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1. Introduction

Gauss [1] defined his famous infinite series as follows

abz a(a+1)b(b+1) 2

1422 4 1
BT c(c+1) ut @)

This infinite series (1) is usually denoted by the notation F;(a,b; c; z) or simply F and
is commonly known as the Gauss'’s function or the hypergeometric series. Gauss’s function
or the hypergeometric series is a solution of a second order differential equation.

The convergence conditions of ,Fj are as follows,

* ahypergeometric series terminates if a or b is equal to a negative integer or zero. For
c=-n(n=0,1,2,-- ), the hypergeometric series is indeterminate if neither a nor b
is equal to —m (where m < n and m is a natural number),

e if we exclude these values of the parameters 4, b, ¢, a hypergeometric series converges
in the unit circle |z| < 1. F; then has a branch point at z = 1. Then we have the
following conditions for convergence on the unit circle:

1. 0<R(a+Db—c) <1, the series converges throughout the entire unit circle, except at
the pointz =1,

R(a+b—c) <0, the series converges (absolutely) throughout the entire unit circle,
R(a+b—c) > 1, the series diverges on the entire unit circle.
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It is well-known that the Kummer quadratic transformation formula
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is valid provided that {20 +1, a + %} are not natural numbers and « — f is not an integer
(see Gradshteyn, Ryzhik, Tables of Integrals, Series and Products, 9.130, 9.134.1). Very
40/). recently, one of us established a new identity for an isolated case where « — B is an integer
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by letting « to be a negative integer and f to be an even positive integer which we extended
here into any even integer not necessarily positive and where we gave explicitly the

expressions qu ) (z) such that [2]

2Rl piwz) = (- 5o (5, BT har L2 7 )+l o)

In this paper, we aim to discuss another isolated case with « to be a negative integer

and f to be an odd integer where we gave explicitly the expressions v(ﬁ ) (z) such that

File, f2wz) = (1 2)F 25(? 5;1 a+;,(2fz) ) + o) (2).

The results for uﬁf ) (z) and for v,&’g ) (z) are completely different. The expressions
(B)

for uy ’(z) and v(ﬁ )( ) are given in the paper. Moreover, in the end, we mention two

(B)

interesting consequences of our main result involving a symmetric role for u,”’ (z) with an

odd B and v(ﬁ)( ) with an even B.

In this paper, we deal with Gauss’s function and exactly with its connection with the
following interesting and useful Kummer’s quadratic transformation [2] for the hypergeo-
metric function »F; (2). This quadratic transformation is valid for {2« + 1, « + 3} are not
natural numbers and & —  is NOT an integer. In this paper, we consider the case when
« — B is an integer.

This transformation formula is recorded in several standard texts on special functions
and handbooks of mathematics, for example, in the standard text of 1.S. Gradshteyn and
IM. Ryzhik [3] (9.134 and 9.134.1) and G. Andrews and al. [4] (3.1.7 page 127 with a
slight modification), in the handbook by Abramowitz-Stegun [5] (15.3.20) and in DLMF:
NIST Digital Library of Mathematical Functions, https:/ /dlmf.nist.gov/ [6], accessed on 15
December 2022, 15.8.13.

As usual, N is the set of all natural number {1,2,3, - } Z the set of all integer
{--,-2,-1,0,1,2,- - - } and Z_ the set of all integer {- - —1,0}. In a previous paper
we considered the case where « — f§ is an integer by takmg ,B an even integer (i.e., B € 27)
and « is a negative integer and we gave the right identity [7]. In this contribution, we
consider the case where & — § is an integer by taking f € 1+ 2Z (i.e., B is an odd integer)
and « is a negative integer and we give and prove the new identity. The aim of this paper
is to prove the following theorem.

