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Abstract: This paper delves into the investigation of quasi-linear neutral differential equations in
the third-order canonical case. In this study, we refine the relationship between the solution and
its corresponding function, leading to improved preliminary results. These enhanced results play a
crucial role in excluding the existence of positive solutions to the investigated equation. By building
upon the improved preliminary results, we introduce novel criteria that shed light on the nature of
these solutions. These criteria help to distinguish whether the solutions exhibit oscillatory behavior
or tend toward zero. Moreover, we present oscillation criteria for all solutions. To demonstrate the
relevance of our results, we present an illustrative example. This example validates the theoretical
framework we have developed and offers practical insights into the behavior of solutions for quasi-
linear third-order neutral differential equations.
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1. Introduction

Third-order quasi-linear NDEs, while sounding complex, play a pivotal role in various
practical applications, addressing a wide array of real-world problems. These equations
emerge in fields such as engineering, physics, and biology, where they are instrumental in
modeling dynamic systems exhibiting intricate interactions and time delays. By delving
into their solutions and properties, we gain insights into phenomena ranging from electrical
circuits with distributed parameters to the behavior of biochemical systems with feedback
loops. In this paper, understanding and solving third-order quasi-linear NDEs become in-
valuable tools for engineers, scientists, and researchers seeking to unravel the mysteries of
dynamic systems and optimize their performance in the face of delays and nonlinearities [1-3].

Delay-neutral differential equations are considered one of the most important tools
used to describe and represent life models and systems with extreme accuracy. This is
due to the nature of the delay-neutral differential equation, which contains both delayed
and non-delayed functions. Therefore, many mechanical, physical, chemical, and other
science models use delay-neutral differential equations. For example, these equations are
used in describing population growth dynamics and in modeling physiological processes
with neurotransmission delays, see [4]. For more applications in various sciences, please
see [5-7].
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In this paper, we study the oscillatory behavior of quasi-linear third-order NDEs.
These equations are expressed in the following form:

(a0 (@ (02 (0)))") +a(0x(e(0)) =0, £> 1, M

where z(¢) = x(£) + p(£)x(7(¢)). Throughout this study, we make the following assumptions:

(Hy) «is a ratio of two positive odd integers and & > 1;

(Ha) 4,p € C([fo,0)), 4(£) 2 0,and 0 < p(¢) < po < oo;

(Hs) 7,0 € CL([fg,0)), T(£) < £, 0(£) < L, T'(0) > 19> 0,0’ (£) > 0, (¢ 1(£)) > o9 > 0,
Too =007, limy_,, T({) = 00, and limy_,,, 0(£) = oo;

(H4) ar € Cl([fo,oo)), a] € Cz([go,oo)), ap > 0,ay >0,

/ 1 ds—co,and [T~ —ds =, @)
Jog a1 (s) o ay/*(s)

By a solution to (1), we mean a nontrivial function, x € C([Ly,),R), Ly > 4y,

o
which has the property z, a1z, ay ((alz’)/) € C!([Ly, ), R), and satisfies (1) on [Ly, o).
We consider only those solutions x of (1) that exist on some half-line [Ly, o) and satisfy

the condition
sup{|x(¢)|: £ > L} >0, forall L > L.

Differential equations (DEs) form a fundamental framework in mathematics, encom-
passing a variety of applications across science and engineering. Within this field, NDEs
hold a special place due to their ability to model systems where the rate of change of a
function is affected not only by its past behavior but also by the behavior of the delayed
intermediate. This property allows NDEs to capture real-world phenomena that exhibit in-
herent time lags, making them invaluable tools in various fields, including biology, control
theory, economics, and physics, see [8-10].

Oscillation theory, a pivotal facet of differential equation analysis, offers crucial in-
sights into solution behaviors. Oscillatory solutions, reflecting dynamic and periodic
phenomena, pervade many natural systems. Hence, investigating oscillation criteria, partic-
ularly for third-order NDEs, holds paramount importance in both theoretical and practical
contexts. This paper delves into obtaining oscillation criteria for third-order NDEs, aiming
to establish more precise conditions governing the occurrence of oscillations in the solutions,
see [11-14].

The study of oscillation criteria for higher-order DEs has long captured significant
interest within the field, see [15-18]. Notably, the analysis of third-order NDEs has received
attention due to its importance in diverse scientific and engineering fields, from control
theory to population dynamics. Several preceding studies have contributed valuable
insights into the oscillation behavior of such equations. Researchers have proposed varied
techniques and methodologies to establish conditions under which solutions of third-
order NDEs either oscillate or remain nonoscillatory. These criteria often involve intricate
mathematical analyses, including inequalities, integral inequalities, and comparisons with
auxiliary functions, see [19-21].

Hanan [22], in 1961, studied third-order differential equations in the linear case, that
is, by setting a1(¢) = a({) = 1,a = 1in (1). She provides one of the most important
conditions that cannot be weakened for (1) in the linear case by introducing the condition

. . 3
htrgg}ft q(t) >

2
3V3
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Thereafter, many works focused on this type of equation. In 2010, Saker and DZu-
rina [23], extended the study to include the presence of «, i.e., they were interested in
studying the oscillatory behavior of the delay differential equation

(20 (" (0)*) +a(0)x* (o)) =o0.

They presented sufficient conditions ensuring that every solution of previous equations
either oscillates or converges to zero. On the other hand, by using Riccati transformation,
Thandapani and Li [24] investigated some asymptotic properties for the neutral differential
equation

(20 (" (0)") +a(0)2 (0(0)) =0, o)

with 0 < p(¢) < po < 0. They established certain sufficient conditions guaranteeing that
every solution of (3) either oscillates or converges to zero.

In 2019, DZurina et al. [25] established necessary conditions for the nonexistence of
Kneser solutions in oscillation results for third-order NDEs of the following form

(a2(0) (@ (02 (1)) + g(0)x(e(2)) = 0. @

By combining their recently acquired results with pre-existing research, they ensured
oscillation for all solutions of (4). In the same year, Jadlovska et al. [26] investigated
the effective oscillatory criteria associated with third-order delay differential equations,
represented by the form

(a0 (@ (0)x'(0))") +a(O)x(e(0)) =0,

with a specific focus on the canonical case, aiming to establish that any nonoscillatory
solution converges to zero.

