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Abstract: This paper defines the so-called pairwise r-compactness in topological and bitopological
spaces. In particular, several inferred properties of the r-compact spaces and their connections
with other topological and bitopological spaces are studied theoretically. As a result, several novel
theorems of the r-compact space are generalized on the pairwise r-compact space. The results
established in this research paper are new in the field of topology.
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1. Introduction

Compactness possesses a really vital input in topology and so do a few of its lower
and more grounded types. One of such types is H-close in which the hypothesis of these
spaces was presented in 1929 by P. S. Alexandroff and his colleague [1]. In 1969, M. K.
Singal and A. Aathur presented nearly compact spaces [2]. In 1976, T. Thompson presented
a different kind of compact space called the s-compact space [3]. Once in a while, a few
additional types of compactness have been investigated [4,5]. In recent time, V. V. Tkachuk
provided in [6] a self-contained introduction to Cp-theory and general topology, including
a unique problem-based introduction to the theory of function spaces and many results
and methods related to the Cp-thoery. At the same time, H. H. Kadhem proposed in [7] a
new type of compact spaces called an r-compact space, where a topological space (X, T)
is said to be an r-compact space if every regular open cover of X has a finite subfamily
whose closures cover X. In this article, we introduce several novel theorems of weaker
kind related to the compact spaces specified by the r-compact space, a generalization that
concerns the pairwise r-compact space.

The bitopological space subject might be written as Z = (Z, 1, 72), where 1 and 7,
are two topologies defined on Z [8]. This concept is connected with a former investigation
that was carried out on bitopological spaces so that each topology can be defined as a set
of points that possesses nearby related points and satisfies specific axioms. In [9], Kelly
defined each of the pairwise normal, pairwise Hausdorff and pairwise regular spaces
with some conventional theorems indicated by Tietze’s extension. An additional work
in the bitopological space field was performed by Kim in [10]. In [11], the concept of
(e« — B)-level spaces was defined by taking into account the fuzzy bitopological space
concept. As a consequence of that work, a fuzzy (« — B) of a bitopological Hausdorff
space was defined and the notion of a fuzzy (« — 8)* of a bitopological Hausdorff space
was established using the (« — B)* disjoint sets. In [12], with the help of an extended
Pythagorean fuzzy topological space, the Pythagorean fuzzy bitopological space was
defined, and several notions were accordingly inferred related to the pairwise Pythagorean
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fuzzy topological spaces coupled with several relations of their characteristics. In [13],
the compact ultrametrics” range sets were described in regard to its order type. The
expandability, near expandability and feeble expandability of a bitopological space were
explained by Oudetallah in [14-16].

The primary objective of this work is to present and examine a novel kind of pairwise
compact spaces, which is the so-called pairwise r-compact space (or simply the p-r-compact
space). Accordingly, we derive several novel results related to the r-compact space that
represent generalizations of their corresponding results from the pairwise r-compact space.

2. Preliminary

In this section, we aim to pave the way to our main results by recalling several
significant definitions and facts.

Definition 1. If A C Z and (Z,7y) is a topological space, then it is said that:

1.  Aisaregular open setin Z if A= a.
2. Aisaregular closed set in Z iff A= A°.
3. There exists an open set U such that UC AC U iff A is a semiopen set in Z.

Definition 2. Suppose (Z,y1,72) is a bitopological space so that A C Z, then it is said that:

1. Aisa pairwise regular open set if A = Int., (CLy, (A)) and A = Int,,(CL,(A)).

2. Aisa pairwise regular closed set if A = CL,, (Int,, (A)) and A = CL,,(Int,,(A)).

3. Aisa pairwise semiopen set if 3 an open set u such that u,, < A C CL,, (u) and u,, C
A C CL,,(u).

Remark 1. Suppose (Z,y1,72) is a bitopological space so that A C Z, then:

1. Adis called a pairwise reqular closed set if Z — A is a pairwise regular open set.
2. Ais called a pairwise regular open set if Z — A is a pairwise regqular closed set.

Theorem 1. Let (Z,71,72) be a bitopological space, then every pairwise open set is a pairwise
semiopen set.

Proof. Assume A is a pairwise regular open set, so Int,.(A) C A C CL.,(A), Vi =1,2.
Consequently, u C A C CL,,(u), so A is a pairwise semiopen set, Vi = 1,2. [

Definition 3. A space Z = (Z,y1,2) is called a pairwise r-compact if every regular open cover
of Z possesses a finite subfamily for which its closures cover Z.

