, D).

Proof. (a) — (b): Let H € SS(S, D). Then, by (a), fyu(Clz(fpi (H)))C fpu(fpu! (H))CH
and thus, Cly (f5 (H))C fu! ( Fou(Clr( fp;}(H)))) C foul (H). Therefore, f;} (H) € .

(b) —> (a): Let M € SS(T, B). Then, by (), fou! (fou(M)) € 7. Since MC fy! (fou(M)),
then ClL(M)CCl, (fﬁ:l (fpu(M))) = fﬁzl (fpu(M))/andsofpu(Cln(M))éfpu (f;;} (fpu(M>)>
C fpu(M). It follows that f, is soft strongly continuous. [

Theorem 12. For a soft mapping fpy : (T, 7, B) — (S, v, D), the following are equivalent:
(a) fpu is soft strongly continuous.
(b) fp’ul(H) € 7t for every H € SS(S, D).
(©) fpi (H) € CO(T, 7t, B) for every H € SS(S, D).
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(d) fpu! (ds) € 7 for every ds € SP(S, D).
(€) fpu (ds) € 7° for every ds € SP(S, D).
(f) ful (ds) € CO(T, 7, B) for every ds € SP(S, D).

Proof. (a) — (b): Let H € SS(S,D). Then, by (a) and Theorem 11, fp_ul(lp —H) =
1 — f' (H) € 7. Hence, f,,}(H) € 7.

(b) — (c): Let H € SS(S, D). Then, by (b), f,,/ (H) € mand 1 — f,;/ (H) = f, (1p —
H) € m. Hence, f’;}(H) € CO(T, m, B).

(c) — (d): Obvious.

(d) — (e): Letds € SP(S, D). Then, by (d), 1p —fp_u1 (ds) = fp_ul(lp —ds) € . Hence,

foid (ds) € .

(e) — (f): Let ds € SP(S,D). Then, by (e), fp]ll(ds) € n° and 1p —fp’ul(ds) =
fp_ul(lp —ds) € 7°. Hence, fp_ul(ds) € CO(T, mt, B).

(f) — (a): Let H € S5(S, D). We will apply Theorem 11. By (f), f,,' (ds) € 7 for every
ds€1p — H. Thus, f,,!(1p — H) = Ugz1, nfpi (ds) € m. Hence, 15 — f,,!(1p — H) =

15— (15— ful (H)) = ful(H) € 7. O

Theorem 13. If f,, : (T, 7, B) — (S, v, D) is soft strongly continuous, then p : (T, ) —
(S, vu(b)) is strongly continuous for all b € B.

Proof. Suppose that fy, : (T, 71, B) — (S, v, D) is soft strongly continuous. Let b € B and
lets € S. Then (u(b)), € SP(S, D) and part (d) of Theorem 12, we have fr;}((u(b))s) € .

Thus, (£, ((u(8)),)) (6) = p ((u(5)))((5))) = p~'({s}) € . Hence, by Theorem
11of[23], p: (T, 1) — (S, vu(b)) is strongly continuous. [

Theorem 14. Let {(T, ;) : i € I} and {(S,v;) : j € J} be two families of TSs. Let p : T — S
be a function and u : I — | be a bijective function. Then fp, : (T, ®icim;, I) — (S, ®jejvj, )

is soft strongly continuous if and only if p : (T, 1;) — (S, vu(i)) is strongly continuous for all
icl

Proof. Necessity. Suppose that fy, : (T, ®ici7ti, I) — (S, ®jejvj, ) is soft strongly contin-
uous. Let k € I, then by Theorem 13, p : (T, (®icr71);) — (S, (@fefvf)u(k)) is strongly
continuous. However, by Theorem 3.7 of [20], (®;c7;), = 7 and (@Jefvf)u(k) = Uyp)-
Hence, p : (T, ;) — (S, vu(l-)> is strongly continuous.

