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1. Introduction

The aim of this paper is to establish the existence of at least three weak solutions to
the fractional discrete boundary value problem

T+1 Vi (c Vo ((k))) + Vo (141 Vi (u(k))) + @p(u(k))
= Af(ku(k)) + pg(k, u(k)), @
u(0) =u(T+1) =0,

for any k € [1, T]y,, where 0 < « < 1, A > 0 and y > 0 are parameters, ; V{is the left nabla
discrete fractional difference, and 1,1V} is the right nabla discrete fractionl difference.
Here, f, ¢ : [1, T]y, X R — R are continuous functions, ¢, is the p-Laplacian operator
defined as ¢, (s) = |s|P2s with 1 < p < co.

Fractional differential equations have become an area of great interest in recent years.
This is due to both the intensive development of the theory of fractional calculus itself as
well as the applications of such problems in various scientific and social scientific fields;
see, for example, Refs. [1-6] and the references therein.

A considerable number of boundary value-type problems and problems involving
numerical simulations can be formulated as special cases of nonlinear algebraic systems. For
this reason, in recent years, many authors have developed various methods and techniques,
such as fixed points theorems or upper and lower solutions methods, to study discrete
problems. In this paper, we are interested in investigating nonlinear discrete boundary
value problems by using a variational approach; for recent contributions, see [7-10] and
the references therein.

Nonlinear boundary value problems involving p-Laplacian operators occur in var-
ious physical phenomena including non-Newtonian fluids, reaction-diffusion models,
petroleum extraction, flows through porous media, etc. Thus, the study of such prob-
lems and their generalizations have attracted research mathematicians in recent years
(e.g., [11-13]).

Axioms 2023, 12, 991. https:/ /doi.org/10.3390/axioms12100991

https:/ /www.mdpi.com/journal/axioms


https://doi.org/10.3390/axioms12100991
https://doi.org/10.3390/axioms12100991
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/axioms
https://www.mdpi.com
https://orcid.org/0000-0002-8149-4633
https://doi.org/10.3390/axioms12100991
https://www.mdpi.com/journal/axioms
https://www.mdpi.com/article/10.3390/axioms12100991?type=check_update&version=1

Axioms 2023, 12,991

2 of 20

While p-Laplacian boundary value problems for ordinary differential equations, finite
difference equations, and dynamic equations on time scales have been studied extensively,
there are relatively few results on discrete fractional p-Laplacian boundary value problems
involving Caputo fractional differences. For example, Lv [14] used Schaefer’s fixed point
theorem to obtain the existence of solutions to a discrete fractional boundary value problem
with a p-Laplacian operator. Heidarkhani and Moradi [15] used variational methods to
obtain the existence of at least one solution to the problem (1) in the case where u = 0.
Heidarkhani, Moradi, and Afrouzi [16] applied variational methods to obtain the existence
of infinitely many solutions to (1) again in the case where y = 0.

Motivated by the above observations, in the present paper we use the critical point
theorems obtained in [17,18] to obtain two results that ensure the existence of at least three
weak solutions to the problem (1). In particular, in Theorem 4 we require that the primitive
F of the function f is p-sublinear at infinity and satisfies some other local growth conditions.
In Theorem 5, we require a sign condition on the function f and a growth condition on
F in a bounded interval, but no asymptotic condition on f at infinity; we obtain that for
every non-negative continuous function g, there exist at least three non-negative weak
solutions that are uniformly bounded. We then apply our theorems to some special cases
and illustrate our results with examples. Compared to previously known results in the
literature, our required conditions are new.

In Section 2, we recall some basic definitions and the main tools to be used in the
proofs. Section 3 is devoted to our main results and their applications.

2. Materials and Methods: Preliminary Notions
Our main tools are the two following three critical points theorems. In the first one,

the coercivity of a certain functional is required, and in the second one, a suitable sign
condition is needed.

Theorem 1 ([18] Theorem 3.6). Let X be a reflexive real Banach space, ® : X — R be a coercive,
continuously Gateaux differentiable and sequentially weakly lower semicontinuous functional whose
Giteaux derivative admits a continuous inverse on X*, and ¥ : X — R be a continuously Giteaux
differentiable functional whose Gateaux derivative is compact and such that ®(0) = ¥(0) = 0.
Assume that there exist r > 0and 0 € X, with r < ®(0), such that:

) SUPG(yy <, T () Y@,
r P(7)
() r
¥(0)" supg <, ¥ ()
Then, for each A € A,, the functional ® — AY has at least three distinct critical points in X.