Definition 4 ([17]). Let (Z, ) be a topological space, then Z is said to be extremely disconnected
if for every open set A in Z, A is a clopen set in Z.

Definition 5 ([17]). Let (Z,y1,72) be a bitopological space, then Z is said to be pairwise extremely
disconnected if for each y;-open set in Z, A is a y;-open set in Z, Vi = 1,2.

Definition 6 ([17]). A topological space (Z, ) is called quasi H-closed if every open cover of Z
possesses a finite subfamily for which its closures cover Z.

Definition 7. A bitopological space Z = (Z,y1,72) is called pairwise quasi H-closed if every
Yi-open cover of Z possesses a finite subfamily for which its closures cover Z, Vi = 1,2.

Definition 8. A space (Z,y) is said to be a nearly compact space if every open cover possesses a
finite subfamily such that the interiors of its closures cover Z.
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Definition 9. A bitopological space Z = (Z, 1, Y2) is called a pairwise nearly compact space if
every y;-open cover of Z possesses a finite subfamily such that the interiors of its closures cover Z,
Vi=1,2

Definition 10. A space (Z,y) is called S-closed if every semiopen cover of Z possesses a finite
subfamily for which its closures cover Z.

Definition 11. A bitopological space Z = (Z,1,72) is called pairwise S-closed if every ;-
semiopen cover of Z possesses a finite subfamily for which its closures cover Z, Vi = 1,2.

3. Main Results

In this part, different new theorems and properties of the r-compact spaces coupled
with their relations with other topological and bitopological spaces are presented. In other
words, we present in what follows the main results of this work.

Theorem 2. If Z = (Z,y) is compact, then it is an r-compact space.

Proof. Assume that Z is a compact space and suppose that {w,|a € Q} is a regular open

n
cover of Z. Now, as Z is a compact space, 3 Wa ), Way, suchthat Z = |J Wa, - Since Wa,
k=1
is a regular open set in Z for each #, € (Y and for eachk =1,2,---,n, then Wy, = Wa, for

eachw, € Qand foreachk =1,2,---,n. Hence, we have:
n n 0 n
Z=Jwy =@ €W 1)
k=1 k=1 k=1

Now, since wy, C Z for each &y € (Y and for eachk =1,2,--- ,n, we obtain:

C-=

Wa, € Z. )
k

1

n
Consequently, by using (1) and (2), we obtain that Z = | @, , and therefore, Z is r-
k=1
compact space. [l

Theorem 3. Every pairwise compact space is a pairwise r-compact space.

Proof. Suppose i = 1,2, Z is a pairwise compact space and {w,|a € Q} is a y;-regular
n

open cover of Z. Since Z is a pairwise compact space, 3wy, - - - , Wy, suchthat Z = J wy, .
k=1
Since Wa, is a y;-regular open set in Z for each a, € () and for each k = 1,2,---,n,

Wa = Wy, for each «, € Q) and for eachk =1,2,---,n. Hence, we have:

n n N

Z:Uwakzuwakg
k=1 k=1

C=

W, - (©)]

k=1

Since wy C Z for each a, € () and for eachk =1,2,--- ,n, we have:

N

wWa, C Z. @)

k

»
TC=

Now, by using (3) and (4), we obtain that

n
Z:lex,
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and therefore Z is a pairwise r-compact space. O
Theorem 4. If Z = (Z, vy) is nearly compact, then it is an r-compact space.

Proof. Assume that Z is a nearly compact space and suppose that {wy|a € O} is a regular
open cover of Z. Then, {wy|a € O} is an open cover of Z. Now, as Z is a nearly compact

n 0 . n 0 n o
space, J wy,, "+ ,wy, suchthatZ = |J @ @ - Since U w @, cu Wy, , We can assert:
k=1 k=1 k=1

ZC | @a,. 5)

n
U Wa, cZ (6)
k=1
n
As a result, from (5) and (6), we obtain that Z = |J @k, and thus Z is an r-compact
k=1

space. [
Theorem 5. Every pairwise nearly compact space is a pairwise r-compact space.

