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Abstract: By means of the weight functions, the idea of introduced parameters, using the transfer
formula and Hermite–Hadamard’s inequality, a more accurate half-discrete multidimensional Hilbert-
type inequality with the homogeneous kernel as 1

(x+||k−ξ||α)λ (x, λ > 0) involving one multiple upper

limit function is given, which is a new application of Hilbert-type inequalities. The equivalent
conditions of the best possible constant factor related to several parameters are considered. The
equivalent forms the operator expressions and some particular inequalities are obtained.
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1. Introduction

If p > 1, 1
p + 1

q = 1, am, bn ≥ 0, 0 < ∑∞
m=1 ap

m < ∞ and 0 < ∑∞
n=1 bq

n < ∞, then we have
the following discrete Hardy–Hilbert’s inequality with the best possible constant factor
π/ sin(π

p ) (cf. [1], Theorem 315):

∞

∑
m=1

∞

∑
n=1

ambn

m + n
<

π

sin(π/p)
(

∞

∑
m=1

ap
m)

1
p

(
∞

∑
n=1

bq
n)

1
q

. (1)

The integral analogues of (1) named in Hardy–Hilbert’s integral inequality was pro-
vided as follows (cf. [1], Theorem 316):

∫ ∞

0

∫ ∞

0

f (x)g(y)
x + y

dxdy <
π

sin(π/p)
(
∫ ∞

0
f p(x)dx)

1
p
(
∫ ∞

0
gq(y)dy)

1
q
, (2)

with the same best possible factor. The more accurate form of (1) was given as follows
(cf. [1], Theorem 323):

∞

∑
m=1

∞

∑
n=1

ambn

m + n− 1
<

π

sin(π/p)
(

∞

∑
m=1

ap
m)

1
p

(
∞

∑
n=1

bq
n)

1
q

. (3)

In Equations (1)–(3), with their extensions, played an important role in analysis and
its applications (cf. [2–15]).
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The following half-discrete Hilbert-type inequality was provided in 1934 (cf. [1], Theo-
rem 351): If K(x) (x > 0) is decreasing, p > 1, 1

p + 1
q = 1, 0 < ϕ(s) =

∫ ∞
0 K(x)xs−1dx < ∞,

f (x) ≥ 0, 0 <
∫ ∞

0 f p(x)dx < ∞, then

∞

∑
n=1

np−2(
∫ ∞

0
K(nx) f (x)dx)

p
< ϕp(

1
q
)
∫ ∞

0
f p(x)dx. (4)

Some new extensions of (3) were given by [16–19].
In 2006, using the Euler–Maclaurin summation formula, Krnic et al. [20] gave an

extension of (1) with the kernel as 1
(m+n)λ (0 < λ ≤ 4). In 2019–2020, following the results

of [20], Adiyasuren et al. [21] provided an extension of (1) involving partial sums, and Mo
et al. [22] gave an extension of (2) involving the upper limit functions. In 2016–2017, Hong
et al. [23,24] considered some equivalent statements of the extensions of (1) and (2) with a
few parameters. Some further results were provided by [25–27].

In this paper, we extend Mo’s work in [22] to half-discrete multidimensional Hilbert-
type inequalities. By means of the weight functions and the idea of introduced param-
eters, using the transfer formula and Hermite–Hadamard’s inequality, a more accurate
half-discrete multidimensional Hilbert-type inequality with the homogeneous kernel as

1
(x+||k−ξ||α)λ (x, λ > 0, ξ ∈ [0, 1

2 ]), involving one multiple upper limit function and the beta

function, is given. The equivalent conditions of the best possible constant factor related to
several parameters are provided. The equivalent forms, the operator expressions and some
particular inequalities are obtained. Our main results are new applications of Hilbert-type
inequalities involving multiple upper limit functions.

2. Some Formulas and Preserving Lemmas

Hereinafter in this paper, we assume that p > 1, 1
p + 1

q = 1, λ > 0, λ1, λ2 ∈ (0, λ),

m, n ∈ N= {1, 2, · · · }, α ∈ (0, 1],ξ ∈ [0, 1
2 ], λ̂1 := λ−λ2

p + λ1
q , λ̂2 := λ−λ1

q + λ2
p ,

||y||α := (
n

∑
i=1
|yi|α)

1
α

(y = (y1, · · · , yn) ∈ Rn).

For f (x) := F0(x)≥ 0, define the following multiple upper limit functions Fi(x) :=∫ x
0 Fi−1(t)dt(x ≥ 0), inductively, satisfying Fi(0) = 0, and

Fi(x) = o(etx) (t > 0, i = 1, · · · , m; x → ∞),

which means that for t > 0, Fi(x)
etx → 0(x → ∞). We also assume that Fm(x),

ak = (ak1 , · · · , akn) ≥ 0 (x ∈ R+= (0, ∞), k = (k1, · · · , kn) ∈ Nn), such that

0 <
∫ ∞

0
xp(1−m−λ̂1)−1Fp

m(x)dx < ∞ and 0 < ∑
k
||k− ξ||q(n−λ̂2)−n

α aq
k < ∞.

For M > 0, ψ(u)(u > 0) is a nonnegative measurable function; we have the following
transfer formula (cf. [3], (9.3.3)):

∫
· · ·
∫
{y∈Rn

+ ;0<∑n
i=1 (

yi
M )

α≤1}
ψ(

n

∑
i=1

(
yi
M

)
α
)dy1 · · · dyn =

MnΓ( 1
α )

αnΓ( n
α )

∫ 1

0
ψ(u)u

n
α−1du. (5)

In particular, (i) in view of ||y||α = M[∑n
i=1 (

yi
M )

α
]

1
α , by (5), we have

∫
Rn
+

ϕ(||y||α)dy = lim
M→∞

∫
· · ·
∫
{y∈Rn

+ ;0<∑n
i=1 (

yi
M )

α≤1} ϕ(M[
n
∑

i=1
( yi

M )
α
]

1
α

)dy1 · · · dyn

= lim
M→∞

MnΓ( 1
α )