Sufficiency. Suppose that p : (T, ;) — (S, vu(i)> is strongly continuous for all
i€l LetG € S5(S,]). Then, for every j € ], G(j) € S. Since u : I — ] is bijective,
then p : (T, nu—l(]')) — (S,v;) is strongly continuous for all j € J. Thus, p~}(G(j)) =
((fﬁ}(G))) (u=1(j)) € 1) forall j € J. Hence, (fﬁ}(G)) (i) € mjforalli € I

Therefore, fpj}(G) € @iy It follows that fy, @ (T, ®icrm;, I) — (S, Bjesvj, ]) is soft
strongly continuous. [

Corollary 3. Let p : (T, ) — (S,0) be a function between two TSs and let u : I — |
be a bijective function. Then p : (T,u) — (S,0) is strongly continuous if and only if fp, :
(T, t(p), I) — (S, t(9),]) is soft strongly continuous.

Proof. For eachi € Iand j € ], put m; = p and v; = 4. Then t(p) = Dier7m; and
7(6) = @jejvj. Thus, by Theorem 14, we obtain the result. [J
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Theorem 15. Every soft strongly continuous soft mapping is soft completely continuous.

Proof. Let f,, : (T, 7, B) — (S, v, D) be a soft strongly continuous mapping. Let G € v.
Then by part (c) of Theorem 12, fp_ul(G) € CO(T, ,B) € RO(T, i, B). Hence, fp, is soft
completely continuous. [

Theorem 15’s converse does not necessarily hold in all cases.

Example 3. Let T = {1,2,3,4}, S = {567}, u = {©T,{1,2},{3},{1,2,3}},
0 ={2,5,{5},{6},{5,6}} and B=TR. Definep : T — Sand u : B — Bas follows: p(1) =
p(2) =5,p3) = p(4) =7, and u(b) = b forall b € B. Since p~({6}) = @ € RO(T, n)
and p1({5}) = p-1({5,6}) = {1,2} € RO(T, 1) — CO(T,p), then p : (T, ) — (S,)
is completely continuous but not strongly continuous. Therefore, by Corollaries 1 and 3, fpy :
(T, t(u),B) — (S, t(8), B) is soft completely continuous but not soft strongly continuous.

Theorem 16. If fy, : (T, 71, B) — (S, v, D) is soft weakly continuous such that (S, v, D) is soft
discrete, then fy, is soft strongly continuous.

Proof. Suppose that fy, : (T, 7,B) — (S,v,D) is soft weakly continuous such that
(S,v,D) is soft discrete. Let d; € SP(S,D). To see that fp_u1 (ds) € m. Let btéfp_ul (ds).
Then, fpu(bt)éds € v and by soft weak continuity of f,,, there exists G € 7 such that
bi€G and fyu(G)CCly(ds) = ds. Thus, we have btéGpr’ul (fpu(G))er;ll (ds). Hence,
foi(ds) e m. O

Corollary 4. If fpy : (T, 71, B) — (S, v, D) is soft continuous such that (S, v, D) is soft discrete,
then fpy is soft strongly continuous.

Theorem 17. If f,, : (T, 7w, B) — (S, v, D) is a soft mapping such that (T, 7t, B) is soft discrete,
then fpy is soft strongly continuous.

Proof. Obvious. [

Theorem 18. Let f, : (T, ,B) — (S,v, D) be an injective soft mapping. Then f,, is soft
strongly continuous if and only if (T, 7, B) is soft discrete.

Proof. Necessity. Suppose that fy,, is soft strongly continuous. We will show that SP(T, B) C
7. Let by € SP(T,B). Then by soft strong continuity of f,, we have fu,! (fpu(bt)) € 7.
Since fpy is injective, then f];,} (fpu(br)) = by. Therefore, by € 7.

Sufficiency. Follows from Theorem 17. [

Theorem 19. A soft homeomorphism fp, : (T, 7, B) — (S, v, D) is soft strongly continuous if
and only if (T, t, B) and (S, v, D) are soft discrete STSs.

Proof. Necessity. Suppose that fy, is soft homeomorphism and soft strongly continuous.