Following a different approach, Chatzarakis et al. [27] introduced improved criteria for
oscillatory behavior in third-order NDEs with unbounded neutral coefficients, presented
by the form

2"(0) +q(0)x* (0(0)) = 0,

where they introduced sharp criteria that demonstrate the nonexistence of Kneser solutions.

On the other hand, higher order equations have been studied using many methods
and techniques, see for example [28,29].

This paper aims to establish more stringent and improved criteria that guarantee the
oscillation of all solutions of (1) through the use of advanced mathematical tools and tech-
niques. The proposed criteria extend current results and facilitate a deeper understanding
of the oscillatory nature of tertiary NDEs, providing more space when modeling.

The rest of this paper is structured as follows. In Section 2, we introduce a set of
definitions and lemmas essential for simplifying mathematical operations in our work.
Section 3 is dedicated to a series of lemmas that pertain to the asymptotic properties of
solutions within the class N. These lemmas play a pivotal role in illustrating oscillation
results. Section 4 provides results that ensure the asymptotic convergence to zero of any
Kneser solution. Moving on to Section 5, we combine the results from the preceding sections
to articulate the main results of this paper. Finally, in Section 6, we offer an example that
supports and illustrates the validity of our results.

2. Preliminary Results

In this section, we present a set of definitions and assumptions that are needed in this
paper to simplify the mathematical calculations. For the sake of brevity, we define

po(£) :== (1= p(e(£))",
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¢(£) == min{q(£),q(7(£))},

Loz = 2, Lz = a12', Lyz = 112((1112/)/)“'1‘32 = (112((1112’)/)“)/1

B ¢ . | L L 15 (s)
m(0) = ~/Zo F(s)ds' (L) = /fo mds, ma(l) = -/fo alz(s) ds

ds, m2(g,0) :== /Qg 71:12((5)) ds

m1(g, Q) := /Qg zzll(s)ds’ (g, 0) == /g

1
¢ ”2/“(5)

FO(¢) := F(¢) and FUI(¢) := F(FU*”(K)) forj=1,2,...,n,

o 1 1 (TP (0))
pr(m) i= Z(i_op(f”w)) s~

k=0

2k—1 1 ) [7’[12 (T[*2k+1] (f)) 1

{po(€),pr(£;m)} forpg <1,

B(l,n):=< _ x
(6m) {pl ) for po >Rua (4, £1)/Rua((£), £1),

. ()
Ay = liminf——~2—,
{—00 7T12((7(€))

. = liminfal/* (0)7(0(0)) o (€)q(O)B (0(£),m),

and

P 1—px
T (0) rfmy T(s)
4 1= liminf—2 / 2 ds, for B, € (0,1).
P (0 Sy ) poc@l)
Remark 1. For our purposes, we must define the following conditions
m12(¢)
———~_ >\, where A € (1,Ay),
ma(o(€)) (1 A)
1
0y (O (0(0) ma(O)q(O)B* (o (£), n) > , where f € (0, B),
and

ds > k, where k € [1,00).

p 1-p
m(0) [fmy "(s)
m12() /Zo ay(s)

Lemma 1 ([30]). Assume that A and B are real numbers, A > 0, then,

BU — AU@+)/a < L&H
T (w1)et A

Lemma 2 ([31]). Assume that x1, x; € [0,00). Then,
(x1+22)" < p(xf +x5)
and

- 1 for0<a<1;
=1 201 fora> 1.

(T2 (0) p(z2H(0))

©)

(6)

@)

®)
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Lemma 3 ([32]). Let y € C"([{y,0),(0,00)), y)(£) > 0fori=1,2,...,n, and y"*+(¢) <
0, eventually. Then, eventually,

for every e € (0,1).

Lemma 4 ([33]). Suppose that x is a solution to (1) that is positive eventually. In such a case, z
satisfies one of the following cases

Ny : z>0,L1z<0, Lpz>0, and L3z <0,
Ny, : z2>0,L1z>0, and Lyz > 0,

for £ large enough. The symbol Q); (Category );) represents the set of all solutions that are positive
eventually and where the corresponding function fulfills condition (N;) for i = 1,2. The solutions
within the category () are referred to as Kneser solutions.

Lemma 5 ([34]). Assume that x is an eventually positive solution of (1). If po < 1, then, eventually
n [ 2k ‘ Z(T[Zk](é))
x(€) > p(tl(e) ) — (P )) |,
E () [y )
for any integer n > 0.

Lemma 6. Assume that x is an eventually positive solution of (1). If po > 1, then,
n 2k—1 1 1
x(€) > ———— | |z(«PFH )] - ——=——z("H (@) ] .
E (1 sy [ 0) - 1)

Proof. From
z(0) = x(£) +p(£)x(T(L)),

we deduce that

x(l) = p('r—ll(é)) [Z(Tfl(g» _ x(Tfl(E)ﬂ
- p(T[—ll] ) z(r[—ﬂ(ﬁ))
@y ey ) ()]

1 N 2 1 B
= sy O) T Sy (o)

3 1 _ -
+ ]1 SATm) =(7730) == (@)
By repeating the same technique a number of times, we obtain
n 2k—1 1 1
x - [~2k+1] (.7 .
(6) > k; ( 1} S T) ) [Z(T %41 (p)) e (2 (6))]

Therefore, we have successfully demonstrated the proof. [
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3. Nonexistence of N-Type Solutions

In this section, we introduce several lemmas that pertain to the asymptotic properties
of solutions within the class N,. These lemmas will play a pivotal role in demonstrating
our primary results regarding oscillations.

Lemma 7. Suppose that B, > 0and x € Q. Then for £ sufficiently large
(A1) im0 Loz(£) = limy ey Ly2(€) /2 (€) = limy eo 2(8) /712(0) = O;
(A1) Lyz/ mry is decreasing and Lyz > nz(Lzz)l/“;

(A13) z/ 1y is decreasing and x > (7t12/ 712) Ly 2.

Proof. Let x € () and choose ¢1 > ¢, such that x(7(¢)) > 0 and f satisfies (6) for £ > ¢;.
(A17): Since Lyz is a positive decreasing function, obviously

lim Lyz=1>0.
{—o0

If I > 0, then Lyz > [ > 0, and so for any ¢ € (0,1), we have

l u ~ ~
z(ﬁ)zll/”‘/ ! /2 L dsdu > T (0), T= elV/e. )

t ar(u) Joy aé/"‘(s)

Since
z(0) = x(£) + p(O)x(z (1)),
then z(¢) > x(¢) and

Since z’ > 0, then

Using this in (1), we obtain

—Laz(0) = q(O)x*(e(?))