(ap) Foreach A € A, := ( ), the functional ® — A is coercive.

Theorem 2 ([19] Theorem 2.2). Let X be a reflexive real Banach space, @ : X — R be a convex,

coercive, and continuously Gateaux differentiable functional whose derivative admits a continuous

inverse on X*, and let ¥ : X — R be a continuously Gateaux differentiable functional whose

derivative is compact and such that:

1. infx® =®(0) =¥(0) =0;

2. Foreach A > 0and all uy, up € X that are local minima for the functional ® — AY and such
that ¥ (uq) > 0and ¥ (uz) > 0, we have

inf ¥(suy+ (1—s)uy) >0.
s€(0,1]

Assume that there are two positive constants r1 and rp and 0 € X with 2r; < ®(7) < %2
such that:
(by) SPucot (o) Y1) 2% (0)
1 3 (I)('U)
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(by) SUPued1((—co,r2)) ¥(u) < 1‘{!(5)
2 r 30(0)
Then, for each

A€ 30(0) min 1 i
2¥(0)’ SUP yeqp-1((—cory)) T (1) SUPeqp-1((—cory)) T(M) | )
the functional ® — AY has at least three distinct critical points in ®~1((—o0,17)).

Theorems 1 and 2 have been successfully used to ensure the existence of at least three
solutions for perturbed boundary value problems in the papers [19,20]. Next, we will
introduce several basic definitions, notations, and lemmas to be used in this paper.

Definition 1 ([21]).
(i) Let m be a natural number; then the m rising factorial of t (t to the m rising) is defined as
~ m=1 _
" =[] (t+k), meN, where t*=1.
k=0

(ii) For any real number w, the « rising function (t to the « rising) i s defined as

T T(t+a)
-T(t)

wheret € R\ {...,—2,—1,0} and 0% = 0.
In what follows, for a, b € N, we will use the notation:
N,={a,a+1,a+2,...} and ,N={...,b—2,b—1,b}.

Definition 2. Let &« € (0,1) and f be defined on N,_1 N 1N with a < b. Then the left nabla
discrete Caputo fractional difference is defined by

(EVa_1f) (k) 2 Vsf(s)(k—p(s) ™", k€N, ¢)

and the right nabla discrete Caputo fractional difference by
b
(51 VE£) (K) Z Asf)(s)(s = p(k) ™", k€N, ®)

s:k

where p is the backwards operator p(k) =k — 1.

Definition 3. Let « € (0,1) and f be defined on N,_1 N, 1N with a < b. The left and right
nabla discrete Riemann fractional differences are defined by

_ k
EVEANK) = 1y Ve L6 = LSOk p(e) T KEN,

and

1 b — 1

b
K) = Fr—ay (A0 LU —ptk) ™ = gy LUFE) s —pk) ™ ke,

s=k

respectively, where again p(k) =k — 1.
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For example, let f (k) = 1 be defined on N,_1 N }1N; then from (2) and (3), we have
FaVEL=EV2 1=0, ke N,N,N. (4)

The relationships between the left and right nabla Caputo and Riemann fractional
differences are as follows:

(k—a—i—l)j"‘

(FVa_1f) (k) = (FVa_1f) (k) - Wf(a -1), ®)
Ea¥N® = EaviN® - =T f6 4 ) ©
Thus, by (4)-(6), for any k € N, NN, we have
b+1—k) " k—a+1)~"
§+1V10<61 = ( l—f(i—(x; ’ Rvgfll = ( (1 fi%

Concerning the domains of the fractional differences, we see that (i) the left nabla fractional
difference ,_1 V{ map functions defined on ,_1N to functions defined on ;N, and (ii) the
right nabla fractional difference Vi | maps functions defined on ;1N to functions defined
onN. It canbe shown thatasa — 0, ,V§(f(k)) — f(t),andasa — 1,,VE(f(k)) — Vf(¢).
We note that for 0 < a < 1, the nabla Riemann and Caputo fractional differences agree for
functions that vanish at the endpoints, that s, if f(a—1) = 0 = f(b+1) (see [22,23]), which
is our situation here. For 0 < a < 1, these follow from (5) and (6). So, for convenience, in
the future, we will use the symbol V* instead of *V* or € V*.

Next, we present a summation by parts formula for this new discrete fractional calculus.

Theorem 3 ([24] Theorem 4.4 (Integration by parts for fractional differences)). For functions
f and g defined on N, NN, witha < band 0 < a < 1, we have

b b

I; f)(Va_18) (k) = 1; 8(k) (p+1Vif) (k).
Similarly,

b b

kg fK) (b1 Vig) (k) = kg §(k) (V1) (k).

