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1. Introduction

Over a field of characteristic p = 0, the theory of Lie superalgebras has had noticeable
development in recent years [1-5]. For example, one author classified the finite dimensional
simple Lie superalgebras and infinite-dimensional simple linearly compact Lie superalge-
bras [1,2]. Nevertheless, there is an open problem about the complete classification of the
finite-dimensional simple modular Lie superalgebras (i.e., Lie superalgebras over a field of
prime characteristic) [6]. In the last decade, there has been notable development in the study
of modular Lie superalgebras, especially in the structures and representations of simple
modular Lie superalgebras of Cartan type. The eight families of finite-dimensional simple
modular Lie superalgebras W, S, H, K, HO, KO, SHO, and SKO are discussed in [7-11]. The
superderivation algebras, second cohomologies, filtrations, and representations of the eight
families of finite-dimensional Cartan-type simple modular Lie superalgebras have also
been investigated (see [11-13], for example).

As is well known, the study of derivations is very active because of their importance in
Lie algebras and Lie superalgebras. With further research about the theory of derivations,
it is therefore natural to begin the investigations of biderivations and commuting maps
on Lie algebras [14-20]. The research of biderivations goes back to the investigation of
the commuting mapping in the associative ring, which showed that all biderivations on
commutative prime rings were inner [21]. In particular, the notations of super-biderivations
and skew-symmetric super-biderivations was introduced in [22,23]. The skew-symmetric
super-biderivations of any perfect and centerless Lie algebras or Lie superalgebras were
proved to be inner in [24]. Meanwhile, applications for and results on biderivations
and super-biderivations of simple Lie superalgebras arose in [25]. For example, based
on the theory related to super-biderivations, the authors obtained commutative post-Lie
superalgebra structures [26]. The skew-symmetric super-biderivations of generalized Witt
Lie superalgebra W (m, n; t) were proved to be inner in [27]. In [28], there were similar
results for contact Lie superalgebra K(m, n; t).

This paper is devoted to studying the super-biderivations of odd contact Lie super-
algebra KO(n,n + 1;t). And this essay is structured as follows. In Section 2, we review
the basic definitions concerning KO(n,n + 1; t). In Section 3, we get several useful conclu-
sions concerning the skew-symmetric super-biderivations on Lie superalgebras. We use
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the method of the weight space decomposition of KO(n,n + 1;t) with respect to Txp to
prove that all skew-symmetric super-biderivation of KO(#n, n + 1;¢) are inner in Section 4
(Theorem 1). Finally, we summarize the important findings in Section 5.

2. Preliminaries

The fundamental notations concerning the odd contact Lie superalgebras KO(n,n + 1;t)
are reviewed in this section [22].

[ denotes an algebraically closed field of characteristic p > 3, and we all work on
field F. Let Z; = {0,1} be the additive group of modular 2. For a vector superspace
Q = Qy @ Qj, the symbol d(x) = a means the parity of a homogeneous element x € Q,,
a € Zy. Let Q = ®czQ; be a Z-graded vector space. Write Zd(x) = i for the Z-degree
of a Z-homogeneous element x € Q;, i € Z. Throughout this paper, we should mention
that once the symbol d(x) (Zd(x)) appears, it signifies that x is a Z,-homogeneous (Z-
homogeneous) element.

Let N be the set of positive integers and Ny be the set of non-negative integers. Given
n € N,n > 2. For two n-tuplew = (ay,a, -+ , &) € Njand g = (B1,B2,- -, Bu) € Njj, we
write (g): " (EZ) Over the field F, we call B(n) a divided power algebra with generators
{x® |a € Ng}. Fore; = (di1,0n, -+ ,6in) € Nij, where §;; is the Kronecker symbol, we
abbreviate x(¢) as x;,i=1,2,---,n. We call A(n+ 1) the Grassmann superalgebra with
generators x;,i = n+1,---,2n + 1. Furthermore, we write A(n,n + 1) for the tensor
product B(n) ® A(n+1).

For g € B(n) and f € A(n+ 1), we simply write ¢ ® f as gf. The formulas hold for
A(n,n+1) as follows:

x®xB) — “:5 )xHB) o B e NI,
Xixj = —xx, 1ij€ {n+1, - ,2n+1},
x("‘)x]- = xjx("‘), xeNy, je{n+1,---,2n+1}.