Then f}, is injective and by Theorem 18, (T, 7, B) is soft discrete. Since fp,, : (T, 7, B) —

(S, v, D) is soft homeomorphism and (T, 7, B) is soft discrete, then (S, v, D) is soft discrete.
Sufficiency. Follows from Theorem 17. O

Theorem 20. Fora STS fy, : (T, 7w, B) — (S, v, D), the following are equivalent:
(@) fpu : (T, 71, B) — (S, v, D) is soft strongly continuous.
() fpu : (T, 71, B) — (S, v, D) is soft continuous for any soft topology <y on S relative to D.

Proof. (a) — (b): Let -y be a soft topology on S relative to D. To see that f,, : (T, T, B) —
(S,7, D) is soft continuous, let G € . Then G € SS(S, D) and by (a), fp’ul(G) € 7.
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(b) — (a): By (b), we have f,;, : (T, ,B) — (5,55(S, D), D) is soft continuous.
Thus, Corollary 4 ends the proof. [

Theorem 21. Let fy, : (T, 7, B) — (S, v, D) be soft strongly continuous and X be a non-empty
subset of T. If (X, rtx, B) is soft connected, then fp, (Cx) is a single soft point.

Proof. Suppose to the contrary that (X, 7rx, B) is soft connected and fp, (Cx) is not a single
soft point. Choose ds € fpu(Cx). Then, by Theorem 12 (f), fpj} (ds) € CO(T, i, B). Therefore,

we have f,[,_u1 (ds)NCx € CO(X, mx, B) — {0p,15}. Hence, (X, 7tx, B) is not soft connected,
a contradiction. O

Theorem 22. If f, : (T, 7w, B) — (S, v, D) is soft strongly continuous and X is any non-empty
subset of T. Then, (fpu) oy | (X, 71x, B) — (S, v, D) is soft strongly continuous.

Proof. Let d; € SP(S, D). Since f,, : (T, 7, B) — (S,v, D) is soft strongly continuous,

—1 "
then fﬁl(ds> € 7, and so ((fpu)\Cx) (ds) = fp*ul(ds)mCX € mx. Hence, (fpu)|cx :
(X, x, B) — (S, v, D) is soft strongly continuous. [

Theorem 23. If f,,., : (T, 7, B) — (S, v, D) is soft strongly continuous and fy,y, : (S,v,D) —
(R, 7, E) is any soft mapping, then f(,0p.)(uzouy) * (T, 70, B) — (R, 7y, E) is soft strongly continuous.

Proof. Let H € SS(R, E). Then, f,.1,(H) € SS(S, D). Since fpu, : (T, 7, B) — (S,v,D)

is soft strongly continuous, then fp_l}l ) ( fp_z}iz (H )) = f(;;om) (uyouy) (H) € m. This ends the

proof. O
Corollary 5. The soft composition of two strongly continuous functions is strongly continuous.

The example shown below shows how Theorem 23’s theorem is not necessarily true
for soft continuous functions.

Example 4. Let T = R, B = N, m = {0g,13}, and v = SS(T, B). Consider the identities
functions p : T — T and u : B — B. Consider the soft mappings fp, : (T, 7, B) — (T, m, B)
and fpy : (T,7t,B) — (T,v,B). Then, fp, : (T, 7,B) — (T, mt, B) is soft continuous but
fipop)(uou) * (T, 71, B) — (T, v, B) is not soft continuous.

Theorem 24. If f,u, : (T, 71, B) — (S, v, D) is a soft weakly continuous mapping and f,u, :
(S,v,D) — (R, 7, E) is soft strongly continuous, then f, :(T,m,B) — (R,v,E)
is soft strongly continuous.

(p2op1)(uzouq)

Proof. Let H € SS(R, E). Since fy,u, : (S,v,D) — (R, 7, E) is soft strongly continuous,
then fp’z}lz(H) € CO(S,v, D). Since fp,u, : (T, m,B) — (S, v, D) is soft weakly continuous,
then by Theorem 5.1 of [26],

f(;’ioﬁl)(uzoul) (H) = fPﬁ‘l (fl;zuz
S (i (Ol (e (1) )
- Intr (fP1u1 (frizuz( ))
= Int,
This ends the proof. O

!