Theorem 1. For the isolated cases («x is a negative integer and B € 2Z or B € 1+ 27), the
Kummer’s hypergeometric quadratic transformations become

zZ

1<ﬁ /5;1 “+2 (=2 > = (1= 3P 2 fiiz)

2V/7(5) a1 (42 = 4)* P (2 — )P+ B 1 B.3.2

« € 7=, B € 27, which we wrote under the form

é ﬁ‘f‘l' 1 4 2\ _E B . (B,even) _
21—"1(2,2 ,a+2,(272) = (1 2) 2F1(a, B;20;2) + uy , €L, Bpe2Z,
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and

25<§’ﬁ;1”"+;wzizy)_41_;V%Pd%ﬁﬂmz)

VAo 1 B B2 @
T(—a+1) 220—P 22" 22, ’
« € 7=, B € 1+ 27Z, which we wrote under the form
(BB e L2 ) = (- DR 4o, a ez pe

and as a consequence we prove that

<ﬁ 5;1 o+ ;’(Ziz)2> = —v,Sf‘m”), anel”, ez,
and
oF (/25 %m n %; (27‘_2)2> —ulP* w7, pel+2L.
Please note here that when £ is either an even or odd non-positive integer then the
series »F;(5 g ﬁ SETPYNE 1;(5%)?) is well-defined with finitely many terms and the series

2F <% - g, o — g 53— 1)2) is a series with infinitely many terms and when f is either

an even or odd positive integer then the series »F; (ﬁ a1 2 (% )2) is well-defined

with infinitely many terms and the series »F; (% — g, g, %, (f -1) ) is a series with

finitely many terms thus the restriction due to the their convergence should be satisfied
once, i.e., either | 5 |< 1or | 2% |< 1 (not simultaneously).

Let us first give the Maple instructions in order to assure the readers that the results
we are giving are true and right.

restart; F1 := proc (alpha, beta, z) options operator, arrow;
hypergeom([(1/2)*beta, (1/2)*beta+1/2], [alpha+1/2], z~2/(2-z)"2)
end proc; F2 := proc (alpha, beta, z) options operator, arrow;

(1-(1/2)*z) “betaxhypergeom([alpha, betal, [2*alphal, z) end proc; u
= proc (alpha, beta, z) options operator, arrow;

2% (z/(2-2)) ~ (beta-1-2*alpha) *sqrt (Pi) *pochhammer ((1/2) *beta,
-alpha+1)

xhypergeom([1-(1/2)*beta, 1/2+alpha-(1/2)*betal, [3/2], (2-z)"2/z"2)
*((4xz-4)/(2-z)~2) "~ (alpha-beta) /GAMMA (-alpha+1/2) end proc;

vV := proc (alpha, beta, z) options operator, arrow;
-(z/(2-2) )~ (beta-2+*alpha) *sqrt (Pi) *pochhammer ((1/2) *beta+1/2,
-alpha)

xhypergeom( [alpha- (1/2)*beta, 1/2-(1/2)xbetal, [1/2], (2-z)~2/z"2)
*((4%xz-4) /(2-z)~2) "~ (alpha-beta) /GAMMA (-alpha+1/2) end proc;
simplify(F1(-8, 4, z)-F2(-8, 4, z)-u(-8, 4, z));

0

simplify(F1(-8, -5, z)-F2(-8, -5, z)-v(-8, -5, z));
0

simplify(F1(-8, 4, z)+v(-8, 4, z));

0

simplify(F1(-8, -5, z)+u(-8, -5, z));
0
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We change the notations to be much more convenient. The letter n denotes, in general,
the integers so let us denote by & := —n 41, n is an integer greater than 0. The expression
« — B should be an integer then we take f = 2a with
5 3 1 1
7 _2/ Y _1/ A 0/ s
2 2

HG{"',— 505

3,5
1,222 ...
7 2/ 7 2/ }
Taking into account the quantity (5%;)?, if we replace jziz i . by z (2) becomes

1 3, 1 +2z
oFi(a,a+ 5 —n+ 532%) = o oR(20, —n 4 =20 42, ).

