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Abstract: In the statistical literature, one of the most important subjects that is commonly used is
stress–strength reliability, which is defined as δ = P[W < V], where V and W are the strength and
stress random variables, respectively, and δ is reliability parameter. Type-II progressive censoring with
binomial removal is used in this study to examine the inference of δ = P[W < V] for a component
with strength V and being subjected to stress W. We suppose that V and W are independent random
variables taken from the Burr XII distribution and the Burr III distribution, respectively, with a
common shape parameter. The maximum likelihood estimator of δ is derived. The Bayes estimator of
δ under the assumption of independent gamma priors is derived. To determine the Bayes estimates
for squared error and linear exponential loss functions in the lack of explicit forms, the Metropolis–
Hastings method was provided. Utilizing comprehensive simulations and two metrics (average
of estimates and root mean squared errors), we compare these estimators. Further, an analysis is
performed on two actual data sets based on breakdown times for insulating fluid between electrodes
recorded under varying voltages.

Keywords: stress–strength model; Burr distributions; Type-II progressive censoring; binomial
distribution; Bayesian estimation; Metropolis–Hastings algorithm

MSC: 62N05; 62D99

1. Introduction

A growing amount of pressure has been placed on manufacturers in recent years to
create high-quality goods while lowering manufacturing costs and time frames. Studying
reliability is increasingly important as global competitiveness increases. Reliability esti-
mates, prediction, and optimization are built on the pillars of lifetime testing, structural
reliability, and machine maintenance. The stress–strength (SS) model is mathematically
written as δ = P[W < V], where V is the strength random variable, W is the stress random
variable, and δ is the reliability parameter. In this model, the probability that the system can
withstand the pressures placed on it is known as the system’s reliability, or δ = P[W < V].
A good illustration of both mechanical engineering and aerodynamics is the reliability of
aircraft windshields. Various fields, including engineering, medicine, and the military, can
employ SS models. SS reliability can provide scenarios for reliable structures such as carbon
fiber, bridges, lifts, and others. The parameter δ is undoubtedly applicable in a wide range
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of sectors and offers more than just an SS model. It also gives a broad assessment of the
differences between the two populations. For instance, in clinical investigations, we may
assess the effectiveness of two treatments to compare V, the patient’s life expectancy while
receiving one medicine, and W, the patient’s life expectancy when receiving a different
medication. Information on more applications of this model can be found in [1]. Numerous
studies on the S-S model using complete and censored samples have been conducted
by [2–12] and others. Some recent studies concerning SS models can be found in [13–19].

Censored samples are used to analyze lifetime data because, in life-testing trials, one
frequently runs into circumstances where it takes a long time to accumulate sufficient
number of failures needed to make a meaningful judgment. In the past ten years, the Type-
II progressive censoring (TII-PC) scheme has become one of the most popular censoring
methods. The following is an explanation of it: Assume that n identical units will be
tested, and m failures will be recorded. When the first failure occurs, R1 items are randomly
selected and eliminated from the (n− 1). Similar to the first failure, R2 items of the surviving
objects are selected at random and eliminated, and so on. The remaining items are all
suppressed at the moment of the mth failure. R = (R1, R2, . . . , Rm) displays the TII-PC
scheme. For R = (0, 0, . . . , n−m) in TII-PC, Type-II censoring is obtained, and a complete
sampling scheme when (n = m) and (R1 = . . . = Rm−1 = Rm = 0). Research on the
various characteristics of progressive censoring systems was provided by Balakrishnan [20]
and Aggarwala and Balakrishnan [21]. The prefixes R1, R2, . . . , Rm are all present in this
system. However, these numbers might happen at random in some real-world scenarios.
According to Yuen and Tse [22], for instance, it is random and impossible to predict how
many patients will withdraw from a clinical test at any given point. Additionally, even
when some of the tested units have not failed, an experimenter may determine in some
reliability trials that it is unsuitable or too unsafe to continue testing on some of the tested
units. In these situations, the removal pattern is arbitrary at every failure (Yuen and
Tse [22] and Amin [23]). This results in arbitrary removals and gradual censoring. As
a result, several writers, including Wu et al. [24], Tse et al. [25], Dey and Dey [26], and
Yan et al. [27], have examined the statistical inference on lifetime distributions under TII-PC
with random removals.

In the literature, there is only one study regarding the parametric inference of the
SS model with the stress and strength random variables belonging to the Marshall–Olkin
extended Weibull family and where the observed samples are the TII-PC with fixed or
random removal, as reported by Mokhlis et al. [28]. The main goal of the present work is to
examine the estimate of the SS reliability parameter δ = P[W < V] when the W and V are
independent random variables with distinct distributions and the observed samples are
the TII-PC with binomial removal. So, we will now give a brief summary of our research.

1. The parent distributions, Burr XII (BXII) with shape parameters (ϑ, ϕ1) and Burr III
(BIII) with shape parameters (ϑ, ϕ2), linked to δ, are described, and their significance
is discussed.

2. An explicit expression of the SS reliability parameter δ is derived, when V and W are
independent random variables following BXII (ϑ, ϕ1) and BIII (ϑ, ϕ2), respectively.
This expression shows that δ does not depend on ϑ.

3. The maximum likelihood estimate (MLE) of δ is obtained based on TII-PC with
binomial removal.

4. Under two distinct loss functions (squared error loss function (SEF) and linear expo-
nential loss function (LNx)), the Bayes estimators of δ utilizing informative (INF) and
non-informative (N-INF) priors are provided.

5. The effectiveness of the developed estimates is evaluated using a Monte Carlo simula-
tion analysis.

6. A real data example is provided that illustrates the theoretical findings.

This article is organized as follows. Section 2 provides the description of the parent
distributions along with the SS reliability formula. The MLE of δ based on TII-PC is
obtained in Section 3. Section 4 proposes Bayesian estimates using the Metropolis–Hastings
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algorithm for both symmetric and asymmetric loss functions. We provide a simulation
analysis in Section 5 that compares the aforementioned estimation techniques. Section 6
provides a demonstration of how the suggested model and approaches may be applied to
engineering issues. In Section 7, there is a summary and a few conclusions.

2. Description of the Parent Distributions and Expression of δ = P[W < V ]

In this section, a description of the parent distributions, namely the BXII and BIII
distributions, is given. Also, the expression of the SS reliability δ = P[W < V] is provided,
where V is the strength random variable that follows the BXII distribution, and W is the
stress random variable that has the BIII distribution.

Burr [29] created a distributional scheme with twelve categories. Special focus has
been placed on the BXII and BIII distributions. In the fields of lifetime and failure time
modeling, the two-parameter BXII distribution is frequently used. In modeling lifetime
data, or survival data, BXII and BIII have received special consideration because of their
strong statistical and reliability characteristics.

Reference [30] noted that a significant amount of the curve shape properties in the
Pearson family are covered when the parameters of the Burr distribution are chosen suitably.
Since its shape parameter generates a variety of forms that are excellent fits for varied data,
the BXII distribution has been used in research related to medicine, business, chemical
engineering, quality control, and reliability. For instance, Ref. [31] illustrated the general
applicability of the BXII distribution to any given collection of uni-model data, as well
as the distribution’s link to other distributions. To create an economical statistical design
of the control chart for the non-normally distributed data, Ref. [32] employed the BXII
distribution. It was used by [33] to simulate inpatient costs in English hospitals. The BXII
distribution has recently been applied to a number of disciplines, including finance and
economics (McDonald and Richards [34], hydrology (Mielke and Johnson [35]), medicine
(Wingo [36]), mineralogy (Cook and Johnson [37]). The probability density function (PDF)
and the survival (SF) of the BXII distribution are defined by:

h(v) = ϑϕ1vϑ−1(1 + vϑ)−ϕ1−1 v ∈ R+ (1)

and
H̄(v) = (1 + vϑ)−ϕ1 v ∈ R+, (2)

where ϑ, ϕ1 > 0 are the shape parameters. The BXII distribution’s inferences have been the
subject of several studies (see, for example, [38–44]). Figure 1 shows the plots of PDF for
the BXII distribution.