-1
fpaop) (ugour) () ) -

Corollary 6. Iff,l,lu1 : (T, ,B) — (S, v, D) is a soft continuous mapping and fy,u, : (S,v, D)
— (R, v, E) is soft strongly continuous, then f(,,cp\(upouy) (T, 70, B) — (R, 7, E) is soft
strongly continuous.
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Theorem 25. Let fpy : (T, 7, B) — (S, v, D) be a soft strongly continuous such that (T, 7t, B)
is soft compact. Then, fpj,l (H) is a soft compact subset of (T, T, B) for every H € SS(S, D).

Proof. Let H € SS(S, D). Since fyy : (T, 7, B) — (S,v, D) is soft strongly continuous,
then fp_u1 (H) € nt“. Since (T, 7, B) is soft compact, then fp_u1 (H) is a soft compact subset of
(T, 7,B). O

Definition 9. A STS (T, 7t, B) is said to be a soft C-C space if the soft closed sets in (T, m, B)
coincide with soft compact sets of (T, 7, B).

Theorem 26. Let fp, : (T,7,B) — (S,v,D) be a soft mapping such that (T, m, B) is a soft
C-C space and (S, v, D) is a hereditarily soft compact. Then, the following are equivalent:

(a) fpu is soft strongly continuous.

(b) fy' (H) is a soft compact subset of (T, 7z, B) for every soft compact subset H of (S,v, D).

Proof. (a) — (b): Let H be any soft compact subset of (S, v, D). Then, by (a), f,,/ (H) € 7°.
Since (T, 7, B) is a soft C-C space, then f,[,_u1 (H) is a soft compact subset of (T, 7T, B).

(b) — (a): Let H € SS(S, D). Since (S, v, D) is a hereditarily soft compact, then H is
a soft compact subset of (S, v, D). Thus, by (b), fp_u1 (H) is a soft compact subset of (T, 7t, B).
Since (T, 7, B) is a soft C-C space, then fpj}(H) en‘. O

Theorem 27. If f,, : (T, 71, B) — (S, v, D) is a soft strongly continuous mapping, then for any
soft compact subset K of (T, 7t, B), fyu(K) is a finite soft set.

Proof. Let K be any soft compact subset of (T, 7r, B). Since f, is soft strongly continuous,
then {fp’ul (ds) : ds € SP(S, D)} C 7. Since KCOdsesp(S,D)f};} (ds), then there exists a finite
subset M CSP(S, D) such that Kiodserﬁll (ds). Thus, fpu(K)C fou (Odse./\/lfp_ul (ds)) =
U, e fpu (fp_b}(ds)) CUg,emds. Since Uy e aqds is a finite soft set, then fp, (K) is a finite
softset. [

Theorem 28. If f, : (T, 7, B) — (S, v, D) is a soft strongly continuous mapping, then for any
soft Lindelof subset K of (T, 7t, B), fpu(K) is a countable soft set.

Proof. Let Kbe any soft Lindelof subset of (T, 7t, B). Since f, is soft strongly continuous, then
{fp’ul (ds) : ds € SP(S, D)} C 7. Since KéodSESP(S,D)fp;} (ds), then there exists a countable
subset M CSP(S, D) such that Kg@dserl;} (ds). Thus, fpu(K)C fpu (Odserﬁtl(dSD =
U, e fpu (fp_ul (ds)) CUg,emds. Since Uy e qds is a countable soft set, then f,,(K) is a

countable soft set. [

Theorem 29. Let fy, : (T, ,B) — (S,v, D) be surjective and soft strongly continuous such
that (T, T, B) is soft almost compact. Then, (S, v, D) is soft compact.