In order to give a variational formulation for the problem (1), we define the finite
T-dimensional Banach space

W= {u:[0,T+1]y, = R:u(0) =u(T+1) =0},

equipped with the norm
1

T 2
[Jull = ( Y Iu(k)2> :
k=1
The next lemma is obvious.

Lemma 1. Forevery 0 < a < 1and u € W, we have

o = | < |lull. 7
o = max (0] < @)
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Corresponding to the functions f and g, we define the functions F, G : [1, T]n, X R —
R by

t t
Firt) = [ f(x0)dg and Glx,t) = [ g(x.e)e
forall (x,t) € [1,T]y, x R. Forall u € W, consider the functionals ®, ¥, and I, defined by

T T
@) = 5 X IGVE0 0P+ (ra V0P + o, 1 (o, ®
—1 —
T u T
() = Y Flku(k) + 5 Y Glkuh), ©
k=1 k=1

and I (u) = ®(u) — A¥(u).

Definition 4. By a weak solution to the BVP (1), we mean any function u € W such that

T

Z (xVou(k))(xVoo(k)) + (111 Viu(k)) (r41Vio(k)) + Z |u(k) [P~ %u(k)o(k)
T T

- /\k;f(k,u(k))v(k) —u Y glku(k))o(k) =0

k=1

foreveryv € W.

Our next lemma clarifies the relationship between critical points of the functional I,
and a weak solution to our problem.

Lemma 2. A function u € W is a critical point of 1, if and only if u is a solution to (1).

Proof. If u € W be a critical point of I, then for every v € W, we have

T T

L VB (T600) + (o V() ra VE0(6) + 12 ) 2u(k)o(h
—1 —
T T
- Ak;f(k,u(k))v(k) - yk;g(k,u(k))v(k) —0.

Bearing in mind that v € W is arbitrary, we have that for some 1 € W,
T+1V10<‘(kvg(ﬂ(k)))—f—kvg‘(prlv,”{‘( _( ))) + ‘ﬂ( >|p*2 —(k)

— Af(k,a(k) ngku ) =0
k=

for every k € [1, T]y. Therefore, ii is a weak solution to the problem (1). Hence, every
critical point of the functional I in W is a weak solution to the problem (1).

On the other hand, if 7 is a weak solution to the problem (1), then arguing in the
reverse order, completes the proof. [

The following lemma helps us satisfy an important assumption in Theorems 1 and 2.

Lemma 3. Let S : W — W* be the operator defined by

T

S(u)(v) = ];(N(”)‘u(k))(kvé‘v(k)) + (14 Viu (k) (11 Vio(k))
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+Z|u )P u(k)v (k)

forevery u, v € W. Then, S admits a continuous inverse on W*.

Proof. Now

S(0)(0) = Y2 07500 + (rir V() + L () > (7-+1)" 10
so S is coercive. Also,
(50 = S0} = Y- (TB(608) ~ (60 + (ra T 6ll) — (6" 1 [ath) ~ o0
> (T+1)™ (11)

for every u, v € W. Hence, S is strictly increasing. Moreover, since W is reflexive, for
uy — u strongly in W as n — oo, we have S(u,) — S(u) weakly in W* as n — co. Hence,
S is demicontinuous, so by [25] (Theorem 26.A(d)), the inverse operator S ~1 exists and it
is continuous.

Let ¢, be a sequence in W* such that e, — e strongly in W* asn — oo. Let u,, u € W
be such that S~ (e, ) = u, and S~1(e) = u. Taking into account the fact that S is coercive,
we see that the sequence 1, is bounded in the reflexive space W. For a suitable subsequence,
once again called u,, we have u,, — I weakly for some iI € W. This implies

(S(up) —S(u),uy, — 1) = (e —e,u, — 1) = 0.

Since u,, — 1 weakly in W and S(u,) — S(i1) strongly in W*, we have u, — 1 strongly in
W. Since S is continuous, S(#1) = S(u). Hence, taking into account that S is an injection, we
haveu =14. O

Now set

ZmaxG (k,&) forall® >0
k=1 l¢1<6

and

Gy:=T inf G(k¢) forallo > 0.
[1,T]N0><]R

If g is sign-changing, then clearly G > 0 and G, < 0.