From (9), we find N
—Loz(t) > —T*q(O)B(D) (0 (£)).

Integrating from /; to £, we have
~ 1t
Laz(t) = T [ q(s)B(s)wh (o(s))ds
1

.t 1
Z Uéﬁla / Wids
01 ay " (s)ma(s)

_ gy, J2(0)
= apl lnﬂz(&) — o0as { — oo,

which is a contradiction. Hence, I = 0. Applying 'Hopital’s rule, we see that (A; ;) holds.
(A12): Using the fact that Lyz is positive and decreasing, we see that
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l
Liz(t) = Liz(f)+ / (Liz(s))'ds

Ll/zx )
1/0(( )
Lyz(¢y) + LY/*z(0) /2 '

> L1Z€1 +/

1
()

l V4
= Liz() +LY2(0) [ L ds—L/*z(0) [ L

——ds
fay/%(s) 0 a/%(s)

Y

ds

In view of (Ay,1), thereis a f, > {4, such that

¥4
Liz(t) — 1Y=(0) [

——ds>0,0>¢
0 1/&(5) § 2

Thus
Lyz(€) > m(0) LY *z(¢),

and consequently

(le>’(£) _ o (0) LY *2(£) — Lyz(¥) “o

02 a/* (0)m3(0)

(A13): Since L1z/ 715 is a decreasing function tending to zero, then

£ Lyz(s) ma(s)
6 7a(s) a1(s)

z(6) = z(l)+

> 2+ 220 [0
> st + gl + 255 [ e
Lyz(£)
> 7;2(6) 12 (¢)
Therefore / (0)1t12(€) — z(£) T2 (£)
7 _ Lyz(£)
() 0= 2 <o
O
Lemma 8. Assume that x € Q). Then
x(¢) > B(¢,n)z(¢) o
and
(2200 (@ (0)=(0)')") < ~q(OB*(@(e), m)="(e(0)). n

Proof. If pg < 1, then, due to the fact that z(¢) is increasing and 7 (¢) > 7@+ (¢),
we have

2(e8(0)) > 2(T(0)),
which, along with Lemma 5, implies that

n 2k ) z (T2
x(é) > Z (Hp(f[l] (ﬁ))) [m — z(T[2k+1] (f)):|

k=0 \i=0

> £ (T1e(e0)) [y ~ 1z 00 1)

k=0
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Moreover, as z/ 7y, is decreasing and T/ (¢) < ¢, we have

2(t2(0) o z(9)
T2 (T?E) — 112(0)

and
gy o T2(T(0)
e 2 L0

Thus, using the above inequality and substituting in (12), we obtain

n

2 1 2k

k=0 \i=0
= pi1(&n)z(0). (13)

On the other hand, if py > 1, then z/ 71y, is decreasing and T(=2K/(¢) > 7[=2+1(¢), implying
that

. (T[—2k+1] (€)> . (T[—zk] (€)>

>

i (T2 () T (22 (0))

and

1 (T[72k+1] (g))
12 (T[fzk] (5))

Z(T[f2k+1] (£)> >

Using Lemma 6, we can conclude that

n [2k—1 1 i (T[kaJrl] (5)) . -
>Z<HP<]wO[HMHMw>_pw%W»Z@ZWM-

As z({) is increasing and T(=2K(¢) > ¢, we have

z(’r[fzk] (6))

n [2k—1 1 7T12(T[ 2k+1]( )) 1
> £(11 mﬂwﬂlnmﬂmw>‘pw%wnzw
N (19

From (1), we have

Using (13) and (14), we obtain

Laz(€) < —q(6)B* (o (£), n)z% (o (£)).
Hence, we have successfully demonstrated the proof of the lemma. O

The following lemma gives some additional properties of solutions belonging to the
class N».

Lemma 9. Assume that B, > 0and x € Q. Then for B € (0, B«) and { sufficiently large
(A1) le/n;_ﬁ* is decreasing and (1 — B.)L1z > nz(Lzz)l/“

(Agp) limy_yeo Lz(£) /71y P (0) = 0;

(Az3) z/ niz/k is decreasing and z > k(7112/ 7)) L1 z.

Proof. Let x € (), and choose {1 > {y, such that z(c(¢)) > 0 and parts (A1 1)-(A413) in
Lemma 7 hold for £ > ¢; > £y and choose fixed but arbitrarily large B € (B«/(1 + Bx), B+)
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and k < k, satisfying (6) and (7), respectively, for £ > ¢;.

Since P
— > b«
g F
there exist constants c; € (0,1) and ¢; > 0, such that
Clﬁ
(Az1): Define
w(l) = Liz(6) - ma(0) (Laz(6)) ', (16)

which is clearly positive by (A »). Differentiating w and using (11) and (6), we see that

() = (Liz0) - (L2(0) " (0))

= (0 (Laz(0) " L (0)

> Loz(¢))V/* L. (17)
By virtue of (A1 3), we have
/ z(£) 1/a-1
W) 2 by (L) (18)

Considering (A1 2) and (A; 3), we obtain the following inequality:

z(0) S L1z(¥)

m2(f) ~ ma(f) > (Laz(0)'"

Since & > 1, then

Z(@) e le(é) e (1—a)/a
() < () <t )
Substituting the previous inequality in (18), we obtain
o 1—a
' 2 (6) z(0) _ z(4) Liz(0)
il P GLAG (mz(@) P ay/ " (0)r12(0) - ay/* (£)ma ()

Integrating from ¢, to ¢ and using the fact that L;z/ 7, is decreasing and tends to zero
asymptotically, we have

Lqz(s) Liz(¢) ¢ 1
w(l) 2 w4 [ et ds > () +p /. T
_ le(f) _ le(g) & 1 s X
= A BTy O By ), e PO e
Then
(1 B)L1z(€) > ma(€) (Loz(£))*
and