0.0 0.5 1.0 1.5 2.0 2.5

0
.0

0
.5

1
.0

1
.5

0.0 0.5 1.0 1.5 2.0 2.5

0
.0

0
.5

1
.0

1
.5

v

P
D

F

0.0 0.5 1.0 1.5 2.0 2.5

0
.0

0
.5

1
.0

1
.5

0.0 0.5 1.0 1.5 2.0 2.5

0
.0

0
.5

1
.0

1
.5

v

P
D

F

0.0 0.5 1.0 1.5 2.0 2.5

0
.0

0
.5

1
.0

1
.5

0.0 0.5 1.0 1.5 2.0 2.5

0
.0

0
.5

1
.0

1
.5

v

P
D

F

0.0 0.5 1.0 1.5 2.0 2.5

0
.0

0
.5

1
.0

1
.5

0.0 0.5 1.0 1.5 2.0 2.5

0
.0

0
.5

1
.0

1
.5

v

P
D

F

0.0 0.5 1.0 1.5 2.0 2.5

0
.0

0
.5

1
.0

1
.5

0.0 0.5 1.0 1.5 2.0 2.5

0
.0

0
.5

1
.0

1
.5

v

P
D

F

ϑ = 0.5  ϕ1 = 5.5

ϑ = 4.0  ϕ1 = 0.5

ϑ = 3.0  ϕ1 = 2.5

ϑ = 2.0  ϕ1 = 1.0

ϑ = 6.0  ϕ1 = 0.8

Figure 1. Plots of PDF for the BXII distribution.
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On the other hand, the BIII distribution has a wide range of applications in statistical
modeling fields, including forestry (Gove et al. [45]), meteorology (Mielke [46]), fracture
roughness data (Nadarajah and Kotz [47], and life testing (Hassen et al. [48]). In studies of
the distribution of income, wages, and wealth, the BIII distribution is also known as the
Dagum distribution [30]. It is referred to as the inverse Burr distribution in the actuarial
literature [49] and the Kappa distribution in the meteorological literature [46]. For a random
variable w ∈ R+, the PDF and SF of the BIII distribution, respectively, are given below:

g(w) = ϑϕ2w−(ϑ+1)(1 + w−ϑ)−ϕ2−1, (3)

and
Ḡ(w) = 1− (1 + w−ϑ)−ϕ2 , (4)

where ϑ, ϕ2 > 0, are the shape parameters. Several studies have looked at the implications
of the BIII distribution (for instance, [50–53]). Figure 2 shows the plots of PDF for the
BIII distribution.
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Figure 2. Plots of PDF for the BIII distribution.

Let strength V∼ BXII (ϑ, ϕ1) and stress W∼BIII (ϑ, ϕ2) be independently distributed
random variables with the common shape parameter ϑ and the different shape parameter
(ϕ1, ϕ2). The SS reliability formula of δ = P[W < V] is computed as follows:

δ =

∞∫
0

h(v)HW(v)dv =

∞∫
0

ϑϕ1vϑ−1(1 + vϑ)
−ϕ1−1

(1 + v−ϑ)
−ϕ2 dv

= ϕ1B(ϕ2 + 1, ϕ1) =

[
Γ(ϕ1 + 1)Γ(ϕ2 + 1)

Γ(ϕ1 + ϕ2 + 1)

]
,

(5)

where Γ(.) is the gamma function. The SS parameter δ depends on the shape parameters
ϕ1 and ϕ2.

3. Maximum Likelihood Estimator of δ

Let (v1:m1 :n1 , . . . , vm1 :m1 :n1) = (v1, . . . , vm1) be the TII-PC from BXII (ϑ, ϕ1) with cen-
soring scheme R = (R1, . . . , Rm1) having PDF (1) and SF (2). Let (w1:m2 :n2 , . . . , wm2 :m2 :n2) =
(w1, . . . , vm2) be the TII-PC from BIII (ϑ, ϕ2) with censoring scheme R◦ = (R◦1 , . . . , Rm◦

2
)

having PDF (3) and SF (4). The joint likelihood function is obtained as follows:

L = K1K2

m1

∏
i=1

hV(vi)[H̄V(vi)]
Ri

m2

∏
j=1

gW(wj)
[
ḠW(wj)

]R◦j , (6)
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where

K1 = n1(n1 − 1− R1)(n1 − 2− R1 − R2)× ...× (n1 −m1 + 1− R1 − ...− Rm1 − 1),

and

K2 = n2(n2 − 1− R◦1)(n2 − 2− R◦1 − R◦2)× ...× (n2 −m2 + 1− R◦1 − ...− R◦m2
− 1).

Using (1), (2), (3), and (4) in (6) we have

L ∝ (ϑϕ1)
m1(ϑϕ2)

m2
m1

∏
i=1

vϑ−1
i (1 + vϑ

i )
−ϕ1−1 [

(1 + vϑ
i )
−ϕ1

]Ri
m2

∏
j=1

w−(ϑ+1)
j (1 + w−ϑ

j )
−ϕ2−1[

1− (1 + w−ϑ
j )
−ϕ2
]R◦j . (7)

Now, the log-likelihood of (7) is:

`∗ ∝ m1 ln(ϑϕ1) + m2 ln(ϑϕ2) + ϑ

[
m1

∑
i=1

ln(vi)−
m2

∑
j=1

ln(wj)

]

−(ϕ1 + 1)
m1

∑
i=1

ln(1 + vϑ
i )−

m1

∑
i=1

Ri ϕ1 ln(1 + vϑ
i )

− (ϕ2 + 1)
m2

∑
j=1

ln(1 + w−ϑ
j ) +

m2

∑
j=1

R◦j ln
[
1− (1 + w−ϑ

j )
−ϕ2
]
.

(8)

Differentiating (8) with regard to ϑ, ϕ1, and ϕ2 and then equalizing them to zero, we obtain

∂`∗

∂ϑ
=

m1 + m2

ϑ̂
+

m1

∑
i=1

ln(vi)−
m2

∑
j=1

ln(wj)− (ϕ̂1 + 1)
m1

∑
i=1

ln vi

(1 + v−ϑ̂
i )
−

m1

∑
i=1

Ri ϕ̂1 ln vi

(1 + v−ϑ̂
i )

+ (ϕ̂2 + 1)
m2

∑
j=1

ln wj

(1 + wϑ̂
j )
−

m2

∑
j=1

R◦j ϕ̂2(1 + w−ϑ̂
j )
−ϕ̂2−1

w−ϑ̂
j ln wj

1− (1 + w−ϑ
j )
−ϕ̂2

= 0,

(9)

∂`∗

∂ϕ1
=

m1

ϕ̂1
−

m1

∑
i=1

ln(1 + vϑ̂
i )−

m1

∑
i=1

Ri ln(1 + vϑ̂
i ) = 0, (10)

and
∂`∗

∂ϕ2
=

m2

ϕ̂2
−

m2

∑
j=1

ln(1 + w−ϑ̂
j ) +

m2

∑
j=1

R◦j ln(1 + w−ϑ̂
j )[

(1 + w−ϑ̂
j )

ϕ̂2 − 1
] = 0. (11)

It is obvious that the normal Equations (9)–(11) lack explicit forms. The Newton–Raphson
technique is used to obtain MLEs of ϑ, ϕ1, and ϕ2.

Furthermore, we assumed that Ri, i = 1, . . . , m1, R◦j , j = 1, . . . , m2 are independent
random variables following binomial distributions. Hence,

P(R1 = r1) =

(
n1 −m1

r1

)
Pr1

1 (1− P1)
n1−m1−r1 ,

and

P(Ri = ri|Ri−1 = ri−1, . . . , R1 = r1 ) =

 n1 −m1 −
i−1
∑

s1=1
rs1

ri

Pri
1 (1− P1)

n1−m1−
i−1
∑

s1=1
rs1

,
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where 0 6 r1 6 n1 −m1, 0 6 ri 6 n1 −m1 −
i−1
∑

s1=1
rs1 , i = 2, . . . , m1 − 1, Rm1 = n1 −m1 −

m1−1
∑

s1=1
rs1 . Similarly,

P(R◦1 = r◦1) =
(

n2 −m2
r◦1

)
P

r◦
1

2 (1− P2)
n2−m2−r◦1 ,

and

P
(

R◦j = r◦j
∣∣∣R◦j−1 = r◦j−1, . . . ., R◦1 = r◦1

)
=

 n2 −m2 −
j−1
∑

s2=1
r◦s2

r◦j

P
r◦j
2 (1− P2)

n2−m2−
j−1
∑

s2=1
r◦s2

,

where 0 6 r◦1 6 n2 −m2, 0 6 r◦j 6 n2 −m2 −
j−1
∑

s2=1
r◦s2

, j = 2, . . . , m2 − 1, R◦m2
= n2 −m2 −

m2−1
∑

s2=1
r◦s2

. The LF is, therefore, provided by

L1 = L× P(R1 = r1, . . . , Rm1 = rm1)× P(R◦1 = r◦1 , . . . , R◦m2
= r◦m2

)

= L× n1 −m1
m1−1

∏
i=1

ri!

(
n1 −m1 −

m1−1
∑

i=1
ri

)
!

P

m1−1
∑

i=1
ri

1 (1− P1)
(m1−1)(n1−m1)−

m1−1
∑

i=1
(m1−i)ri

× n2 −m2

m2−1
∏
j=1

r◦j !

(
n2 −m2 −

m2−1
∑

j=1
r◦j

)
!

P

m2−1
∑

j=1
r◦j

2 (1− P2)
(m2−1)(n2−m2)−

m2−1
∑

j=1
(m2−j)r◦j

.