3. Results
We are ready to present our main existence results.
Fix two positive constants 6 and ¢ such that

2

v T a2 , To¥ B
mZk:”(k) R+ (T+1)%9”

Zgzl F(k,o) p E;f:l max|y|<g F(k, x) ’

choose
= To?
w2 4+

T
o2
T(1—a))? k:Zl (k)™ p (T—l— 1)P(P )
T
Y F(k,0)
k=1

AEA =

7 7

ZmaxF (k, x)

7 1x|<6

setoy o =
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min

T T T
p(p-2) 2 = ToP
(T+1) 7 67 —Ap ) maxF(k x) (r(fia))z Yol P+ —AY F(ko)
k=1 lxI<e k=1 k=1
pG? ’ min{0, G, } ’
and
- 1
(5/\’ := min (5;\, y (12)
g g pT _ SUPje(1,T]y G(k, x)
max{ 0, —————- limsup !
r(p—2) xP
(TH+1) 5 |x|=+e
Here we mean /0 = oo, so that, for example, EA,g = 400 if
lim sup " Pkell Tl ok <0
|x|—=c0 xp B
and G, = G? = 0.
Our first existence result is given in the following theorem.
Theorem 4. Assume that there exist positive constants 0 and o with
o<y LA o . i\(k)j"‘|2+y , (13)
)R\ - 07 & p
such that
T
max F(k, x) p(p—2)
— xl<6 T+1 L
(Al) k=1 |x] - < . ( +T ) 4 Z P(k,U’),‘
v =y k=1
(F(lp— 0‘))2 kzl ‘(k) o(|2 + TO’p
. F(k, x) . )
2 74 [ Nps
(A2) Tlimsup < O uniformly with respect to k € [1, T]n,, where
|x|—o00
T
Y max F(k, x)
= L
T p(p=2)
(T+1) © o)
p

Then, for each A € A and for every continuous function g : [1, T]n, x R — R satisfying

SUPe(1,T]y, Gk )
xP

lim sup
[x] =00

< 400,

there exists 3/\«8’ > 0 given by (12) such that, for each p € [0, 5,\,5,), the problem (1) admits at least
three distinct weak solutions in W.

Proof. Fix A, g, and y as in the conclusion of the theorem, and consider the functionals ®,
Y, and I, as given in (8) and (9). We first wish to prove that the functionals ® and ¥ satisfy
the basic conditions in Theorem 1.



Axioms 2023, 12,991

8 of 20

Since W is compactly embedded in (C°([1, T]y, ), R), it is well known that ¥ is a
Gateaux differentiable functional whose Gateaux derivative at the point u € W is the
functional ¥'(u) € W* given by

T

T
_ k;f(k,u(k))v(k) + 5 Y stk uli)o(k)

k=1

for every v € W, and Y is sequentially weakly upper semicontinuous. Moreover, ® is
Gateaux differentiable with Gateaux derivative at the point u € W given by

T

=Y (Vou(k) (Vio(k)) + (111 Viu(k)) (r41Vio(k))
k

:1T
Z k)P~ 2u(k)o(k)

for every v € W. In addition, from the definition of ®, we see that it is sequentially
weakly lower semicontinuous and strongly continuous. For every u € W, we have
(see (10) and (11))

1 p(p=2)
—(T+1
p( )

|7 < @) <2T(T+ Dl + ST+ F ful. (19

Using the first inequality in (14), it follows that lim,| .« D(u) = +o0, i.e., ®is coercive.
Lemma 3 shows that ®' admits a continuous inverse on W*. Therefore, the regularity
assumptions on ¢ and ¥ required in Theorem 1 are satisfied. We also note that I, is a
C'(W,R) functional and the critical points of I, are weak solutions to the problem (1).

Choose v
plp—
T+1
r _ (T4 = oF
p
and set
kell, TN,
wa(k): 7 E[ ]NO
0, ke0,T+1.

Clearly, w, € W. Since w, vanishes at the endpoints, its nabla Riemann and Caputo
fractional differences coincide. Hence, for any k € N; N 7N, we have

(T+1V;Déwg)(k) = (¥+1vzwg')(k) = (%+lv%wo') (k) _ W‘,
and N
(kViwe) (k) = (£ Viwe) (K) = (Vi) (k) = Fa((lk)zx) .
Thus,
1 I . ) . , 1 T
D(w,) = 2 Z|(kvow0)(k)| + | (741 Viwe) (k)|* + = Z lwe (k)|P
=1 Pz
f}i o(k)=® o(T+1-k)*|"  To?
C24T(1—a) I(1—a) v
2 T - B
- Mdfi_a))zk; R+ |(T+1 -k 2+ 17
2 T o
= i R a5
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We also have

T
F(k, we (k) = ;F(k,a).