Fork={1, ---,n+1}, weset
By := {<l‘1,l’2,~',l‘k>|Tl+1§i1<i2<"'<ik§2n—|—1}

and B := U/ By, B := {u € B|2n+1 ¢ B}, where By = @. For u = (i1, i, - - ,ix) € By,
set |u| = kand

||MH N k, 21’1+1¢Bk,
k+1, 2n+1€eBy,
and x" = x;x,---x;. Itis obvious that {x®Wx* | & € NI,u € B} is an F-basis of
A(n,n+1).

Obviously, A(n,n + 1) is an associative superalgebra with a Z-gradation:
Ann+1)=Ann+1)& A(n,n+1);,

where A(n,n+1); = B(n) ® A(n+1)5,A(n,n+1); = B(n) ® A(n+1);.

Let Iy := {1,2,--- ,n},j :={n+1,n+2,---,2n+1}and I := [yU ;. Put J; :=
L\ {2n+1}.

Let D1, Dy, - -+, Dy, 41 be the linear transformations of A(n, n + 1) such that

(a—¢e;) ot =N
(@) _ X xX-, 1€ lp,
Di(x*x) {x(”‘) -ox*/ox;, i€ L.
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Then it is easy to see that Dy, Dy, ---, Dy, are derivations of the superalgebra
A(n,n+1),and d(D;)=1(i), where

Let
2n+1
W(n,n+1):={) aDj|a; € A(n,n+1),i €I}
i=1

Then W(n,n + 1) is an infinite-dimension Lie superalgebra that is contained in
Der(A(n,n + 1)) and the following formula holds:

[aD;, bDj] = aD;(b)D; — (—1)4@P)4EP)pD,(a) D,

wherea, b € A(n,n+1),i,j€ .

Over the algebraically closed field I of characteristic p > 3, we choose two n-tuples
of positive integers t = (t1,f,---,t;,) € Nj and m = (71, 71p,- -, 71,) € Nfj, where
m; = pli —1foralli € .

Let

An,n+1,t) := spanF{x(“)x” | € A(n,t),u € B},

where A(n,t) = {a = (a1,a2,- - ,ay) € NJ | 0 < a; < 713, € Ip}.
Set

2n+1
W(n,n+1;t):={ Z a;D; | a; € A(n,n+1;t),i € I}.
i=1

Then W(n,n + 1;t) is a finite-dimensional simple Lie superalgebra. Note that
W(n,n+ 1;t) possesses a Z-graded structure:

W(n,n+1;t) = @filw(n, n+1;t);,
by letting W(n,n +1;t); := {x(“‘)x”D]- | || +|u| =i+1,jeltand =Y ym+n+1.

Put

v i+n, i€l
A—
i—-n, i€

We define the linear operator Tx : A(n,n +1;t) — W(n,n + 1;t) as follows:

2n 2n
Tx(a) := Y (=)@ (Dy (a)) + (=1)%@ (Dgyy1(a) x1)) Dy + (12 x;Dj(a) —2a) Doy 1.
1=1 =1

KO(n,n+1;t) := spang{Tg(a) | a € A(n,n+1;t)}.
Fora, b € A(n,n+ 1;1), the formula holds:
[Tk (a), Tk (b)] = Tk ({a, D)), @)

where (a,b) := Tx(a)(b) — (=1)4@2(D,, 1 (a)(b)) is the Lie bracket in A(n,n + 1;1).
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Then it is easy to show that KO(n,n + 1;t) is a simple Lie superalgebra. And we
call KO(n,n +1;t) the odd contact Lie superalgebra. Moreover, the principal Z-graded is
listed below:

KO(n,n+1;t) = ®¢_2,KO(n,n + 1;1);,

where KO(n,n 4 1;1); = {Tx (x®x*) | |a| + ||u|| = i + 2}. In particular,
KO(]’[,I’Z + 1,‘t)_2 = FTK(l)

3. The Notions of Super-Biderivation

The properties of super-biderivations on centerless super-Virasoro algebras were
introduced in [22]. Our aim in this section is to introduce a more-general definition
concerning super-biderivations of Lie superalgebras. In order to prove the main conclusions,
we need some preparations.