(12)

As observed, the joint PDF of Ri
,s , i = 1, . . . , m1 and R◦,j s, j = 1, . . . , m2 depend on P1 and

P2. Hence, the MLEs of P1 and P2 are obtained by maximizing L1 as below:

P̂1 =

m1−1
∑

i=1
ri

(m1 − 1)(n1 −m1)−
m1−1

∑
i=1

(m1 − i− 1)ri

, P̂2 =

m2−1
∑

j=1
r◦j

(m2 − 1)(n2 −m2)−
m2−1

∑
j=1

(m2 − j− 1)r◦j

.

Finally, the MLE of δ is obtained by inserting ϕ̂1 and ϕ̂2 in Equation (5) as follows:

δ̂ =

[
Γ(ϕ̂1 + 1)Γ(ϕ̂2 + 1)

Γ(ϕ̂1 + ϕ̂2 + 1)

]
.

4. Bayesian Estimation

This section provides the Bayesian estimator of δ based on TII-PC with binomial
removals, under the SEF and LNx loss functions, using INF and N-INF priors. We assume
that the prior PDFs of ϑ, ϕ1, and ϕ2 are given, respectively, by:

πk(ϕk) =
bak

k
Γ(ak)

ϕ
ak−1
k e−bk ϕk , ak, bk, ϕk > 0, k = 1, 2, (13)

and

π3(ϑ) =
ba3

3
Γ(a3)

ϑa3−1e−b3ϑ, a3, b3, ϑ > 0. (14)
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The joint posterior PDF of ϑ, ϕ1, and ϕ2 is given by

π•(ϕ1, ϕ2, ϑ) ∝ L1 ϕa1−1
1 ϕa2−1

2 ϑa3−1ba1
1 ba2

2 ba3
3 e−(b1 ϕ1+b2 ϕ2+b3ϑ). (15)

Since 0 < Pj < 1, j = 1, 2, we consider the following prior PDFs for Pj, j = 1, 2

πk(Pj) =
1

B(cj, dj)
P

cj−1
j (1− Pj)

dj−1, j = 1, 2, k = 4, 5, (16)

where B(., .) is the beta function. The joint posterior PDF of ϕ1, ϕ2, ϑ, P1, and P2 is given by:

π••(ϕ1, ϕ2, ϑ, P1, P2) ∝ L1 ϕa1−1
1 ϕa2−1

2 ϑa3−1ba1
1 ba2

2 ba3
3 e−(b1 ϕ1+b2 ϕ2+b3ϑ)π4(P1)π5(P2). (17)

Using (12), we have
π••(ϕ1, ϕ2, ϑ, P1, P2) = D∗π•(ϕ1, ϕ2, ϑ),

where

D∗ =
P

m1−1
∑

i=1
ri+c1−1

1 (1− P1)
(m1−1)(n1−m1)−

m1−1
∑

i=1
(m1−i)ri+d1−1

B

(
m1−1

∑
i=1

ri + c1, (m1 − 1)(n1 −m1)−
m1−1

∑
i=1

(m1 − i)ri + d1

)

×
P

m2−1
∑

j=1
r◦j +c2−1

2 (1− P2)
(m2−1)(n2−m2)−

m2−1
∑

j=1
(m2−j)r◦j +d2−1

B

(
m2−1

∑
j=1

r◦j + c2, (m2 − 1)(n2 −m2)−
m2−1

∑
j=1

(m2 − j)r◦j + d2

) .

The conditional posteriors are given as:

1. For ϕ1:

π(ϕ1|ϕ2, ϑ, P1, P2) =
π••(ϕ1, ϕ2, ϑ, P1, P2)∫ ∫ ∫ ∫

π••(ϕ1, ϕ2, ϑ, P1, P2)dϕ2dϑdP1dP2

∴ π(ϕ1|ϕ2, ϑ, P1, P2) ∝ ϕa1−1
1 e−b1 ϕ1−∑

m1
i=1(ϕ1(Ri+1)+1) ln (1+vϑ

i )

2. For ϕ2:

π(ϕ2|ϕ1, ϑ, P1, P2) =
π••(ϕ1, ϕ2, ϑ, P1, P2)∫ ∫ ∫ ∫

π••(ϕ1, ϕ2, ϑ, P1, P2)dϕ1dϑdP1dP2

∴ π(ϕ2|ϕ1, ϑ, P1, P2) ∝ ϕa2−1
2 e−b2 ϕ2−∑

m2
j=1 R◦j ln [1−(1+w−ϑ

j )
−ϕ2 ]

3. For ϑ:

π(ϑ|ϕ1, ϕ2, P1, P2) =
π••(ϕ1, ϕ2, ϑ, P1, P2)∫ ∫ ∫ ∫

π••(ϕ1, ϕ2, ϑ, P1, P2)dϕ1dϕ2dP1dP2

∴ π(ϑ|ϕ1, ϕ2, P1, P2) ∝ ϑa3−1e−b3ϑ
m1

∏
i=1

vϑ−1
i (1 + vϑ

i )
−ϕ1−1 [

(1 + vϑ
i )
−ϕ1

]Ri

m2

∏
j=1

w−(ϑ+1)
j (1 + w−ϑ

j )
−ϕ2−1[

1− (1 + w−ϑ
j )
−ϕ2
]R◦j
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4. For P1:

π(P1|ϕ1, ϕ2, ϑ, P2) ∝ P∑
m1−1
i=1 ri+c1−1

1 (1− P1)
(m1−1)(n1−m1)−∑

m1−1
i=1 (m1−i)ri+d1−1

5. For P2:

π(P2|ϕ1, ϕ2, ϑ, P1) ∝ P

m2−1
∑

j=1
r◦j +c2−1

2 (1− P2)
(m2−1)(n2−m2)−

m2−1
∑

j=1
(m2−j)r◦j +d2−1

From the above conditional posteriors, which appear complex, we will not be able to
obtain a distribution to generate samples from these relationships. Therefore, we will
use a numerical method to solve the integration of the original posterior distribution, in
Equation (17), such as the Markov Chain Monte Carlo (MCMC) method.

The Bayesian estimator of δ is defined as δ̃SEF and δ̃LNx, respectively, where it mini-
mizes the SEF LSEF

(
δ, δ̃SEF

)
, loss function, and LNx loss function, LLNx

(
δ, δ̃LNx

)
.

LSEF
(
δ, δ̃SEF

)
=
(
δ− δ̃SEF

)2, (18)

LLNx
(
δ, δ̃LNx

)
= eα(δ−δ̃LNx) − α

(
δ− δ̃LNx

)
− 1, (19)

and

δ̃SEF = E(δ)

δ̃LNx =
−1
α

ln
[

E
(

e−αδ
)]

,
(20)

where α is an LNx scale parameter (for further information, see [54]). It should be clear that
it is impossible to calculate Equation (20) analytically. Approximating these equations can
be achieved with the Metropolis–Hastings (MH) method and the MCMC technique.

4.1. MH Algorithm

The MH method (Algorithm 1) uses the stages listed below to draw a sample from the
posterior density provided by Equation (20)

Algorithm 1:

Step 1. Initialize ξ with ξ =
(

ϑ(0), φ
(0)
1 , φ

(0)
2

)
=
(
ϑ̂, φ̂1, φ̂2

)
, where P1 and P2 are fixed.

Step 2. For i = 1, 2, . . . , M, perform the following steps:

2.1: Set ξ = ξ(i−1).
2.2: Generate a new candidate parameter value ξ

′
using a normal distribution with

mean vector ξ(i−1) and a small vector of standard deviations.

2.3: Compute β = π••(ξ
′
)

π••(ξ)
, where π••(·) is the posterior density in Equation (20).

2.4: Generate a sample u from the uniform U(0, 1) distribution.
2.5: Accept or reject the new candidate ξ

′


If u ≤ β set ξ(i) = ξ

′

elsewhere set ξ(i) = ξ

Therefore, MCMC samples of (ϑ, φ1, φ2) are obtained as:

ξ(i) =
(

ϑ(i), φ
(i)
1 , φ

(i)
2

)
, i = 1, 2, . . . , M.
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Hence, δ can be computed by substituting ξ(i) in Equation (5). Eventually, a portion of
the initial samples can be removed (burn-in), and the remaining samples can be used
to calculate Bayesian estimates (BEs) using random samples of size M drawn from the
posterior density. The BEs of a parametric function δ under SEF and LNx are given by

δ̂SE =
1

M− lB

M

∑
i=lB

δ(i), (21)

and

δ̂LNx =
−1
α

ln

[
1

M− lB

M

∑
i=lB

e−αδ(i)

]
, (22)

where lB represents the number of burn-in samples. Substituting δ(i) with ξ(i) in the above
equations, we can obtain BEs of δ with respect to SEF and LNx loss functions.