2 D ©)

Here we have two situations for the integer 2a:
* ceither ais itself an integer, i.e., a € Z and in this case we have

1.  either aisitself a positive integer, i.e., a € N, this situation was considered in a
previous paper [7] where we proved that (5) remains true for n = 0 but forn = 1
(5) becomes

11 5 (I4z2)2+(1—2z)%
ZFl(a/a+§/§/Z ) - 2
_ 1 j:2x(2a—1)1’(a+1) zFl(l—a,—aJr%;%;z%)
BCEDE [(a)(Z -1
- 1 (z—1)"2—(z+1)*
- (1Fz)™ 2 ’
and for n > 2 (5) should be written as
1 3 1 +2z
F = — 2= —— ,F(2a,— 1, -2 2, ——
21(a,a+2 n+zz) ALzy2 1(2a, —n + n+ 1iz)
27l (n+a)z? 2073 5 F (1 — a,% —n—a %; Z%) ©®)
I'(a)T(n—3)(z2 —1)n+2a-1 ’
which, using the notation
@ 2AC(n+a)2 230k (1—a,3 —n—a;3; %) -
Uy =
" [(a)T(n — 1)(22 — 1)nt2e-1
we wrote it under the form
1 3. 2 1 : X2z @)
2F (a,a+ E,—n—k 57 )= Axom oFi(2a,—n+1,-2n+2; 1:I:z> +Tuy’, (8)

2. oraisitself a negative integer, i.e., a € Z_ and this situation is solved only by

using the Pochhammer symbol in the formula of u,(f):

ul® = 2(/7(a), 223 (1 —a,3 —n—a;3; %)
' T(n—3)(z2 —1)nt2e-1

/ ©)

and (8) remains true,
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e  oraisnotaninteger but half of an integer, i.e,a € {-- -, Z,—%,—%,—%, %, %,%,%,“-}

and, in this case, we prove that (5) remains true for n = 0 but for n = 1 and using the
fact that (—1)?* = —1 (5) becomes

—_

1.22) _ (42 + Q-7 1 L (1+2z) 2+ (z— 1)*2“/

F 5= =

and forn>2,a€{ - ,—%,—%,—%,%,%,% % -} and z # 0 we prove that

1 +2z

1 3
2F1(a,a+§;—n+§;zz):mzlﬁ(za,— +1;,-2n+2; Tis, —)
1
¢22a72+2"ﬁ(a + Dn12B(3—a1-n—a3; le)(zz — 1)l 10)
T(n—3) '
which using the notation
202 a4 ) o (-0l - n— gk b)(E2 - 1)
vy(a) = — fn- 1) , (11)
2
we write
1 3 1 +2z
zFl(a,a—l—f;—n—l-f;z ) = 2P (2a,—n+1;,-2n+2; ——) tovy(a), (12)

2 2 (e T+z

() (@)

As an interesting consequence of our new expressions u,, ' and v, * we prove that

1 3, (@) 5 3 1135
E Z._ 2.2y = e 2 2 _ 2222
2 1<a/u + 2/ n + 2/Z ) un 7 a 6 { 7 2/ 2/ 2/ 2/ 2/ 2/ } (13)
1
2F(a,a+ 5Tt 2;22) =0, el

Please note the following that this paper is a continuation of [7].

Many authors dealt with the quadratic transformation (2) recorded in [8-11] but
always with the restrictions {20 + 1, a + %} are not natural numbers and « — f is not an
integer (see Gradshteyn, Ryzhik, 9.130). This paper deals with some isolated cases related
to « — f as an integer and will be organized as follows. First we prove promptly that the
result published in [7] does not hold fora € {-- -, 2, %, f%, f%, %, %, %, %,- -+ }. Second,
for any a € R we give and prove some relations involving ,F;(a,a + %; —n+ % ;z%) and
m 2F1(2a, —n+1;,-2n+2; izi) Finally we prove (12) and (13).