G denotes a Lie algebra over an arbitrary field. A linear mapping D : G — G is called
a derivation if the following axioms are satisfied:

D([x,y]) = [D(x),y] + [x, D(y)],

for all x,y € G. And we say a bilinear map i : G x G — G is a biderivation if the
following axioms are satisfied:

¥(x [y 2]) = [p(oy) 2] + v, v(x2)],
¥([xyl2) =[x 2), ¥l + [x, 9 (y,2)],

for all x,y,z € G. Meanwhile, we say a biderivation ¢ is a skew-symmetric biderivation if
it satisfies

p(xy) = -y, x)

for all x,y € G. Specially, a bilinear map ¢, : G x G — G is an inner biderivation if it
satisfies P, (x,y) = A[x,y] forall x,y € G (see [22]).

L denotes a Lie superalgebra. Recall that a linear map D : L x L — L is a superderiva-
tion of L if the following axiom is satisfied:

D([x,y]) = [D(x),y] + (=1)4PW [z, D(y)],

forall x, y € L. Meanwhile, we write Derg(L) (resp. Der;(L)) for the set of all superderiva-
tions of Zp-degree 0 (resp. 1) of L.

A Zp-homogeneous bilinear map ¢ with Z,-degree < of L is a bilinear map such
that ¢(Ly, Lg) C Lyypiq forany a, B € Zy. Specially, we say ¢ fits these criteria even if

d(¢) =v=0.

Definition 1. A bilinear mapping ¢ : L X L — L is a super-biderivation of L if the following
axioms are satisfied:

¢([x,yl,2) = [, 9(y,2)] + (~1) &G [ (x, 2), y]
¢(x,[y,2]) = [p(x,y),2] + (~1) @AW [y, o(x, 2)]

for all Zy-homogeneous elements x,y,z € L.

@
®)

7
7

And we say a biderivation ¢ is a skew-symmetric biderivation if it satisfies:

p(x,y) = —(=1)d@AW)+(dE)+dE)d(e) g (y, x)

forall x,y € L.
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Denote by BDer., (L) the set of all skew-symmetric super-biderivations of Z,-degree 7.
It is obvious that

BDer (L) = BDerj(L) @ BDerj(L).

Lemma1l. Let ¢, : L x L — L be a bilinear map with A € F. Then ¢, is a skew-symmetric super-
biderivation on L if it satisfies ¢, (x,y) = Alx,y] forall x, y € L. This class of super-biderivations
is called inner.

Proof. Obviously, it is easy to obtain that ¢, is an even bilinear map, i.e., d(¢,) = 0. By
the skew-symmetry of Lie superalgebras , we have

Pr(x,y) = 7(fl)d(x)d(]/)+d(]/)d(¢A)""d(x)d(?’)\)q)/\(y’x)

forany x,y € L.
Due to the definition of graded Jacobi identity [[x, ], z] = [x, [y, z]] 4+ (—1)4@4W)[[x, 2], y],
we have that

or([x,y],2) = [x, 9a(y,2)] + (—1) &A@, (x, ), y]

for any x,y,z € L.
Similarly, it follows that

or(x, [y, 2]) = [pa(x,y), 2] + (=)D [y, g, (3, 2)]
forany x,y,z € L. O
Lemma 2. Let ¢ be a skew-symmetric super-biderivation on L. Then for any x,y,u,v € L, we have
[p(x,y), [1,0]) = (~1)@OHDD [, ], o(u,0)]

Proof. Due to Definition 1, there are two different ways to compute ¢([x, u], [y, v]).
From Equation (2), we have

o(xul,[y,o]) =[x ly0)]+ (—1)dW+dE+dEDI 6, [y, 0]), u]
= [x[o(n, > n+<—1><d<”>+d<<ﬂ>>d<w[x,[y,qow,v)n
_|_

(— 1)l AeNA (o (x, y), o], u]
+(—1)(d¥)+d@)+d(g))d(w)+{d(x)+d(@))dW)[[y, o (x,v)], u].