αnΓ( n
α )

∫ 1
0 ϕ(Mu

1
α )u

n
α−1duv=Mu

1
α

=
Γ( 1

α )

αn−1Γ( n
α )

∫ ∞
0 ϕ(v)vn−1dv;

(6)
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(ii) for ψ(u) = ϕ(Mu
1
α ) = 0.u < bα

Mα (b > 0), by (5), we have

∫
{y∈Rn

+ ,||y||α≥b}
ϕ(||y||α)dy = lim

M→∞

MnΓ( 1
α )

αnΓ( n
α )

∫ 1

bα

Mα

ϕ(Mu
1
α )u

n
α−1du =

Γ( 1
α )

αn−1Γ( n
α )

∫ ∞

b
ϕ(v)vn−1dv. (7)

Lemma 1. For s > 0, α ∈ (0, 1], ξ ∈ [0, 1
2 ], Aξ := {y = {y1, · · · , yn}; yi > ξ (i = 1, · · · , n)},

define the following function:

gx(y) :=
1

(x + ||y− ξ||α)s =
1

{x + [∑n
i=1(yi − ξ)α]

1/α}s
(x > 0, y = (y1, · · · , yn) ∈ Aξ).

Then we have ∂
∂yj

gx(y) < 0, ∂2

∂y2
j
gx(y) > 0(y ∈ Aξ ; j = 1, · · · , n).

Proof. We obtain that for s > 0, α ∈ (0, 1], ξ ∈ [0, 1
2 ], y ∈ Aξ ,

∂
∂yj

gx(y) =
−s[∑n

i=1(yi−ξ)α ]
1
α−1(yj−ξ)α−1

{x+[∑n
i=1(yi−ξ)α ]

1/α
}s+1 < 0,

∂2

∂y2
j
gx(y) =

s(s+1)[∑n
i=1(yi−ξ)α ]

2
α−2(yj−ξ)2α−2

{x+[∑n
i=1(yi−ξ)α ]

1/α
}s+2

+
s(1−α)[∑n

i=1(yi−ξ)α ]
1
α−2(yj−ξ)α−2

{x+[∑n
i=1(yi−ξ)α ]

1/α
}s+1 [

n
∑

i=1
(yi − ξ)α − (yj − ξ)α] > 0.

The lemma is proved. �

Note. In the same way, for s2 ≤ n, α ∈ (0, 1], ξ ∈ [0, 1
2 ], y ∈ Aξ , we can find that

∂

∂yj
||y− ξ||s2−n

α ≤ 0,
∂2

∂y2
j
||y− ξ||s2−n

α ≥ 0(j = 1, · · · , n), (8)

and then for s2 ≤ n, α ∈ (0, 1], ξ ∈ [0, 1
2 ], hx(y) := gx(y)||y− ξ||s2−n

α (x > 0, y ∈ Aξ), by
Lemma 1, we have

∂
∂yj

hx(y) = ||y− ξ||s2−n
α

∂
∂yj

gx(y) + gx(y) ∂
∂yj
||y− ξ||s2−n

α < 0, ∂2

∂y2
j
hx(y) =

∂
∂yj
||y− ξ||s2−n

α
∂

∂yj
gx(y) + ||y− ξ||s2−n

α
∂2

∂y2
j
gx(y)+ ∂

∂yj
gx(y) ∂

∂yj
||y− ξ||s2−n

α

+gx(y) ∂2

∂y2 ||y− ξ||s2−n
α > 0,(j = 1, · · · , n).

(9)

Lemma 2. For c > 0, we have the following inequalities:

Γ( 1
α )

cαn−1Γ( n
α )

< ∑
k
||k||−c−n

α <
2cΓ( 1

α )

cαn−1Γ( n
α )

, (10)

where ∑
k

G(k) =
∞
∑

kn=1
· · ·

∞
∑

k1=1
G(k1, · · · , kn) (G(k)(≥ 0) is the term of multiple series with respect

to k ∈ Nn).

Proof. By (8) (for ξ = 0), in view of −c− n < 0, we find that

∂

∂yj
||y||−c−n

α < 0,
∂2

∂y2
j
||y||−c−n

α > 0(j = 1, · · · , n),
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and then by Hermite–Hadamard’s inequality (cf. [28]) and (7), we have

∑
k
||k||−c−n

α <
∫
{y∈Rn

+ ,||y||α≥ 1
2 }
||y||−c−n

α dy =
Γ( 1

α )

αn−1Γ( n
α )

∫ ∞

1
2

v−c−nvn−1dv =
2cΓ( 1

α )

cαn−1Γ( n
α )

.

By the decreasingness property of series and (7), it follows that

∑
k
||k||−c−n

α >
∫
{y∈Rn

+ ,||y||α≥1}
||y||−c−n

α dy =
Γ( 1

α )

αn−1Γ( n
α )

∫ ∞

1
v−c−1dv =

Γ( 1
α )

cαn−1Γ( n
α )

,

namely, inequalities (10) follow.
The lemma is proved.�

Lemma 3. For s > 0, we define the following weight functions:

vs(s2, x) := xs−s2∑
k

||k− ξ||s2−n
α

(x + ||k− ξ||α)s (x ∈ R+), (11)

ωs(s1, k) := ||k− ξ||s−s1
α

∫ ∞

0

xs1−1

(x + ||k− ξ||α)s dx(k ∈ Nn), (12)

(i) for 0 < s2 < s, s2 ≤ n, we have the following inequalities:

Γ( 1
α )

αn−1Γ( n
α )

B(s2, s− s2)(1− θs(s2, x)) < vs(s2, x) <
Γ( 1

α )

αn−1Γ( n
α )

B(s2, s− s2)(x ∈ R+), (13)

where,

θs(s2, x) :=
1

B(s2, s− s2)

∫ 1/x

0

us2−1

(1 + u)s du = O(
1

xs2
) ∈ (0, 1),

which means that xs2 θs(s2, x) is bounded for x ∈ R+. and

B(u, v) :=
∫ ∞

0

tu−1

(1 + t)u+v dt(u, v > 0)

is the beta function.
(ii) for 0 < s1 < s, we have the following expression:

ωs(s1, k) = B(s1, s− s1)(y ∈ Rn
+). (14)

Proof. (i) For 0 < s2 < s, s2 ≤ n, by (9), (11) and Hermite–Hadamard’s inequality (cf. [28]),
we have

vs(s2, x) < xs−s2
∫

A1/2

||y−ξ||s2−n
α

(x+||y−ξ||α)s dy

≤ xs−s2
∫

Aξ

||y−ξ||s2−n
α

(x+||y−ξ||α)s dy = xs−s2
∫

Rn
+

||u||s2−n
α

(x+||u||α)s du.