2. No Concordance with Previous Result

Fora € {},3,3,%,- -} let us prove first that

1 3, 1 +27
2F1(a,a+§, n—l—i,z);& (D oFi(2a,—n+1;,-2n+2; 15 —),
and
1 3, 1 +2z
F = — =; Fi(2a, +1,-2 2;
2Fi(a,a+ 5 —n+227) #(1i) 2F1(2a n+21)

i2\/Er(n +a)2?" 23 R (1—a,3 —n—a;3; %)
T'(a)T(n— %)(zz —1)n+2a—1 )
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Proof. In fact, with n = 2 and a = 3 and taking into account the "+" sign we get
5 1, 1 2z 2(3z* + 4222 + 35)28
F(5,3-%27) - ——=2H(5, -1, -2 =—
and 51 1 2 (6z—1)
Z (3) Z—
F(%,3;=;2% Fi(51;-2; —uy? =2,
21(2 22) (1+)52 1( 1+z) L) (z—1)6
One can use the following Maple instructions
restart; F1 := proc (n, a, z) options operator, arrow;
hypergeom([a+1/2, al, [-n+3/2], z~2) end proc; F2 := proc (n, a, z)
options operator, arrow; hypergeom([2*a, -n+1], [-2*n+2],
2xz/(1+z2))/(1+z)~(2*a) end proc; u := proc (n, a, z) options
operator, arrow; 2%z~ (2xa-3+2%n)*sqrt(Pi)*pochhammer(a, n)
*hypergeom([1-a, 3/2-n-al, [3/2], 1/z~2)
*(z~2-1)~(-n+1-2%a) /GAMMA (n-1/2) end proc;
factor(simplify(F1(2, 5/2, z)-F2(2, 5/2, z))); factor(simplify(F1(2,
5/2, Z)—F2(2, 5/23 Z)_u(2’ 5/25 Z)));
O
Here is another curious counter-example. If we take n =2, a = % and z = —% we find
1 31 4
F(z,L—=-)==
2 1(2/ ’ 2/ 4) 9/
1 -1
—2h(1,-1,-2,——=) =0
D i
4
and forz = —,u, ) = ~5

3. Relations between These Hypergeometric Series

In order to use all the results of [7], we need to find some relations involving the first
sum ,F;(a,a+ %; —n+ %;zz) and the second sum m 2Fi(2a,—n+1;-2n+2; iz,;)

3.1. Relations Involving the First Sum

In the following lemma, we give three relations involving »Fy(a,a + %; —n + 3;22).

Lemma 1. For any positive integer n and for any a € R we have the following results

3, 2a(2a+1)z
) - -2

4 F(aa+1—n+fz
dz\ 21Ty (2n —3)

X 2F(a+1,a+ §;—n+ §;Zz), (14)

2 2

1 . 3. 2y _ I 3.2
2F1(11+ 2,ﬂ+1, n+§,z ) = 2F1(ll,(1+ 5 71+2,Z )
(2a+1)2? 3 5 ,
VI )2 R(a+la+2—n+2; 1
21-3) 2Fi(a+ A T ), (15)
L 3.2y _ 1.3 >
2F](ﬂ,ﬂ+ 2/ (n+1)+212 ) - 2F1(ﬂ,ﬂ+ 21 n+2lz )
(2a)(2a +1)z2 3 5 5
F 1, —; — —;2Z7). 16
2D —3) 2hlatlatgi—nt 52 (16)
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Proof. The proof of (14) is a direct consequence of the following formula [6], 15.5.1, [3-5]

ddz<2F1({1,b}C}Z)> = ?21:1({14—1,1?4-1}(34—1;2).

Second, let us prove (15).

3 2a+1 , 3 5

1
2P1(ﬂ,a+§} —1’l‘|'§}22) o 3Z 2F1((1+1,a+§} —1’l‘|'§}22)
Z kZ Zk 2a41 Z (a4 1)i(a+ %)k z2k+2
k>0 + K 2m-3 50 (—n+3k k!

