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Abstract: In 1997, Sierpinski graphs, S(#, k), were obtained by Klavzar and Milutinovic. The graph
5(1, k) represents the complete graph Kj and S(n, 3) is known as the graph of the Tower of Hanoi.
Through generalizing the notion of a Sierpinski graph, a graph named a generalized Sierpinski graph,
denoted by Sie(A, t), already exists in the literature. For every graph, numerous polynomials are
being studied, such as chromatic polynomials, matching polynomials, independence polynomials,
and the M-polynomial. For every polynomial there is an underlying geometrical object which extracts
everything that is hidden in a polynomial of a common framework. Now, we describe the steps
by which we complete our task. In the first step, we generate an M-polynomial for a generalized
Sierpinski graph Sie(A, t). In the second step, we extract some degree-based indices of a generalized
Sierpinski graph Sie(A, t) using the M-polynomial generated in step 1. In step 3, we generate the
entropy of a generalized Sierpinski graph Sie(A, t) by using the Randi¢ index.
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1. Introduction

M-Polynomials and Fractals

Academic Editors: Xueliang Li and Polynomials are also connected to some other fields of science such as graph theory,

Weihua He networking, artificial Intelligence, machine learning, and neural networks. Polynomi-
Received: 22 November 2023 als related to graph theory play a vital role. In graph theory, the Hosoya polynomial is
Revised: 5 December 2023 used [1] to find the distance-based topological indices. Several polynomials can be ex-
Accepted: 12 December 2023 tracted from Hosoya polynomials. Cach [2] introduced the importance of Hosoya and
Published: 15 December 2023 hyper-wiener polynomials. Chou et al. [3] found the Zhang-Zhang polynomials of ben-

zenoid chemical structures. Matching polynomials were introduced in [4,5]. Clar covered
polynomials [3,6,7] and Schultz polynomials [8] have been discussed in the literature.
m M-polynomials were introduced by Deutsch and Klavzar in 2015. Polynomials are
very much famous in chemical graph theory and particularly in the field of mathematical
chemistry. Topological indices are the sub-parts of mathematical chemistry. A topological
index is the graph invariant that unveils the hidden properties of the chemical structures.
Three types of topological indices are used in mathematical chemistry such as degree-based,
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40/). M-polynomial is its extraction of different degree-based topological indices from a graph.
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Different degree-based topological indices can be demonstrated as particular derivatives or
integrals related to the M-polynomial. The benefit of M-polynomials is that, if you know
the M-polynomial then you do not need to find degree-based topological indices one by
one because the M-polynomial can extract multiple degree-based topological indices at
once. Due to this feature of polynomials, the laborious work of finding the indices is now
not necessary.

Fractals are shapes that repeat again and again in the same pattern. They occur
naturally in nature. For instance, you can see the mountains, the leaves of the trees, the
motion of waves, and many other shapes. There are so many shapes that are irregular
in nature but fractals are not. Fractals are self-similar shapes that repeat infinitely. They
simply paste copies of the same shape at different scales [9,10].

The Sierpinski graph was introduced by Klavazar and Milutinovic [11] in 1997. For fur-
ther study of these graphs see reference [12]. This graph is named after the polish mathe-
matician Waclaw Sierpinski. We denote the Sierpinski graph with S(K;n) , where S(K; 1) is
simply a complete graph and, after that, S(K;3) is called the Hanoi tower of the Sierpinski
graph. This is a kind of fractal. Their introduction was first propelled by topological
indices in which S(K; 1) is isomorphic to a complete graph on the K vertices; S(K;n + 1) is
constructed by S(K;n) by adding just one edge between each copy-pair. The connectivity
of the Sierpinski sieve is obtained from the Sierpinski graph of order n. The Sierpinski
graph S(K;3) is the tower of Hanoi, while the Sierpinski gasket graphs are naturally de-
fined by the finite number of iterations. We are motivated by the work of Klavazar and
Milutinovic [11] and we have generalized the graph using this concept for degree-based
topological indices and M-Polynomials.