Setting ϕ(v) := vs2−n

(x+v)s , by (6), it follows that

vs(s2, x) < xs−s2
∫

Rn
+

ϕ(||u||α)du= xs−s2 Γ( 1
α )

αn−1Γ( n
α )

∫ ∞
0 ϕ(v)vn−1dv

= xs−s2 Γ( 1
α )

αn−1Γ( n
α )

∫ ∞
0

vs2−1

(x+v)s dv t=v/x
=

Γ( 1
α )

αn−1Γ( n
α )

∫ ∞
0

ts2−1

(1+t)s dt

=
Γ( 1

α )

αn−1Γ( n
α )

B(s2, s− s2).
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In view of the decreasingness property of series, we find

vs(s2, x) > xs−s2
∫
{y∈Rn

+ ;||y||α≥1 ϕ(||y||α)dy= xs−s2 Γ( 1
α )

αn−1Γ( n
α )

∫ ∞
1 ϕ(v)vn−1dv

= xs−s2 Γ( 1
α )

αn−1Γ( n
α )

∫ ∞
1

vs2−1

(x+v)s dv u=v/x
=

Γ( 1
α )

αn−1Γ( n
α )

∫ ∞
1/x

us2−1

(1+u)s du

=
Γ( 1

α )

αn−1Γ( n
α )

B(s2, s− s2)(1− θs(s2, x)) > 0,

0 < θs(s2, x) = 1
B(s2,s−s2)

∫ 1/x
0

us2−1

(1+u)s du

≤ 1
B(s2,s−s2)

∫ 1/x
0 us2−1du = 1

s2B(s2,s−s2)
1

xs2 (x ∈ R+).

Hence, we have (13).
(ii) Setting u = x

||k−ξ||α in (12), we find

ωs(s1, k) = ||k− ξ||s−s1
α

∫ ∞

0

(u||k− ξ||α)s1−1||k− ξ||α
(u||k− ξ||α + ||k− ξ||α)s du =

∫ ∞

0

us1−1

(u + 1)s du = B(s1, s− s1),

and then (14) follows.
The lemma is proved. �

We indicate the following gamma function (cf. [29]): Γ(α) :=
∫ ∞

0 e−ttα−1dt(α > 0),
satisfying Γ(α + 1) = αΓ(α)(α > 0) and B(u, v) = 1

Γ(u+v)Γ(u)Γ(v)(u, v > 0). By the
definition of the gamma function, for λ, x > 0, the following expression holds:

1

(x + ||k− ξ||α)λ+m =
1

Γ(λ + m)

∫ ∞

0
tλ+m−1e−(x+||k−ξ||α)tdt. (15)

Lemma 4. For t > 0, we have the following expression:∫ ∞

0
e−tx f (x)dx = tm

∫ ∞

0
e−txFm(x)dx. (16)

Proof. Since F1(0) = 0, F1(x) = o(etx)(t > 0; x → ∞) , for m = 1, we find∫ ∞
0 e−tx f (x)dx =

∫ ∞
0 e−txdF1(x) = e−txF1(x)|∞0 −

∫ ∞
0 F1(x)de−tx

= lim
x→∞

F1(x)
etx + t

∫ ∞
0 e−txF1(x)dx = t

∫ ∞
0 e−txF1(x)dx.

Hence, (16) follows. Assuming that for m = i, (16) is valid, then for m = i + 1, since
Fi+1(0) = 0, Fi+1(x) = o(etx) (t > 0, x → ∞) , we have∫ ∞

0
e−txFi(x)dx = t

∫ ∞

0
e−txFi+1(x)dx,

and then ∫ ∞

0
e−tx f (x)dx = ti

∫ ∞

0
e−txFi(x)dx = ti+1

∫ ∞

0
e−txFi+1(x)dx.

By mathematical induction, expression (16) follows for m ∈ N.
The lemma is proved. �

Lemma 5. We have the following inequality:

Iλ+m := ∑
k

∫ ∞
0

Fm(x)ak

(x+||k−ξ||α |)λ+m dx < (
Γ( 1

α )
αn−1Γ( n

α )
B(λ2, λ + m− λ2))

1
p

B
1
q (λ1 + m, λ− λ1)

×[
∫ ∞

0 xp(1−m−λ̂1)−1Fp
m(x)dx]

1
p [∑

k
||k− ξ||q(n−λ̂2)−n

α aq
k ]

1
q
.

(17)



Axioms 2023, 12, 211 6 of 13

Proof. By Hölder’s inequality (cf. [28]), and Lebesgue term by term integral theorem
(cf. [30]), we obtain

Iλ+m = ∑
k

∫ ∞
0

1
(x+||k−ξ||α |) λ+m [

∣∣∣∣∣∣k−ξ
∣∣∣|(λ2−n)/p

α

x(λ1+m−1)/q Fm(x)][ x(λ1+m−1)/q∣∣∣∣∣∣k−ξ
∣∣∣|(λ2−n)/p

α

ak]dx

≤
{∫ ∞

0 [∑
k

1
(x+||k−ξ||α |) λ+m

∣∣∣∣∣∣k−ξ
∣∣∣|λ2−n

α

x(λ1+m−1)(p−1) ]F
p
m(x)dx

} 1
p

×
{

∑
k
[
∫ ∞

0
1

(x+||k−ξ||α |) λ+m
xλ1+m−1∣∣∣∣∣∣k−ξ
∣∣∣|(λ2−n)(q−1)

α

dx]aq
k

} 1
q

= [
∫ ∞

0 vλ+m(λ2, x)xp(1−m−λ̂1)−1Fp
m(x)dx]

1
p

×[∑
k

ωλ+m(λ1 + m, k)||k− ξ||q(n−λ̂2)−n
α aq

k]
1
q
.