4.2. Elicitation of Hyper-Parameters

The determination of hyper-parameters relies on informative priors, derived from the
MLEs for BXII(ϑ, φ1). This is achieved by aligning the mean and variance of (ϑ̂j, φ̂

j
1) with

the corresponding parameters of gamma priors. Here, j = 1, 2, . . . , f , and f denotes the
number of available samples from the BXII(ϑ, φ1) distribution (Dey et al. [55]). Equating the
moments of (ϑ̂j, φ̂

j
1) with the moments of the gamma priors yields the following equations:

1
f

f

∑
j=1

ϑ̂j =
a1

b1
,

1
f − 1

f

∑
j=1

(
ϑ̂j − 1

f

f

∑
j=1

ϑ̂j
)2

=
a1

b2
1

,

1
f

f

∑
j=1

φ̂
j
1 =

a2

b2
and

1
f − 1

f

∑
j=1

(
φ̂

j
1 −

1
f

f

∑
j=1

φ̂
j
1

)2

=
a2

b2
2

.

By solving the mentioned pair of equations, we can express the estimated hyper-parameters
as follows:

a1 =

( 1
f ∑

f
j=1 ϑ̂j)2

1
f−1 ∑

f
j=1

(
ϑ̂j − 1

f ∑
f
j=1 ϑ̂j

)2 , b1 =

1
f ∑

f
j=1 ϑ̂j

1
f−1 ∑

f
j=1

(
ϑ̂j − 1

f ∑
f
j=1 ϑ̂j

)2

a2 =

( 1
f ∑k

j=1 φ̂
j
1)

2

1
k−1 ∑

f
j=1

(
φ̂

j
1 −

1
f ∑

f
j=1 φ̂

j
1

)2 , b2 =

1
f ∑

f
j=1 φ̂

j
1

1
f−1 ∑

f
j=1

(
φ̂

j
1 −

1
f ∑

f
j=1 φ̂

j
1

)2 .

(23)

We will apply the identical technique to calculate the hyper-parameters (a3, b3, a4, b4) for
the BIII(ϑ, φ2) case. Here, ϑ remains consistent across two assumed distributions, implying
that its hyper-parameters assume identical values, specifically a1 = a3 and b1 = b3.

5. Numerical Outcomes

In this section, we investigate the application of Monte Carlo simulation to the pro-
posed estimates of the SS reliability δ within the context of TII-PC, incorporating binomial
removal. The primary objective of this simulation study is to scrutinize the properties and
effectiveness of derived estimates through both the ML and Bayesian methods. It is worth
noting that the numerical calculations were executed using the R programming language,
alongside various auxiliary software packages, to facilitate equation solving and result
extraction. The following arguments are assumed for the simulation process:

1. We assume a total of 1000 replications for our simulations.
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2. We assume the parameters for BXII(ϑ, ϕ1) and BIII(ϑ, ϕ2) are configured as follows:
ϕ1 takes values of 0.5 and 1.5, and ϕ2 takes values of 0.75 and 1.75. Here, ϑ remains
constant across both distributions, set at 1.5. Generating all potential parameter
combinations will yield four distinct cases.

3. We suggest a sample size of n = n1 = n2 with two values: 40 and 60. Furthermore, the
number of stages m = m1 = m2, varies depending on the chosen n value. Specifically,
when n = 40, we configure m to be either 20 or 30. On the other hand, for n = 60, we
explore options with m = 25 and 40 stages.

4. In simulating the removal of units from the life test, we model it following a binomial
distribution with probability P = P1 = P2. We explore various values for the probabil-
ity P = 0.05, 0.20, 0.50, and 0.8. Concerning the random unit removal patterns in the
TII-PC, we assume two primary patterns based on n, m, and the removal probability
P, falling into two distinct cases:

Scheme 1 (Sch-1): R1 follows a binomial distribution with parameters (n−m− 1, P),
and subsequent stages Rj follow a binomial distribution with
parameters (n − ∑m−1

j=2 Rj, P), where j = 2, . . . , m − 1. In this
scheme, Rm is set to zero.

Scheme 2 (Sch-2): Here, Rm follows a binomial distribution with parameters (n−
m− 1, P) and preceding stages Rm−j follow a binomial distribu-
tion with parameters (n−∑m

j=m−1 Rj, P). In this scheme, R1 is set
to zero.

Notably, Sch-1 involves a decreasing number of removals at each stage of censoring,
while Sch-2 exhibits an increasing trend.

Steps of the Monte Carlo Simulation

Step 1: For Sch-1, generate two random vectors of removed items, namely R and R◦, given
(n1, m1, P1) and where (n2, m2, P2), n = n1 = n2, m = m1 = m2 and P = P1 = P2.

Step 2: Generate a random data set V of size n = n1 from BXII(ϑ, ϕ1) using the algorithm
proposed by [56] and the provided R.

Step 3: Similarly, generate a random data set W of size n = n2 from the BIII(ϑ, ϕ2)
given R◦.

Step 4: Obtain MLE for the parameters ϑ, ϕ1, and ϕ2, and subsequently compute the
estimate for δ by plugging these MLEs of (ϑ, ϕ1, and ϕ2) into Equation (5).

Step 5: Compute the BE using the MH algorithm as follows:

1. Consider two scenarios for prior distributions. In the first scenario, an INF
prior is employed, where hyper-parameter values are computed using the
technique outlined in Section 4.2 and Equations (23).

2. Consider the second scenario, which involves the N-INF prior, where all
hyper-parameter values are set to zero.

3. For the given hyper-parameters of prior distributions, generate 10,000 sam-
ples of δ from the posterior density using MCMC and the MH algorithm.

4. Discard the initial 2000 samples as burn-in from the overall set of 8000 samples
generated from the posterior density.

5. Calculate BEs of δ using two loss functions: SEF and LNx (with α = −1.5
for LNx1 and α = 1.5 for LNx2) using, respectively, (21) and (22).

Step 6: Repeat Steps 2 to 5 a total of 1000 times and save all the estimates.
Step 7: Calculate statistical metrics for point estimates: the average (A1) estimate and the

root mean square error (A2) estimate. These calculations can be performed using
the following formulas:

A1(δ) =
1

1000

1000

∑
l=1

δ̂l , and A2(δ) =

√√√√ 1
1000

1000

∑
l=1

(δ̂l − δ)2.
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In this context, δ signifies the actual value of the SS with the provided parameters,
whereas δ̂ indicates the estimated value of the SS.

Step 8: Repeat Steps 1 to 7 for the second scheme of removing items (Sch-2).

To provide point estimates of δ, we present the results of A1 and A2 estimates for
various values of P and two proposed TII-PC schemes. Tables 1 and 2 correspond to
cases, where ϕ1 = 0.5 and ϕ2 take values of 0.75 and 1.75, respectively. Additionally,
Tables 3 and 4 correspond to cases where ϕ1 = 1.5 and ϕ2 take values of 0.75 and 1.75,
respectively. The first row includes the A1 of δ and the second row includes the A2 of δ.

Table 1. Measures of the MLEs and BEs for ϕ1 = 0.5 and ϕ2 = 0.75 under different values of P, m,
and n.

(n, m) P Sch. MLE BE: INF BE: N-INF

SEF LNx1 LNx2 SEF LNx1 LNx2

(40, 20) 0.05 Sch-1 A1 0.8536 0.7973 0.7968 0.7979 0.8674 0.8662 0.8685
A2 0.1390 0.0792 0.0786 0.0797 0.1519 0.1508 0.1530

Sch-2 A1 0.8234 0.7860 0.7854 0.7866 0.8398 0.8381 0.8414
A2 0.1117 0.0681 0.0675 0.0687 0.1263 0.1249 0.1278

0.20 Sch-1 A1 0.8084 0.7822 0.7815 0.7828 0.8260 0.8241 0.8278
A2 0.0994 0.0644 0.0638 0.0650 0.1142 0.1127 0.1158

Sch-2 A1 0.8524 0.7981 0.7976 0.7987 0.8658 0.8646 0.8669
A2 0.1378 0.0800 0.0795 0.0806 0.1503 0.1492 0.1513

0.40 Sch-1 A1 0.7537 0.7676 0.7669 0.7683 0.7765 0.7739 0.7790
A2 0.0590 0.0503 0.0496 0.0509 0.0726 0.0709 0.0743

Sch-2 A1 0.8591 0.8010 0.8005 0.8016 0.8716 0.8706 0.8727
A2 0.1441 0.0829 0.0824 0.0834 0.1558 0.1548 0.1568

0.80 Sch-1 A1 0.7405 0.7645 0.7638 0.7652 0.7646 0.7617 0.7674
A2 0.0562 0.0474 0.0467 0.0480 0.0665 0.0650 0.0680

Sch-2 A1 0.8597 0.8012 0.8007 0.8017 0.8721 0.8711 0.8731
A2 0.1447 0.0831 0.0825 0.0836 0.1563 0.1554 0.1573

(40,30) 0.05 Sch-1 A1 0.7781 0.7742 0.7736 0.7747 0.7918 0.7901 0.7935
A2 0.0722 0.0568 0.0563 0.0574 0.0830 0.0817 0.0844

Sch-2 A1 0.7566 0.7679 0.7673 0.7685 0.7715 0.7695 0.7734
A2 0.0573 0.0509 0.0503 0.0514 0.0669 0.0656 0.0682

0.20 Sch-1 A1 0.7432 0.7640 0.7634 0.7647 0.7588 0.7567 0.7609
A2 0.0493 0.0471 0.0465 0.0477 0.0574 0.0562 0.0586

Sch-2 A1 0.8133 0.7862 0.7857 0.7868 0.8242 0.8228 0.8256
A2 0.1007 0.0684 0.0678 0.0689 0.1106 0.1094 0.1118

0.40 Sch-1 A1 0.7327 0.7607 0.7601 0.7614 0.7491 0.7468 0.7513
A2 0.0481 0.0441 0.0435 0.0447 0.0535 0.0526 0.0544

Sch-2 A1 0.8321 0.7921 0.7916 0.7926 0.8425 0.8413 0.8437
A2 0.1188 0.0742 0.0737 0.0748 0.1284 0.1273 0.1294

0.80 Sch-1 A1 0.7259 0.7588 0.7582 0.7594 0.7426 0.7402 0.7449
A2 0.0471 0.0422 0.0416 0.0428 0.0505 0.0498 0.0513

Sch-2 A1 0.8408 0.7948 0.7943 0.7953 0.8507 0.8496 0.8518
A2 0.1273 0.0769 0.0764 0.0774 0.1365 0.1355 0.1375
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Table 1. Cont.