2. Preliminaries

This definition has been taken from [11,12]. Let A = (V,E) be a graph of order n
and vertex set V(A). We denote by V!(A) the set of words of size t on alphabet V(A). The
letters of a word p of length ¢ are denoted by p1p2p3 . .. pr. The concatenation of two words
p and g is denoted by pg. We can define the ¢-th generalized Sierpinski graph denoted by
Sie(A, t) having a vertex set V!(A) and the edge set E(Sie(A, t)) is of the form pg, which is
anedge <,3i € {1,2,3,...,t}. Then, we have the following:

1. pp=qpifb<a;
2. paFqaand pg € E;
3. pp=gqaand p; = qpif b > a.

Observe that, if pg € E(Sie(A,f)), then rs € E(A) and a word w such that p =
wrss...sand g = wsrr...r. We can generate the graph Sie(A, t) as follows.

Note that S(A,1) = A and t > 2; we make a copy n times Sie(A, t) and attach the
letter r at the beginning of every label of the vertices connecting to the copy of Sie(A, t)
corresponding to r. For every edge rs of A, attach an edge between srr...r and rss...s.
The vertices of this type rrr...r are said to be extreme vertices of Sie(A, t). If the graph
Sie(A, t) has n extreme vertices and if the vertex r connects with d, edges, then the extreme
vertex rr...r of Sie(A,t) also connects with d, edges. The numbers dy + 1 and d,, + 1
are the degrees of the vertices srr...r and rss...s. These two vertices join the copies of
Sie(A,t—1).

The generalised Sierpinski graph Sie(A, t) has total number of vertices ¢ x 7/+1 — Z,
in which there are three types of vertices, namely vertices of degree 2, vertices of degree
3, and vertices of degree 4, which are % x 73 — % , % x 73 4+ % and % x 773 -3,
respectively. Also, the total number of edges is % x 703 — %.

For example, for graph Sie(A,1) = A in Figure 1, the total number of vertices is 7
and we have given a formula for the total vertices % x 71 — % where ¢ is the number of
iterations. If we put ¢ = 1 into this equation, ¢ x 71*1 — 7 = 49/6 —7/6 = 42/6 = 7.
In this way, one can check for t = 2 in Figure 2, t > 2 and obtain an integer. Similarly,

the formula for total number of edges is % x 7873 — %. If we put t = 1 into this equation,
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2401 x 783 — 7 —=2401/294 —7/6 = 42/6 = 7. In this way, one can check for t > 2 and
obtam an 1nteger.

To compute our main results, we partitioned the edges based on the degree of end
vertices of each edge and represented in Table 1.

Table 1. The edge partition of graph A based on the degree of end vertices of each edge.

(dy,,d;), where, pj€ E(G) Ep Number of Edges

1,2) E1) 28 x 7t-3

(1,3) E(13) X734 g
(1,4) E(14) W34l
2,2) Eoo) Bx73843
2,3) E(23) Zx73 43
2,4 B4 1B 734
(3,3) E(33) X743
(3,4) E(34) 77 x 783 42
(4, 4) E(s4) B 737

Figure 1. Seed graph Sie(A,1) = A.

3. Results for M-Polynominal and Entropy

First, we will give some basic definitions and then will show our main results for
topological indices with M-polynomials and entropy of generalized Sierpinski graphs.

Definition 1. Let A = (V, E) be a graph and v € V, then let d,, be the degree of a vertex v. The
M-polynomial of A, denoted by M(A,1,q), is a polynomial of two variables “1”
introduced by Klavzar and Deutsch [13] in 2015 and is defined as

M(A,Lq) = Y mgy(A)ISq". 1)
g<h

“_r

and “q”, which was

where mgy,(A), g, h > 1is the number of edges uv of A, such that {d,,dv} = {g,h}.

Theorem 1. Consider the generalised Sierpinski graph Sie(A, t), then its M-polynomial is

M(Sie(A,t),1,9) = f(1,9)
_ (28X7n 3)11 2 (329 713 4 )llq;% (1;9 n— 3+3)llq4
+ (938 713 4 )l2q3 <1§3 7n—3 3)12q4+(1g5 7n—3 ;)13113
+ (% « 713 2)l4q4+<134 % 73 4 )lzq2++<77><7”*3+2)l3q4
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Figure 2. Generalised Sierpinski graph Sie(A, 2) generated from its seed graph Sie(A,1) = A.
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M(Sie(A,t),1,q)

M(Sie(A,t),1,q)

M(Sie(A,t),1,q)