Liz(0) ) _ (Laz(0) " ma(0) — (1= pLaz()) _
it L SORN _ . 1)
( /() P(0)
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It can be deduced straightforwardly from (21) and the observation that L;z is increasing
that B < 1. Using this in (20) and taking (15) into account, we find that

o Lyz(s)

w(l) > w(lz)+p A st
Liz(¢) [t 1
. ( )+/3 11 ﬁ( )/@3 al/“(s)ﬁg(s)ds
> 'B/S le% (m P -7 )
SCLEWG
> (B + c2)L1z(0),

which implies
(1= B)L1z(6) > (1= e — c2)Laz(£) > (Loz(6))*2(0)

L) ), ”
(n&‘ﬁ*‘czm) h =

the conclusion then immediately follows.

and

(App): Obviously, (22) also implies that Lyz/ n;_ﬁ * — 0as ¢ — oo, since otherwise

Ot e o
m, ) ()

which is a contradiction.
(Az;3): By utilizing (Az 1) and (Azy), as well as L1z/ n;_ﬁ*
towards zero, we can derive:

as a decreasing function tending

¢ Liz(s 1P
z(0) = z(ly) +/£4 n%lﬁi()s) ”2611( Ss)ds
—Bx

> a(t) + ﬂ?ﬁi)@ A ”al s

oo, g
-8,

-

> k?;((f))le(ﬁ).

Therefore

( 2(¢) >/ _ kma()liz(f) = m(0)z(0) _

ik (0) kay (0)ry/* 1 (0)

As a result, we have successfully concluded the proof of the Lemma. [J

Corollary 1. If By > 1 then ()p =
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Proof. This can be deduced from the inequality:

(1= p)Laz(0) > (Laz(0)) o (0),
taking into account the positivity of Lyz. [
Corollary 2. If B« > 0and Ay = oo, then () = @.

Proof. Let x € (), and choose ¢1 > {y, such that z(c(¢)) > 0 and parts (Ap1)-(Az3) in
Lemma 7 hold for £ > {1 > ¢y and choose fixed but arbitrarily large A < A4, B < B4, and
k <k, satisfying (5), (6), and (7), respectively, for £ > ¢;. Using (17), and the decreasing of

z/ n%z/k, we have

, 2(0(0)) Vet
ww)zﬁ#Wwwwmﬁ?W%mfwm)
z* () 1

z(e) Vo1,
ﬁni‘z/k(f) a;/uc(g)nicz(lfl/k)(a(m) (Loz(0))

Using (Az3), (19), and (5), we obtain

y 2 (0) 1 z(¢) o
“>2‘%#w@Wwﬂ““wmxmﬂﬂ
- my )
Ay ()i (o)) m2(0)
A1/ 5 (p) s-1m Laz(0)
p ak/*(0) m2(0) Z P ay/* (0)ma(£)

Integrating the last inequality from ¢; to £ and using that L1z /71, is a decreasing function
tending to zero, we obtain
w(0) > kBAYIR L 2(0). (24)

Thus
(1 —km“U*l/k))le(@ > (Loz(£))*m (0).

As A can assume arbitrarily large values, we can choose A such that A > (1/ kﬁ)k/ ak-1),
thereby leading to a contradiction with the positivity Lyz. This concludes the proof of
Corollary 2. O

Corollary 3. Assume that B« > 0and ky = co. Then, () = @.

Proof. The proof follows with the same steps from Corollary 2, and the fact that k can be
arbitrarily large, we omitit. [

Definition 1. For our purposes, let us define the following sequence { By },;_,, assuming it exists:
Bo = B+, where B, € (0,1),

Bokyy_1 AXA 1/ Kn-1)

Bn , where Ay € [1,00), (25)
1-—- ﬁn—l
and ky, satisfies the condition:
Pn 1=pn
TR () hmy T(s)
k= liminf7 2 [ 22 Eds, n e N, 26
TR ) Sy (s T (26)
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Remark 2. Clearly, B, 41 exists if B; < 1and k; € [1,00) fori =0,1,...,n. In this scenario, we
can derive the following inequality:

B1 ko)‘tx(lfl/ko)
Bo  1-pBo

and
ki > ko.

We can easily establish, through the use of mathematical induction on n, the following inequality

B > 1, >1, (27)
Bn
where -1/ 0)
all— n—1
lo = 7kOA* ’
1—-Bo
kn)\f:(l/knil_l/kn) (1 — ﬁn—l)
IES ,neN, 28
n kn,1(1 _ ﬁn) ( )
with
kn > kn71~

Next, we will demonstrate how iterative improvements can be made to the results
presented in Lemma 9.

Lemma 10. Suppose that 5, > 0and x € (. Then, for any n € Ng and € sufficiently large
(Ani) le/néfﬁ” is decreasing and (1 — B, )L1z > (Lzz)l/”‘m;

(An2) imy_yoo Lyz(0) /70y P (0) = 0;

(An3) z/ 70 is decreasing and z > enky (112/ 702) Laz for any ey, € (0,1).

Proof. Letx € () withz(c(¢)) > 0and parts (A1 1)-(A; 3) in Lemma 7 hold for £ > ¢1 > ¢,
and choose fixed but arbitrarily large 8 < B, and k < k, satisfying (6) and (7), respectively,
for £ > ¢;. We will proceed by induction on n. For n = 0, the conclusion follows from
Lemma 9 with ¢y = k/k,. Next, assume that (A, 1)-(A3) hold forn > 1for £ > ¢, > ¢;.
We need to show that they each hold for n + 1.

(Ayt1,1): Using (A 3) in (17), we obtain

z%(a () et
a%/a(z)ni‘z/snkn (U(@)nglq/enkﬂ) (@(0)) (L2z(?))

ﬁ z"‘(g) ( Z(E) )lzx
a;/zx(e) ﬂi‘z/snkn (0) nizz(l—l/enk,,) ((0)) 12 (0)

_ e e e
ni‘él_l/s"k")(a(é)) 11%/“(5)7712(5)

w'(0) >

Y

> ¢ k ﬁ)\tx(l—l/snkn) .
o at/*(0)ma(0)

By integrating the aforementioned inequality from ¢, to £ and employing (A, 1) and (A, ?),
we obtain
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where

v

Vv

v

w(ly) + enkny PAY

w(ly) + enknPA®

w(ly) +

(1-1/enkn) /
tn a/*(s)7r2(s)

Liz(s) ds

(1-1/enky) _L12(£) /Z 1 ds
) Jtn ay/* (s

n%fﬁ" Y
enky A1/ Enkn) L 12(0)

)75 (s)

Snknﬁ/\a(lfl/enkn

1—Bn

)

1—Bn

:B A&(1-1/enky)
=& a1k
:B* Aﬂt(l 1/ky)

P (e

[ P (0) = P ()]

Lyz(f) = nBns1L12(€),

€(0,1),

and 7 — 1 where (A, &4, B) = (A4, 1, B«). Choose 77, such that

1

1

> = ’
1 1—=Bn+Bur1 1+ Bu(ln—1)

where [, satisfies (27). Then

’7.Bn+1

ﬁn+1

_ .Bn+1

1- 77:Bn+1

(14 Bulls—1)) (1

In B ) 1B

T 1B (I —1)

and there exist two constants, ¢; € (0,1) and ¢, > 0, such that

1

11— Bu)But1
1—=1Bn+1

> Bny1 +c2.