1=

Y(ws) =
k

1

(16)

k
Then, from condition (13), we see that 0 < r < ®(w, ). From the definition of ®, and

in view of (7) and (14), for every r > 0,
O (—oo,r) ={uecW:®(u)<r}

g{ueW:|u||”§pr}g{uGW:llulfoé

(T+1)p(p4—2)
= {u eW:|uf < ep},

and it follows that

T T
sup ¥(u) = sup Y F(ku(k)) <Y maxF(kx).
D(u)<r D(u)<r k=1 1 <0

for every u € X such that ®(u) < r. Therefore,

T
sup  Y(u) max F(k, x
ued1(—co,r] < p k:zl‘x|§9 (k%)
7 = (T—l—l)p(pj) or ’
and
T u L
() Z F(k,ws(k)) + " Z G(k, wy(k))
o) _ k=1 k=1
O(wy) o2 — To?
k)« 2 =
Ta—ar 5075
a p
Y F(k,o) +5Go
> k=1 A
N o? T — To?
- k)% 2 4+ —
ey eR DU

Since p < 6, ¢, we have

- T
(T 1)/‘7(”4 2) or _/\p Z‘rn‘axF(k/x)
k=1 |¥=0
< ’
which implies
T
H -0
max F(k,x) + =G
p k:Zl |x|<6 ( ) A < 1
(T i 1) P(p;z) or A
Also,
o? T —,  ToP T
YK P+ —— =AY F(ko)
(T(1-w)* = k=1

T+1) }

(

(17)

(18)



Axioms 2023, 12,991

10 of 20

SO
- p
Y F(k,0) + =Gg
k=1 A 1
> —.
(T—|— 1) P(V;2> A
214
p
Therefore,
a . M
F = F =
4 I;mi)é E0T3¢ 2 o)+ 56
— = <= <k . (19)
p(p—2) or A
(T+1) 1 (T+1)" o

ep
p

Hence, from (17)~(19), condition (a1 ) of Theorem 1 is satisfied.
Finally, since p < 6, ¢, we can fix I > 0 such that

SUPke[1,T]y, G(k, x)

lim sup <l
x| —-+00 xP
(T+1) P(P;Z) ' ‘
and pl < — T Therefore, there exists a function ¢ € R such that
G(k,x) < IxP +o, (20)
1 (T+1) P(P;Z)
for every (k,x) € [1,T]n, X R. Now fix 0 < 7 < o) - —ulT |. From (Ay),
1
there is a function T € R such that
T
—F(k,x) < v|x|P +1, (21)
G}

for every (k,x) € [1, T]yn, x R. In view of (7), from (20) and (21), for each u € W, we have

T
(1) = ®) = A¥(1) > (T +1)"5 A YL F (k) + K66 u()
T
. AO1 (7 ) |u(k)|P + )
;(TH) 17~ . zzm )IP +0)
> (G407 = 20r - T ) JulP - M?” ~ne

and so
lim ®(u) — A¥(u) = +oo.

[[uel| =00

That is, the functional I, is coercive. From (17)—(19) we also have

D(wy) r
Ae (wwg)' sup¢(u)<r‘1’(u)>'

and so condition (a;) of Theorem 1 holds. Theorem 1 then assures the existence of three
critical points for the functional I, that correspond to solutions to the problem (1). This
completes the proof of the theorem. O
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We next present two variants of Theorem 4. Instead of an asymptotic condition on the
function g, in the first result, the functions f and g are assumed to be non-negative. In the
second one, the function g is taken to be non-negative.

For the first theorem, let us fix positive constants 6, 65, and ¢ such that

2 T _
(r(l(fw D 2+ 1

3 =1 p
2 T
Y Fk,o
k=1
GP GP
(T+1; min 1 , 2 ,
F(k, 2 F(k,
L) 2 mox e
and take
re AN =
o2 T To?
|(k —u |2 4+
(e DU i
2 T ’
Y F(k,0)
k=1
p(p=2) 4 p
0 0
(T+1) 3 min{ — 1 ’ 2
P Y max F(k, x) ZZmax F(k, x)
= 1x]<6 ! |x|<6,

Theorem 5. Assume that there exist three positive constants 01, 0y, and o with

p p 2 ToP 92
%GKJ(TH)” << 1—“22| R P><W .

such that
(B1) f(k,x) > 0 foreach (k,x) € [1, T]n, x R;
3 max F(k,x) 2 3 max F(k, x)
(By) max{ k=L lxKZ% , k=11 ?Zf
p(p=2) T
<3 : LF(