_Z ) 2k Z a+% (a+1)k71(a+%)k71 2%
k>0 ”+ 3k K k>1 —n+3 (=n+ 3k (k—1)!

using (z)x = z(z + 1)x_1 we get

1 3.2 211+1 2 . 1 5
2F1(a,u+2, n+2,z) T 2Fi(a+ a—|—1, n+2,z)
2% k(a+1);_1(a+ )kZZk
- Z k' +Z 3 F
k>0 ”+ ) >1 (— +2)k :
( +l)k 7%
k>1 2 k

using (z)x +k(z+1)g_1 = (z+ 1), we get

1 3 2a+1 1 1
zFl(a,a+§;fn+§;z2) > 322 zFl(a+§,a+1;fn+§;z2)
a+1 72k
=14+ Z 7)F
k>1 ( n+ 3k
a+5) 2% 1 3
= Z MZ—' = zFl(u—i-f,a—i-l,‘—n—i-f;zz).
k>0 n+3) k! 2 =

Let us prove (16). It is easy to see that

3 1 3
—(n+1)+ 5;22) — oF(a,a+ Z;—n+=;2%)

1
P ’ n’
2 1(Ll a—+ > >

>
= (éi”z(f;l(;rnl)_z; 2F((a+1),(a+1)+ %; —(n—1)+ ;Zz)'

In fact

1. 3. 2 1. 3. 2
2P1(01ﬂ+§, (n+1)—|—2,z) 2F1(a,a+2, n+2,z)

(a)r(a+ %)kzz"( 1 B 1 )
=~ k! (—n+3)k  (—n+3)k

(a+ %)z 1 1
g —n+ 3 )k 1k'<—n+%_—n+k+§>
a)k(a—l—%)ksz 1
(=4 3k =D! (=n+3)(-n+k+3)
a+ 1 q(a+3) 1z
(=n+3)(=n+ (k=1

|
g

»
,_\

~
v

a(a

+

)

N—=

(—n

-
%
—_

(17)
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O
3.2. Relations Involving the Second Sum

In the following lemma we give three relations 1nV01V1ng e )211 - 2F <2a +1,-n+
242 ).

Lemma 2. For any positive integer n and for any a € R we have the following results

d 1 +2z
— | ——5 25 (2 -2 2;
dz((l:l:z)z‘l21( 4—ntli—2n+ 1+z )>
2a(2a+1)z 1 +2z
= — (21,173) (lj:z)2”+2 2Fl<2a+2,—7’l+2,—2n+4,1j:z>, (18)
1 +2z
———F(2a+1,— 1, -2 2;
(1+z)2+ 2 1( ot Lol en 1:tz>
1 +2z
(1i 2 21—"1(211,—11—1-1 —2n+2; 11z ) (19)
2a+1 z? +2z
_2n—3(1iz)2ﬂ+2 2F1(2a+2 —n+2;,-2n+4; 11, )
1 +2z
(:[iz)za2F1(2a,_(n+1)+11_2(n+1)+2,1j:2)
1 +2z
(1i % 21—"1(211 —n+1,-2n+2; 1iz> (20)
(2a)(2a+1) z2

+2
212 2h <2(‘1 +1),-(n—1)+1,-2(n-1)+2; Z)‘

(2a—1)(2n—3) (1 +z) 1+z

"no,on

Proof. First, let us prove (18) and let us prove it for the "+"sign,

d 1 2z

dz\ (1+z 1+z

2a 2z

= ——| 2 F(2 1,— 2, -2 ; ——
(1+Z>2H2<2 12041, —n+2; n+3,1+z)>

2z
— 1)-,F | 2a, — 1, -2 2, ——) |,
(z4+1), 1(&1, n—+ n—+ 1+Z)>

To prove (19) we begin by considering the following change of variable for the + sign

1= 1)
y z+1
whereas for the — sign we assume
1 -2z
y —z+1
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For the + sign, we should prove that

1 (2a41) 1
oFi(2a,—n+1;,-2n+2,-) — —— 5o F(2a4+2,—n+2;,-2n+4;-)
y'  42n-3)y? ( y
2y —1 1
—(yzy) JF(20+1,—n+1; —2n—|—2;?) —0. 22)

Let us prove (22). The LHS of (22) gives

1 (2a+1)

1
oFi(2a,—n+1,-2n+2; g) - 5 2Fi(2a+2,-n+2,-2n+4; g)

4(2n —3)y

1 1 1
- 2F1(2a+1,—n+1;—2n+2;?) + 2 oF1(2a+1,—n+1; —2n+2;g).