Therefore, by (13) and (14) (for s = λ + m, s1 = λ1 + m, s2 = λ2), we have (17).
The lemma is proved. �

3. Main Results

Theorem 1. We have the following more accurate half-discrete multidimensional Hilbert-type
inequality involving one multiple supper limit function:

I := ∑
k

∫ ∞
0

f (x)ak

(x+||k−ξ||α)λ dx <
m−1
∏
i=0

(λ + i)( Γ( 1
α )

αn−1Γ( n
α )

B(λ2, λ + m− λ2))
1
p

B
1
q (λ1 + m, λ− λ1)

×[
∫ ∞

0 xp(1−m−λ̂1)−1Fp
m(x)dx]

1
p [∑

k
||k− ξ||q(n−λ̂2)−n

α aq
k ]

1
q
.

(18)

In particular, for λ1 + λ2 = λ, we reduce (18) to the following:

I = ∑
k

∫ ∞
0

f (x)ak

(x+||k−ξ||α)λ dx < (
Γ( 1

α )

αn−1Γ( n
α )
)

1
p m−1

∏
i=0

(λ1 + i)B(λ1, λ2)

×[
∫ ∞

0 xp(1−m−λ1)−1Fp
m(x)dx]

1
p [∑

k
||k− ξ||q(n−λ2)−n

α aq
k]

1
q .

(19)

where the constant factor ( Γ( 1
α )

αn−1Γ( n
α )
)

1
p
∏m−1

i=0 (λ1 + i)B(λ1, λ2) is the best possible.

Proof. Using (15) and (16), in view of Lebesgue term by term integral theorem (cf. [30]), we find

I = 1
Γ(λ)∑

k

∫ ∞
0 f (x)ak[

∫ ∞
0 tλ−1e−(x+||k−ξ||α)tdt]dx

= 1
Γ(λ)

∫ ∞
0 tλ−1(

∫ ∞
0 e−xt f (x)dx)(∑

k
e−||k−ξ||αtak)dt

= 1
Γ(λ)

∫ ∞
0 tλ−1(tm∫ ∞

0 e−xtFm(x)dx)(∑
k

e−||k−ξ||αtak)dt

= 1
Γ(λ)∑

k

∫ ∞
0 Fm(x)ak[

∫ ∞
0 tλ+m−1e−(x+||k−ξ||α)tdt]dx

= Γ(λ+m)
Γ(λ) ∑

k

∫ ∞
0

Fm(x)ak
(x+||k−ς||α)λ+m dx =

m−1
∏
i=0

(λ + i)Iλ+m.

Then by (17), we have (18).
For λ1 + λ2 = λ in (18), we have (19). For any 0 < ε < pλ1, we set

f̃ (x) :=

{
0, 0 < x < 1,

xλ1+m− ε
p−1, x ≥ 1

, ãk := ||k||
λ2− ε

q−n
α (k ∈ Nn).
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We obtain that for 0 < x < 1, F̃1(x) = 0; for x ≥ 1,

F̃1(x) =
∫ x

1
f̃ (t)dt ≤

∫ x

0
tλ1− ε

p−1dt =
1

λ1 − ε
p

xλ1− ε
p .

Inductively, we find that F̃i(x) = o(etx) (t > 0, x → ∞) and

F̃i(x) = 0, 0 ≤ x < 1; F̃i(x) ≤ 1

∏i−1
j=0 (λ1 + j− ε

p )
xλ1+i− ε

p−1
(x ≥ 1; i = 1. · · · , m).

If there exists a positive constant M(≤ (
Γ( 1

α )

αn−1Γ( n
α )
)

1
p
∏m−1

i=0 (λ1 + i)B(λ1, λ2)), such that

(19) is valid when we replace (
Γ( 1

α )

αn−1Γ( n
α )
)

1
p
∏m−1

i=0 (λ1 + i)B(λ1, λ2) by M, then in particular,

for ξ = 0, we still have

Ĩ := ∑
k

∫ ∞

0

f̃ (x)ãk

(x + ||k||α)λ+m dx < M[
∫ ∞

0
xp(1−m−λ1)−1 F̃p

m(x)dx]
1
p
[∑

k
||k||q(n−λ2)−n

α ãq
k ]

1
q . (20)

By (10), we obtain

J̃ := [
∫ ∞

0 xp(1−m−λ1)−1 F̃p
m(x)dx]

1
p [∑

k
||k||q(n−λ2)−n

α ãq
k]

1
q

< [
m−1
∏
i=0

(λ1 + i− ε
p )]
−1(
∫ ∞

1 x−ε−1dx)
1
p (∑

k
||k||−ε−n

α )
1
q

= 1
ε [

m−1
∏
i=0

(λ1 + i− ε
p )]
−1(

2εΓ( 1
α )

αn−1Γ( n
α )
)

1
q
.

(21)

By (10), we also find that 1
c−ε ∑

k
||k||−c−n

α = O(1)(c = λ1 +
ε
q ), where O(1) is bounded

for any ε > 0. For s = λ > 0, s1 = λ1 − ε
p ∈ (0, s) in (12) and (14), by (10), we obtain

Ĩ := ∑
k
||k||−ε−n

α [||k||
(λ2+

ε
p )

α

∫ ∞
1

x(λ1−
ε
p )−1

(x+||k||α)λ dx]

= ∑
k
||k||−ε−n

α [||k||
(λ2+

ε
p )

α

∫ ∞
0

x(λ1−
ε
p )−1

(x+||k||α)λ dx− ||k||
(λ2+

ε
p )

α

∫ 1
0

x(λ1−
ε
p )−1

(x+||k||α)λ dx]

≥ ∑
k
||k||−ε−n

α [ωλ(λ1 − ε
p , k)− ||k||

(λ2+
ε
p )

α

∫ 1
0

x(λ1−
ε
p )−1

||k||αλ dx]

= ∑
k
||k||−ε−n

α ωλ(λ1 − ε
p , k)− 1

λ1− ε
p

∑
k
||k||

−(λ1+
ε
q )−n

α

= B(λ1 − ε
p , λ2 +

ε
p )∑

k
||k||−ε−n

α −O(1)

> 1
ε (

Γ( 1
α )

αn−1Γ( n
α )

B(λ1 − ε
p , λ2 +

ε
p )− εO(1)).