Proof. Let Sie(A,t) be a generalised Sierpinski graph, then, from above, discuss the total

number of vertices, % x 7t — %, and total number of edges, =¢

edges partition of a generalised Sierpinski graph Sie(A, t) are as follows:

[Eqioy] = {e=pj € E(Gld, = 1,d; =2}| =28 x 73,
[Eqi3yl = e = pj € E(Gld, =1,d; =3}| = 32 x 7173 4+,
|Eqay| = [{e=pj € E(Gldp = 1,d; = 4}| = o =34 1
|Eppoy|l = He=pj € E(Gld, =2,d; =2}| = 4 x 73 + 1,
|Ep3y| = [{e = pj € E(Gldp = 2,d; = 3}| = % x 73 4 %,
Epal = {e=pj € E(Gldp =2,d; =4}| = 1B x 773 4,
|Egzay| = {e = pj € E(Gld, =3,d; =3}| =

|Egaay] = [{e = pj € E(Gldy = 3,d; = 4}

05 -3, 1

x 773 4 3,

=77 x 73 42

Eqsa] = [{e = pj € E(G|d)p = 4,d; = 4}

-7y

—~ o~ o~ o~ o~~~ —~

N

Now apply a definition of an M-polynomial

2401 o 7t=3

— %. Now, the

= ) malsq"
g<h
= Y mpl'@+ Y mil'g + Y myl'qt + Y manl*?
1<2 1=3 1<4 222
+ Y mulPP+ Y mulPqt 4+ Y mplPe + Y maulPqt + Y multq?
233 24 33 3<4 4<4
= |Epyll'q® + [Eqoy 1'6® + [Eq gy [1'9* + |[Epoy P4 + |Epzy P9
+  |EpaylPq* + [Eay|Pq° + [E3ay 1Pq* + [Eqaay [1*0*
329 1 119 1
_ -3\ 12 =3 s =3 L\
= (28><7 )lq+(6 x7 6)lq+(3 x7 3)lq
B ois  I\pps, (138 os 24 (195 s 1y
+ (37 )lq+(3 <7 3)“’+(2 x7 2)Zq
133 i3 7N\ua, (14 i3 2 2 t-3 3.4
E (52772 = ) +(3><7 + )lq ++(77x 77 2%

Proposition 1. Let Sie(A,t) be a generalised Sierpinski graph. Then, the topological indices are

1. M;(Sie(At) = BP x 73 8
3. "MMy(Sie(At)) = 2g§g7 713 4+ 1
4.

Rq(Sie(A,t) = 2° (28 x 7“3) +3*<329 « 7t=3 é) +4a<1;9 3

+

3 3

(T 7 ) e (77 2) (D

+

“3)

22a(134 7t 3+1>+2A3a<938 7t 3+1>+2a4a(1§3  7t-3 ;})

7t73 +

2)
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5,
. 28 4 329 5 1 19 5 1
RRy(Sie(A 1) = 55 <7 +3“<6 <7 +6)+4“(3 <7 +3)
LNACIIEIN| 1 (98 s, 1
* 22a(3 7 3)+3a2w(3 7 3)
1 /133 _, 5, 4 1105 s 1
+ 2&4&( 5 <7 *)Jrﬁ( x7 2)
1 3 1,133 _, 5 7
+ 3W(77><7 +2)+42“(2 x 7 2)
6. SDD(Sie(A,t)) = B2 x 7t-3 _ &
7. H(Sie(A 1)) = F x 73 — 24Z
8. I(Sie(A,1) = " x 770 — B
9. A(Sie(A, 1)) = SFZETIB x 71-3 — o020

M(Sie(A,t),1,q)

f(l,q)

+

Proof. According to Theorem 1, we have

= f(Lq)

_ (28X7t—3)11q2+<369 « 7t 3+6)11q3+< 3159 « 7t 3+3)llq4

o (e (i (F e e
+ (1% X7t73_§>l4q4+ (134 73 )12q2++(77x7t73+2)13q4

which is now as shown in Table 1.
First, we find D; and D,

of (g )}

al
« 7t 3+6>11q3 (

If(l, q)}

Dl_l{ g

Dq:ﬂ[

329
6

119
3

(28 % 7t73>11q2 + (

t-3 1.4
x7 +3>lq

(5774 3)Pa+ (5 <7 3)12q4+(125 <743
(% x 7173 = %)l4q4+ (134 x 773 4 ) P+ +(77 x 773 4.2) g