Using the following relation
1 1
2P (2a,—n+1;,-2n+2; y) —F(2a+4+1,-n+1,-2n+2; y)
1 1
=——oF2a+1,-n+2,-2n+3;,-)
2y y

the LHS of (22) becomes

(2a+1)

1
LT R(a42,nt 22044
4(2n — 3)y? y)

1 1 1 1
+—oF(2a+1,-—n+1;,-2n+2,-)— —2F(2a+1,—n+2,-2n+3;-).
2y y© o2 y
Using the following relation

1 1 1 1
—oF(2a+1,-n+1;,-2n+2,-)— —F(a+1,-n+2,-2n+3;-)
2y vy 2y y

(2a+1)

1
= — = 7F(2 2,— 2, —2 4; —
4(21’1*3)y22 1(a+ n—+ n+ ]/)

the LHS vanishes. [
(@) (a)

Lemma 3. In the following lemma, we give these relations involving u, ' and vy, .

@ _ (@, (a)2a+1)z% (1)

fet =M o e —3) @)
as well as 5

W@ _ e (20)2a+1)z" i) (24)

nl T 2n—1)(2n—3) "1

Proof. The proof of (23) is a direct consequence of the combination of (8) with (16) and (20),
whereas the proof of (24) is a direct consequence of the combination of (12) with (16) and
(20). O

3.3. Relations between New Added Terms

Using this lemma, (2) and results given in [7] we give the following result

Theorem 2. For any a € R we have the following results

1 2a+1
vff*z) _ u,(f) _ 22t322”nﬂjll)
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as well as
L3 @) 2a+1 2,(at1)
n n _3 n 1 -
Proof. Using (19) and (2) we have
1 1 2a+1
2F (a+ E,a—kl;—n—i— g;zz) = oF(a,a+ E;—n—k %;zz) zzt?’zz oFi(a+1,a+ %;—n—k g;zz)
and
1 +2z 1 +2z
W2Fl(2a+l,—n+1,—2n+2,1iz)— (]j:z)Zﬂ 2Fl(2a,_ 1 21’l—|—2 ]_i )

2a+1 , 1 +2z

- Fi(2a+2,— 2; =2 4;
m—3° Gapm2 22 —nt B2+,
Using results of [7] we have
1 3 1 +2z
2F1(a+§,a+1,—0+§,z) (1i ) 2F1(2 —041,-0+2; 112 )
1 3 1 +2z (a)
F = 1, -1+ =; Fi(2a,-1+1;,-2+2;
2 ](ﬂ+2,ﬂ+ ’ +2/Z) (1:|: ) 2 1( a, + + 1+2 ) ul 4
and for n > 2 we have
1 3 1 +2z (a)
F - 1; — — Fi(2a, +1;,-2 2; .
21(ﬂ+2,€l+ ; n+2,z) (D 2Fi( ;—2n + ’1iz)+u”

If we combine all these quantities together we obtain

+1 2041 1
vflﬂ 2) = ufla) ~ 5, Bzzunﬂjl ).

O
(a)

In the following proposition, we give the simplified expression of v;,

Lemma 4.

@) _ Vr(a+ 1), g2+ zzFl(f—a—n—a—f—l,z,Zz)
o= .

