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Abstract: In this paper, we study a simplified approach to determine the pricing formula for vul-
nerable options involving two correlated underlying assets. We utilize an intensity-based model to
describe the credit risk associated with these vulnerable options. Without the change of measure
technique, we derive pricing formulas for vulnerable options involving two underlying assets based
on the probabilistic approach. We provide closed-form pricing formulas for two specific types of
options: the vulnerable exchange option and the vulnerable foreign equity option. Finally, we present
numerical results to demonstrate the accuracy of our formulas using the Monte-Carlo method and
the effect of various parameters on the price of options.
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1. Introduction

The pricing problem of options with credit risk, also known as “vulnerable options”,
has been extensively studied by numerous researchers. Vulnerable options are financial
derivatives that take into account the credit risk of the counterparty. In general, two models

ﬁ';,ejﬁtfé’; have been used to model credit risk are the structural model and the intensity-based model.
The structural model, proposed by Merton [1], Black and Cox [2] and Geske [3], depends
on the option issuer’s firm value process. A credit event occurs in the structural model
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The research on vulnerable options began primarily with a structural approach. As a
result, the structural model has been used in many studies in the past to model credit risk in
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(CDS) [20,21], defaultable bonds [22], total return swap (TRS) [23,24], and others. We
use an intensity-based model to investigate the pricing of vulnerable options with multi-
assets. There have recently been studies on vulnerable options within the framework of the
intensity-based model. Fard [25] derived a pricing formula for vulnerable option under a
generalized jump model and used an intensity-based model to account for counterparty
credit risk. Wang [26] applied Generalized AutoRegressive Conditional Heteroskedasticity
(GARCH) model for the underlying asset process and an intensity-based model for counter-
party credit risk to obtain a solution for the price of vulnerable options under a discrete time
model. Koo and Kim [27] chose an intensity-based model to capture the option issuer’s
credit event and provided an explicit analytical valuation formula for a catastrophe put
option with default risk using the multidimensional Girsanov theorem. Moreover, Pasricha
and Goel [28] investigated a vulnerable power exchange option with two underlying assets
within an intensity-based model using a doubly stochastic Poisson process to model the
counterparty’s credit event and assuming correlation among the three underlying assets in
both the continuous and jump components. Wang [29] derived explicit pricing formula
for vulnerable Asian option within an intensity-based model when the underlying asset
process follows a two-factor stochastic volatility model.

We present a simple method for pricing vulnerable options with two underlying
assets within an intensity-based model in this paper,. Based on Fard’s model [25], we
assume that the default intensity process, which is correlated with the underlying assets,
follows a mean-reverting Ornstein-Uhlenbeck (OU) process. However, unlike Fard’s
approach, we do not use the change of measure technique. Instead, we provide a simplified
valuation method for pricing vulnerable options with correlated underlying assets that is
based on the probabilistic approach. Using this proposed method, we derive closed-form
pricing formulas for vulnerable exchange option and vulnerable foreign equity option in
particular. Furthermore, we examine the accuracy of the formulas using the Monte Carlo
(MC) simulation.

The rest of the paper is organized as follows. In Section 2, we introduce the underlying
assets for pricing vulnerable options, along with an intensity-based model to account for
credit risk. In Section 3, we provide the valuation formulas for vulnerable exchange options
and vulnerable foreign equity options. Additionally, we introduce the lemmas used in
option pricing. In Section 4, we carry out some numerical experiments to show the accuracy
of our formulas obtained in Section 3. Finally, in Section 5, we present concluding remarks.