After partial differentiation with respect to /, we have

M~ (o) (B Do (7 e
s (B g (B Yo
+ (52—2 x 773 — 22—8)13174 + (238 x 7t %)lqz + (231 x 7 +6) 12"
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M1 (SIE(A, t))

70f 16

Now, multiplying the above equation by /
D = afg)z :
D, = (28><7f*3)1q2+ (329 73 4 6)lq3+ (1;9 7t=3 1)1,14

e (s (5 e

+ (% x 773 — %)14074 + (238 x 7t73 %)12,42 + (231 x 77+ 6) P
Similarly, we find
D, = g af(q 7
D, = (56X7t 3)11 2 (359 % 7t=3 4 2)11q3+ (426 % 7t3 4 3)11174

+ ( x 73 4 2 )12q2 (224 7t = 3+1)12q3 (%.71‘—3_E)12q4

+ (3;5 73 4 )l3q3 + (308 x 7172 +8) gt + (266 x 7173 — 14) I'g*

Now, we have

My (Sie(A,t)) = (Di+Dy)(f(L,9))]i=g=1

substituting the values D; and Dj in M, (Sie(A, t)).

‘ (28 x 7“3)11172 + (329 x 773 4+ 6)11173 + (1;9 x 773 4 3)11174

28 « 7t 3+3)12q2 (126 « 7= 3+3)qu3 (?x7“3—§)12q4

(5
n (7 w7342 )l3q3+ (231X7t 3+2)l3q4+ (522 7t—37%)l4q4)
(

329 476
t-3y71 2 =3 | 2\/1.3 =3 | F) 14
56 x 7 )lq—i—(z x7 2>lq+(3 x7 3>lq

+ (23—8 X773 4 %)12q2+ (224 X704 1) g+ (522 73 16)12q4
+ (% x 773 ¢ ;)13173 + (308 x 772 + 8) Pg*
+ (266 %770~ 14) g’

After substituting the values of | = 1and g = 1, we have the following result:

7805

M] (Sle(A, t)) == T X 7t73 - @

3

Similarly, in all remaining parts from 2 to 9, we have used the values of D;, Dy, ¢}, &4
to obtain our results.
My(Sie(At)) = (DiDg)(f(L,q))l1=g=1

Multiplying D; and Dq, we obtain the following result:
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329 476
DDy = (56x772 )24 (- x 7+ )11q3+( 3 X7 3+3)11q4
4 588 1064 _, 5 32
+ (536><7t 3 f)lzqz%—( 3 x 73 4 2) PP + (—— 3 x 7t 3—?)12q4
+ (9§5 7t=3 g)l3q3+(924><7t’3—|—24)l3q4+(1064><7t’3—56)l4q4
329 1 476 5 4
My(Sie(A 1) = ‘(56x7t_3>llq2+( = x 704 f)llq3+(?><7t P+t
56 =3 2\ 2.2 588 i3 23 | 1064 ¢35 32\ 4
i ]
+ (3 7 3)lq+(3><7 +2)Pg+ (3 % 3)”’
945 t— 3 3.3 t—3 3 4 t—3 l4 4
+ (5 x7 )l 7+ (924 x 770 4 24) gt + (1064 x 772 — 56) i*g ’l:qzl
6521
My(Sie(At)) = —=x 7073 —33
i = /
: P
f,p
First, we find f(p,q) and [P4) then
l
5 :/
I A p
q f,p
5, = /0
_ 329 . 1 119 1
f(pq) = (28X7t 3>plq2+(?x7t 3+8>p1q3+( : % 713 4 7)p1q4
B gt N o (133 s Ay pa (1050 s 1N 5 s
z - =2 _ 2 x 7
+ <3X7 +3)"’”’+(3X7 3)p”’+<2 )pq
183 i3 7N a4, (14 i3, 1\ 29 -3 34
+ (7x7 —E)pq +(3 x 7 +3)pq +<77><7 +2)pq
329 1 19 _, 5 1
f(l;;‘ﬂ _ (28x7t—3>q2+(?X7t—3+8)q3+<7x7t 3+§)q4
98 t—3 1 1.3 133 t—3 4 1.4 105 t—3 1 2.3
- = P -
(G e)re s (G 7 gt (7 )
133 t—3 7 3 4 14 t—3 1 1.2 t—3 2 4
=22 -~z = - 7342
+ (57 D)Pat (5 )7 3P+ (717 4 2) g
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Multiplying é; and é;, we obtain the following result:

"My (Sie(At)) = (6:89)(f(L,9))]1=g=1

Sifhg) = (14x772)g2+ (31289 x 7173 4 18)1%,3 (% ><7f*3+11—2)11q4
x7t’3+%)lzq2+ (998 73 4 9>12q3+ (11323 t— 3_%)12114
105 x 73 4 2 )l3q3+(747 73 4 )l3q4 (123 7t=3 8)l4q4
! X7t_3)11‘72+ (3189 7 3+18>11‘73+ (11129 7 12)11‘74
£X7t73+ 12)12‘72 (?S 77 18)12‘73 (1213 7 6)12‘74

@”tium)l?}qs (Z 74 6>lgq4+(13323 7 32)l4q4

‘(14X7t73)11’72+ (3189 77+ 18)11"3 (11129 7+ 12)11‘74

7 t—3 1 2.2 98 t— 3 2 3 133 t—3 1 2 4
+ (6” +*)l‘7+<18><7 18)1‘7 (25 <7 6)1‘7
105 ot-s 38 4 (77 g3y Wppa (138 s 7 \japa
+ (577 18)1 (i (12 7 6)1 i+ (5 <77 = 551 ‘l:qzl
20,377 11
m : _ ’ t—3 -
M;(Sie(A,t)) = T X 7 + %6

"M, (Sie(A, t))

Ry (Sie(A,t)) = (DID§)(f(Lq))li=g=1
329 476
« _ « t-3\11 2 | 2 -3 13 4 gx
Dif(l,q) = (228><7 )lq +3(2 X777+ )l’7+4<3 3

" 2a(3 w73 4 )12q2+3a<938 73 | )12q3+4a( 23 X7t—3_%)12q4

- 3“(125 773 4 )l3q3+4“(77><7f 3+2)l3q4+4"‘(1§3 7t_3—§>l4q4
DiDf(Lg) = (228 x772)1'g? +3“(3§9 X773 4 )11q3+4“(4g6 x 773 ¢ 3)11q4
133

- 22“(1;L x 7173 1)lzqz +2“3“(§ x 770 4 1)1%73 + 20 (=

n 32a(1g5 73 4 )l3q3+3zx4a<77x7t 3+2)l3q4 4204( i3 7t—37;)l4q4

t—3 2.4
x7 3)lq

substituting the values D} D7 f (I, 9)

329 476
2 3

+ 2206(1; ><7t 3+ )12q2+2a3(x(938 X7t 3+ )12q3+20¢4a

. 32«025 P )i s ()i (B Ty

Ra(Sie(A 1) = ‘(2"‘28><7t_3)llq2+3“( x 773 ¢ )11q3+4‘"( x 71 3+3)11q4
(133 Ny = )lzq4
3

329 1 119 1
: _ t—3 i t73 o t—=3 |, ~
Ry(Sie(A,t)) = 2°x28x77°+43 ( G x 7 6)+4 ( 3 x 7 +3>

e R LU FE WA

+ 32"‘(105 7t_3+1>+3"‘4"‘(77><7t 3+2)+42a( 133

7
7t-34 7
2 2 2 + 2)
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RR,(Sie(A, 1))

o f(Lq)

5109 f (L)

RR,(Sie(A, 1) =

RR.(Sie(A 1)) =

SDD(Sie(A, 1))

oDif (1, 9)

aDqf (L, q)

= (6 x 7)1+ 2 73 4 )zl 3 (476 x 703 4 )11q4

2

= (6765)(f (L) 1=g=1

=<m¢ﬂ%+ﬁ9fuaf+@9fwb“

+ (%Wt—s*%)lzzf*(gf - 3+3>l;7«3+(133 73

+ (%wf—%l)l;’fﬂwwf 3+2)l4’1 +(133 7t-3 ;

— () S (s )RR (7 ) 5E

P Y (e YR (- )

1 T W

substituting the value in RR,(Sie(A, t))

s ) S (er s )5+ (7 )

e N

(557 g) g+ (77 )+ (5 7f32>if,w_1

Zar () () (s

s (3 7774 3) g (3 %77 3) Ham(g <74 y)