According to the definition (16) of w, we deduce that

and

Then

and

w(f)

>

>

v

(1= 1Bus1)Liz(€) = (Loz(£))"*ma(¢)

Liz(t)
(n%’;ﬁ"“w)) =

Using the above monotonicity in (29), we see that

w(ly) + enkn A"

Snknlg/\zx(lfl/enk”

(1=1/e,ky) /f
1/«
Hw ay % (s)712(s)

) le(f)

L1z(s) ds

1- 771611-&-1
clsnkn,l%)\”‘(l’l/gn

n;*’?ﬁnﬂ (0)

kn)

1- 77:8n+1

1B+ 1_;7571

Liz(€)

L12(€>

n+1

(Bng1 +c2)Laz(£

).

(7.[5*’7/5%1 (5) _ né*’?ﬁnﬂ (gn))

(1= Bus1 — c2)L1x(£) > (Lox(€))*ma(0),

(=

1-Bn1—C2 (f)

le(f)

/
><0,

(29)

(30)

(31)

(32)
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which leads to the conclusion.
(Ay+12): Obviously, (32) also implies that Lyz/ 7'[

Pt L 0ast — 00, since otherwise

-
m PRy P

which is a contradiction.
(Ant13): By utilizing that (A,41,1) and (A,41,2), as well as le/n
function tending towards zero, we can derive:

“Pri1 35 a decreasing

Liz(s) 7 Pi(s)

1- /5n+1( ) al(s) ds

2(0) = z(e;;)+/f

1 n
> () + e [,
- " n;*ﬁnﬂ(g) o ay(s)
V4 1-Py11 [;l’ 1-Bni1
= z(¢)) + 1L—lﬁZ(£) /7-[2 (S)ds— 1L—1ﬁZ(€) / U (S)ds
my Pty Ji o m(s) my Py Jo m(s)
1-B,
oLz /f m Ps)
my Pty S ms)
1t12 (£
> enytknia 7;22((6)) L1z(¢),
and
/
2(0) ke I O L2(0) — mf T (O (0)2(0)
o) ensakn 101 (0)7 " (1)

/

en+1knn1 M2(OL1z(0) — ma()z(6) _
ens1knray (0)mro ikt ()

for any ¢, € (0,1). The proof of this Lemma is complete. [
Corollary 4. Assume that f; < 1,i=0,1,2,...,n—1,and B, > 1. Then, Q) = &

Proof. This follows directly from

(1= Bu)laz(0) > (Laz() " a(0),
and the fact that L, is positive. [

In view of the previous corollary and (27), the sequence { 8, } given by (25) is increasing
and bounded from above, i.e, there exists a limit

lim B, = B; € (0,1),

satisfying the equation
Bk a(1-1/kj)

= 34
— (34)

Bi=

where

Bicy —B
i <>/;n2 () .

k = liminf-2
o a1(s)

l—o0 7(12(6 )
Then, the next important resulting in the nonexistence of N»-type solutions are direct.
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Lemma 11. Assume that A, < oo and (34) does not possess a root on (0,1). Then, Oy = @.

Corollary 5. Assume that A, < oo.If

gi(1—ppasC Y

ki

ﬁ*>max{ : 0<ﬁj<1}. (35)

Then, Q) = @.

Lemma 12. Assume that (2) holds. Furthermore, assume that there exists p € C'([lg, 00), (0,00)),
such that

w/€e o / a+1
lim sup g(ﬁ(s)f%(s)B"‘(a(s)w)("(S))z/ - aj(s)(p'(s)Y" )ds_w, (36)

o0 o s a+ 1) (s)p%(s)

where (o' (£)) . = max{0,0'(£)}. Then, Oy = @.

Proof. Assume the contrary, that x € (). Now define

wit) =o', 2 6, @)
then, w(¢) > 0 and
Wi = P02 0T a0 ) Z(f))
_ p/(z)l“ziz((f)) (E)I;iz((é? vcp(f)lf((f)) aie) L;?zg)e)
< PO (0. g5+ B0 — w6

: ) 2(0(0) , /() () oo (L22)"
w (E) < *P(E)Q(E)B (O'(E),Tl) Z“(g) + p(g) W(f) - af(f) ( ) 2([)
o N Ca (0) B L (O DN %, Y R e
- P(E)Q(K)B (O'(E),Tl) Z“(Z) + P(f) (E) a1(€>Pl/lX(€) (6)
Since z > 0, L1z > 0, and Lyz > 0, then from Lemma 3 we obtain
z(f) _ ¢
70 = 2"

By integrating the preceding inequality over the interval from 7(¢) to ¢, we obtain

2(0(0) (o(@)”i

z(6) —\ /4
which implies that
w _ a n a(f) e (Pl(g))er _am(f) wltl/a
(0 < =p(aB @0 (D7) + L) - D) @)
Setting
_ W)y 44 am(l)
= MM T woe ey
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and using Lemma 1, we see that

wall) ey < AOE N
a1 (£)p'/*(¢) T (a+ 1) g (0)pe(e)

Thus, from (38) and (39), we obtain

(39)

w(l) —

2n/€ ® ! a+1
W) < - (p(é)q(f)B“(aw» (7)) - A e ) o)
2

Integrating (40) from ¢; to ¢, we obtain

! . o)\ at(s) (' (s)
./gl (p(s)q(s)B (a(s)m)(s) - (afl)wng(s;p«(s) ds < w(f),

for all large ¢. This is a contradiction to (36). O

4. Convergence to Zero of Kneser Solutions

In this section, we establish certain conditions that guarantee the absence of Kneser
solutions satisfying (Nj) within Category ).