Hence, by (20), (21) and the above results, we have the following inequality

Γ( 1
α )

αn−1Γ( n
α )

B(λ1 −
ε

p
, λ2 +

ε

p
)− εO(1)< ε Ĩ < εMJ̃≤ M[

m−1

∏
i=0

(λ1 + i− ε

p
)]

−1

(
2εΓ( 1

α )

αn−1Γ( n
α )

)

1
q

. (22)

For ε→ 0+ in (22), in view of the continuity of the beta function, we find

Γ( 1
α )

αn−1Γ( n
α )

B(λ1, λ2)≤ M[
m−1

∏
i=0

(λ1 + i)]−1(
Γ( 1

α )

αn−1Γ( n
α )

)

1
q

,
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namely,( Γ( 1
α )

αn−1Γ( n
α )
)

1
p
∏m−1

i=0 (λ1 + i)B(λ1, λ2) ≤ M. It follows that

M = (
Γ( 1

α )

αn−1Γ( n
α )

)

1
p m−1

∏
i=0

(λ1 + i)B(λ1, λ2)

is the best possible constant factor of (19).
The theorem is proved. �

Remark 1. For λ̂1 = λ−λ2
p + λ1

q , λ̂2 = λ−λ1
q + λ2

p = λ2 +
λ−λ1−λ2

q , we find λ̂1 + λ̂2 = λ,

0 < λ̂1 =
λ− λ2

p
+

λ1

q
<

λ

p
+

λ

q
= λ,0 < λ̂2 = λ− λ̂1 < λ.

If λ− λ1 − λ2 ≤ q(n− λ2), then we still can find λ̂2 ≤ n. In the above case, we can
rewrite (19) as follows:

∑
k

∫ ∞
0

f (x)ak

(x+||k−ξ||α)λ dx < (
Γ( 1

α )

αn−1Γ( n
α )
)

1
p m−1

∏
i=0

(λ̂1 + i)B(λ̂1, λ̂2)

×[
∫ ∞

0 xp(1−m−λ̂1)−1Fp
m(x)dx]

1
p [∑

k
||k− ξ||q(n−λ̂2)−n

α aq
k]

1
q
.

(23)

Theorem 2. If λ− λ1 − λ2 ≤ q(n− λ2), the constant factor

m−1

∏
i=0

(λ + i)(
Γ( 1

α )

αn−1Γ( n
α )

B(λ2, λ + m− λ2))

1
p

B
1
q (λ1 + m, λλ1)

in (18) is the best possible, then we have λ− λ1 − λ2 = 0, namely, λ1 + λ2 = λ.

Proof. By Hölder’s inequality (cf. [28]), we obtain

B(λ̂1 + m, λ̂2) =
∫ ∞

0
uλ̂1+m−1

(1+u)λ+m du =
∫ ∞

0
1

(1+u)λ+m u
λ+m−λ2

p +
λ1+m

q −1du

=
∫ ∞

0
1

(1+u)λ+m (u
λ+m−λ2−1

p )(u
λ1+m−1

q )du

≤ [
∫ ∞

0
uλ+m−λ2−1

(1+u)λ+m du]
1
p
[
∫ ∞

0
uλ1+m−1

(1+u)λ+m du]
1
q

= B
1
p (λ2, λ + m− λ2)B

1
q (λ1 + m, λ− λ1).

(24)

In view of the assumption, compare with the constant factors in (18) and (23), we have
the following inequality:

m−1
∏
i=0

(λ + i)( Γ( 1
α )

αn−1Γ( n
α )

B(λ2, λ + m− λ2))
1
p

B
1
q (λ1 + m, λ− λ1)

≤ (
Γ( 1

α )

αn−1Γ( n
α )
)

1
p m−1

∏
i=0

(λ̂1 + i)B(λ̂1, λ̂2) = (
Γ( 1

α )

αn−1Γ( n
α )
)

1
p m−1

∏
i=0

(λ + i)B(λ̂1 + m, λ̂2),

namely, B(λ̂1 + m, λ̂2)≥ B
1
p (λ2, λ + m− λ2)B

1
q (λ1 + m, λ− λ1); it follows that (24) retains

the form of equality. We observe that (24) retains the form of equality if and only if there exist
constants A and B, such that they are not both zero and Auλ+m−λ2−1 = Buλ1+m−1 a.e.inR+

(cf. [28]). Assuming that A 6= 0, we have uλ−λ2−λ1 = B
A a.e.inR+, namely,λ− λ1 − λ2 = 0

and then λ1 + λ2 = λ.
The theorem is proved. �
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4. Equivalent Forms and Operator Expressions

Theorem 3. Inequality (18) is equivalent to the following inequality:

J := {∑
k
||k− ξ||pλ̂2−n

α [
∫ ∞

0
f (x)

(x+||k−ξ||α)λ dx]
p
}

1
p

<
m−1
∏
i=0

(λ + i)( Γ( 1
α )

αn−1Γ( n
α )

B(λ2, λ + m− λ2))
1
p B

1
q (λ1 + m, λ− λ1)

×[
∫ ∞

0 xp(1−m−λ̂1)−1Fp
m(x)dx]

1
p .