I'(n— %)(22 —1)nt20-1 (25)

Proof. We have just proved that

1 2a+1
0D _ @ ((2’1 ’ 3; Zzuiajll)'

Using (7) we get
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@) 2/7(a)z?" 23 5 F (1 —a,% —n—a; %,le)
" T(n—1)(z2 — 1)n+2e-1
(2a+1) 22V7(a+ 1), 123 0 (—a,3 —n—a;3; %)
(2n —3) T(n—3)(z2— 1)1+
_ 2\/%(11)7122’14»2!173 (22 _ 1) F (1 —a % —n— aél) _
T T(n— 12 -1yt 21 2 22
(a+1)z? 3 31
Ay onoagi)
_2ym(a)y?rrS 3 3.1 ) 3 3.1
T T b ppe \= 2l mag mnmagig) maah(ta g T e ) -
3 31, 22 3 31
2P1(1ﬂ/2”ﬂ12122)2112131(01/2””/21220
27 (a),z2?" 203 (204 2n—3 5 51 3 31
= Fl—-as-—n—a5 =) 2h(l—a5-—n—a5 -
T(n—1)(z2 - 1)nt2e 5 2hll-ag—n—azim)—2h(l-as—n=—a33)
z? 31
_% 2F1(_ﬂ,2 —n—ﬂ,2,22)>
 2VA(@)n2 3 2(nta) F(1-a 7717&1?1)75 (-, - —aé'l)
T(n—%)(z2—1)"+2ﬂ 3 241 ’ ,2,22 2&2 1 r2 12122
VA@uZHH( da(nta) (1 §—n—a'§-l)— Fi(—a 3 —aé-l)
ﬂr(f’l—%)(zz_l)ru,za 322 241 /2 ,2/ Zz 21 /2 /2/ ZZ
B \/E(a—i—l)n,lzz"“”*l F (_a l—n—a'l'l) _v(a+%)
— r(n_%)(zz_l)n+2u 251 /2 /2/ 2 — ¥n
where ) . .
v(u> . _\/E(a'f' j)n7122n+2[l72 ZFl(j —a,—n —a-—+ 1, 2,27)
" T(n—1)(z2 —1)n+2e-1 :
O
Notation 1. In the sequel, we denote by
1
(FU)«E;Z) = oF(a,a+ E;—n+ %;zz) +v,(f), a€el
and
(@) _ Lo 3.2, ,0 - S
(Fu)n - 2F1(ﬂ,ﬂ+2, n+2,Z)+Mn ,ﬂe{ 7 2/ 2/ 2/2/2/2/ }
Consequence 1. For any a € Z we have the following result
3
(Fo) = ,F (a0 + 5t i;zz) +o =0
Foranya € {--- ,—%,—%, —%, %, %, %,~ -+ } we have the following result

(Fu)}(l’l) = oF(a,a+ %; —n4+ g;ZZ) + ”;(1u) —0.
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Proof. Let us begin by proving that (Fv),(f) =0, a € Zand n € NU{0}. Let us compute
first (Fv)(()”) and (Fv)ga):

1

(a) _
)+ = 2z(—1+ 2a)

1
(FU)(()a) = ZFl(a/a‘i‘i; g/ (_(1+Z)1*2ﬂ+(1_z)172a)
1

+M(Zz 1) ((z-1)A+2)*4+(1+2)(1-2)*) =0

because 24 — 1 is an odd integer (among the conditions of the convergence of the series we
should add z ¢ {—1,0,1}).

The same calculations lead to

(Pv)g ) — 2Fi(a, a—i—1 L ;22) ol =

Pl = S(1+2) 4 (1-2)7 )

I\J\P—‘

(4224 (—1+2)*
2

(1+2)(-142)) =0

because 24 is an even integer.
Using (24) and (16) we easily get foralln € Nanda € Z

(2a)(2a +1)z2
(2n—1)(2n —3)

(Fo)\). = (Fo)@ +

= (Fo) 1D, (26)

With n = 1in (26) we get

(Fv)ga) = (Pv)ga) + (2a)(2a + 1)22(1-"0)(()”1)
which, taking into account (PZ))(()H) =0and (Fv)gﬂ) =0, gives (Fv)gﬂ) = 0. Similarly with
n = 2in (26) we get