2 T
(I*(lpi “))2](:2:1“ a|2+T0'

Then, for each A € A’ and for every non-negative continuous function g : [1, Ty, x R = R,
there exists &3 o > Ogiven by

(T+ ) —p/\Zmax F(k,x) (T—|—1) 2p/\z max F(k, x)

1 1x[<61 7 1x|<6;

pG91 ’ 2pG92
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such that, for each p € [0,0} g), problem (1) admits at least three distinct non-negative weak
solutions u;, i = 1,2,3, such that

0< ui(k) < 0y, forallk S [1, T]No’ i=1,2,3.
Proof. In order to apply Theorem 2, we consider the auxiliary problem

{Tﬂvﬁ V(1K) + V(141 Vi (k) + pp(u(k)) = Af (k,u(k)) + pg (k,u(k)), (23)
u(0) =u(T+1) =0,

where f : [1,T] N, X R — R is the continuous function defined by

f(k,O), if & < —6,,
fk§) =< f(kE), if —0<E< 0,
f(k, 92), lf(;‘ > 92.

If any solution to the problem (1) satisfies the condition —6, < u(k) < 6, for every
k € [1, T]n,, then any weak solution to problem (23) is also a weak solution to (1). Therefore,
it suffices to show that our conclusion holds for (1).

Fix A, g, and y as in the conclusion of the theorem and take ® and ¥ as in (8) and (9).
We note that as before, the regularity assumptions of Theorem 2 on ® and ¥ are satisfied.
We need to show that conditions (b1) and (b;) hold.

To this end, we choose

o, kell,T|n,,
wa(k) = [ ]NO
0, k€0, T+1,

p(p—2) p(p—2)
(T + 1) 4 9?’
—0;.

7= T+1) 5 Gf, and 1y :=

p p
In view of (22), we see that 2r; < ®(w,) < %2 Since p < &3 < and G, > 0, taking (15) into

account, we have

T
sup  W(U)  SUP,cq (e 3 F(ku(k) +  sup %ZG(k,u(k))
ued—(—oo,rq = ucd=(—oo,r =
o-1( ) < k=1 D1 ) k=1
1 o 1
T

max F(k,x) + el
< k=1 |x|<6; A

=2 (24)
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T T
Y F(ko) + % Y Gk, wy (k)
k=1

<

WIN

T _
T 50

2% (we)
T 3P(w,)

Therefore, conditions (b1 ) and (by) of Theorem 2 are satisfied.

Finally, to show that I} = & — AY satisfies condition 2 of Theorem 2, let 17 and u; be
two local minima of I. Then u; and u; are critical points of ® — AY, and so they are weak
solutions to the problem (1). We want to prove that they are non-negative, so let 1 be a weak
solution to (1). Arguing by contradiction, assume that the set A = {k € [1, T]y, : uo(k) <0}
is non-empty and of positive measure. Set 3(k) = min{0, uq(k)} forall k € [1, T]y,. Clearly,
vs. € W and

T

Y ((Vouo(k)) (VD)) + (141 Viug(k)) (141 Vi (k) Z o (k) P~ 21 (k)5(k)
k=1

T

—A Zf (k, up(k))o(k) — u Zg(k, ug(k))o(k) = 0.

k=1

Thus, from our sign assumptions,

0< (T+1)™

< D (i(t) + (Vi) +;Zuo<k> p
A

=AY fk,uo(k))uo(k +#28 (k, ug(k))uo(k) < 0.
A a

Hence, ||ug|| 4 = 0, which is a contradiction, and so u;(k) > 0 nd uy(k) > 0 for every
k € [1, T]n,- It follows that su; + (1 —s)up > 0 foralls € [0,1],a

(Af 4+ ug)(x,sur + (1 —s)uz) > 0.

and so ¥ (suy + (1 —s)up) > 0 for every s € [0, 1]. From Theorem 2, for every

F(w) ™ sup  Y(u)’ sup  ¥(u) ()
ued-1(]—o0,r1[) ued-1(]—o0,rp[)

A€ gq)(w) : 3! 7’2/2
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the functional ® — AY has at least three distinct critical points that in turn are solutions to
the problem (1). This proves the theorem. [

Remark 1. In Theorems 4 and 5, if either f(k,0) # 0 for some k € [1,T]n, or g(k,0) # 0O for
some k € (1, T]y,, then the solutions obtained from the theorems are non-trivial.