3al4w<77><7t 3+2)+41a<1;3 7 ;)

= (9D;+6Dg)(f(1,q))l1=g=1

- (o) (R R ()
2(134 7t 3+3)122’12+2(938 7t 3+3)123’13+2(1§3 7f—37§)#

+ 3(125 7t 3+2)l33q3+3(77><7f 3+2)Z3Z (133 7f—3—§)¥

2(14 73 7)%4_2(294 7t,3+1)12q3 (532 = ?6>qu

44
3135 g 132513 ’ 42 ’ gt
(3200 3) 0 (75 0) 4 st 4)
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+ (3;5 73 4 2) qu + (308 x 7% +8) - Py + (266 x 717~ 14) T" "

18,445 ;5 65

18 36

SDD(Sie(A,t)) = ](28><7f—3)112”72+(3§9 734 )Tq ( x 73 4 2 )Tq
A Y B Y 8
A YL s ) P )
n (56X7t—3)llq2+<3§9><7t3 2)llq3 (4Z6X7t3 3>llq4
A Y o ) (R
4
|

SDD(Sie(A, 1))

H(Sie(A 1)) = 26](f(L,9))li=1
J(f(Lg) = 28><7t*3)l3'+(329 773 4 6)14 (119 7f3+1)1

( 6 3 3

o R e

+ (1(2)5><7t_3+1)16 (77x7f—3+2)17 (133 7t=3 _ 7)18
sl = (x5 + (Burs HEL (10 s HE

s e e (R )

+ (1%5x7t‘3+%>§+(77x7f—3+2)§+(1;—3><7f—3f;)§
rsan) = ()5 (2 7 S (2 o )G

et L R

b (e )+ (7)o (B2 DY)
H(Sie(A,t)) = 9{42601 783 — 520‘170

I(Sie(A,t)) = 6]DiDy(f(Lq))li=1

IDID.f(Lg) = (56 x 7t—3)l3 (329 73 4 2)14 (426 773+ 3)15
+ (536 7t-3 4 )14 (5§8 x 7t 3+2)l5 (10364 7t=3 %2)16
+ (9‘2*5 7t-3 9)16 + (924 %773 +24) 17+ (1064 x 7% — 56 )18
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aJDiDgf (1, 4)

I(Sie(A, 1))

I(Sie(A, 1))

A(Sie(A, 1))

D3 f(Lq)

JDID3f(L,9)

QJD;D;

5;Q2J/D} D]

A(Sie(A, 1))

A(Sie(A, 1))

13 329 1.4 476 4 5
— 71’—3 v yes 7t—3 o Y 7!—3 i N
(56X )3”2 X7t X7 R)g
56 ;.5 4\I* 588 _, o P1064 5 32.1°
+ (Fx7 ) XTI T H (5 x T - )
945 13,9 16 i3 17 3 18
1 ( = %7 2)6 +(924><7 +24)7+<1064><7 —56>§
18 329 1\ 14 476 4N\ 1P
_ -3\ 17 -3 t—3
= ‘(56” )3*(2 x7 +2)4+(3 X7 +3>5
56 ;5  4\I* /588 _, 4 Por1064 5 3231°
+ (3 X7 +3)4+(3 X7 +2)5 (3 X7 3)3
945 15, I s /7 s 8
+ ( = x7 2)6 +(924><7 +24)7+(1064><7 56) ‘lzl
68,137 _, 5 1751
= X
120 504
5 QDI DS (f(1,q)) =1

(2328 x 7“3)11:12 +33( 222 x 73

14

(5

+ %)llq?’ +43(

476

4
t=3 | 2\l 4
3 x 7 +3)lq

23(3 X7t73+1>12q2+33<% X7t73+1)12q3+43(% X7t73_§>12q4
33(125 73 4 )Z3q3+43<77x7t 3+2)13q4+43<1§3 X7t—3_;>l4q4

329

7t73
2 X

(2328 x 7t*3)l3 + 33(

+§)l4+43<

476

4
-3, *\;5
3 X 7 +3)l

26(% x 7073 4 %)14 +2333(§ X773 4 %)15 +2343(% x 7173 — %)16
36(125 773 4 )16 3343(77><7t*3+2)l7+46(1;—3x7f*3—g)18