2. The Model

We assume that there are no arbitrage opportunities in the economy represented by a
filtered complete probability space (Q), F, { F(t)}, Q) where Q is a risk-neutral probability
measure and {F(t)} satisfies the usual conditions. Under the measure Q, the dynamics of
two underlying assets are assumed to be

dSl(t) = rSl(t)dt + 0'151(t)dW1(t),
dSz(t) = TSz(t)dt + UzSz(f)sz(t),
where r is a risk-free interest rate, 0;, (i = 1, 2) is volatility, and Wi (t) and W(t) are the

correlated standard Brownian motions satisfying dWj (t)dW,(t) = p1pdt. As in Fard [25],
we assume that the process of default intensity is given by

(1) = a(b — A())dt + c3dWs(t),

where 4, b and 03 are positive constants and W3(t) is the standard Brownian motion satis-
fying AW (t)dW5(t) = p13dt and dW, (t)dW3(t) = ppsdt. With the process A(t), the default
time T of option issuer is defined by

P(r > 1) = EQ[e hAOE], e o1,
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where T is the maturity and E9[-] denotes the expectation under the measure Q. Define
FSi(t), (i = 1, 2) be the o-field generated by the price processes of underlying asset
i, (i = 1, 2) such that F%(t) = o(S;(s),s < t), (i = 1, 2). Similarly, the filtration
of the default intensity F7(t) and the filtration of the default time 7 (t) are defined as
FMt) = o(A(s), s < t) and H(t) = 0(1{r<s), 5 < t), respectively. Then, the enlarged
filtration F(t) is generated by F(t) = F51(t) vV F%2(t) v FA(t) V H(t), where 1y is the
indicator function.

Let w be the recovery rate of the vulnerable option. Then, based on the results of
Lando [5] and Fard [25], the price of vulnerable option with two underlying assets at time
0 in the intensity based model can be expressed as

C = e TEQ|w- h(S1(T), S2(T)Lyezry +h(S1(T), S2(T))1 (7| F(0)

= we  TEQ[h(S1(T), S2(T))| F(0)]
(1= w)e TEQ e MNR(3y(T), 55(T))| 7 (0), 1)

where h(-, -) denotes the payoff function of option and w is a constant satisfying 0 < w < 1.

3. The Valuation of Vulnerable Options with Two Underlying Assets

In this section, we present a simplified approach for pricing of vulnerable options with
two underlying assets based on Equation (1). The proposed approach provides the option
pricing formula without the method of changing measure. We now introduce the lemmas
to obtain the pricing formulas.

Lemma 1. Let X; and X, be random variables which have a bivariate normal distribution. Then,
for any constant k,

X1y, = QB+ il Cov(Xy, Xo) + E[Xp] — k)
= Var|[X;]

where Var is the variance operator, Cov is the covariance operator and N is the cumulative standard
normal distribution function.

Proof. For convenience, we write expectations and variances of random variables as
E[X1] = p1, Var[X1] = o7, E[X3] = pp, Var[X3] = 07,

respectively.
By the conditional distribution of Xj given X, and the moment generating functions
of normal variables, we have

X X
Ele™1x,>13] = E[E[e™|Xa]11x,>1)]
+ 71 Xy— +l 2(1—02
E[e" 05y (Xa—p2)+707( P)l{X22k}]
0Tyt 1p2(1- 02 Gl
P tat e 0 (R VY
where k is some constant and p is the correlation between X; and X5. Then, by the change
of variable X, = yp + 0225, we have
e _ pdm 0017
Bl pxon] = @R TR, )
_ eP%ﬂ2+%P2012 /°° e~ 2(Za—per)?

———d7,.
a2 V2 2
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This completes the proof. [J

Lemma 2. Let Xy, Xy and X3 be random variables which have a trivariate normal distribution.
Then,

E[eiXSg(Xl, XZ)] = E[e*X3]E[g(X1 — COV(Xl, X3), X2 - COV(X2/ X3)L
for which the expectations exist for any function (-, -).

Proof. Let us define the function fsuch that

e}

Flx1,x2) iZ/ e 3 f(xq,x2,x3)dx3,

—00

where f is the joint density function of (X3, X3, X3). Then, we have
E{f&g(xl Xz)}
= / / / g(x1,x0) f (%1, x0, x3)dx1dxpdx3
= / / (x1,%2) f(x1, %2 )dx1dxs.