Remark 2. If, in Theorem 4, f (-, x) and g(-, x) are odd functions in x, then we are guaranteed the
existence of at least five distinct weak solutions. The reason for this is that if u is a nontrivial weak
solution, then —u is a weak solution since satisfies the equation

T
k; (Vo (=u(k)))(kVook)) + (141 Vi (—u(k))) (141 Vio(k))
T T T
+kZ [ (—u (k) [P~ (—u(k))o(k) — AkZ f(k, (—u(k)))o(k) - ukZ gk, (—u(k)))v(k) =0
=1 =1 =1

foreveryv € W.

Remark 3. If we consider the autonomous case of (1) (i.e., the functions f and g do not explicitly
depend on k), namely,

{ 141 Vi (V5 (1K) +i Vi (141 Vi (u(K))) + @p (k) = Af(u(k)) + pg(u(k), o5
u(0) =u(T+1) =0,

where f, g : R — R are non-negative, continuous, and not identically zero functions, then putting
F(x) = [y f(€)dg, for each x € R, in Theorem 4 the conditions (A1) and (Az) take the form

—~ max|x‘§9 F(JC) (T+1)P(pz;2)
(A) o < o - e :
(r(l_a))zkzzl‘( ) | +To
F(x)

(A,) Tlimsup 5 < ©® where

|x|—o00

F(o);

 T'maxy<g F(x)

p(p=2)
T+,
p
respectively. In addition,
T
o? —u|2 ToP
O k +— _
N T(1—a))? k:X:l |( ) | p (T i 1)}7(;74 2) op
o TF(o) " pTmaxF(x) |’
|x|<6
and &,g =
(T+ 1) 6P — ApT max F(x) o i (k) %2 + T ATE(0)
7 — maxF(x) | =73 — =
- P se (Tl-w) = p
pG? ’ min{0, G, }
In this case, condition (By) in Theorem 5 takes the form
- max F(x) 2max F(x He2)
(By) max{ \x|§;1 ( )/ |x\§62 ( )} _ % . (TT+ 1) ~ F(o).
6 6 (r(fw Vi1 | (k) %2 + To?
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Moreover,
o2 Z|(k)7¢x’2_’_Ti
A= §(r(1_“))2k 1 p
|2 TF(k) ’
(T—|— 1)17(?;2) . Qf 95
Tp max|,|<g, F(x)’ 2max|y| <, F(x)
and
p(p—2)
T+1)" % 67 — pAT max F(x p(p-2)
5 — min ( ) 177 x| <6, (x) (T+1)"7 6} — 2pAT maxy| <y, F(x)
Ag pGHh ’ 2pG2

As a special case of Theorem 4, we have the following theorem in which the functions
f and g are autonomous.

Theorem 6. Assume that

lim inf @ = limsup @ =0. (26)
x—0 X X—s 00 xP

Then, there exists A* > 0 such that for each A > A* and every non-negative continuous function
g : R — R satisfying
G(x)

limsu
x—>+oop |x|P

there exists 6 > 0 such that, for each p € [0,05), the problem (25) admits at least three distinct
solutions.

< +oo,

2 T
o — ToP
(F(l — “))2 Z |(k) a‘2 +—
Proof. Fix A > A* := k=1 for some ¢ > 0. From (26), there
TF(o)
sup F(¢)
is a sequence {6,} C (0, +o0) such that nlgn 0, = 0 and lim;, 1 |C|§9;7p = 0. We
then have F(&) !
sup p
i 21500 .. F(Z,) %,
im ———— = lim T p 0,
n—oo 971 n—o00 66,1 ()n
where F(&p, ) = sup F(¢). Hence, there exists 8 > 0 such that
15]<6y
sup|,|<g F(x) - min (T +1)" Fo) (T+ 1)
o’ 2 T ! ApT

a0 T

and
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Applying Theorem 4 proves the theorem. [J
The following example illustrates Theorem 6.
Example 1. Let T = 2, p = 5, and consider the problem
3Vi (Vo (u(k))) + Vo (Vi (k) + @5 (u(k)) = Af(u(k)),
(27)
u(0) =u(3) =0,

1
here & = = and
wnere x 2[111

68, if <1,
&) = §+sin2(§—1), if &> 1.
From f, we have
zs, if¢<1,
F(&) =
(©) {mn(g) + %g— }Lsinz(g— 1)+ % if e 1.
and
tim £E) _ g FE) g
x—=0t X x—+oo X

Taking o = 1, we see that all the conditions of Theorem 6 are satisfied. Therefore, for each

1 1 1
arar BT s

and for every non-negative continuous function g : R — R satisfying

lim sup i?
X—-+00 ‘x|

NI—=

< 400,

there exists & > 0 such that, for each y € [0,6), problem (27) admits at least three distinct solutions.