Theorem 1. If there exists a function { € C([ly,0),(0,00)) satisfying o(£) < {({) and
T1(Z(¢)) < ¢, such that the differential equation

1w
HTo+P

@'(6) + FHOm(E(0,0(O)w (T E)) <0, (41)

is oscillatory, then ()1 = @.

Proof. Let x € )y, say x(¢) > 0and x(c(¢)) > 0 for £ > ¢1 > {y. This implies that
z>0,L12<0, Lyz >0, and L3z < 0. (42)

From (1), we see that

0 > f&) (a2 (0)) (a2 (x(0) (x(0)) )"+ pa(x(0)x* (e (x(0)))
> BLa(e(0) + pha(r() o (1)
= ifLaz(r(@)+p3q<rw>>x“<r<a<e>>>. (43)
Combining (1) and (43), we obtain
0> Lyz(0) + ifLsz(r(e)) +q(0)x () + pla(t(0)x" (x(e(£)))
> Laz(0) + §§L3z<r<e>> +9(0O)(x*(0(0)) + pyr*(t(c(0)))).

Using Lemma (2), we obtain

0> Lyz(f) + lf‘rffmz(r(e» - ;qb(/z)(x(a(e)) + pox(t(e(£))))". (44)
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From the definition of z, we have
z(o(£)) = x(a(£)) +p(a(£))x(z((£))) < x(0(€)) + pox(T(e(£)))-
By using the latter inequality in (44), we find
0> L52(0) + B1sz(x(0) + Lg(0)(0(0)).
0 H

That is ,
o
1
<Lzz(€) + F_Z_OLZZ(T(K))) + ;4)@)2“(0(6)) <0. (45)
0
However, it can be deduced from the monotonicity of Lyz(¢) that

¢ LY/ %2(s)

L)) > Lizle) L) = [ (L) as = |

ay" (s)
L/ TV ,0). 46
> 1} z<g>/@ = L HOme o (46)
Integrating (46) from ¢ to ¢, and using (42), we obtain
2(0) = Ly"*z(c)ma (6, 0)- (47)
Thus, we have
2(0(6)) > Ly *2(5(6)) m2((6), 0(4)),
which, by virtue of (45), yields that
(120 + Braste)) + Lot otonuacen <o, @9
Now, set .
w(f) = Loz(¢) + %Lzz(r(ﬂ)) > 0.
From the fact that L,z(¢) is non-increasing, we have
w(f) < Loz(t(0)) (1 + po)
[
or equivalently,
70 -1
L2((0) 2 (T @), (49)

Using (49) in (48), we show that w is a positive solution of the differential inequality

1
ﬂm+w

W' (0) + (O @ (0,0 (0w (T71(2(0)) 0.

Considering ([35], Theorem 1), we can deduce that (41) also possesses a positive solution,
which contradicts our previous assertion. Thus, we can conclude that the proof is now fully
established. [

Corollary 6. If there exists a function { € C([{p, ), (0,00)) satisfying o(¢) < ((¢) and
T1(Z(0)) < ¢, such that

iminf [ p(s) (2 (s), o(s)ds > MO (50)

teo JT1(g(0) Toe
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then, (3 = @.

Theorem 2. If there exists a function 6 € C([{p, ), (0,0)) satisfying §(¢) < £, and o({) <
T(8(¢)), such that

e w
limsuprfy (¢(6(0)), () /5 ROLE ”(T();:p‘)), (51)

then, O = @.

Proof. Using the same method as demonstrated in the proof of Theorem 1, we obtain the
following inequality:

0> <Lzz<e> n lfszzu(e))) n ;<p<e>z“<a<e>>.

By integrating the previous inequality from 6(¢) to ¢, and considering the fact that z is a
decreasing function, we derive:

Laz(6(0) + B Loz(x(0(0) 2 Loz(0) + Bboz(r(0) + 220 (0)) [ pls)as
To B 0 1 (0)

> Ly [ ps)as

Since T(6(¢)) < t(¢), and Lyz(¢) is non-increasing, we have

Po) < 1 s ¢
Laa(e(e(0) (14 28) > Lattoto) [ ploras 52)
By using (47) with ¢ = 7(6(¢)) and ¢ = ¢(¢) in (52), we obtain
Laa(e(o() (14 B) = Lraa(e(o()) ety (x(0(6),010) [ o9
That is - ,
BT > Lt (x(0(0),0(0) [ o).

Next, we calculate the lim sup for both sides of the preceding inequality, which leads to a
contradiction with (51). This concludes the proof. O

5. Oscillation Theorems

In this section, we are prepared to present the main results of this paper. By combining
the results from the preceding two sections, we can readily derive the following theorems
without providing proof.

Theorem 3. Assume that B > 1, and either (50) or (51) holds. Then, (1) is oscillatory.

Theorem 4. Assume that B, > 0, A, = oo, and either (50) or (51) holds. Then, (1) is oscillatory.

Theorem 5. Assume that §; < 1,i=0,1,2,...,n—1,and B, > 1 and either (50) or (51) holds.
Then, (1) is oscillatory.

Theorem 6. Assume that A, < oo, (35), and either (50) or (51) holds. Then, (1) is oscillatory.

Theorem 7. Assume that (36) and either (50) or (51) holds. Then, (1) is oscillatory.
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In the following, we provide an example that supports and illustrates our results.

Example 1. Consider

5 /
(((x(é) +p0x(T0€))”) > + gTleS(UOZ) =0, (53)
where 0 < pg < 1, and 19,09 € (0,1). Clearly,

a1(0) =1, ay(0) =1, 1 (£) ~ €, ma(l) ~ £, ma(€) ~ £2/2.

We can calculate:

k=1 Po
and ()
o p1(&;n)  forpy <1,

B(f,n) =Bo = { p1(Gn)  for po > 1/13.

Then
.. 1
Bx = h;gglf&ﬂi/“(ﬁ)ﬂi‘z(ﬁ(f))ﬂz(ﬁ)q(f)BS(U(f)rn)
10 410
= liminflaO o gy 1 O'équBg.