We now consider the moment generating function (MGF) of (X3, X5, X3). That is, MGF
of (X1, X, X3) is given by ¢(s, t,u) = E[esX1T1X2uX3] If ¢(xq,xp) = %1172, we can find
that o oo

¢(s,t,—1) = E[esX1T1X2=X3] — / / e £y x )dxydy.
—o0 J —00

Here, sX; + tX, — X3 has a normal distribution. It follows that

$(s,t,—1)
2 2
— exp (sE[Xl] 4 E[Xa] — E[X3] + Vazr X Vazr X] | Var2[X3]
+stCov[Xy, Xa] — tCov[Xy, X3] — sCov[Xy, X3])
E[X 1+ Var[X3]
s2Var[X]
x exp | s(E[X1] — Cov[X1, X3]) + —
t2Var[X,]

+t(E[X2] — COV[Xz, X3D + + StCOV[Xl, X2]>

= E[e "8]E[exp(s(Xq — Cov[Xy, X3]) + +(X2 — Cov[Xy, X3]))].

Since MGF uniquely determines the distribution, f(x1, x3)/E[e~*3] becomes a density
function of (X7 — Cov[Xy, X3], Xo — Cov[Xy, X3]). Therefore, we conclude that

{ ~Ng(Xy, Xz = Ele XS/ / (x1,2x2) fE ]>dx1dx2

This completes the proof. [

We investigate the pricing of vulnerable options with two underlying assets under
the intensity based model using Lemmas 1 and 2. Specifically, we deal with two kinds of
options: vulnerable foreign equity option and vulnerable exchange option, and derive the
closed-form pricing formulas of the options.
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3.1. Vulnerable Exchange Option

Margrabe [30] first derived the closed-form pricing formula of the european exchange
option which provides the option holder the right to exchange one risky asset for another.
Since its introduction by Margrabe [30], the option has become one of the most popular
exotic options in the over-the-counter (OTC) market. We assume that the dynamics of
underlying assets and default intensity follow the processes defined in the previous section.
From Equation (1), the vulnerable exchange option price at time 0 with maturity T is
given by

V() = (1—w)eTEQ el MO (5,(T) — 55(T))*|F(0)]
e TEQ[(81(T) — $5(T))*F(0)]
= (1—w)e TV, +we V. )

Then, using the Lemmas 1 and 2, we can derive the closed-form pricing formula of
vulnerable exchange option in the intensity based model.

Theorem 1. The price of vulnerable exchange option at time 0 is given by

V(0) = (1—w)A; (51(0)6—7‘71?013 Jo u(STAMN () — S5(0)e~ e [T u(s,T,a)dsN(dz))

0 (S10)N(d) - S2(0)N(d)), ®)

where

ln(sl(O)) 1T+ (M) I u(s, T,a)ds

dl — SZ(O) a
oV T ’
dy = dy — VT,
51(0) 1.2
i = ln(S;(O)) +a0T
1= ,

oV'T
53\2:&\1_0—\/?/

— 2 T
A1 = exp [—bT - W(l —e ) 4 % /0 u?(s, T,a)ds] ,

u(s, T,a)=1- eiﬂ(T*S),

0'2 = (712 + 0'22 — 2p120’10’2.

Proof. Using Lemma 2, we can decompose V; into two expectations as follows.

Vi = EQ[em A0Sy (T) - 55(T)) | F(0)]
eI e DR s 7(0)]
xEQ[g(X; — Cov(Xy, X3), Xo — Cov(Xa, X3))|F(0)], 4)
where X1 = oy W1(T), X3 = aWo (T =% fo (s, T,a)dWs(s) and

g(x,y) = (51(0)e(r_%‘712)T+x _ 52(0)3("_%‘7%)T+y)+,

Using the Ito isometry, we find that the random variable X3 is normally distributed

with mean 0 and variance -3 fo (s,T,a)ds. Then, the first expectation in Equation (4)
can be calculated easily. Next let us consider the second expectation in Equation (4). The
expectation can be represented by
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EQ[g(X1 — Cov(Xy, X3), Xz — Cov(Xy, X3))[F(0)]
=5 (O)e(rf %(7%)]“7% fOT u(s,T,a)ds
X
XEQ | 1o 3505, ye-covixy 1 (O)]
*52(0)6(},_ Jo3)T— 253023 fOT u(s,T,a)ds
X EQ |:6X21{51 (T)E—Cov(Xl,X3) >SZ(T)87COV(X2,X3)} ‘f(o)il . (5)

X — X is normally distributed with mean 0 and variance ¢2T. Then, by applying
Lemma 1, we can calculate two expectations in Equation (5).

i ,
EC EXi1{51(T)e*Cov(XLXa)>Sz(T)e*Cov(X2,X3)}|]:(O)} = eTTN(di)/ for i=1,2.