(25)

In particular, for λ1 + λ2 = λ, we reduce (25) to the equivalent form of (19) as follows:

{∑
k
||k− ξ||pλ2−n

α [
∫ ∞

0
f (x)

(x+||k−ξ||α)λ dx]
p
}

1
p

< (
Γ( 1

α )

αn−1Γ( n
α )
)

1
p m−1

∏
i=0

(λ1 + i)B(λ1, λ2)[
∫ ∞

0 xp(1−m−λ1)−1Fp
m(x)dx]

1
p

(26)

where the constant factor ( Γ( 1
α )

αn−1Γ( n
α )
)

1
p
∏m−1

i=0 (λ1 + i)B(λ1, λ2) is the best possible.

Proof. Suppose that (25) is valid. By Hölder’s inequality (cf. [28]), we have

I = ∑
k
[||k− ξ||

−n
p +λ̂2

α

∫ ∞

0

f (x)

(x + ||k− ξ||α)λ
dx][||k− ξ||

n
p−λ̂2
α ak]≤ J[∑

k
||k− ξ||q(n−λ̂2)−n

α aq
k ]

1
q
. (27)

Then by (25), we have (18).
On the other hand, assuming that (18) is valid, we set

ak := ||k− ξ||pλ̂2−n
α [

∫ ∞

0

f (x)

(x + ||k− ξ||α)λ
dx]

p−1

, k ∈ Nn.

If J = 0, then (25) is naturally valid; if J = ∞, then it is impossible to make (25) valid,
namely J < ∞. Suppose that 0 < J < ∞. By (18), we have

∑
k
||k− ξ||q(n−λ̂2)−n

α aq
k= Jp = I

<
m−1
∏
i=0

(λ + i)( Γ( 1
α )

αn−1Γ( n
α )

B(λ2, λ + m− λ2))
1
p B

1
q (λ1 + m, λ− λ1)

×[
∫ ∞

0 xp(1−m−λ̂1)−1Fp
m(x)dx]

1
p [∑

k
||k− ξ||q(n−λ̂2)−n

α aq
k]

1
q
,

{∑
k
||k− ξ||q(n−λ̂2)−n

α aq
k}

1
p
= J

<
m−1
∏
i=0

(λ + i)( Γ( 1
α )

αn−1Γ( n
α )

B(λ2, λ + m− λ2))
1
p B

1
q (λ1 + m, λ− λ1)

×[
∫ ∞

0 xp(1−m−λ̂1)−1Fp
m(x)dx]

1
p ,

namely, (25) follows, which is equivalent to (18).

The constant factor (
Γ( 1

α )

αn−1Γ( n
α )
)

1
p
∏m−1

i=0 (λ1 + i)B(λ1, λλ2) in (26) is the best possible.

Otherwise, by (27) (for λ1 + λ2 = λ), we would reach a contradiction that the constant
factor in (19) is not the best possible.

The theorem is proved. �
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We set functions ϕ(x) := xp(1−m−λ̂1)−1, ψ(k) := ||k− ξ||q(n−λ̂2)−n
α , then,

ψ1−p(k) = ||k− ξ||pλ̂2−n
α (x ∈ R+, k ∈ Nn).

Define the following real normed spaces:

Lp,ϕ(R+) := { f = f (x); || f ||p,ϕ := (
∫ ∞

0 ϕ(x)| f (x)|pdx)
1
p < ∞},

lq,ψ := {a = {ak1,··· ,kn}; ||a||q,ψ := (∑
k

ψ(k)|ak|q)
1
q < ∞},

lp,ψ1−p := {b = {bk1,··· ,kn}; ||b||q,ψ := (∑
k

ψ1−p(k)|bk|p)
1
p < ∞},

L̃(R+) := { f ∈ Lp,ϕ(R+); f (x) = F0(x)≥ 0,Fi(x) :=
∫ x

0 Fi−1(t)dt(x ≥ 0),
Fi(x) = o(etx) (t > 0, i = 1, · · · , m; x → ∞)}.

For any f ∈ L̃(R+), setting bk :=
∫ ∞

0
f (x)

(x+||k−ξ||α)λ dx, k ∈ Nn, we can rewrite (25)

as follows:

||b||p,ψ1−p ≤
m−1

∏
i=0

(λ + i)(
Γ( 1

α )

αn−1Γ( n
α )

B(λ2, λ + m− λ2))

1
p

B
1
q (λ1 + m, λ− λ1)||Fm||p,ϕ < ∞,

namely, b ∈ lp,ψ1−p .

Definition 1. Define a Hilbert-type operator T : L̃(R+)→ lp,ψ1−p as follows: For any f ∈
L̃( R+), there exists a unique representation T f = b ∈ lp,ψ1−p , satisfying T f (k) = bk (k ∈ Nn).
Define the formal inner product of T f and a ∈ lq,ψ, and the norm of T as follows:

(T f , a) :=∑
k

ak[
∫ ∞

0

f (x)

(x + ||k− ξ||α)λ
dx] = I,||T|| := sup

f ( 6=0)∈Lp,ϕ(R+)

||T f ||p,ψ1−p

||Fm||p,ϕ
.

By Theorem 1, Theorem 2 and Theorem 3, we have

Theorem 4. If f ∈ L̃(R+), a ∈ lq,ψ, ||Fm||p,ϕ, ||a||q,ψ > 0, then we have the following
equivalent inequalities:

(T f , a) <
m−1

∏
i=0

(λ + i)(
Γ( 1

α )

αn−1Γ( n
α )

B(λ2, λ + m− λ2))

1
p

B
1
q (λ1 + m, λ− λ1)||Fm||p,ϕ||a||q,ψ, (28)

||T f ||p,ψ1−p <
m−1

∏
i=0

(λ + i)(
Γ( 1

α )

αn−1Γ( n
α )

B(λ2, λ + m− λ2))

1
p

B
1
q (λ1 + m, λ− λ1)||Fm||p,ϕ. (29)

Moreover, if λ1 + λ2 = λ, then the constant factor

m−1

∏
i=0

(λ + i)(
Γ( 1

α )

αn−1Γ( n
α )

B(λ2, λ + m− λ2))
1
p B

1
q (λ1 + m, λ− λ1)

in (28) and (29) is the best possible, namely, ||T|| = (
Γ( 1

α )

αn−1Γ( n
α )
)

1
p
∏m−1

i=0 (λ1 + i)B(λ1, λ2). On

the other hand, if λ− λ1 − λ2 ≤ q(n− λ2), the constant factor

m−1

∏
i=0

(λ + i)(
Γ( 1

α )

αn−1Γ( n
α )

B(λ2, λ + m− λ2))
1
p B

1
q (λ1 + m, λ− λ1)
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in (28) or (29) is the best possible, then we have λ− λ1 − λ2 = 0, namely, λ1 + λ2 = λ.