(e 5 25 (11707 160

For B« > 1, we have
160

qo > —a==- (54)
o
Now, for p(£) = £, where v > 10, condition (36) leads to
14 2ua/€ w / a+1
limsup | |{ p(s)q(s)B*(c(s), n) (U(S)) - ”1(525’1 )y ds
t—oo /o 5 (a +1)"" 15 (s)p*(s)
¢ 6.6V—6
o 40 »5 10/ 1 v
= luén%s::lp A (s"sll 00 € — T )
¢ V6
= limsup (qoBg(TéO/e — 6)5"11(:15 = o0,
{—00 ) 6
Which is satisfied when
6
. (55)

qo > P T
6°Bjoy €

Condition (50) leads to:

N « N A ) (QZ)_‘T(%)S 10
11E>glf T—l(g(ﬁ)) 4)(5)7T12(C(S),0’(S))d5 = 1lﬁglf T(;lgoésﬁTs ds

_ 1 2> 2\° T
= §q0<§0—00) lna.
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which is satisfied when:
32“14 T+ p"‘
qo > 2( . 50) - (56)
1e(Z3 —0%) " In z

Condition (51) leads to:

l
lim sup7t, (T(5(£)), o(£)) /5 ¢(s)ds = limsupry(tdol, oof) / 10 gs

{—s00 () {—o0
(33— o3)° (1= ) £° g

- hrznj;lp 32053° ¢
(@85 -ad) (1)
320530 ’

which is satisfied when:
320(w + pg) 8"
= .
(05 —5) (1= &)
Now, by applying conditions (54)—~(57), we can show that Theorems (3) and (7) exhibit oscillatory
behavior. This can be confirmed by assigning particular values to (53).

(57)

qo >

Example 2. Consider

(x(£) +0.5x(0.90))"" + Tx(050) = (58)
Clearly,
)\* = 4,
10
p1(£:10) = (1-05) Y (0.5)%*(0.9)* = 0.5981,

k=0

and
B(¢,10) = By = p1(¢;10) = 0.5981.

Then

B :n}ninf(o 2) £ zzg(o 598 1) = 0.074764j.
—00

For B« > 1, we have
qo > 13.376.

Conditions (36) and (51) are satisfied when
qo > 26.751, p(£) = (2, e = 0.5

and
qo > 22.274, 6 = 0.7, (59)

respectively. Thus, from Theorems 3 and 7, we conclude that (58) is oscillatory.

6. Conclusions

This paper has studied the oscillatory behavior of a quasi-linear NDE of the third
order. Through our research efforts, we have significantly enhanced the understanding
of the relationship between the solution, x, and the corresponding function, z. This im-
provement has led to the derivation of improved preliminary results, which play a crucial
role in excluding positive solutions for the studied equation. Building upon these refined
preliminary results, we have developed novel criteria for determining the nature of the
solutions, whether they exhibit oscillatory behavior or tend towards zero. These criteria
contribute to a deeper comprehension of the dynamic behavior of the systems described by
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these equations. In the future, an intriguing avenue for research involves broadening the
scope of this study to encompass NDEs of higher orders.

Author Contributions: Conceptualization, EM., O.M., G.A. and H.E.-M.; methodology, EM., O.M.,
G.A. and H.E.-M,; investigation, EM., O.M., G.A. and H.E.-M.; writing—original draft, EM. and G.A.;
writing—review and editing, O.M. and H.E.-M. All authors have read and agreed to the published
version of the manuscript.

Funding: This research was funded by Princess Nourah bint Abdulrahman University Researchers
Supporting Project number (PNURSP2023R45), Princess Nourah bint Abdulrahman University,
Riyadh, Saudi Arabia.

Data Availability Statement: No new data were created or analyzed in this study.

Acknowledgments: Princess Nourah bint Abdulrahman University Researchers Supporting Project
number (PNURSP2023R45), Princess Nourah bint Abdulrahman University, Riyadh, Saudi Arabia.

Conflicts of Interest: The authors declare no conflict of interest.

References

1.  Jayaraman, G.; Padmanabhan, N.; Mehrotra, R. Entry flow into a circular tube of slowly varying cross-section. Fluid Dyn. Res.
1986, 1, 131. [CrossRef]

2. Vreeke, S.A.; Sandquist, G.M. Phase space analysis of reactor kinetics. Nucl. Sci. Eng. 1970, 42, 295-305. [CrossRef]

3. Gregus, M. Third Order Linear Differential Equations; Springer Science & Business Media: Berlin, Germany, 2012; Volume 22.

4. Villagomez, A.N.; Muoz, EM.; Peterson, R.L.; Colbert, A.M.; Gladstone, M.; MacDonald, B. Collaboration Neurodevelopmental
Delay Working Group. Neurodevelopmental delay: Case definition and guidelines for data collection, analysis, and presentation
of immunization safety data. Vaccine 2019, 37, 7623. [CrossRef]

5. Liu, M,; Dassios, I.; Tzounas, G.; Milano, F. Stability analysis of power systems with inclusion of realistic-modeling WAMS delays.
IEEE Trans. Power Syst. 2018, 34, 627-636. [CrossRef]

6. Milano, F; Dassios, I. Small-signal stability analysis for non-index 1 Hessenberg form systems of delay differential-algebraic
equations. IEEE Trans. Circuits Syst. Regul. Pap. 2016, 63, 1521-1530. [CrossRef]

7.  Agarwal, R.P; Berezansky, L.; Braverman, E.; Domoshnitsky, A. Nonoscillation Theory of Functional Differential Equations with
Applications; Springer Science and Business Media: Berlin, Germany, 2012.

8. Norkin, S.B. Second Order Differential Equations with Retarded Argument; Nauk: Moscow, Russia, 1965.

9.  Braun, M. Qualitative Theory of Differential Equations: Differential Equations and Their Applications; Springer: New York, NY,
USA, 1993.

10. Hale, J.K. Functional Differential Equation; Springer: New York, NY, USA; Berlin/Heidelberg, Germany, 1971.

11. Agarwal, R.P; Bohner, M.; Li, W.T. Nonoscillation and Oscillation: Theory for Functional Differential Equations; Marcel Dekker, Inc.:
New York, NY, USA, 2004.

12.  Bainov, D.D.; Mishev, D.P. Oscillation Theory for Neutral Differential Equations with Delay; CRC Press: Boca Raton, FL, USA, 1991.

13.  Gyori, I; Ladas, G. Oscillation Theory of Delay Differential Equations; Oxford University Press: New York, NY, USA, 1991.