This completes the formula for V;. Finally, since V; is Margrabe’s formula which is
well known, we can obtain the pricing formula for vulnerable exchange option. [

Remark 1. Theorem 1 is also applicable to the vulnerable european options in the intensity based
model. The vulnerable european call option price can be obtained by setting strike K = S»(0)e’™
and oo = 0.

3.2. Vulnerable Foreign Equity Option

Foreign equity options are contingent claims where the payoffs are determined by
underlying assets in one currency, but the actual payoff is converted to another currency
at maturity. Following Kwok [31], there are four types of foreign equity options. Among
them, we consider a foreign equity option call stuck in domestic currency in this paper.

Let S¢(t) and S,(t) be the asset price in foreign currency and the asset price in domestic
currency, respectively. We denote the exchange rate specified in domestic currency per
unit of the foreign currency at time ¢ by Y(t), so that the relation between S¢(t) and
Sa(t) is formulated as S;(t) = Y(#)Sf(t). We also assume that r; and ¢ are the domestic
and foreign risk-free interest rates, respectively. As shown by Kwok and Wong [32] and
Martzoukos [33], under risk-neutral probability measure Q, the price processes for S¢(t)
and S;(t) are given by

dSq(t) = (ra — q)Sa(t)dt + o1 S4(t)dWi (1),
de(t) = (T’f —q— p120'10'2)5f(f)dt + Ulsf(f)dwl(t),

where g is the dividend of the asset, 07 is the volatility of the asset and W (¢) is the standard
Brownian motion, respectively. Also, the exchange rate process Y (f) is given by

dY () = (rg — rp)Y(£)dt + oY (£)dWa (1),

where 03 is the volatility of exchange rate and W(t) is the standard Brownian motion
satisfying dWy (t)dW,(t) = p12dt under the measure Q. Then, with the process of default
intensity A(t) defined in the previous section, a vulnerable foreign equity option call price
in domestic currency at time 0 with domestic strike K and maturity T is given by

C(0) = (1—w)e MBI A% (y(T)54(T) - K)*|F(0)]

+we " TEQ[(Y(T)S(T) - K)*|F(0)]
= (1—w)e " Cy +we " Cy. (6)
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We present the closed-form pricing formula of vulnerable foreign equity option in the
the following theorem.

Theorem 2. The price of vulnerable foreign equity option at time 0 is given by

C(0) = (1—w)A,
% <Y(O)Sf(0)e(—q+%aj%)T_(azasr’zs:zrl@ms)f u(s,T,a)ds N(dy) - Ke_rdTN(dz))

+w(Y(0)S £(0)e TN (d)) — Ke’rdTN(dAz)>, @)
where u(s, T,a) and Aq are defined in Theorem 1, and

i (C0) + 1 g o3 (22) T o

dy = VT ,
R ln(Y(O);f(O)) + (rd —q+ %0]%) T

dy = oVT ,

dy =di — opVT,

&\2:&\1_0‘){\/?/

O’J% = 0'12 + 0’22 + 2p120’10'2.

Proof. Similar to Theorem 1, applying Lemma 2, we can rewrite C; as

G = EQfe W ALE(Y(T)S(T) — K)*|F(0)]
b2 (- *“T)EQ[ X3|].‘(0)}
xEQ[g(X; — Cov(Xy, X3), Xo — Cov(Xa, X3))|F(0)], 8)
where X1 = 1 W1(T), X3 = aWo (T =2 fo (s, T,a)dWs(s), and

g(x,y) = (y(o)sf(o)e(rd*q*%a})T+x+y _K)*.