2% x 28 x 7131 +33(¥ x 7173 4 1)12 +43(1:_1;—9 x 773 4 %)13

26(1;1 7f*3+1)12+23><33( x 7173 4 ;)l3+23 (1§—3><7f*3—%)14
356(12E><7f*3 )l4+33x43(77><7f3 2)1° +4 (133 7“3—;)16
23><28x7t’3ll+33(%x7t 3+8?) 3<%x7t 3+%é—3)
(7t e (e i ()
36(12E><7f*3+;)i3+33><43(77><7f3 2)5_?3+ (133 7f*3—§)§3
‘23><28><7t_3ll+33(329 73 4 ) 3(% 73y L )53
(s YR (e ()
36(1%><7t_3+;)i3+33><43<77><7t3 2)%+ (133 7*—3—%)2‘121
5,287,567,733 5 47,962,067

W - 1,296,000

Entropy, Shannon Entropy, and Graph Entropy

The measure of the unreliability of a framework is the entropy of a probability distri-
bution; this idea was presented in Shannon’s acclaimed paper [14]. This graph entropy
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is applied in different fields of sciences such as chemistry, biology, nature, and human
science [15,16]. There are numerous types of entropy measures, such as the graph en-
tropy measure related to the distribution of components (vertices, edges) and probability
distribution. However, the least examined graphs are entropies for weighted graphs [17].

Shannon entropy and graph entropy are two distinct concepts used in different do-
mains of mathematics and science. Here are the key differences between the two:

Shannon entropy, often referred to as information entropy, is a concept from informa-
tion theory. It quantifies the uncertainty or randomness associated with a random variable
or a probability distribution. It measures the average amount of information contained in a
random variable. Shannon entropy is widely used in information theory, data compression,
and communication theory. It is used to analyze and measure the uncertainty or random-
ness in data, such as in coding theory, cryptography, and data compression algorithms.

Graph entropy is a concept used in network theory and graph theory. It quantifies the
structural properties and information content of a graph (a collection of nodes and edges).
It characterizes the complexity or diversity of a network’s topology. Graph entropy is
applied in the analysis of complex networks, such as social networks, biological networks,
and transportation networks. It is used to understand the organization and properties of
these networks.

Various methods exist to compute graph entropy, depending on the aspects of the
network one wants to capture. Common measures include degree entropy, clustering
coefficient entropy, and betweenness centrality entropy. In summary, Shannon entropy
measures the information content or randomness of data, while graph entropy quantifies
the structural properties and complexity of a network or graph. They serve different
purposes and are used in distinct fields of mathematics and science.

Definition 2. In [18], the entropy of G is an edge-weighted graph G(V,E, W), and is described as
follows:

I(G,W) == Y (pplog(pyj)
pj€E(G)
where p,; = ZW(p{Z)Um)
picE(G)

Definition 3. Define as w(e) = (d, x d;)* , where the degree of p is described as dy, , an edge
E = pj and any real number a , one the Randic index in [19-21] is defined as:

Ry (G) = Z (dp x d;)"
Pi€E(G)

According to ref. [22], the Randi¢’ index has exhibited usefulness for assessing the
degree of extension of a carbon-atom skeleton of saturated hydrocarbons.
Let I(G, a) be the entropy of the graph G. Now, the relationship between I(G,«) and
Ry (G) is

I(G,a) = logR4(G) —

G) pjegfc)((dp x d;j)*log(dy x d;))

where « is a real number. Now, we will give our computations on the entropy of generalized
Sierpinski graphs Sie(A, t).

Theorem 2. Let Sie(A, t) be a generalized Sierpinski graph. Then, the entropy of Sie(A, t) is
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I(Sie(A,t),a)

= log [28 X 7" ) 2% 4 (3? x 773 4 é):&“ + (1;9 x 773 4 ;))4“

+ <1;><7f3+;)4“+<938><7f3+;>6“+(1::’,3><7f3_§>8*
105 t—3 1 o t—3 ® 133 t—3 7 ®

+ (2 X7 +3)9 +(77><7 +2)12 + (5 x7 > )16
B

28 x 773 x 2% log(2%) + (329 x 773 4 2)3”‘ log(3%)

N
|

—Zx73 ;>4“ log(4%)
773+ ;)4“ log(4")