14. Moaaz, O.; Masood, F.; Cesarano, C.; Alsallami, S.A.M.; Khalil, E.M.; Bouazizi, M.L. Neutral Differential Equations of Second-
Order: Iterative Monotonic Properties. Mathematics 2022, 10, 1356. [CrossRef]

15. Baculikova, B.; DZurina, J. Oscillation theorems for higher order neutral differential equations. Appl. Math. Comput. 2012, 219,
3769-3778. [CrossRef]

16. Jadlovska, I; Dzurina, J.; Graef, J.R.; Grace, S.R. Sharp oscillation theorem for fourth-order linear delay differential equations. J.
Inequal. Appl. 2022, 2022, 122. [CrossRef]

17. Masood, F; Moaaz, O.; Santra, S.S.; Fernandez-Gamiz, U.; El-Metwally, H.A. Oscillation theorems for fourth-order quasi-linear
delay differential equations. AIMS Math. 2023, 8, 16291-16307. [CrossRef]

18.  Alnafisah, Y.; Masood, F; Muhib, A.; Moaaz, O. Improved Oscillation Theorems for Even-Order Quasi-Linear Neutral Differential
Equations. Symmetry 2023, 15, 1128. [CrossRef]

19. Baculikova, B.; Rani, B.; Selvarangam, S.; Thandapani, E. Properties of Kneser’s solution for half-linear third order neutral
differential equations. Acta Math. Hung. 2017, 152, 525-533. [CrossRef]

20. Chatzarakis, G.E.; Grace, S.R.; Jadlovska, I. Oscillation criteria for third-order delay differential equations. Adv. Differ. Equ. 2017,
2017, 330. [CrossRef]

21. Chatzarakis, G.E.; Grace, S.R. Third-order nonlinear differential equations with nonlinear neutral terms. Funct. Differ. Equ. 2020,
27,3-13. [CrossRef]

22. Hanan, M. Oscillation criteria for third-order linear differential equations. Pac. J. Math. 1961, 11, 919-944. [CrossRef]

23.  Saker, S.H.; DZurina, J. On the oscillation of certain class of third-order nonlinear delay differential equations. Math. Bohem. 2010,

135, 225-237. [CrossRef]


http://doi.org/10.1016/0169-5983(86)90013-4
http://dx.doi.org/10.13182/NSE70-A21219
http://dx.doi.org/10.1016/j.vaccine.2019.05.027
http://dx.doi.org/10.1109/TPWRS.2018.2865559
http://dx.doi.org/10.1109/TCSI.2016.2570944
http://dx.doi.org/10.3390/math10091356
http://dx.doi.org/10.1016/j.amc.2012.10.006
http://dx.doi.org/10.1186/s13660-022-02859-0
http://dx.doi.org/10.3934/math.2023834
http://dx.doi.org/10.3390/sym15051128
http://dx.doi.org/10.1007/s10474-017-0721-7
http://dx.doi.org/10.1186/s13662-017-1384-y
http://dx.doi.org/10.26351/FDE/27/1-2/1
http://dx.doi.org/10.2140/pjm.1961.11.919
http://dx.doi.org/10.21136/MB.2010.140700

Axioms 2023, 12,1112 22 of 22

24.

25.

26.

27.

28.

29.

30.

31.
32.

33.

34.

35.

Thandapani, E.; Li, T. On the oscillation of third-order quasi-linear neutral functional differential equations. Arch. Math. 2011, 47,
181-199.

Dzurina, J.; Grace, S.R; Jadlovskd, I. On nonexistence of Kneser solutions of third-order neutral delay differential equations. Appl.
Math. Lett. 2019, 88, 193-200. [CrossRef]

Jadlovska, I.; Chatzarakis, G.E.; DZurina, J.; Grace, S.R. On sharp oscillation criteria for general third-order delay differential
equations. Mathematics 2021, 9, 1675. [CrossRef]

Chatzarakis, G.E.; Grace, S.R.; Jadlovska, L; Li, T.; Tung, E. Oscillation criteria for third-order Emden-Fowler differential equations
with unbounded neutral coefficients. Complexity 2019, 2019, 5691758. [CrossRef]

Karpuz, B.; Ocalan, O.; Ozturk, S. Comparison theorems on the oscillation and asymptotic behavior of higher-order neutral
differential equations. Glasg. Math. J. 2010, 52, 107-114. [CrossRef]

Xing, G.; Li, T.; Zhang, C. Oscillation of higher-order quasi-linear neutral differential equations. Adv. Differ. Equ. 2011, 2011, 45.
[CrossRef]

Zhang, C.; Agarwal, R.; Bohner, M.; Li, T. New results for oscillatory behavior of even-order half-linear delay differential
equations. Appl. Math. Lett. 2013, 26, 179-183. [CrossRef]

Hilderbrandt, T.H. Introduction to the Theory of Integration; Academic Press: New York, NY, USA, 1963.

Kiguradze, I.T.; Chanturiya, T.A. Asymptotic Properties of Solutions of Nonautonomous Ordinary Differential Equations; Kluwer
Academic Publishers: Dordrecht, The Netherlands, 1993.

Kusano, T.; Naito, M. Comparison theorems for functional differential equations with deviating arguments. J. Math. Soc. Jpn.
1981, 33, 509-532. [CrossRef]

Moaaz, O.; Cesarano, C.; Almarri, B. An Improved Relationship between the Solution and Its Corresponding Function in
Fourth-Order Neutral Differential Equations and Its Applications. Mathematics 2023, 11, 1708. [CrossRef]

Philos, C. On the existence of nonoscillatory solutions tending to zero at oo for differential equations with positive delays. Arch.
Math. 1981, 36, 168-178. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1016/j.aml.2018.08.016
http://dx.doi.org/10.3390/math9141675
http://dx.doi.org/10.1155/2019/5691758
http://dx.doi.org/10.1017/S0017089509990188
http://dx.doi.org/10.1186/1687-1847-2011-45
http://dx.doi.org/10.1016/j.aml.2012.08.004
http://dx.doi.org/10.2969/jmsj/03330509
http://dx.doi.org/10.3390/math11071708
http://dx.doi.org/10.1007/BF01223686

	Introduction
	Preliminary Results
	Nonexistence of N2-Type Solutions
	Convergence to Zero of Kneser Solutions
	Oscillation Theorems
	Conclusions
	References