According to Equation (3), one gets

(e ullyo) = lo(xuly), o] + (~1) 4O+, o([x, 1], 0)]
= [xowy)l o+ ( 1) AW+@NA (o (x, y), u), 0]
(1) ARy, [1, o(u,0)]
(—1) () (w) () d(y) + (o)t [y, [0 (x, D), u]].

Comparing the two sides of the above two equations, we have that

[9(x,y), [, 0] — (=1) @O HANAD [y ), o (u,v)]
— (_1)d(v)d(u)+d(y)d(v)+d(y)d(u)([( v), [u,y]] — (— ) )+d(u))d(<ﬁ)H 0], ¢(u,y)]).

And we set

flyu,0) = [p(x,y), [u,0]] — (=) @WHDAD [, y], o(u,0)],
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fxviuy) = [p(x,0), [u,y]] — (=1) 4O+ 3 0], g (u, ).

According to the above equation, it can be easily seen that
f(x,y;u,0) = (—1)dWA)+d@)d+dY)AE) £y 3,4, 4).

On the one hand, one goes

fryuv) = —(=1)304@) f(x y,0,u)
(1)) () d0d( 000 £y, 10, y)

= (—DHHW f(x, 5y, 0)
On the other hand, it is easy to see that

f(x,y;u,0) = (_1)d(u)d(v)+d(y)d(v)+d(u)d(y)f(x,v;u,y)
—(—1)4()d) (—1)dWd(@)+d(y)d()+dWdW) £y v;, 1)

= ()1 f(x,uy,0).

Hence, we get
flx,y;u,0) = —f(x,y;u,0).
Due to char(F) # 2, we have that f(x,y; u,v) = 0. Furthermore, we obtain

[9(x, ), [, 0] = (1) 4W+EDAD [, y], o (u, 0)).

O
Lemma 3. Ifd(x) 4+ d(y) = 0 forany x, y € L, then we have

[p(x,y), [x,y]] = 0.
Proof. By Lemma 2, it is easily seen that
[p(x,y), [x,y]] = (~1)@WHCDAD [, y], o (x, y)].
Since d(x) + d(y) = 0, we have

lo(x,y), [yl = [xylelxy)]
= —lo(xy), [x vl

Thus, we obtain [¢(x,y), [x,y]] =0. O

Lemma 4. Let Cr([L, L)) be the centralizer of [L,L]. If [x,y] = 0, then we have ¢(x,y) €

Proof. If [x,y] = 0, for any u,v € L, we obtain
[9(x,y), [u, 0] = —(=1) AT [ 4], plu, 0] = 0.
Sowe get ¢(x,y) € CL([L,L]). O

4. Skew-Symmetric Super-Biderivations of KO(n,n + 1; )

In this section, we prove that all skew-symmetric super-biderivations of KO(n,n + 1; )
are inner. For simplicity, we write KO for KO(n,n + 1; ). In order to prove the main theory,
we need some preparations.
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Set Tgo = spanp{Tk(x;x;) | i € Ip}. It is easy to see that T is an abelian subalgebra
of KO. From Equation (1), for all T (x(®)x") € KO, we have

[T (xix), Tae(x %)) = (8¢, — i) Tre(x®x"), )

where
_ { 1, P is ture,

S —
®) 0, P is false.

For fixed « € N" and u € B, we define a linear function (« + (1)) : Txo — F by means of

— .

(o + () T (i) = 67 ey

Therefore, KO has a weight-space decomposition with respect to Txo:

KO - @ KO a-+(u))s
(a+(u)) (atu))

where

KO(uipyy = spang{Tk(x)x") € KO | [Tk (xixy), T (xP)x%)]
((S(i/eu) - ai)TK(x(ﬁ)x”),VTK(xixi/) € Txo,i € Io}

Not specifically, ¢ denotes a Zp-homogeneous skew-symmetric super-biderivation on
KO in the proof below.

Lemma 5. If [x,y] = 0 for x,y € KO, we have ¢(x,y) = 0.