Proof. Assume that i = 1,2, Z is a pairwise nearly compact space and suppose that
{wy|e € Q} is a ; regular open cover of Z. Thus, {w.|a € Q} is a 7; open cover of

n
Z. Now, as Z is a nearly compact space, d wy,, -, Wy, such that Z = J wa,xk. Since
k=1
n 0
U w o -
k=1 k

IC=s

w,xk, we can confirm:
1

C-=

ZC || @, . (7)

k

k=1

In addition, since w,, C Z for each ay € (Y and foreachk =1,2,---,n, we have:

U@, cz ®

n
Now, based on (7) and (8), we obtain that Z = | W, and hence Z is a pairwise r-compact
k=1
space. [

Theorem 6. If Z = (Z,y) is a quasi H-closed space, then it is an r-compact space.

Proof. Assume that Z is a quasi H-closed space and suppose that {w,|a € O} is a regular

open cover of Z. Therefore, {w,|x € O} is an open cover of Z. Accordingly, as Z is quasi
n
H-closed, 3 wy,, -+ , Wy, such that Z = | @k. Thus, Z is an r-compact space. O
k=1

Theorem 7. Every pairwise quasi H-closed space is a pairwise r-compact space.

Proof. Assume that Z is a pairwise quasi H-closed space and suppose that {w,|a € O} is
a 7; regular open cover of Z. Hence, {w,|a € O} is a ; open cover of Z. As Z is pairwise
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n
quasi H-closed, 3 wy,, - - - ,wy, such that Z = |J wak. Thus, Z is a pairwise r-compact
k=1

space. [
Theorem 8. If Z = (Z,y) is an S-closed space, then it is an r-compact space.

Proof. Assume that Z is an S-closed space and suppose that {w,|a € O} is a regular open
cover of Z. Thus, v, is a semiopen set, and {w,|a € O} is a semiopen cover of Z. As Z

n
is an S-closed space, 3 y-wy,, Way, - - - , Wy, such that Z = |J v,,. Thus, Z is an r-compact
i=1

space. [
Theorem 9. Every pairwise S-closed space is a pairwise r-compact space.

Proof. Assume thati = 1,2, Z is a pairwise S-closed space and suppose that {w,|a € O} is
a 7;-regular open cover of Z. Thus, v, is ;-semiopen set, and {wq|a € O} is a y; semiopen
cover of Z. Now, since Z is a pairwise S-closed, there exist y;-wa,, Wg,, - - * , Wa, such that

n
Z = |J Vy,;, and thus, Z is a pairwise r-compact space. [
i=1

Next, in light of the extremely disconnected space definition, we intend to state and
prove the following results.

Theorem 10. If Z = (Z,vy) is an extremely disconnected space, then the statements below
are equivalent:

1.  Zisr-compact.
2. Zis nearly compact.
3. Zis quasi-H-closed.

Proof. 1 — 2: Suppose U = {u, : « € A} is a open cover of Z. As Z is a pairwise

n
r-compact space, 3 B = {uy, : k =1,2,--- ,n} for which Z = | g, and u,, € U,
~ k=1
Vi=1,---,n. Moreover, since Z is an extremely disconnected space, i, is an open

set, Vk = 1,-- - ,n. Therefore, uTcko = Uy, and so Z = ijJl ﬁoak. Thus, {ﬂoak }::1 forms
a subfamily of interior sets covered by Z, and therefore Z is nearly compact.

2 — 3: Assume that Z = (Z, ) is nearly compact. Suppose U = {u, : « € A} is a open
cover of Z. Now, as Z is nearly compact, 3 a finite subeamily {ig, :k=1,--- ,n}

n 0 0
and Z C | iy, - Nevertheless, Vk = 1,--- ,nand V& € A, we have i, € 1iy,.
k=1
Thus, Z € uTcko € 1y, and so there exists a subfamily {u,, : k=1, - ,n} of U whose

closures cover Z. Therefore, Z is a quasi-H-closed space.
3 — 1: Suppose Z is quasi-H-closed. Assume that U = {u, : « € A}is a cover of Z,
where 1, is a regular open set. Now, since Z is a quasi-H-closed space, U has a finite

n
subfamily {uak k=1, n} such that Z € |J 1y, . Hence, Z is an r-compact space.

k=1
O

Theorem 11. If Z = (Z, y1, 72) is a pairwise extremely disconnected space, then the statements
below are equivalent:

1. Zis pairwise r-compact.
2. Zis pairwise nearly compact.
3. Zis pairwise quasi-H-closed.
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Proof. 1— 2:Assume that U = {u, : « € A} isa y;-open cover of Z, Vi = 1,2. Since Z

is a pairwise r-compact space, 3 E ={uy :k=1,2,--- ,n}suchthat Z = LnJ Uy, and
Uy, € UNk =1,---,n. Furthermore, since Z is a pairwise extremely dirfc:(}nnected
space, Uy, is an open set, Vk =1, - - ,n. Consequently, we obtain uTko = Uy, and so
Z= ijJl T 2 This implies {ﬁuak }::1 form a subfamily of interior sets that cover Z,
and therefore Z is pairwise nearly compact.

2 — 3 : Suppose that Z = (Z, 1, 72) is pairwise nearly compact. Assume that U = {u, :
a € A}isay;-open cover of Z, Vi = 1,2. Since Z is pairwise nearly comp;ct, there
exists a <y;-finite subfamily {u,, :Vk=1,--- ,n} and Z C 6 uT%U. Nevertheless, V
k=1,---,nandVa € A,wehaveuTko € 1y,. Thus, Z é ;7,(0 € Ty, and so J a
subfamily {szk Vk=1,---, n} of l;l whose closures cover Z. Hence, Z is a pairwise
quasi-H-closed space.

3 — 1 : Suppose Z is pairwise quasi-H-closed. Let U = {u, : « € A}, where 1, is a regular
open set, be a y;-coverof Z, Vi = 1,2. Now,Nsince Z is a pairwise quasi-H-closed
space, Z;[ has a 7; finite subfamily {uak ck=1,---, n} such that Z € kLnJl Uy, So, Z is

a pairwise r-compact space.
O

Theorem 12. Let Z = (Z, y) be an r-compact and extremely disconnected space, then every closed
subspace of Z is r-compact.

Proof. Suppose Z = (Z,7) is an r-compact and extremely disconnected space and let
(A,v4) be asubspace of Z. First, to show A is r-compact, we assume that U = {u, : v € A}
is a regular open cover of A. This implies My =y, Va € Aand A C U us. Now,

aEN
Z=AU(Z—-A),andsoZ C |J uyU(Z— A).Inthisregard, Z — Aisopenin Z and Z is
aEN

0

extremely disconnected. Then, Z — A is a clopen set in Z, and therefore, Z - A = Z — A.
Consequently, Z — A is a regular open set, hence U* = {u, : « € A,Z — A} forms a regular

open cover of Z. In addition, since Z is an r-compact space, then U™ has a finite subfamily

n
of the form {uy, :k=1,---,n,Z— A} suchthat Z C |J iy UZ — A. Now, Z — A covers
k=1

n
Z—A,andso A C | uy,. Thus, {uak k=1, ,n} is a finite subfamily of U whose
k=1 ~

closures cover A. Hence, A is r-compact. [

Theorem 13. Let Z = (Z,y1,Y2) be a pairwise r-compact and a pairwise extremely disconnected
space, then every closed subspace of Z is pairwise r-compact.

Proof. Suppose Z = (Z,v1,72) is a pairwise r-compact and pairwise extremely discon-

nected space and let (A,v1,,72,) be a subspace of Z. Herein, to show A is pairwise

r-compact, we assume that U = {u, : « € A} is a 7;-regular open cover of A, V

i = 1,2. This gives I, = u,Va e Aand A C U ts. Now, Z = AU(Z — A), and
aEA

s0Z C U uyU(Z— A). In this respect, Z — A is y;-open in Z and Z is pairwise extremely
aEA

disconnected. Therefore, Z — A is a y;-clopen set in Z, and then Z — A(7 = 7 — A. Thus,
Z — Ais a vy;-regular open set, and U* = {u, :a € A,Z— A} form a regular y;-open

cover of Z. Moreover, as Z is a 7;-r-compact space, U* has a ;-finite subfamily of the
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n
type {uy :k=1,--- ,n} such that Z C kL_JluTCkUZ—A. Now, Z — A covers Z — A, so

A C U iy, . Thus, {u,xk ck=1,--- n} is a y;-finite subfamily of U whose closures cover

A. Hence A is pairwise r-compact. [

Definition 12. Assume that Z = (Z,y) is a topological space, then Z is called:

1.  Anr-T,-spaceif V x # yin Z, 3 a reqular open set that includes one of them but not both.

2. Anr-Ty-spaceif V x # y in Z, 3 two regular open sets uy and vy, so that x € uy, y & uy and
x ¢ vy, Yy € vy

3. Anr-Ty-spaceif V x # yin Z, 3 two disjoint regular open sets uy and v, so that x € uy and
v € vy.

4. Anr-regular space if V x ¢ A and A a closed set in Z, 3 two disjoint regular open sets uy
and vy so that x € uy and A C v,

5. Anr-Ts-space if Z is an r-Ty-space and an r-reqular space.

6.  Anr-normal space if for every two disjoint closed sets A and B in Z, 3 two disjoint regular
open sets uy and vp so that A C u s and B C vp.

7. Anr-Ty-space if Z is an r-normal space and an r-T space.

Definition 13. Assume that Z = (Z,v1,2) is a bitopological space, then Z is called:

1. A pairwise r-Ty-space if V x # y in Z, 3 a y;-reqular open set that includes one of them but
not both.

2. Apairwise r-Ti-space if V x # y in Z, 3 two y;-regular open sets uy and vy so that x € uy,
y & uyand x ¢ vy, y € vy.

3. Apairwise r-Ty-space if V x # y in Z, 3 two disjoint -y;-regular open sets uy and vy so that
X € Uy and v € vy.

4. A pairwise r-regular space if V x ¢ A and A a «y;-closed set in Z, 3 two disjoint y;-reqular
open sets uy and vy so that x € uy and A C v,

5. A pairwise r-Ts-space if Z is a pairwise r-T1 space and a pairwise r-regular space.

6. A pairwise r-normal space if for every two disjoint y;-closed sets A and B in Z, 3 two disjoint
vi-regular open sets u 4 and vp so that A C uy and B C vp.

7. Apairwise r-Ty-space if Z is a pairwise r-normal space and a pairwise r-T1 space.

Theorem 14. If A is an r-compact subset in a r-T,-space, then ¥ x ¢ A, 3 two disjoint r-open sets
Uy and v so that x € uyand A C vy,

Proof. For all @ € A, we have a # x. Now, since x ¢ A and Z is an r-T,-space, 3 two
r-open sets uy(a) and v(a) for which x € uy(a), a € v(a) and uy(a) Nv(a) = ¢. Now,
V= {v(a) : a € A} forms an r-open cover of A. However, A is r-compact, and thus

AC U v(ag). So, for all v-open sets v(ay), k =1, -- ,n, 3 a corresponding open set 1, (x),
=1
such that x € 1, (x) and u,, (x) Nov(ay) = ¢ as Z is an r-Tr-space. Now, let u= ﬂ Ug, ().

Then, u is an r-open set in Z whereby u Uv(ay) = ¢, Vk =1,---,n. Hence, u C v(ay)
implies that u Nv(a;) C uuk( x) No(ag) = ¢, and therefore, (1N v( )) Uuno(ap))U---U

n
(unwo(ay)) = ¢. Thus, un U v(ax) = ¢. Assume that r = |J v(ag). Thus, v is an r-open
k=1
setin Z with A € r, and so the result holds. [

Theorem 15. If A is a «y;-r-compact subset in a pairwise r-Tr-space, then ¥ x ¢ A, 3 two disjoint
vi-r-open sets uy and v 4 such that x € uy and A C v4.

Proof. Leti =1,2. Foralla € A, we geta # x. Since x ¢ A and Z is a pairwise r-Tp-space,
3 two y;-r-open sets uy(a) and v(a) for which x € uy(a), a € v(a) and uy(a) Nov(a) = ¢.
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Now, V = {v(a) : a € A} forms a -y;-r-open cover of A. However, A is 7;-r-compact,

n
and thus A C U v(ay). Thus, V vy;-r-open sets v(ay), k = 1,--- ,n, 3 a corresponding
k=1
7i-r-open set u,, (x) for which x € u,, (x) and u,, (x) Nv(ax) = ¢ because Z is a pairwise

n
r-Ty-space. Now, let U = [ ug (x). Then, u is a v;-r-open set in Z with u Uv(ay) = ¢,V
~ k=1
k=1,---,n. Hence, u C v(a;) implies that u Nv(ay) C ug, (x) Nv(ar) = ¢, and therefore,
n
(uno(a))U@no(ay))U---Umno(a,)) = ¢. Thus, uN U v(ag) = ¢. Now, if one lets
k=1

v(ag), thenr is a y;-r-open set in Z and A € r, and so the result holds. [

n
Y =

k=1

Theorem 16. If A and B are two disjoint r-compact subsets of an r-Ty-space Z = (Z,7y), then 3
two disjoint r-open sets u 4 and vg so that A C uy and B C vp.