(n, m) P Sch. MLE BE: INF BE: N-INF

SEF LNx1 LNx2 SEF LNx1 LNx2

(60, 25) 0.05 Sch-1 A1 0.8526 0.8019 0.8014 0.8024 0.8633 0.8624 0.8642
A2 0.1371 0.0839 0.0834 0.0843 0.1473 0.1465 0.1481

Sch-2 A1 0.8379 0.7946 0.7940 0.7951 0.8499 0.8488 0.8509
A2 0.1232 0.0766 0.0761 0.0771 0.1344 0.1334 0.1354

0.20 Sch-1 A1 0.7781 0.7726 0.7719 0.7732 0.7949 0.7931 0.7966
A2 0.0694 0.0550 0.0544 0.0556 0.0833 0.0818 0.0847

Sch-2 A1 0.8571 0.8051 0.8046 0.8056 0.8672 0.8663 0.8680
A2 0.1410 0.0871 0.0866 0.0875 0.1507 0.1499 0.1515

0.40 Sch-1 A1 0.7476 0.7626 0.7619 0.7632 0.7665 0.7643 0.7686
A2 0.0508 0.0456 0.0450 0.0462 0.0619 0.0606 0.0633

Sch-2 A1 0.8615 0.8078 0.8073 0.8083 0.8713 0.8705 0.8720
A2 0.1451 0.0897 0.0892 0.0901 0.1546 0.1539 0.1553

0.80 Sch-1 A1 0.7389 0.7611 0.7605 0.7618 0.7589 0.7565 0.7613
A2 0.0510 0.0444 0.0438 0.0451 0.0597 0.0585 0.0610

Sch-2 A1 0.8595 0.8070 0.8066 0.8075 0.8696 0.8688 0.8703
A2 0.1434 0.0890 0.0885 0.0894 0.1531 0.1523 0.1538

(60, 40) 0.05 Sch-1 A1 0.7912 0.7787 0.7781 0.7792 0.8009 0.7997 0.8020
A2 0.0793 0.0613 0.0608 0.0618 0.0879 0.0869 0.0889

Sch-2 A1 0.8351 0.7969 0.7965 0.7974 0.8427 0.8418 0.8435
A2 0.1195 0.0790 0.0785 0.0794 0.1268 0.1260 0.1276

0.20 Sch-1 A1 0.7439 0.7610 0.7604 0.7615 0.7560 0.7544 0.7575
A2 0.0431 0.0442 0.0436 0.0447 0.0504 0.0494 0.0514

Sch-2 A1 0.8435 0.8015 0.8010 0.8020 0.8507 0.8500 0.8515
A2 0.1279 0.0836 0.0831 0.0840 0.1348 0.1341 0.1355

0.40 Sch-1 A1 0.7350 0.7574 0.7568 0.7579 0.7475 0.7458 0.7491
A2 0.0426 0.0410 0.0405 0.0415 0.0478 0.0470 0.0486

Sch-2 A1 0.8505 0.8024 0.8019 0.8028 0.8572 0.8564 0.8579
A2 0.1344 0.0843 0.0839 0.0847 0.1409 0.1402 0.1416

0.80 Sch-1 A1 0.7307 0.7563 0.7557 0.7569 0.7430 0.7412 0.7447
A2 0.0423 0.0400 0.0395 0.0406 0.0462 0.0455 0.0469

Sch-2 A1 0.8520 0.8029 0.8025 0.8034 0.8591 0.8584 0.8598
A2 0.1361 0.0849 0.0845 0.0853 0.1429 0.1423 0.1436

Table 2. Measures of the MLEs and BEs for ϕ1 = 0.5 and ϕ2 = 1.75 under different values of P, m,
and n.

(n, m) P Sch. MLE BE: INF BE: N-INF

SEF LNx1 LNx2 SEF LNx1 LNx2

(40, 20) 0.05 Sch-1 A1 0.7719 0.6699 0.6688 0.6709 0.7928 0.7909 0.7946
A2 0.2170 0.1118 0.1107 0.1128 0.2372 0.2355 0.2390

Sch-2 A1 0.7309 0.6475 0.6464 0.6486 0.7534 0.7510 0.7558
A2 0.1763 0.0897 0.0886 0.0908 0.1979 0.1956 0.2002

0.20 Sch-1 A1 0.6856 0.6289 0.6278 0.6301 0.7114 0.7085 0.7143
A2 0.1339 0.0717 0.0706 0.0728 0.1584 0.1558 0.1610

Sch-2 A1 0.7883 0.6768 0.6758 0.6778 0.8060 0.8043 0.8076
A2 0.2335 0.1190 0.1180 0.1200 0.2506 0.2490 0.2521

0.40 Sch-1 A1 0.6278 0.6062 0.6049 0.6074 0.6581 0.6546 0.6615
A2 0.0872 0.0500 0.0488 0.0511 0.1111 0.1084 0.1139

Sch-2 A1 0.8112 0.6871 0.6862 0.6881 0.8285 0.8271 0.8299
A2 0.2554 0.1290 0.1281 0.1300 0.2722 0.2709 0.2735

0.80 Sch-1 A1 0.6126 0.6011 0.5999 0.6024 0.6455 0.6418 0.6492
A2 0.0711 0.0451 0.0440 0.0463 0.0977 0.0947 0.1008

Sch-2 A1 0.8134 0.6894 0.6885 0.6904 0.8311 0.8298 0.8324
A2 0.2575 0.1312 0.1303 0.1322 0.2747 0.2735 0.2760
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Table 2. Cont.

(n, m) P Sch. MLE BE: INF BE: N-INF

SEF LNx1 LNx2 SEF LNx1 LNx2

(40, 30) 0.05 Sch-1 A1 0.6698 0.6310 0.6300 0.6320 0.6873 0.6850 0.6896
A2 0.1219 0.0752 0.0743 0.0762 0.1378 0.1358 0.1398

Sch-2 A1 0.6951 0.6411 0.6401 0.6421 0.7118 0.7096 0.7139
A2 0.1435 0.0842 0.0833 0.0852 0.1587 0.1567 0.1606

0.20 Sch-1 A1 0.5965 0.5981 0.5969 0.5992 0.6170 0.6142 0.6197
A2 0.0593 0.0433 0.0423 0.0443 0.0731 0.0712 0.0751

Sch-2 A1 0.7221 0.6527 0.6517 0.6536 0.7375 0.7355 0.7394
A2 0.1684 0.0950 0.0940 0.0959 0.1834 0.1815 0.1852

0.40 Sch-1 A1 0.5851 0.5935 0.5924 0.5945 0.6070 0.6043 0.6097
A2 0.0561 0.0406 0.0397 0.0415 0.0690 0.0674 0.0707

Sch-2 A1 0.7352 0.6602 0.6592 0.6612 0.7499 0.7480 0.7518
A2 0.1813 0.1026 0.1016 0.1035 0.1953 0.1935 0.1971

0.80 Sch-1 A1 0.5791 0.5897 0.5886 0.5908 0.6016 0.5987 0.6045
A2 0.0641 0.0396 0.0387 0.0404 0.0741 0.0728 0.0755

Sch-2 A1 0.7318 0.6586 0.6577 0.6596 0.7477 0.7458 0.7496
A2 0.1781 0.1011 0.1002 0.1021 0.1932 0.1914 0.1949

(60, 25) 0.05 Sch-1 A1 0.8097 0.6888 0.6880 0.6896 0.8239 0.8228 0.8251
A2 0.2527 0.1309 0.1301 0.1317 0.2667 0.2656 0.2678

Sch-2 A1 0.7468 0.6534 0.6525 0.6544 0.7643 0.7626 0.7659
A2 0.1913 0.0959 0.0950 0.0968 0.2087 0.2071 0.2103