Proof. By applying Lemma 4, we obtain that ¢(x,y) € C(KO). As KO is a simple Lie
superalgebra, ¢(x,y) =0. O

Lemma 6. For Tx(x;x; ) and T (x(®) x*), we have

(P(TK(X,‘XZ-/ )/ TK(x(a)xu)) € Ko(a+<u>)'

Proof. By applying Lemma 5, it is obvious that ¢(Tx (x;x; ), TK(x]-xj/ )) =0foranyi,j e Iy
from [TK(xixl./),TK(xjx]./)] = 0. Note that d(Tx(x;x,)) = 0 for all i € Iy. For Tr(x@®x¥) e
KO, one gets
(_1)(d(¢)+d(TK(xix/)))d(TK(xlxl/)) [TK (xlxl’ )r¢<TK(xixi’ ), Tk (x(a)xu))]
= @(Te(xixg ), [Tr(axy ), Te(x ")) = [p(Tie(xixy), T (xxp ), T (x )]
= Oen - a)p(Tic(xixy ), Tie(x®x)).
O

Lemma 7. Leti,j € Iy, i # j. Then the statements below hold:

(i) KOy =KO( s joniay = . FTx(C TI x(a?sz)x(sh))x(a}Si)xu),, 5)
0<a<much lelp\{i},h eu

(i) KOy = KOy sy = 3 FT(( [T x@ex@)gxt); (o)
0<a<mucB Il eu

(i) KOy = Y. F(Te(( T xlenxlen))xleey, g, @)

0<a<much lelp\{i}} eu



Axioms 2023, 12,1108

8 of 14

where ucl denotes some integer, and ocl = ¢ (mod p).
Proof. (i) We may choose a fixed element i € Iy. By applying (1), we can directly obtain that

(T (epey), Te ()] = =0 Tie(x*),
for any [ € Iy. From Equation (4), we get

o a; = =0y,

(I'eu) —

forany ! € Iy. If I € Ip\{i}, then ey —1 =0 (mod p). If | = i, it is easy to see that

) —a; = —1 (mod p). Then we obtain the desired result.

(i/ €u)
(if) We also choose a fixed element i’ € J;. A straightforward computation proves that

[Tk (x1x), T (xir)] = 6prir Tk (xi1),
for any ! € Iy. Equation (4) then yields

1) — ] = 51/1'/,

(I'cu)

forany !l € Iy. If I € Iy\{i}, it is easily seen that S ey 41 =0 (mod p). If I =i, we have

that é(j1¢,) —a; = 1 (mod p). Then the assertion follows.
(ii7) The proof is similar to (i) and (i7). O

Lemma 8. Foranyi € I\{2n+ 1}, A; € F, we have

¢(T (xixy ), Tk (xi)) = Mi[ Tk (xixy ), T (xi)],

where A; depends on i.

Proof. (i) For i’ € J;, according to Equality (6), one may assume that

(P(TK(xixi’)rTK(xi’)): Z C(Dc,u,i/)TK(( H x(“?el)x(ﬂh))xi,xu),

0<a<mucB lEI[),h’EM
where c¢(a,u,i") € F. By Lemma 5, we have that

0 = (—1)@FaTCe AT (o (T (2, [Tie(1), Tie(xir)])
—[p(Tk (xix;), T (1)), T (%))
= [Tx(1), ¢(Tk(xix;), Tk (x7))]
(1)

;Y clau)Te(( T x@e0xen))x, xt)]

0<a<much lely i eu

= el u, )T ((L( J] x(“?gl)x(eh))xi/x”)).

0<a<mucB lEIo,h/Eu

= [Tk(1

So we can conclude that ¢(a, u,i") = 0if 2n + 1 € u. Then, we may suppose that

O(Tilxy) Tew) = L el )Te(( [T xf0x(e))xx),

0<a<much lelyh eu
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Putting k € I\{i,i'}, we obtain

0 = (—1)W@aTCa AT (6 Ty (xp0)), [T (x), T (%))
— (T (xix ), T (%)), T (%))

= [Tx(xx), ¢(Tr(xixy), T (x7))]

;Y e, )TR(C T x(”‘?gl)x(eh))xi/x”)}

0<a<much lely,h eu

— Y clau iNTe((x (T x@e0xen)x, 1)),

0<a<mucB Ielyh eu

(
= [Tk(xk

)¢
)

0

where c(a,u,i') € F. Hence, c(a,u,i’) = 0if kK € u or «; > 0 by calculating the above

equation. Therefore, we assume that

O(Ti(xixy), Te() = Y el i) T (x(@) ).