Proof. Note that x € A and x ¢ B because A N B = ¢. Therefore, by Theorem 15, 3 two r-
open sets uy and v, in Z for which x € uy, B C vy and ug Nvy = ¢. Now, U = {uy 1 a € A}
n
forms an r-open cover of A. However, A is an r-compact space, and so A C |J Uy, . Now,
k=1
n
ifonelets u = |J uy,, then u is r-open in Z, and hence we have:
k=1

ACu. )

Now, Vk =1,---,n, we have an r-open set u,, that corresponds to an r-open set v,, so
n n
that B C v,,. Thus, B C () vg,. Ifoneletsv = N Uy, , then v is an r-open set such that
k=1 k=1

BCuo. (10)
n
Now, Vk=1,---,n, wehave uy, Nvy, = ¢. Thus, (U g, ) Ny, = ¢. Consequently, since
k=1

n n
k(jl Vg © gy, uN k(jl Uy © (un Z),Xk) = ¢. Therefore, u Nv C ¢, hence we have:

unov=¢. (11)
Consequently, by (9)-(11), the result holds. [

Theorem 17. If A and B are two disjoint «y;-r-compact subsets of a pairwise r-T,-space Z =
(Z,71,72), then 3 two disjoint y;-r-open sets u o and vg so that A C uy and B C vp.

Proof. Leti = 1,2. Forall x € A, x ¢ B because AN B = ¢. Therefore, by Theorem
15, 3 two r-open sets uy and vy, in Z for which x € u,, B C v, and uy Nv, = ¢. Now,
U = {u, : « € A} forms an pairwise r-open cover of A. However, A is an r-compact space,

n n
andso A C | ug,. Ifonelets u = |J uy,, then u is ;-r-open in Z, and hence we have:
k=1 k=1

ACu. (12)

Now, Vk=1,---,n, we have a y;-r-open set u,, that corresponds to a 7;-r-open set v,, for
n n
which B C v,,. Thus, B C ) vy,. Now, if one lets v = () v,,, then v is a y;-r-open set, and
k=1 k=1
hence we have:

B C . (13)
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n
Now, Vk =1,---,n, wehave uy, Nvy = ¢. So, (U ug, ) Ny, = ¢. Immediately, since
k=1

n n
N Vo, € 0oy, 4N ) Vg, € (4 N0y, ) = ¢. Therefore, uNv C ¢, and hence we have:
k=1 k=1

unov=¢. (14)

Consequently, by (12), (13) and (14), the result holds. O

Theorem 18. If Z = (Z, 7y) is an r-compact, r-T,- and r-extremely disconnected space, then Z is
an r-Ty-space.

Proof. Assume that Z = (Z, ) is an r-compact and r-T-space, then it is clearly r-T;-space.
Now, assume that A and B are two r-closed subsets in Z, in which AN B = ¢. As Z is an
r-compact space, then, by Theorem 13, A and B are r-compact subsets in the r-T,-space
Z. Thus, by Theorem 17, 3 two r-open sets u 4 and vp for which A C u4, B C vp and
up Nop = ¢. Thus, Z is an r-Ty-space. O

Theorem 19. If Z = (Z,y1,72) is a pairwise r-compact, pairwise r-Ty- and pairwise r-extremely
disconnected space, then Z is a pairwise r-Ty-space.

Proof. Suppose Z = (Z,1,72) is a pairwise r-compact and pairwise r-Tp-space, then it is
clearly pairwise r-Tj-space. Now, assume that A and B are two «y;-r-closed subsets in Z
inwhich ANB = ¢, Vi =1,2. Since Z is a pairwise r-compact space, by Theorem 13, A
and B are two 7;-r-compact subsets in the pairwise r-T,-space Z. Thus, by Theorem 17, 3
two 7;-r-open sets u 4 and vp for which A C u4, B C vpand uy Novp = ¢. Hence, Zis a
pairwise r-Ty-space. [

Theorem 20. Let Z = (Z,y) be an r-Tp- and r-extremely disconnected space, then every subset in
Z is a closed set.