(
(

+ (9?? 7t_3—|—;’)6“10g(6"‘)
(

133 t—3 4 13 3 105 t—3 1 1 o
+ 3 x 7 3>8 log(8%) + 5 x 7 t3 9%log(9%)
+ (7% 773 +2)12% log(12%) + (1233 x 7173 Z) 16" log(16%)
B = 28><7t3><2”‘+(3269><7t3+2>3”‘
11 AT R S
+<3><7 +3)4+<3><7 +3 )4
98 1
e 7t73 - o
+ <3 X +3>6
133 4
- 7t—3 80(
+ (3 X 3)
105 ;5 1\,
+ (2><7 +3>9
133 7
t—3 o it t—-3 _ 7 o
+ (77><7 +2)12 +< = X7 2)16

where « is a real number.

Proof. The generalised Sierpinski graph is shown in Figure 2. Let E;, ; denote the number of

edges connecting the vertices of degree d,, and d;. In this graph Sie(A, t), the total number

of vertices are % x 7t=3 — %. The number of vertices of degree two, three, and four are

of the generalised Sierpinski graph is % x 71— %. The edge partition based on the degree
of the end vertices of each edge is shown in Table 2. The formula for the general Randi¢

index is
Ra(G): Z (dpdj)“
pi€E(G)

x 773 + %, and % x 7t=3 — 3, respectively. The total number of edges
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Table 2. M-polynomial topological indices.

Topological Indices

Derivation from M(Sie(A,t),1,q)

First Zagreb index

My (Sie(A, t)) = (D + Dg) (f (L 4))l1=g=1

Second Zagreb index

My (Sie(A, t)) = (D;Dg)(f(L,q))li=g=1

Second modified Zagreb index

"My (Sie(A, ) = (3109) (F(1, 7)) 1=yt

General Randi¢ index, &« # 0

|]:q:1,0( G N

Inverse general Randi¢ index, & # 0

f(
Ru(Sie(A,t)) = (D D§)(f(1,9)
1,q)

Symmetric division index

)
RRy(Sie(A, 1)) = (6707) (f(Lq))l1=g=1,x € N
SDD(Sie(A, 1)) = (Dydq +6:Dg) (f (L)) li=q=1

Harmonic index

H(Sie(A,t)) =26, (f(L9))]1=1

Inverse sum index

I(Sie(A,t)) = 8D Dy(f(1,q))|1=1

Augmented Zagreb A(Sie(A, ) = J?Q,Z]D?Dg(f(l,q)) li=1
where
_1of(Lg) _ [9f(Lq)
Dy = 1[5 D, =a| 5] @
_ [Trftyg) _ (11 f@
5,7/0 [ : a] 5q7./0 [ t ] @)
J(f(Lg)) = f(L1) Qu(f(Lq)) =1f(L,q) ®)
This implies that
Ry() = E1p(1x2)*+E13(1x3)"+Eq4(1x4)"+Ep2(2x2)"+Ep3(2x3)"
=+ E2/4 (2 X 4)“ -+ E3’3 (3 X 3)“ + E3/4 (3 X 4)“ + E4/4 (4 X 4)“
1
Re(G) = 28x 7732+ (329 73+ 1/6>3“ - (1139 x 77 4 3)4“
1 98 1
t—=3 |, = |y 79 t—=3 | ~ \ga
+ (14/3><7 +3>4 +<3><7 +3>6
1 s Mg, (15 s 1)
+<3><7 3)8+<2x7 +39
133 7
t—3 14 it t-3 _ 7 i1
+ (77><7 +2)12 +(2 X7 2)16

The formula for the entropy is given as follows:

I(Sie(A,t), ) = logRa(Sie(A,t)) — m ijE(SZie;(A,t))((dp-dj)“log(dp'd]’))

after inserting the value of R,, we obtain the desired results. [

4. Conclusions

Polynomials of any order always show some applications in daily life, such as
quadratic polynomials that are used to find the maximum and minimum values of the
function and also to discuss the parabolic behavior of the function. In this paper, we have
studied the M-Polynomial and entropy of a generalised Sierpinski graph and extracted
many topological indices out of it. The advantage of an M-polynomial is the ability to
obtain more than 10 degree-based topological indices at once. These results will be helpful
and will open new horizons for the readers.
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