0<a<m

Since d(Tk(x;x;)) +d(Tk(x;)) = 0 for any i € Iy and Lemma 2, we have that

0 = [p(Tk(xixy), Te(xir)), [Tk (xixs), Tg(xir)]]
= [[Tx(xix;), Tk (xir)], ¢(Ti (xix; ), Tg (xir))]

= [Tx(r), ¥ clo ) Te(x®xy)]

0<a<m

= Z (e, ") Tr ((x, x (@ ')x/))

0<a<m

Based on computing the above equation, we deduce that c(«,i") = 0 if oc > 0. Then,
we suppose that

¢(Ti(xixy), Te(xy)) = c(i') T (xir).

Put Ay := —c(i’"). By the discussions above, for any i € Iy, one gets
(P(TK(xixl" ), TK(xi/)) = Ai’ [TK(xixi/ ), TK (xl-/)],

where A; is dependent on #'.
(i7) According to Equality (5), for i € Iy, we may assume that

O(Ti(xixy), Ti(x) = Y clau)Te(( [ xlelexlen)xlaie) ),

0<a<mueB le[o\{i},hleu

where c(a,u,i) € F. By Lemma 5, it is easily seen that

0 = (—1)W@HATCxMAT) (o Ty (a0, [T (1), Tie(x:)])
~[9(Txe(xpxp), T (1)), T (x7)])
= [Tx(1), ¢(Tk(xixs), Tr(x:))]
= [Tk, ¥ elwudTe(( [T x@lexn)xee )

0<a<m,ucB lelp\{i},h' eu

= ol u, )T ((1, (] x("‘?sl)x(gh))x(“,iﬁi)xu»_

0<a<mucB lel\{i},h eu

~
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A simple calculation shows that c(«, u,i) = 0if 2n+ 1 € u. Then, we may assume that

P(Tx(xixy), Te(x)) = Y clau,i)T(( [ xfexlen))xlede pu).

0<a<much lely i eu
Setting k € I\{i,i'}, one gets
0 = (-1

—¢
= [Tk(
(

OrraTieix AT (4 Ty (xx0), [T (), T (%))
T (xixy), Tk (xk)), Tk (x)])
), (T (xixy), T (xi))] 7
) 1

X)), Z C(a’ u, l)TK(( H x(a?gl)x(eh))x(aigi)xu)}

0<a<much lelyh eu

)
(
X

= [Tk

= Y claui)Te((x (T xelexlen))xladen ey,

0<a<mucB lelyh' €u

By calculating the above equation, we have c(a, u,i) = 0 if ocg, > 0ork’ € u. Then, we
can suppose that

¢(Ti(xix;), Tk(x;)) = Z c(uc,u,i)TK((H x(%))x(fx}ei)xu)‘

0<a<mue{i'} W eu

By Lemma 2, we have

AvTe(1) = [p(Tr(xixy), Te(xn)), [T (xix; ), Tic(x;)]]
= [[Tx(xix;), Tu (xi)], ¢(Tk (xixy, Tu(xi))]

= [Tx(xe), X clwu)Te((JT xto)xie)x)]

0<a<mue{i'} W eu

= Yoo el u, i) Te((x Hxsh x(‘” “).

0<a<mue{i'} W eu

_ Based on computing the above equation, we obtain that c(a,u,i) = 0if i’ € u or
a;1 > 1. Then, we assume that

¢(Ti (xixy), Tic(xi)) = (i) Tie(x;)-
Put A; :== —c(i). By the discussions above, for any i € I, we conclude that
¢(Tr(xixy), Tie(xi)) = Al Tee(xixy ), T (x7)],
where A; depends on i. And our assertion is affirmed. [
Lemma 9. All Zy-homogeneous skew-symmetric super-biderivations of KO are even.
Proof. Due to Lemma 8, all Z,-homogeneous skew-symmetric super-biderivations of
KO are even mapping. Since ¢(Tk(x;x;), Tx(x;)) and [Tk (xix;), T(x;)] have the same
Zy-degree, the Zp-degree of ¢ is even. [
Lemma 10. For Tx(x;x /) i,j € Iy, i # j, we have
P(Tr(xixy ), Te(xixy)) = Ay [Tie(xixy ), Te(xixp )],

where /\l./ cF.
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Proof. By virtue of Equality (7), we may assume that

(T (xixy), Te(xixs)) = Y, clau,i,j)Te(( ] x(“?g’)x(g’l))x(“}gi)xj/ x").