Proof. Assume that A is an r-compact subset of Z. Now, if one lets x ¢ A, then by Theorem
14, 3 two r-open sets uy and v4 such that x € uy, A Cvgand uy Nvy = ¢. Thus, u C (vA)C.
Moreover, since A C v implies that ot - AE, then x € u, C ot ¢ AC, and so u is an r-open

set. Hence, Alis an r-open set, and so A is an r-closed set. [

Theorem 21. Let Z = (Z,71,2) be a pairwise r-Tr- and a pairwise r-extremely disconnected
space, then every subset in Z is a vy;-closed set.

Proof. Assume that A is a ;-r-compact subset of Z. Let x ¢ A. Then, by Theorem 15, 3
two 7y;-r-open sets 1y and v4 for which x € uy, A Cv4 and uy Nvy4 = ¢. Thus, u C (Z)A)D

C

and since A C v implies that ot - AE, XE€uy Cov C AC, Now, since u is a 7y;-r-open set,

Alisa vi-r-open set as well. Therefore, A is a y;-r-closed set, Vi =1,2. O

Theorem 22. If Z = (Z, ) is an r-compact, r-T,- and r-extremely disconnected space, then every
subset of Z is r-compact if and only if it is an r-closed set.

Proof. =) Assume that A is an r-compact subset of Z, then by Theorem 20, A is an
r-closed set.

<) Assume that A is an r-closed set in an r-compact r-T,-extremely disconnected space,
then, by Theorem 12, A is r-compact. [

Theorem 23. If Z = (Z,y1,72) is a pairwise r-compact, pairwise r-Tp- and pairwise r-extremely
disconnected space, then every <y;-subset of Z is pairwise r-compact if and only if it is a «y;-r-closed
set, Vi=1,2.
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Proof. =) Assume that A is a pairwise r-compact subset of Z, then by Theorem 21, A is a
v;-r-closed set, Vi = 1,2.

<) Assume that A is y;-r-closed in a pairwise r-compact, pairwise r-T,-extremely discon-
nected space, then, by Theorem 12, A is «y;-r-compact, Vi =1,2. O

Theorem 24. Let Z = (Z,y) be an r-Tz-extremely disconnected space. If A is a subset in Z such
that A C u », for some r-open set u 4 in Z, then 3 an r-open set v 4 in Z in which:

ACvaCT4Cug.

Proof. For all x € A and x € u4, we have Z is r-regular space. This implies that 3 an
r-open set vy for which:
x € vy COx Cugy. (15)

Now, V = {v(x) : x € A} forms an r-open cover of A, and because A is r-compact,

n
A C U vy, Thus, from (15), we have:
k=1

n
Now, if one lets vy = |J vy, then we get:

ACvaCT4Cun.
O

Theorem 25. Let Z = (Z,y1,7Y2) be a pairwise r-Ts-extremely disconnected space. If A is a subset
in Z such that A C u 4, for some <y;-r-open set u 4 in Z, then 3 a «y;-r-open set v 4 in Z in which:

ACug CT4 Cuy,
Vi=1,2.

Proof. Forall x € Aand x € u4, wehave Z is a pairwise r-regular space. This consequently
implies that 3 a 7y;-r-open set vy in which:

x €0y SOy Cug. (16)

Now, V = {v(x) : x € A} forms a 7;-r-open cover of A, and because A is ;-r-compact,

n

A C U vy, Vi=1,2. Thus, based on (16), we have:
k=1

n
Now, if one lets vy = |J vy, then we get:
k=1

ACvaCT4Cun.
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Definition 14. Let Z = (Z,y1,v2) be a bitopological space and A be a family of -y; subsets of Z.
Then, it is said that A has a finite intersection property (F.1.P.) if the intersection of a finite number
of members of A is not empty, Vi =1,2.

Theorem 26. A topological space Z = (Z,y) is an r-extremely disconnected compact space if and
only if every family of closed subsets of Z with the F.1.P has a nonempty intersection.