The first expectation in Equation (8) can be calculated easily, and the second expecta-
tion can be represented by

EQ[g(X; — Cov(Xy, X3), Xz — Cov(Xy, X3)) | F(0)]

_ v(0)s) (ope-t- DT (BBE) s

|7(0)

- ( 273623 ':Ul 13 ) fOT M(S,T,ﬂ)ds
>K}

x EQ [exl +X2q

{(Y(T)S(T)e

_KE®Q [1 |F(0)]. )

(7203923”1‘73/’13 ) I u(s Ta)ds

{(Y(T)S(T)e >K}
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Since X; + X3 is normally distributed with mean 0 and variance U}T, the second
expectation in Equation (9) is

F(0)

E9 |1 ,(w) T u(sT,a)ds |
{(Y(T)S§(T)e ! >K}

+ T
(‘7203923 7173013 ) S u(s,T,a)ds

=P (Y(T)Sf(T) > Ke |]-"(0)>

=Po(—X; — X,

Y(O)Sf(O) 1, 0203023 + 0103013 T
<1r1<1< —|—<rd—q—0—20f)T—( p )/0 u(s, T,a)ds
= N(dy).

In Equation (9), the expectations can be calculated using Lemma 1. Moreover, C; can
be calculated easily without the use of Lemma 2. Finally, we obtain the pricing formula
combining above results . [

Remark 2. As in Fard [25], the pricing formulas in Theorems 1 and 2 can be derived using the
change of measure method. However, in the intensity based model, the approach based on Lemma 1
and Lemma 2 is simpler for pricing vulnerable options with two underlying assets.

4. Numerical Experiments

In this section, we present numerical experiments that demonstrate the impact of
significant parameters on the option price and verify the accuracy of our pricing formulas.
We specifically compare the pricing formula values with the option values generated using
the Monte Carlo (MC) simulation method, and we provide graphs for illustrating the
sensitivity analysis of parameters on the vulnerable options.

4.1. Monte Carlo Simulation

In this subsection, we show the accuracy of our approach by comparing the values by
the pricing formulas in the previous section and those MC simulations with 20,000 sample
paths and 500 time steps.

Using the Euler discretization, the sample paths of the processes for vulnerable ex-
change option are given by

InSy(t+ At) = InSy(t) + (r — 0.50%) At + oV Atey,
InSy(t+ At) = InSy(t) + (r — 0.50%) At + o2V At(p1per + /1 — p3,€2),

A(t+ AE) = A(t) +a(b— A(E) At + 03V At (1381 + p3ea + /1 — 025 — p23°€3),

where At = 1/1000, p23 = (p23 — p12013)/ /1 — p3,, and €1, €2, €5 are identical and in-
dependent samples from the standard normal distribution with mean 0 and variance
1. The experiments’” default parameters for the vulnerable exchange option price are
$1(0) = 5(0) =100, r =0.03, T =1, A(0) = 0.45,07 = 0.18, 0» = 0.12, 03 = 0.25, p1p =
p13=p23 =1, a4=0.06, b =15and w = 0.75.

The values V(0) by Theorem 1 and the values using MC method are shown in Table 1.
The values of ‘R-err” in Table 1 are the relative error between values by the pricing formulas
and values by the MC method defined by

4 | Value by formula — Value by MC

R-
. Value by formula
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The results in Table 1 demonstrate that our option pricing formula is accurate. Fur-
thermore, we find that experiments with the proposed pricing formula take less than 0.1 s
on average while the Monte Carlo simulations take almost 20 s on average.

Table 2 provides comparison of vulnerable foreign equity option values calculated
through our formula given in Theorem 2 and values obtained through the MC method. The
processes of the vulnerable foreign equity option are discretized similarly to the processes
of vulnerable exchange option. Table 2 shows the accuracy of our formula, as expected.
The experiments’ default parameters for the vulnerable foreign equity option price are
S¢(0) =100, K =100, Y(0) =1.1, ry =17 =0.03, T=1, ¢ =0, A(0) = 045, o1 = 0.18,
0y = 0.12, 03 = 0.25, P12 = P13 = P23 = 1, a = 0.06, b=15and w = 0.75.

Table 1. Price of vulnerable exchange option. All experiments are conducted using the MATLAB.