0.20 Sch-1 A1 0.6883 0.6258 0.6248 0.6268 0.7090 0.7067 0.7112
A2 0.1356 0.0690 0.0680 0.0700 0.1549 0.1528 0.1570

Sch-2 A1 0.8153 0.6941 0.6933 0.6950 0.8276 0.8265 0.8286
A2 0.2583 0.1359 0.1351 0.1367 0.2706 0.2696 0.2716

0.40 Sch-1 A1 0.6538 0.6113 0.6103 0.6124 0.6764 0.6739 0.6788
A2 0.1026 0.0548 0.0538 0.0559 0.1241 0.1219 0.1264

Sch-2 A1 0.8264 0.6974 0.6966 0.6982 0.8394 0.8385 0.8404
A2 0.2696 0.1396 0.1388 0.1404 0.2825 0.2816 0.2833

0.80 Sch-1 A1 0.6219 0.6010 0.5999 0.6021 0.6456 0.6426 0.6485
A2 0.0775 0.0456 0.0446 0.0466 0.0968 0.0944 0.0993

Sch-2 A1 0.8288 0.7015 0.7007 0.7023 0.8408 0.8399 0.8417
A2 0.2718 0.1434 0.1426 0.1441 0.2839 0.2830 0.2847

(60, 40) 0.05 Sch-1 A1 0.6954 0.6402 0.6393 0.6411 0.7084 0.7069 0.7100
A2 0.1409 0.0833 0.0825 0.0842 0.1533 0.1519 0.1548

Sch-2 A1 0.7305 0.6574 0.6566 0.6582 0.7418 0.7404 0.7433
A2 0.1742 0.0997 0.0989 0.1005 0.1853 0.1839 0.1867

0.20 Sch-1 A1 0.6146 0.6016 0.6006 0.6025 0.6321 0.6301 0.6340
A2 0.0691 0.0467 0.0459 0.0475 0.0854 0.0838 0.0869

Sch-2 A1 0.7576 0.6708 0.6700 0.6716 0.7681 0.7669 0.7694
A2 0.2008 0.1128 0.1120 0.1136 0.2112 0.2100 0.2124

0.40 Sch-1 A1 0.5869 0.5889 0.5879 0.5898 0.6005 0.5985 0.6025
A2 0.0478 0.0352 0.0344 0.0360 0.0578 0.0565 0.0591

Sch-2 A1 0.7688 0.6765 0.6757 0.6772 0.7778 0.7767 0.7790
A2 0.2121 0.1186 0.1178 0.1193 0.2213 0.2202 0.2224

0.80 Sch-1 A1 0.5774 0.5861 0.5851 0.5871 0.5924 0.5901 0.5946
A2 0.0460 0.0343 0.0335 0.0350 0.0541 0.0528 0.0553

Sch-2 A1 0.7753 0.6805 0.6797 0.6812 0.7852 0.7841 0.7863
A2 0.2184 0.1225 0.1217 0.1232 0.2283 0.2272 0.2294
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Table 3. Measures of the MLEs and BEs for ϕ1 = 1.5 and ϕ2 = 0.75 under different values of P, m,
and n.

(n, m) P Sch. MLE BE: INF BE: N-INF

SEF LNx1 LNx2 SEF LNx1 LNx2

(40, 20) 0.05 Sch-1 A1 0.6344 0.5444 0.5432 0.5456 0.6614 0.6581 0.6647
A2 0.1619 0.0671 0.0659 0.0682 0.1876 0.1845 0.1907

Sch-2 A1 0.6133 0.5362 0.5349 0.5374 0.6426 0.6390 0.6461
A2 0.1428 0.0594 0.0583 0.0606 0.1699 0.1666 0.1732

0.20 Sch-1 A1 0.5727 0.5211 0.5198 0.5223 0.6050 0.6009 0.6090
A2 0.1064 0.0449 0.0438 0.0461 0.1348 0.1312 0.1384

Sch-2 A1 0.6432 0.5509 0.5497 0.5520 0.6697 0.6666 0.6728
A2 0.1702 0.0734 0.0723 0.0746 0.1955 0.1925 0.1984

0.40 Sch-1 A1 0.5292 0.5075 0.5062 0.5088 0.5647 0.5601 0.5693
A2 0.0758 0.0332 0.0322 0.0343 0.1014 0.0977 0.1051

Sch-2 A1 0.6513 0.5550 0.5534 0.5565 0.6784 0.6754 0.6813
A2 0.1786 0.0802 0.0796 0.0812 0.2044 0.2017 0.2072

0.80 Sch-1 A1 0.4991 0.4979 0.4966 0.4992 0.5358 0.5309 0.5408
A2 0.0645 0.0257 0.0248 0.0266 0.0815 0.0783 0.0848

Sch-2 A1 0.6529 0.5570 0.5556 0.5585 0.6794 0.6765 0.6823
A2 0.1791 0.0818 0.0811 0.0825 0.2047 0.2019 0.2074

(40, 30) 0.05 Sch-1 A1 0.5755 0.5305 0.5294 0.5317 0.5966 0.5937 0.5995
A2 0.1062 0.0548 0.0537 0.0559 0.1253 0.1227 0.1280

Sch-2 A1 0.5723 0.5284 0.5272 0.5296 0.5930 0.5901 0.5960
A2 0.1036 0.0528 0.0517 0.0539 0.1221 0.1194 0.1248

0.20 Sch-1 A1 0.5071 0.5025 0.5013 0.5038 0.5311 0.5278 0.5344
A2 0.0578 0.0307 0.0298 0.0316 0.0716 0.0694 0.0740

Sch-2 A1 0.6041 0.5428 0.5417 0.5440 0.6236 0.6210 0.6262
A2 0.1325 0.0663 0.0653 0.0674 0.1508 0.1483 0.1532

0.40 Sch-1 A1 0.4883 0.4922 0.4909 0.4934 0.5125 0.5090 0.5159
A2 0.0517 0.0239 0.0233 0.0246 0.0600 0.0583 0.0619

Sch-2 A1 0.6051 0.5397 0.5386 0.5409 0.6245 0.6219 0.6271
A2 0.1335 0.0635 0.0624 0.0646 0.1517 0.1493 0.1541

0.80 Sch-1 A1 0.4905 0.4934 0.4922 0.4946 0.5151 0.5116 0.5185
A2 0.0549 0.0253 0.0247 0.0260 0.0639 0.0621 0.0658

Sch-2 A1 0.6143 0.5433 0.5422 0.5445 0.6327 0.6301 0.6352
A2 0.1421 0.0671 0.0660 0.0681 0.1595 0.1571 0.1619

(60, 25) 0.05 Sch-1 A1 0.6557 0.5706 0.5695 0.5717 0.6770 0.6746 0.6794
A2 0.1805 0.0928 0.0917 0.0939 0.2013 0.1990 0.2036

Sch-2 A1 0.6340 0.5566 0.5554 0.5577 0.6565 0.6538 0.6592
A2 0.1602 0.0792 0.0781 0.0803 0.1818 0.1792 0.1843

0.20 Sch-1 A1 0.5547 0.5208 0.5196 0.5221 0.5818 0.5784 0.5852
A2 0.0881 0.0453 0.0442 0.0464 0.1117 0.1087 0.1147

Sch-2 A1 0.6637 0.5791 0.5780 0.5802 0.6852 0.6830 0.6874
A2 0.1883 0.1013 0.1003 0.1024 0.2093 0.2072 0.2115

0.40 Sch-1 A1 0.5331 0.5084 0.5072 0.5095 0.5617 0.5580 0.5654
A2 0.0728 0.0337 0.0327 0.0348 0.0951 0.0920 0.0981

Sch-2 A1 0.6663 0.5756 0.5745 0.5768 0.6881 0.6859 0.6902
A2 0.1910 0.0997 0.0991 0.1003 0.2124 0.2103 0.2145

0.80 Sch-1 A1 0.5044 0.4981 0.4969 0.4993 0.5343 0.5303 0.5382
A2 0.0597 0.0260 0.0252 0.0269 0.0760 0.0733 0.0787

Sch-2 A1 0.6647 0.5753 0.5743 0.5763 0.6853 0.6831 0.6875
A2 0.1893 0.0977 0.0967 0.0986 0.2097 0.2076 0.2118
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Table 3. Cont.