Proof. =) Suppose Z is an r-extremely disconnected compact space. Suppose that 3 a

family F = {F, : « € A} of r-closed subsets of Z with the ELP. and (| F, = ¢. Thus,
~ LISV
we have:

URl=(N )=z

ISV aEN

However, E, is r-closed in Z, V &« € A. Therefore, F,XC isr-openinZ,Va € A. Thus, V = F,xc

n
such that « € A, for an r-open cover of Z. Therefore, by the assumption Z = |J Fakc =
k=1

n n
(n F,xk)c, we can have ¢ = [ F,, which contradicts with F that has the FLP., and so the
k=1 k=1 ~

result holds.
<) Suppose every family of r-closed subsets of Z with the EL.P. has a nonempty intersection.
Assume that Z is not an r-compact space. Then, 3 an r-open cover of Z, say U = {u, : o €

A}, that cannot be reducible to a finite subcover of Z. Thus, we have:

Z=J o (17)

aEN

Consequently, ¢ = (U 1) = N u,L, and because u, is r-open Va € A, a € Alis
aEA aEA

r-closed Va € A. Consequently, F = {uaﬁ} A is a family of r-closed subsets of Z. Now, to
~ e

finish this proof, we should concern ourselves with the following claim:
Claim: F has the FLP.

To prove this claim, we suppose by contrary that the above statement does not hold. Then,
n n
Juq,- - ,u, for which N ukc = ¢. Thus, Z = | uy, and so U has a finite subcover of
k=1 - ~
Z, which is a contradiction. Therefore, F = {u,xc T E A} has the EL.P, and so by the
assumption (| Fy # ¢, we get ¢ # ) ., which implies Z # Z — ( (] u,"). This means
aEN aEN xEA

Z # |J uy, which contradicts (17). Hence, Z is an r-compact space. [
aeA

Theorem 27. A bitopological space Z = (Z,y1, Y2 ) is a pairwise r-extremely disconnected compact
space if and only if every family of «y;-closed subsets of Z with the F.I.P. has a nonempty intersection,
Vi=1,2

Proof. =) Assume thati = 1,2, and Z is a pairwise r-extremely disconnected compact
space. Suppose that 3 a family F = {F, : « € A} of y;-r-closed subsets of Z with the ELP.

and (| Fy = ¢. This implies | Far‘ =(N F,X)E = Z. However, F, is y;-r-closed in Z, V
aEN aEA aEA

x € A, and so F,XC is y;-r-openin Z, V « € A. Consequently, we have V = {F“E co € A},

n n
for a «y;-r-open cover of Z. Then, by the assumption Z = |J FakE =(N Fak)c, we can have
k=1 k=1

n
¢ = (N Fy, which is a contradiction with F that has the ELP.. Hence, the result holds.
k=1 ~

<) Conversely, suppose every family of ;-r-closed subsets of Z with the ELP. has a
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nonempty intersection. Assume that Z is not a pairwise r-compact space. Then, 3 a 7;-r-
open cover of Z, say U = {u, : « € A} that cannot be reducible to a finite subcover of Z,

and hence we have:

zZ=J u. (18)

aEA

Consequently, we obtain ¢ = (U 1)t = ( u,L. Since u, is y;-r-open V & € A, then
aEA aEN

« € Alis q;-r-closed V & € A. This leads to assert that F = {u“C} A is a family of

€
vi-r-closed subsets of Z. Now, to finish this proof, we should concern with the following
claim:

Claim: F has the FLP.

To prove this claim, we suppose on the contrary that the above statement does not hold.

Then, there exist uq, - - -, 1, such that ﬂ ukE =¢. Then, Z = U uy, and so U has a finite

subcover of Z, which is a contradlctlon. Thus, F = { C.ac A} has the F1.P, and so by

the assumption (| F, # ¢, we have ¢ # u,xc, which implies Z # Z — ( () uq ) This
xEA xEA xEA
means Z # |J u,, which contradicts (18). Hence, Z is a pairwise r-compact space. []
aEA

4. Conclusions

In this work, the so-called pairwise r-compactness was well-defined in topological
and bitopological spaces. Several properties of these spaces with their relations with other
topological and bitopological spaces were consequently established theoretically. The
inferred results can pave the way to deriving other novel theorems related to the finite
product and mappings of pairwise expandable spaces, feebly pairwise expandable spaces
and fuzzy bitopological spaces, which is left to future considerations.
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