Remark 2. (i) For λ = 1, λ1 = 1
q , λ2 = 1

p in (19) and (26), we have the following
equivalent inequalities:

∑
k

∫ ∞
0

f (x)ak
x+||k−ξ||α dx <

m−1
∏
i=0

( 1
q + i)( Γ( 1

α )

αn−1Γ( n
α )
)

1
p π

sin(π/p)

×(
∫ ∞

0 x−pmFp
m(x)dx)

1
p [∑

k
||k− ξ||(q−1)(n−1)

α aq
k]

1
q ,

(30)

[∑
k
|k− ξ||1−n

α (
∫ ∞

0
f (x)

x+||k−ξ||α dx)
p
]

1
p

<
m−1
∏
i=0

( 1
q + i)( Γ( 1

α )

αn−1Γ( n
α )
)

1
p π

sin(π/p) (
∫ ∞

0 x−pmFp
m(x)dx)

1
p ;

(31)

(ii) for λ = 1, λ1 = 1
p , λ2 = 1

q in (19) and (26), we have the following equivalent dual forms of (31)
and (32):

∑
k

∫ ∞
0

f (x)ak
x+||k−ξ||α dx <

m−1
∏
i=0

( 1
p + i)( Γ( 1

α )

αn−1Γ( n
α )
)

1
p π

sin(π/p)

×[
∫ ∞

0 xp(1−m)−2Fp
m(x)dx]

1
p [∑

k
||k− ξ||(q−1)n−1

α aq
k]

1
q ,

(32)

[∑
k
||k− ξ||p−1−n

α (
∫ ∞

0
f (x)

x+||k−ξ||α dx)
p
]

1
p

<
m−1
∏
i=0

( 1
p + i)( Γ( 1

α )

αn−1Γ( n
α )
)

1
p π

sin(π/p) [
∫ ∞

0 xp(1−m)−2Fp
m(x)dx]

1
p ;

(33)

(iii) for p = q = 2, both (30) and (32) reduce to

∑
k

∫ ∞
0

f (x)ak
x+||k−ξ||α dx < (2m−1)!!π

2m (
Γ( 1

α )

αn−1Γ( n
α )
)

1
2

×[
∫ ∞

0 x−2mF2
m(x)dx∑

k
||k− ξ||n−1

α a2
k ]

1
2 ,

(34)

and both (31) and (33) reduce to the equivalent form of (34) as follows:

[∑
k
||k− ξ||1−n

α (
∫ ∞

0
f (x)

x+||k−ξ||α dx)
2
]

1
2

< (2m−1)!!π
2m (

Γ( 1
α )

αn−1Γ( n
α )
)

1
2
(
∫ ∞

0 x−2mF2
m(x)dx)

1
2 ,

(35)

The constant factors in the above particular inequalities (30)–(35) are all the best possible.

Remark 3. For α > 0, we can only obtain ∂
yj

hx(y) < 0(j = 1, · · · , n) in (9). So, we cannot
use Hermite–Hadamard’s inequality to obtain (11) as well as other more accurate inequalities, but
for ξ = 0, we still can obtain (11) by using the decreasingness property of series, and then the
equivalent inequalities (18) and (25) for ξ = 0 with the best possible constant factor were proved.

5. Conclusions

Hilbert-type inequalities with their applications played an important role in analysis.
In this paper, following the way of [22], by using multi-techniques of real analysis, a more
accurate half-discrete multidimensional Hilbert-type inequality with the homogeneous
kernel as 1

(x+||k−ξ||α)λ (x, λ > 0) involving one multiple upper limit function and the beta

function is given in Theorem 1, which is a new extension of the published result in [22].
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The equivalent conditions of the best possible constant factor related to several parameters
are considered in Theorem 2. The equivalent forms, the operator expressions and some
particular inequalities are obtained Theorem 3, Theorem 4 and Remark 2. The results are
new applications of Hilbert-type inequalities involving multiple upper limit functions; the
lemmas, as well as the theorems, provide an extensive account of these types of inequalities.
The further study is to extend this paper’s method to other types of Hilbert-type inequalities,
for example, the Hilbert-type inequalities in whole plane.

Author Contributions: B.Y. carried out the mathematical studies, participated in the sequence
alignment and drafted the manuscript. Y.H. and Y.Z. participated in the design of the study and
performed the numerical analysis. All authors have read and agreed to the published version of
the manuscript.

Funding: This work is supported by the National Natural Science Foundation of China (No. 62166011)
and the Innovation Key Project of Guangxi Province (No. 222068071). We are grateful for this help.

Data Availability Statement: We declare that the data and material in this paper can be used publicly.

Acknowledgments: The authors thank the referee for his useful proposal to revise the paper.

Conflicts of Interest: The authors declare that they have no conflict of interest.