(n, m) P Sch. MLE BE: INF BE: N-INF

SEF LNx1 LNx2 SEF LNx1 LNx2

(60, 40) 0.05 Sch-1 A1 0.5982 0.5384 0.5375 0.5392 0.6132 0.6112 0.6153
A2 0.1248 0.0615 0.0607 0.0624 0.1392 0.1373 0.1411

Sch-2 A1 0.5766 0.5288 0.5279 0.5297 0.5923 0.5902 0.5944
A2 0.1045 0.0524 0.0515 0.0532 0.1191 0.1171 0.1211

0.20 Sch-1 A1 0.5088 0.5018 0.5008 0.5028 0.5268 0.5243 0.5293
A2 0.0522 0.0296 0.0288 0.0304 0.0636 0.0618 0.0654

Sch-2 A1 0.6305 0.5600 0.5591 0.5609 0.6441 0.6423 0.6459
A2 0.1551 0.0827 0.0818 0.0836 0.1684 0.1667 0.1701

0.40 Sch-1 A1 0.5016 0.4988 0.4977 0.4998 0.5196 0.5171 0.5222
A2 0.0491 0.0275 0.0268 0.0283 0.0590 0.0573 0.0607

Sch-2 A1 0.6328 0.5615 0.5606 0.5624 0.6461 0.6444 0.6479
A2 0.1576 0.0842 0.0834 0.0851 0.1705 0.1688 0.1722

0.80 Sch-1 A1 0.4918 0.4925 0.4916 0.4935 0.5107 0.5081 0.5133
A2 0.0485 0.0229 0.0223 0.0234 0.0558 0.0545 0.0573

Sch-2 A1 0.6344 0.5579 0.5570 0.5587 0.6477 0.6460 0.6494
A2 0.1592 0.0804 0.0796 0.0813 0.1721 0.1704 0.1738

Table 4. Measures of the MLEs and BEs for ϕ1 = 1.5 and ϕ2 = 1.75 under different values of P, m,
and n.

(n, m) P Sch. MLE BE: INF BE: N-INF

SEF LNx1 LNx2 SEF LNx1 LNx2

(40, 20) 0.05 Sch-1 A1 0.5277 0.3342 0.3330 0.3354 0.5637 0.5594 0.5679
A2 0.2744 0.0776 0.0764 0.0787 0.3095 0.3054 0.3136

Sch-2 A1 0.4667 0.3022 0.3011 0.3033 0.5061 0.5013 0.5108
A2 0.2142 0.0460 0.0450 0.0471 0.2524 0.2478 0.2570

0.20 Sch-1 A1 0.3871 0.2699 0.2688 0.2709 0.4303 0.4253 0.4353
A2 0.1383 0.0178 0.0171 0.0185 0.1789 0.1741 0.1837

Sch-2 A1 0.5373 0.3426 0.3413 0.3439 0.5730 0.5689 0.5771
A2 0.2842 0.0860 0.0850 0.0871 0.3190 0.3149 0.3230

0.40 Sch-1 A1 0.3518 0.2571 0.2561 0.2581 0.3960 0.3910 0.4011
A2 0.1064 0.0135 0.0136 0.0135 0.1466 0.1419 0.1514

Sch-2 A1 0.5358 0.3461 0.3446 0.3476 0.5724 0.5683 0.5765
A2 0.2834 0.0917 0.0901 0.0932 0.3189 0.3149 0.3229

0.80 Sch-1 A1 0.3126 0.2448 0.2439 0.2458 0.3568 0.3519 0.3618
A2 0.0771 0.0199 0.0205 0.0193 0.1125 0.1081 0.1170

Sch-2 A1 0.5432 0.3497 0.3485 0.3509 0.5798 0.5757 0.5839
A2 0.2905 0.0931 0.0919 0.0943 0.3260 0.3220 0.3299

(40, 30) 0.05 Sch-1 A1 0.4150 0.2986 0.2976 0.2996 0.4418 0.4385 0.4452
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Table 4. Cont.

(n, m) P Sch. MLE BE: INF BE: N-INF

SEF LNx1 LNx2 SEF LNx1 LNx2

A2 0.1627 0.0434 0.0425 0.0444 0.1885 0.1852 0.1918
Sch-2 A1 0.3317 0.2616 0.2607 0.2626 0.3601 0.3569 0.3634

A2 0.0850 0.0159 0.0157 0.0162 0.1104 0.1073 0.1135
0.20 Sch-1 A1 0.3019 0.2497 0.2488 0.2506 0.3307 0.3275 0.3339

A2 0.0620 0.0179 0.0183 0.0175 0.0848 0.0820 0.0877
Sch-2 A1 0.4423 0.3116 0.3106 0.3127 0.4687 0.4654 0.4720

A2 0.1892 0.0559 0.0550 0.0569 0.2148 0.2115 0.2180
0.40 Sch-1 A1 0.2717 0.2382 0.2373 0.2390 0.3003 0.2973 0.3034

A2 0.0491 0.0261 0.0267 0.0255 0.0635 0.0614 0.0658
Sch-2 A1 0.4566 0.3182 0.3172 0.3192 0.4818 0.4785 0.4850

A2 0.2032 0.0624 0.0614 0.0634 0.2276 0.2244 0.2308
0.80 Sch-1 A1 0.2738 0.2395 0.2386 0.2404 0.3022 0.2991 0.3053

A2 0.0505 0.0257 0.0263 0.0251 0.0654 0.0631 0.0677
Sch-2 A1 0.4619 0.3234 0.3224 0.3245 0.4872 0.4840 0.4905

A2 0.2082 0.0675 0.0665 0.0686 0.2329 0.2298 0.2361

(60, 25) 0.05 Sch-1 A1 0.5505 0.3662 0.3651 0.3674 0.5791 0.5758 0.5823
A2 0.2956 0.1092 0.1080 0.1103 0.3237 0.3205 0.3269

Sch-2 A1 0.4908 0.3288 0.3277 0.3300 0.5221 0.5184 0.5258
A2 0.2368 0.0722 0.0711 0.0734 0.2673 0.2637 0.2709

0.20 Sch-1 A1 0.4241 0.2937 0.2927 0.2948 0.4576 0.4537 0.4616
A2 0.1710 0.0383 0.0372 0.0393 0.2036 0.1997 0.2075

Sch-2 A1 0.5536 0.3794 0.3782 0.3806 0.5841 0.5808 0.5873
A2 0.2997 0.1226 0.1215 0.1237 0.3294 0.3262 0.3326

0.40 Sch-1 A1 0.3372 0.2585 0.2575 0.2595 0.3727 0.3687 0.3767
A2 0.0922 0.0157 0.0157 0.0158 0.1239 0.1202 0.1277

Sch-2 A1 0.5520 0.3856 0.3843 0.3869 0.5823 0.5790 0.5856
A2 0.2982 0.1291 0.1279 0.1303 0.3278 0.3246 0.3310

0.80 Sch-1 A1 0.3013 0.2457 0.2448 0.2467 0.3371 0.3333 0.3410
A2 0.0684 0.0215 0.0220 0.0210 0.0951 0.0918 0.0984

Sch-2 A1 0.5466 0.3849 0.3834 0.3865 0.5780 0.5747 0.5814
A2 0.2937 0.1291 0.1278 0.1306 0.3243 0.3210 0.3275

(60, 40) 0.05 Sch-1 A1 0.4309 0.3207 0.3198 0.3217 0.4509 0.4485 0.4534
A2 0.1762 0.0646 0.0637 0.0656 0.1959 0.1934 0.1983

Sch-2 A1 0.4165 0.3127 0.3118 0.3137 0.4367 0.4342 0.4392
A2 0.1622 0.0570 0.0561 0.0579 0.1820 0.1795 0.1844

0.20 Sch-1 A1 0.3206 0.2639 0.2630 0.2647 0.3421 0.3397 0.3446
A2 0.0722 0.0172 0.0169 0.0175 0.0915 0.0892 0.0938

Sch-2 A1 0.4973 0.3591 0.3581 0.3601 0.5156 0.5133 0.5179
A2 0.2418 0.1024 0.1014 0.1034 0.2599 0.2576 0.2622

0.40 Sch-1 A1 0.3000 0.2547 0.2539 0.2556 0.3216 0.3192 0.3239
A2 0.0562 0.0170 0.0172 0.0169 0.0737 0.0716 0.0759

Sch-2 A1 0.5069 0.3649 0.3639 0.3659 0.5250 0.5227 0.5273
A2 0.2514 0.1082 0.1072 0.1092 0.2693 0.2670 0.2715

0.80 Sch-1 A1 0.2728 0.2428 0.2420 0.2436 0.2943 0.2921 0.2966
A2 0.0437 0.0237 0.0242 0.0232 0.0550 0.0534 0.0567

Sch-2 A1 0.5033 0.3632 0.3622 0.3642 0.5214 0.5191 0.5237
A2 0.2481 0.1067 0.1057 0.1077 0.2659 0.2637 0.2682

From the results in Tables 1–4, we can draw some observations:

1. As both n and m increase, there is a noticeable decrease in A2 for all proposed
estimation methods, and A1 tends to converge to the true value of δ.

2. With an increase in the removal probability (P), the A2 values also show an upward
trend, indicating a decrease in the precision of the estimates as the value of P rises.
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3. In many instances, A2 estimates from Sch-2 appear to have slightly higher values
compared to Sch-1 for all values of P except when P = 0.02. This suggests that Sch-1
may exhibit better performance.

4. When comparing BEs obtained using MCMC under the INF and N-INF approaches,
there is a clear indication that the INF prior case significantly outperforms the N-INF
prior case.