Vulnerable Exchange Option

$1(0) $>2(0) w Price V(0) Monte Carlo R-Err
100 60 0.25 27.763 28.185 1.52 x 1072
0.5 31.842 31.496 1.08 x 1072
0.75 35.921 35.908 353 x 1074
80 0.25 13.716 13.738 1.67 x 1073
0.5 15.811 15.801 6.01 x 107*
0.75 17.905 17.974 3.89 x 1073
100 0.25 1.519 1.545 1.71 x 1072
0.5 1.811 1.839 1.54 x 1072
0.75 2.102 2117 737 x 1073

Av. run time (s) 0.031 18.1211

Table 2. Price of vulnerable foreign equity option. All experiments are conducted using the MATLAB.

Vulnerable Foreign Equity Option

S¢(0) K w Price C(0) Monte Carlo R-Err
100 60 0.25 37.211 37.067 3.87 x 1073
0.5 42.120 42.454 7.93 x 1073
0.75 47.019 46.960 1.24 x 1073
80 0.25 24.480 24.418 253 x 1073
0.5 27.665 27.677 439 x 104
0.75 30.849 30.850 1.929 x 107
100 0.25 14.332 14.344 850 x 107
0.5 16.179 16.159 1.21 x 1073
0.75 18.028 17.984 241 x 1073

Av. run time (s) 0.030 18.2574

4.2. Numerical Examples

Figures 1-6 illustrate the vulnerable exchange option prices in the intensity-based
model to investigate the impact of various parameters. Figures 1 and 2 present the option
prices against maturity T for three recovery rate parameters w = 0.5, 0.75, 1 and initial
intensity parameters A(0) = 0.5, 1.5, 2.5. From Figures 1 and 2, we observe that option
price increases when the maturity increases. As expected, in Figure 1, we can find that a
lager value of w corresponds a higher price of option. We also find that option the prices
decrease with an increase in A(0) in Figure 2. Figure 3 displays option prices against
volatility o7 of underlying asset S;(t) for three maturities T = 0.5, 1, 1.5. From Figure 3, we
observe that option prices increase for ;7 > 1.2, but decrease for ; < 1.2 for all maturity.
In Figure 4, we report option prices against volatility o3 of intensity process. Since the
probability of default increases as 03 increases, the prices decrease with an increase in 3.
Figures 5 and 6 show the option prices against the correlations p1; and p13 respectively and
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for three recovery rate parameters. We observe that the option prices decrease when the
correlation pj; increases. This is because two underlying assets Sq(t) and S, (f) move in the
same direction for positive correlation. Different from Figure 5, the price is constant for
w = 1. This is due to the fact that the correlation p13 does not have any role because credit
risk does not occur when w = 1. If w # 1, the prices decrease as pj3 increases.

Figures 7-12 illustrate the vulnerable foreign equity option prices in the intensity-
based model to investigate the impact of various parameters. In most of the Figures, except
for Figure 9, we can see that the behaviors of foreign equity option prices are similar to
the behaviors of exchange option prices for same parameters. In contrast to Figure 3, in
Figure 9, as 07 x increases, the option prices also increase continuously. This is due to the
difference in the structure of the payoff function.
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5. Concluding Remarks

In this paper, we investigate a simple approach for pricing vulnerable options with
two correlated underlying assets in an intensity-based model. The mean-reverting OU
process, which is correlated with the underlying assets, is used to model credit risk. We
obtain option pricing formulas using the properties of three random variables without
changing the measure. The approach presented in this study is easily expanded to more
general vulnerable options in the intensity-based model. We derive closed-form pricing
formulas for two types of options with two underlying assets using the proposed approach:
exchange option and and foreign equity option. Finally, we provide numerical results using
the MC simulation method to show the accuracy of our option pricing formula and graphs
to illustrate the impacts of different parameters on option price.

This study employs the mean-reverting OU process for stochastic intensity based on
Fard’s model [25], however it has a limitation: the intensity cannot be negative mathe-
matically, but the mean-reverting OU process for intensity can have negative values. To
overcome this problem, stochastic intensity models that do not allow negative values, such
as the CIR model, should be used to vulnerable option pricing in the intensity-based model.
This will be studied further in the future via the change of measure method.
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