2a)(2a +1)z2

(o) = (Fo)?) + BTS2 oy

which gives (Fv)ga) = 0. Then, by recurrence, it is easy to prove that (Fv)gl”) =0, neN.
The same steps lead to the proof of (Fv),(f) =0. O

Remark 1. The explanation of the consequence is as follows: for some values ofa € {- - -, — %, -2,
—%, -1, - 1 ,0, %, 1, %,2, g,- - } and for some values of n € NU {0} we have arrived to write a
new identzty between a well-defined series with infinitely many terms and a well-defined series with

finitely many terms as follows

o fora e NU{0}and n € N\{1} the series 2Fy(a,a+ %; —n + 3;2%) is well defined with in-
ZZn—2+2n\/E(ﬂ+ )n 12F1(77111 n— a2 2)( 2 1) —n+1-2a

finitely many terms is equal to the series Ty
—2

which is well-defined with finitely many terms.

e Fora€ Z \{0}andn € NU{0} the series oFi(a,a+ L; —n + 3;2%) is well defined with
Zza_2+2”ﬁ(”+%)n—l 21:1(%—61,1—11 “r%/ )( 1) —ntl-2a .
r(n-1) N

well deﬁned with finitely many terms provided that 1 —a < n.
e Forac{3%, - }andn € NU{O} the series 2Fi(a,a+ %;—n + 3;22) is well defined
2/7t(a), z2n+2a— 321:1 a, n— a3 .
\/7( ) r(n,i)(zz (1)n+225 1 = 2) which
is well-defined with finitely many terms. Fora € {---,—3,—3,—1}and n € NU {0}
the series oFi(a,a+ % ;—n+ % ;22) is well defined with inﬁmtely many terms whereas the

finitely many terms whereas the series

with infinitely many terms is equal to the series
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2v/7(a)n2? 23 5 F (1-a,3 —n—0;3; %)
T(n—1)(z2—1)n+20-1
that 3 —a < n.

series

is well defined with finitely many terms provided

One can use the following Maple instructions

restart; F1 := proc (n, a, z) options operator, arrow;
hypergeom([a+1/2, al, [-n+3/2], z~2) end proc; F2 := proc (n, a, z)
options operator, arrow; hypergeom([2*a, -n+1], [-2*n+2],
2xz/(1+z)) /(1+z) ~(2*a) end proc; u := proc (n, a, z) options
operator, arrow; 2%z~ (2xa-3+2%n)*sqrt(Pi)*pochhammer(a, n)
xhypergeom([1-a, 3/2-n-a], [3/2], 1/z"2)
*(z~2-1)~(-n+1-2%a) /GAMMA (n-1/2) end proc;

v := proc (n, a, z) options operator, arrow;

-z~ (2%a-2+2*n) *sqrt (Pi) *pochhammer (a+1/2, n-1)

*hypergeom([1/2-a, 1-n-al, [1/2], 1/z"2)
*(z~2-1)~(-n+1-2%a) /GAMMA (n-1/2) end proc;

factor(simplify(F1(2, -5, z)-F2(2, -5, z)-u(2, -5, z)));

0

factor(simplify(F1(2, -5/2, z)-F2(2, -5/2, z)-v(2, -5/2, 2)));

0

factor(simplify(F1(n, a+1/2, z)-Fi(n, a, z)+ (2*atl1)*z~2*F1(n-1,
a+l, z)/(2%*n-3)));

0

factor(simplify(F2(n, a+1/2, z)-F2(n, a, z)+ (2*a+1)*z"2*F2(n-1,
a+l, z)/(2*n-3)));

0

factor(simplify(u(n, a+1/2, z)-v(n, a, z) +(2*at+l)*z"2*v(n-1, a+l,
z)/(2*n-3)));

0

factor(simplify(v(n, a+1/2, z)-u(n, a, z) +(2*xat+tl)*z"2*u(n-1, at+i,
z)/(2*n-3)));

0

4. Open Problem

By the same technique, we are working on other well-known quadratic transforma-
tions available in the literature. The work is under investigation and will form a part of the
subsequent paper in this direction.
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