5. The value of δ decreases with an increase in ϕ2, keeping ϑ and ϕ1 constant. The same
occurs when ϕ1 increases.

6. Real Data Analysis

In this section, we analyze two actual datasets to illustrate the application of our
proposed estimation techniques. These datasets consist of breakdown times for insulating
fluid between electrodes recorded under varying voltages [57]. Table 5 displays the failure
times (in minutes) for insulating fluid between two electrodes subjected to 36 kV (V) and
34 kV (W).

Table 5. Two datasets.

V (36 kV) 0.35 0.59 0.96 0.99 1.69 1.97 2.07 2.58 2.71 2.90
3.67 3.99 5.35 13.77 25.50

W (34 kV) 0.19 0.78 0.96 1.31 2.78 3.16 4.15 4.67 4.85 6.50
7.35 8.01 8.27 12.06 31.75 32.52 33.91 36.71 72.89

The Shapiro–Wilk normality tests were conducted to assess the normal distribution
assumption for two datasets, V and W. The test statistics for the Shapiro–Wilk normality
test were found to be 0.6082 and 0.7200 with corresponding values of p < 0.001 for the
respective datasets. Therefore, we conclude that the two datasets do not follow a normal
distribution.

The BXII(ϑ, ϕ1) and BIII(ϑ, ϕ2) distributions are initially applied independently to
datasets V and W. First and foremost, it is crucial to ascertain the suitability of each
distribution to analyze its respective dataset. This involves computing the MLEs for
the parameters and assessing various goodness-of-fit criteria, including the negative log-
likelihood criterion (NLC), the Akaike information criterion value (AICV), the Bayesian
information criterion value (BICV), and the Anderson–Darling test (ADT) statistics, as well
as the Kolmogorov–Smirnov test (K-ST) statistic and its corresponding p-value. These
criteria are subsequently compared with those obtained from alternative distributions. For
Dataset 1 with the BXII distribution, the alternatives include Weibull (WE), generalized
exponential (Gen-Exp), exponential (Exp), and Lindely (L) distributions. As for Dataset
2, the compared distributions with BIII are inverse Weibull (Inv-WE), WE, Gen-Exp, and
inverse gamma (Inv-Ga). Lower values of these criteria, coupled with larger p-values,
indicate a superior fit. The findings, encompassing parameter estimates and goodness-
of-fit statistics, are detailed in Table 6. The results from Table 6 indicate that, among
the distributions considered, BXII and BIII serve as appropriate models for the provided
Dataset 1 and Dataset 2, respectively. Additionally, Figure 3 presents visualizations of
empirical and fitted distribution functions. These visuals distinctly highlight that the BXII
and BIII distributions exhibit a more favorable alignment with Dataset 1 and Dataset 2,
respectively, in comparison to the other distributions under consideration. This observation
holds true, at least within the confines of these specific datasets.
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Table 6. Evaluation of the goodness of fit for the provided two datasets.

Dataset PDF Estimate NLC AICV BICV ADT K-ST p-Value

V BXII 2.4589 0.3766 36.2367 76.4735 77.8896 0.2885 0.1721 0.7045
WE 0.8890 4.2915 37.6914 79.3828 80.7989 0.6647 0.1917 0.5751
Gen-Exp 0.9650 4.7197 37.9052 79.8103 81.2264 0.7322 0.2181 0.4143
Exp 4.6063 --- 37.9104 77.8207 78.5288 0.7299 0.2205 0.4006
L 0.3750 --- 39.8715 81.7431 82.4512 0.8948 0.2703 0.1854

W BIII 0.8260 3.0670 1.6263 7.2526 9.1415 0.4151 0.1235 0.9003
Inv-WE 1.9279 0.6434 70.6897 145.3795 147.2683 0.6187 0.1579 0.6738
WE 0.7705 12.2139 68.3860 140.7721 142.6609 0.4804 0.1611 0.6499
Gen-Exp 0.6829 18.6776 68.6489 141.2978 143.1867 0.4908 0.1886 0.4535
Inv-Ga 0.5301 0.9645 72.1593 148.3187 150.2076 0.8862 0.2164 0.2917
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Figure 3. The empirical distribution function and fitted distribution functions for Datasets 1 and 2.

Next, we check whether the null hypothesis H0 : ϑData W = ϑData V against the alterna-
tive H1 : ϑData W 6= ϑData V holds. In this scenario, we calculate the test statistic as

−2
[
`∗
(
ϑ̂Data W, φ̂2

)
− `∗

(
ϑ̂Data V, φ̂1

)]
= 69.2209,

and its associated p-value is found to be less than 0.05. Consequently, we accept the null
hypothesis, affirming the validity of the assumption H0 : ϑData W = ϑData V.

With the initial pair of datasets, we produce two sets of TII-PC samples from each
dataset. These samples are constructed with a varying number of stages, precisely m = 10,
adhering to the item removal scheme outlined in Table 7.

Table 7. Generated m data of the TII-PC and corresponding censored schemes.

i 1 2 3 4 5 6 7 8 9 10

vi 0.35 0.96 1.69 1.97 2.07 2.71 2.90 3.67 3.99 5.35
Ri 1 2 1 1 0 0 0 0 0 0

wi 0.19 1.31 2.78 4.15 4.67 4.85 7.35 8.27 12.06 31.75
R◦i 2 2 2 1 1 1 0 0 0 0

We compute the estimate of δ through MLE for the parameters ϑ, ϕ1, and ϕ2, consid-
ering varying TII-PC patterns based on the provided two real datasets (V and W). The
estimated value is found to be 0.7307. Furthermore, we calculate BEs using MCMC and
utilizing the MH algorithm with the N-INF prior. While generating samples from the
posterior distribution using MH, we initialize the value of δ as δ(0) = δ̂, where δ̂ represents
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the MLE of δ. Subsequently, we discard the initial 2000 burn-in samples from a total of
10,000 samples generated from the posterior density. BEs are then derived using different
loss functions, including SEF and LNx (with α = −1.5 for LNx1 and α = 1.5 for LNx2).
The obtained BEs for SEF, LNx1 and LNx2 are 0.7709, 0.7667, and 0.7750, respectively.

Finally, the convergence of MCMC estimates using the MH algorithm for δ can be
illustrated in Figure 4. This set of figures includes a trace plot, histogram, and cumulative
mean for the estimated parameter δ under N-INF priors. These visualizations illustrate
the normality of the generated posterior samples for the parameter δ and convergence to
approximately 0.76.
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Figure 4. Convergence of MCMC samples for δ.

7. Conclusions

Progressive censoring is frequently used in life testing and reliability studies to address
a variety of issues that experimenters have while conducting various sorts of experiments,
including cutting down on overall test duration, saving experimental units, and estimating
effectively. One sort of progressive censoring that has been created to enable removal with
specified distribution is the TII-PC with random removal. In this work, the estimate of the
SS model is based on the assumption that the distributions of the random variables for
stress and strength are distinct with common shape parameters. The point estimator for δ is
generated using the TII-PC with binomial removal, taking the ML and Bayesian techniques
into consideration. The MCMC approach and the MH algorithm, based on symmetric
and asymmetric loss functions, are both carried out in light of INF and N-INF priors and
result in Bayesian estimates. The effectiveness of the generated estimates is validated by a
comprehensive simulation analysis. We discovered that the Bayes estimates employing the
MCMC approach outperformed MLEs. Therefore, when analyzing data, one may consider
using the Bayesian approach using the MH algorithm if prior knowledge about the data is
available; otherwise, one may use ML or the Bayesian method based on the N-INF prior.
Finally, to illustrate how our SS reliability model problem may be applied, we take a look
at a real-world case.

Author Contributions: Conceptualization, I.E.; Software, L.S.D.; Formal analysis, A.R.E.-S.; Investi-
gation, A.B.G.; Writing—original draft, A.S.H.; Writing—review & editing, M.E. All authors have
read and agreed to the published version of the manuscript.

Funding: This work was supported and funded by the Deanship of Scientific Research at Imam
Mohammad Ibn Saud Islamic University (IMSIU) (Grant Number: IMSIU-RP23009).

Data Availability Statement: Data are available in the paper.

Conflicts of Interest: The authors declare no conflict of interest.



Axioms 2023, 12, 1054 21 of 23

Acronyms
Akaike information criteria value AKICV
Average A1
Anderson–Darling Test ADT
Bayesian estimate BE
Bayesian information criteria value BICV
Burr III BIII
Burr XII BXII
Generalized exponential GE
Inverse gamma formative Inv-Ga
Inverse Weibull Inv-We
Informative INF
Joint likelihood function JLF
Kolmogorov–Smirnov Test K–ST
Lindley L
Maximum likelihood estimate MLE
Markov Chain Monte Carlo MCMC
Metropolis–Hastings MH
Non-informative N-INF
Probability density function PDF
Scheme Sch.
Root mean squared error A2
Stress–strength SS
Survival function SF
Type-II progressive censoring TII-PC
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