]
0<a<m,ucB lel\{i},h eu

It is easily seen that

0 = ¢(Tk(xixy), [Tk(1), Te(xixp)]) — [@(Tr (xix;), Tk (1)), Tk (xixjr)]
= [Tx(1), ¢(Tk(xix;), Te(xix;))] _ 7
= k1), ¥ clouwiHTe(( T x@oxle)x@ie g m)

0<a<mucB lelp\{i},h eu

= Yoo el NTR((L (] x("‘?sl)x(gh))x(“?si)xj/x“)).

0<a<mucB lelo\{i},hleu

By a direct computation, we have that c(a,u,i,j') = 0if 2n + 1 € u. Then, we may
assume that

¢(Te(xixy), Te(xixs)) = Y cle,ui j)Te(( ] x<“?€f>x<£h>)Mfi)xj,x“).

] _
0<a<much 1elp\{i}, i eu
By Lemma 5, for k € I\{i,/,i,j }, one gets

0 = ¢(Tr(xixy), [Tr(xi), Tre(xixy)]) = [(Tr (xixy ), Te(xx)), T (xix )]
= [T(xi), p(T (xixy ), T (xix )]

= [Tx(x), Y, claui)Te(( ] x(”‘?sl)x(sh))x(“zief)x]-/x”)]

0<a<mucB lelp\{i},h eu
= L clwwmi)Tel(xe (T xiexl)x@ey, o),
0<a<much lel\{i},h eu

Hence, ¢(a, 1,1,j) = 0 if 042, > 0 or k' € u by calculating the equation above. Then, we
assume that

Tx(x;x), Tk (xix4)) = cla,i, i) Tk x(en) x(”‘tisf)x(alcef)xvx“ .
¢ i j J j
0<a<mue{i'} W eu
By Lemmas 2 and 10, we have
ApTr(xp) = (A [TieCxixy), Te(xp)], [T (xixy ), T (xix )]
@i ), Ty ), [Ty, Tielxn )]
[Tk (i ), Tre(xy )], (T (i), Te(xixr) )]

Telx), X el f)Te((T x6))a@lex ) ]

]
0<a<mue{i'} Weu

- Y oo i )T, (T x))xfed @)y xiy).

0<a<mue{i'} Weu

Based on computing the above equation, we have that c¢(«, i, j) = 0 if al > 1, oc]'() >0
or i’ € u. So we suppose that

¢(Ti(xixy ), T (xix; ) = —c(i, j') T (xix)-
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By Lemmas 2 and 8, we have

ApTi(xy) = (A [Tr(xixy ), Te(xp)], [ Tre (xixy ), Tr (xixy )]
= [¢(Tw(xixy), Tie(x;), [T (xixy ), Tre(xixy )]
= [Tr(xixy), Te ()], ¢(Tre (xixy ), T (xixy))]
= (i, j)Tx((xy, xixjr)).

Thus, we conclude that
(P(TK(XZ'XI./ ), TK(xi)) = /\i/ [TK (xl-xz./ ), TK(xix]./ )]
O

Remark 1. Fori,j € Iy,i # j, wehave Ay = --- = A, = - -+ = Aygy,. Due to Lemmas 8 and 10,
one gets

0 = [p(T(xjxy), Te(x))), [Tr(xixy ), Te(xixy )]
_ HTK(XJ'X]J ), TK(xj)], (P(TK(xixi’ ), TK(xix],, ))]
= (A= Ap)Tk(x)).