Proof. Let A Cv such that Ugc4A = 1p. Then, OAEAfp_ul(A) = 1p. Since fpy is soft
strongly continuous, then {fp’ul (A): A€ A} C CO(T, m,B) C m. Since (T, 7, B) is soft al-
most compact, then there exists a finite subfamily .A; C A such that Uge 4,Clx ( fﬁl ( A)) =
Oacafol (A) = fp! (Uaca, A) = 1p and thus, fp, (f,;} (LNJAeAlA)) = fpu(1p). Since
fpu is surjective, then fp, (fp_ul (LNJAGAIA)) = Upen, A and fpu(1g) = 1p. Therefore,
OAeAlA = 1p. It follows that (S, v, D) is soft compact. [
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Theorem 30. Let fy, : (T, 7, B) — (S,v, D) be surjective and soft strongly continuous such
that (T, T, B) is soft almost Lindelof. Then, (S, v, D) is soft Lindelof.

Proof. Let A CvsuchthatUyc4A = 1p. Then, GAEAfp_ul (A) = 1p. Since fyy is soft strongly
continuous, then {fp’ul(A) tA € A} C CO(T, r, B) C 7. Since (T, T, B) is soft almost Lin-
delof, then there exists a countable subfamily .A; C A such that Uge 4,Clx ( fp]l( A)) =

OA€A1f;;ul(A) = f;;tl (OAG.A] A) = 1p and thus, fpu (fpiul (0A6A1 A)) = fpu(lB)' Since fpu is
surjective, then fp, (fp’ul (GAeAlA)) = Upea,Aand fpyu(1g) = 1p. Therefore, Upe 4, A = 1p.
It follows that (S, v, D) is soft Lindelof. [

Theorem 31. Let f,, : (T, 7, B) — (S, v, D) be surjective, soft strongly continuous, and soft
open mapping such that fp‘ul(ds) is a soft compact subset of (T, 7, B) for each ds € SP(S, D). If
(T, 7t, B) is soft almost paracompact, then (S, v, D) is soft metacompact.

Proof. Let 7 Cv such that UyeyH = 1p. Since fp, is soft strongly continuous, then
{fpj}(H) :He 7—[} C CO(T, m,B) C m. Since (T, 7, B) is soft almost paracompact and
Onenfpu (H) = foi! (OaenH) = fpi! (1p) = 1p, then there exists a collection K C7r such
that K is soft locally finite, UgcxCl(K) = 15, and for every K € K there exists H € H
such that KCf,,! (H). Let M ={f,u(K) : K€ K}. O

Claim. 1. M Cv.
2. UpemM = 1p.
3. For each M € M, there exists H € H such that MC H.
4. M is soft point finite.

Proof of Claim. 1. Since K C7t and fy, is soft open, then M ={f,,(K) : K € K} C v.

2. Since fyy is surjective, then f,,(1p) = 1p. Since fy, is soft strongly continu-
ous, then for every K € K, fyu(K) = fpu(Clz(K)). Thus, Upe M = Ukex fou(K) =
OKeICfpu(Clﬂ(K)) = fpu(OKelCCln(K)) = fpu(1g) = 1p.

3. Let M € M. Then, there exists K € K such that f,,(K) = M. Choose H € H such
that K f,, (H). So, M = fou(K)C fyu (fp—ul (H)) CH.

4. Letds; € SP(S,D). Since K is soft locally finite, then for every btéfp’ul(ds),
there exists G,, € m such that b;€G;, and the collection {K € K : KNGy, # 0p} is fi-
nite. For each bi€f,!(ds), put Sy, = {K € K: KNGy, #0p}. Since f,,!(ds) is a soft
compact subset of (T, 7, B) and f,l,_u1 (ds)iobté il ds)th’ then there exists a finite subset

A Q{bt L b€ f (ds)} such that f,,! (ds) C0p,c 4Gy, If ds€ fpu(R) for some R € K, then
there exists wréRﬁfl;} (ds). Since w, @fp’ul (ds) COb,eAGb,r then there exists b; € A such that
w;EGy,. Thus, we have w,€RNGy, and hence R € S,. Therefore, {K € K : ds€fpu(K)} C
{KeK:ReS,, be A} Since {KeK:ReSp, bye A} is finite, then
{K €K :d;e fpu(K)} is finite. Hence, M is soft point finite.