The next result is a consequence of Theorem 5. Again here, f and g are independent
of k.

Theorem 7. Let f : R — R be a non-negative continuous function such that

and

F(100) <

)
F(1).
27+ 8GR
9(T(3)) +6(T(3)* 9x10°
4F(1)(T(3))? " 16F(100)
function g : R — R, there exists 6 > 0 such that, for each u € [0,6), (25) admits at least three
distinct non-negative solutions.

Then, for every A € < > and for every nonnegative continuous
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1
Proof. Our aim is to employ Theorem 5by taking T =2,p =4, a = 50 = 1, and 6, = 100.

Simple calculations show that

o? T ToP
k)« 2 4+
3 (T(1—a))? ,(:ZJ( a P _9(r(3)?+6(I(3))?
2 T 4F(1)(T(3))2
- o M)
k=1
and -
(T+1)"3 0} 9% 108
T ~ 16F(100)°
P 2) " max F(x) (100)
k=1 xI<62
Moreover, since li%q+ % =0, we have
X—
X
| r@a
lim 20— =0.
x—07F X

Then there exists a positive constant

36(T(3))?
such that
F(61) 6(T'(3))*F(1)
0 6(I(3))2+4(T(3))?
and

o 9 x 108
> .
F(61) ~ 16F(100)

The conditions of Theorem 5 are satisfied, and this proves the theorem. [J

We end this paper by presenting the following versions of Theorems 4 and 5 for the
case where p = 2.

Theorem 8. Assume that there exist two positive constants 0 and o with

2 T _ 2
9<J2<<r<la—a>>zkm‘)_“'u§>

=1

such that
y
max F(k, x)
= 1x|<6 1 T
Ph < 202 - — kZ:l F(k,0)
< k)« 2 + TU.Z =

and
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T limsup F(i'zx) < O uniformly with respect to k € (1, T|y,, where
|x] =00
T
2)  maxF(k,x)
= =1 |x|<8
= 7
Then, for each
2 T 2
o —n 1o
ri-ar s o
k=1
/\' S T 7 T 7
Y F(k0) 2)  maxF(k,x)
k=1 k=1 x<0
and for every continuous function g : [1, T|n, x R — R satisfying
SUPke,T G(k, x)
lim sup cl ]I;O < o0,
|x|—+c0 x
there exists 6, o > 0 given by
0y o i=min{ & !
Ag = \gr
s s , suPer, 7y Gk X)
max< 0,27 lim sup o
[x]—+o00 X
where
@20 Y max (k) | Y 0 T A Fiko)
—2A maxF(k,x) | ————— = —-A F(k,o
51— min =1 |xI<6 (raa- “))2 k=1 2 k=1
A 2G? ' min{0, G, }

such that, for each y € [0, EA,g), the problem

{THV;‘E(N%(L!(k))) Vo Vi (k) +ulk) = Af (k,u(k)) + pg (k,u(k)), (28)

u(0) =u(T+1)=0,
admits at least three distinct weak solutions in W.

Theorem 9. Assume that there exist three positive constants 61, 6,, and o, with

2 Ty T 6
ﬁeKJz((m_a))zk;Kk) ? + 2><ﬁ,

such that
f(k,x) >0 foreach (k,x) € [1,T]n, x R

and
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T T
max F(k,x) 2 ) max F(k,x)
kgl x|<6; k;l [x|<6

02 ’ 62

max

Then, for each

—x|2
eEryeR M -y o 2

T 4 T
Y F(k,0) 2) max F(k,x) 4) max F(kx)
k=1 k=1 1x|<b1 f=1 1162

and for every non-negative continuous function g : [1,T]y, x R — R, there exists 5} ¢ >0

given by
T T
67 —2A ) max F(k,x) 63 —4A ) max F(k,x)
. k=1 1x|<61 =1 1X1<02
min ,
2GH 4Gb2

such that, for each y € [0,0% g), the problem (28) admits at least three distinct non-negative weak
solutions u; for i = 1,2,3, such that

0 < uj(k) <6y, forallk € [1,T]n,, i =1,2,3.

4. Discussion

In this paper, we used two the critical point theorems [17,18] to obtain two new results
that ensure the existence of at least three weak solutions to the problem under discussion,
namely, (1). In our first main result, Theorem 4, under modest conditions on the nonlinear
functions f and g, we were able to obtain the existence of three solutions to our problem.

Based on this result (Theorem 4), we were able to present some variant results, one
of which showed that the three solutions obtained were uniformly bounded. An example
illustrates some of the results.
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