Thus, we deduce that Ay = A; fori,j € Ip,i #j. Set A=Ay =+ = Ay =--- = Apy. Bya
direct computation, we can conclude that

(T (xixy), Tr(xi)) = A[Tk(xixy), Te(xi)],
(T (xixy), Te(xir)) = A[Tk(xixy), Te (xi)],
¢(Tk(xix;), TK(xix]./)) = A[Tk(xixy), TK(xl-x]./)],

where A is dependent on neither i nor j.

Lemma 11. For any T (xE)xp,,1),i € Iy, we have that

P(Tk(xix;), Tx (x ) x1)) = A[Tk(xixi/),TK(X(Ei)X2n+1)],
Proof. By Lemmas 2 and 5, and Remark 1, for i € Iy, we have
[Tk (xxxy ), T (xpr)), [T (i), T () x0,041) ]
— [Tk (xixy ), T (i), (T (i ), T (x 0 x341))]
= [A[Tk(xexp ), T ()], [ Tie(xixy ), T (209 x40
~ [Tk (xixy ), T (i), (T (i ), T (x 0 x341))]

[Tk (xpr), (T (i ), Tie(x ) x2,41)) = AT (xixy ), T () x9y01)]
0.

Since Cxp(KO_1) = KO_; = FTk(1), one gets

(T (xixs), Ti(xE)x041)) = A[TK(xixi/)/TK(x(Si))x2n+1] +bTk(1),

where b € F. By virtue of Lemma 7, it follows that KO_2 N KO, 4 (2441)) = 0. So we obtain
b = 0. Furthermore, we conclude that

P(Tk(xix;), T (xE)xp,11)) = A[Tk(xixi/),TK(X(si)XZnH)]-
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Theorem 1. Let KO be the odd contact Lie superalgebra over an algebraically closed field of
characteristic p > 3. Then, we have

BDer(KO) = IBDer(KO).
Proof. By Lemma 2 and Remark 1, it is follows that

0 = [p(Tk(xixy), Tic(xi)), [T (x"x), Tie(x®)xt)]]
—[[Tk(xix; ), T ()], (T (xx), T (x9x))]
= [[Tk(xixy ), Tie(x)], AT (202, Tie (x®)x)]]
—[[Tr(xixy), Te(x)], (T (x W), T (29 x))]
= [Tie(xi), AT (xWx), T (x®)x)] = p(Tie(xx), Ty (x®)x') )]

for any Ty (x(x°), Tx(x®xt) € KO.
Because of Cxp(KO_1) = KO_; = FTk(1), we have

(T (2 x*), T (xWxt)) = A[Tie(xWxf), T (x® )] + bTie (1).

Due to Lemmas 2 and 11, it is easily seen that

0 = [p(Tx(xWxs), TK(x(K ), [Tx(xixz), Te(xix2n11)]]

—[[Tx(x" s) K (x xt)] (T (xixy), T (xix2n41))]

= [)\[TK( ) w(x )] + 0T (1), [Tic(xixy ), Tie(Xixan41)]]
— ([T (xx*), Tie (" xt)] MT (xixy ), Ti(xix2n+1)]]

= [A[TK(X(’)XS) Ty (x")x")] + bTk (1)

—A[Tx(xVx® >,TK<x( 2], [T (xixg ), Te(xixania)]]
= [bTk(1), Tk (xixan+1)]
= (=1)"D2bTx(x;).

Since Tk (x;) # 0, we obtain b = 0. Furthermore, we conclude that

P(Ti(xWx®), T (x®xt)) = AT (xW %), T (xxt)]

for any Ty (xWx®), Tx(x®)x*)) € KO. Therefore, we prove that ¢ is an inner super-
biderivation. O

5. Conclusions

In this section, we summarize the important findings.

Firstly, Definition 1 and Lemmas 2 and 3 are a more-general definition and properties
for skew-symmetric super-biderivations. Meanwhile, they are very helpful tools to prove
all skew-symmetric super-biderivations of KO are inner super-biderivations.

Thereafter, we obtain the weight space decomposition with respect to Txp. Lemmas 7-9
and Remark 1 show that A is dependent on neither 7 nor j. Thus, we obtain Lemma 11.

Lastly, we prove that all skew-symmetric super-biderivations of KO(n,n+1;t) are
inner super-biderivations (Theorem 1) by the results above.
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