Therefore, by the above Claim, (S, v, D) is soft metacompact. [

Theorem 32. Let fpy : (T, ,B) — (S, v, D) be surjective, soft strongly continuous, soft closed,
and soft almost open mapping such that fp_u1 (ds) is a soft compact subset of (T, 7, B) for each
ds € SP(S,D). If (T, T, B) is soft nearly paracompact, then (S, v, D) is soft paracompact.

Proof. Let 7 Cv such that UyeyH = 1p. Since fpy is soft strongly continuous, then
{fp’ul(H) tHe H} C CO(T, m,B) C m. Since (T, m, B) is soft nearly paracompact and
Onenfol (H) = foi! (OnenH) = fpi! (1p) = 1p, then there exists a collection K C 7 such
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that K is soft locally finite, UkexIntz(Cl;(K)) = 1p, and for every K € K there exists
H € # such that KCf, ! (H). Let M ={Inty(fpu(K)) : K € K}. Then, M Cv. O

Claim 1. OMEMM = 1D' _
2. For each M € M, there exists H € H such that KCH.
3. M is soft locally finite.

Proof of Claim. 1. Since f, is surjective, then f,,(1p) = 1p. Since K Crr, then for every
K € K, Int(Clz(K)) € RO (T, 7, B). Since f, is soft almost open, then for every K € K,
fou(Intz(Clz(K))) € v. Since fp; is soft strongly continuous, then for every K € K,
fou(Intz(Clr(K)C fpu(Clz(K)) = fpu(K) and thus, fpu(Intz(Clx(K)))CInty(fpu(K)).
Therefore,
1D - fpu(lB)
f}zu (ClkelC(Intﬂ(Clﬂ(K)))
= Ukexfpu(Intz(Clz(K)))
c Okelglntv(fpu(K))
= Unme m M.
2. Let M € M. Then, there exists K € K such that Int, (fpu(K)) = M. Choose H € H
such that KC ;! (H). Thus, M = Inty(fyu(K)) E fou(K)E fyu (5l (H) ) EH.
3. Letds; € SP(S,D). Since K is soft locally finite, then for every b€ fp_ul(ds), there
exists Gy, € 7t such that b;€Gy, and the collection {K € K : KNGy, # 0p} is finite. For each
bi€fp! (ds), put S, = {K € K : KNGy, # Op}. Since f,,}(ds) is a soft compact subset of

(T, m,B) and fp’u1 (ds)éghtéfﬁl (ds) Gy,, then there exists a finite subset A C {bt : btéfpj,l (ds) }

such that fp_u1 (ds) CUp,e 4Gy, Let G = Up,e 4Gy, Then, the collection {K € K : KNG # 0g}
is finite. Let S = 1p — fpu(1p — G). Since fy, is soft closed, then f,,(1p — G) € v°. Thus,
we have and d;€S € v and the collection {M € M : MNS # Op } is finite. Hence, M is
soft locally finite.

Therefore, by the above Claim, (S, v, D) is soft paracompact. [J

4. Conclusions

Numerous facets of our daily existence are uncertain. The soft set theory is one of
the ideas put forth to deal with uncertainty. This study focuses on soft topology, a novel
mathematical framework developed by topologists using soft sets.

In this paper, soft complete continuity and soft strong continuity as stronger forms
of soft continuity are introduced. Several characterizations and relationships related to
them are given. Moreover, several soft mapping theorems regarding soft compactness, soft
Lindelofness, soft connectedness, soft regularity, soft normality, soft almost regularity, soft
mild normality, soft almost compactness, soft almost Lindelofness, soft near compactness,
soft near Lindelofness, soft paracompactness, soft near paracompactness, soft almost
paracompactness, and soft metacompactness are obtained. The link between our novel
concepts in soft topological spaces and their topologically corresponding notions have been
investigated.

The following topics could be considered in future studies: (1) investigating soft
metacompactness; (2) investigating soft C-C spaces.
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