References
1. Hardy, G.H.; Littlewood, J.E.; Polya, G. Inequalities; Cambridge University Press: Cambridge, UK, 1934.
2. Xu, J.S. Hardy-Hilbert’s inequalities with two parameters. Adv. Math. 2007, 36, 63–76.
3. Yang, B.C. The Norm of Operator and Hilbert-Type Inequalities; Science Press: Beijing, China, 2009.
4. Xin, D.M. A Hilbert-type integral inequality with the homogeneous kernel of zero degree. Math. Theory Appl. 2010, 30, 70–74.
5. Xie, Z.T.; Zeng, Z.; Sun, Y.F. A new Hilbert-type inequality with the homogeneous kernel of degree-2. Adv. Appl. Math. Sci. 2013,

12, 391–401.
6. Azar, L.E. The connection between Hilbert and Hardy inequalities. J. Inequalities Appl. 2013, 452, 2013. [CrossRef]
7. Zhen, Z.; Raja Rama Gandhi, K.; Xie, Z.T. A new Hilbert-type inequality with the homogeneous kernel of degree-2 and with the

integral. Bull. Math. Sci. Appl. 2014, 3, 11–20.
8. Adiyasuren, V.; Batbold, T.; Krni’c, M. Hilbert–type inequalities involving differential operators, the best constants and applica-

tions. Math. Inequal. Appl. 2015, 18, 111–124. [CrossRef]
9. Adiyasuren, V.; Batbold, T.; Krnic, M. Multiple Hilbert-type inequalities involving some differential operators. Banach J. Math.

Anal. 2016, 10, 320–337. [CrossRef]
10. Batbold, T.; Sawano, Y. Sharp bounds for m-linear Hilbert-type operators on the weighted Morrey spaces. Math. Inequal. Appl.

2017, 20, 263–283. [CrossRef]
11. Saker, S.H.; Ahmed, A.M.; Rezk, H.M.; O’Regan, D.; Agarwal, R.P. New Hilbert dynamic inequalities on time scales. Math.

Inequalities Appl. 2017, 20, 1017–1039. [CrossRef]
12. Gao, P. On weight Hardy inequalities for non-increasing sequence. J. Math. Inequalities 2018, 12, 551–557. [CrossRef]
13. You, M.H.; Guan, Y. On a Hilbert-type integral inequality with non-homogeneous kernel of mixed hyperbolic functions. J. Math.

Inequalities 2019, 13, 1197–1208. [CrossRef]
14. Liu, Q. A Hilbert-type integral inequality under configuring free power and its applications. J. Inequalities Appl. 2019, 2019, 91.

[CrossRef]
15. Zhao, C.J.; Cheung, W.S. Reverse Hilbert type inequalities. J. Math. Inequalities 2019, 13, 855–866. [CrossRef]
16. Rassias, M.T.; Yang, B.C. On half-discrete Hilbert’s inequality. Appl. Math. Comput. 2013, 220, 75–93. [CrossRef]
17. Azar, L.E. Two new forms of half-discrete Hilbert inequality. J. Egypt. Math. Soc. 2014, 22, 254–257. [CrossRef]
18. Yang, B.C.; Lebnath, L. Half-Discrete Hilbert-Type Inequalities; World Scientific Publishing: Singapore, 2014.
19. Nizar, A.-O.K.; Azar, L.E.; Bataineh, A.H. A sharper form of half -discrete Hilbert inequality related to Hardy inequality. Filomat

2018, 32, 6733–6740. [CrossRef]
20. Krnic, M.; Pecaric, J. Extension of Hilbert’s inequality. J. Math. Anal. Appl. 2006, 324, 150–160. [CrossRef]
21. Adiyasuren, V.; Batbold, T.; Azar, L.E. A new discrete Hilbert-type inequality involving partial sums. J. Inequalities Appl. 2019, 127, 2019.

[CrossRef]
22. Mo, H.M.; Yang, B.C. On a new Hilbert-type integral inequality involving the upper limit functions. J. Inequalities Appl. 2020,

2020, 5. [CrossRef]
23. Hong, Y.; Wen, Y. A necessary and Sufficient condition of that Hilbert type series inequality with homogeneous kernel has the

best constant factor, Ann. Math. 2016, 37A, 329–336.
24. Hong, Y. On the structure character of Hilbert’s type integral inequality with homogeneous kernel and applications. J. Jilin Univ.

(Sci. Ed.) 2017, 55, 189–194.

http://doi.org/10.1186/1029-242X-2013-452
http://doi.org/10.7153/mia-18-07
http://doi.org/10.1215/17358787-3495561
http://doi.org/10.7153/mia-20-20
http://doi.org/10.7153/mia-2017-20-65
http://doi.org/10.7153/jmi-2018-12-41
http://doi.org/10.7153/jmi-2019-13-85
http://doi.org/10.1186/s13660-019-2039-1
http://doi.org/10.7153/jmi-2019-13-59
http://doi.org/10.1016/j.amc.2013.06.010
http://doi.org/10.1016/j.joems.2013.06.014
http://doi.org/10.2298/FIL1819733N
http://doi.org/10.1016/j.jmaa.2005.11.069
http://doi.org/10.1186/s13660-019-2087-6
http://doi.org/10.1186/s13660-019-2280-7


Axioms 2023, 12, 211 13 of 13

25. Hong, Y.; Huang, Q.L.; Yang, B.C.; Liao, J.L. The necessary and sufficient conditions for the existence of a kind of Hilbert-type
multiple integral inequality with the non-homogeneous kernel and its applications. J. Inequalities Appl. 2017, 2017, 316. [CrossRef]

26. Chen, Q.; He, B.; Hong, Y.; Li, Z. Equivalent parameter conditions for the validity of half-discrete Hilbert-type multiple integral
inequality with generalized homogeneous kernel. J. Funct. Spaces 2020, 2020, 7414861. [CrossRef]

27. He, B.; Hong, Y.; Li, Z. Conditions for the validity of a class of optimal Hilbert type multiple integral inequalities with non-
homogeneous. J. Inequalities Appl. 2021, 2021, 64. [CrossRef]

28. Kuang, J.C. Applied Inequalities; Shangdong Science and Technology Press: Jinan, China, 2004.
29. Wang, Z.X.; Guo, D.R. Introduction to Special Functions; Science Press: Beijing, China, 1979.
30. Kuang, J.C. Real and Functional Analysis (Continuation); Higher Education Press: Beijing, China, 2015; Volume 2.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

http://doi.org/10.1186/s13660-017-1592-8
http://doi.org/10.1155/2020/7414861
http://doi.org/10.1186/s13660-021-02593-z

	Introduction 
	Some Formulas and Preserving Lemmas 
	Main Results 
	Equivalent Forms and Operator Expressions 
	Conclusions 
	References

