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1. Introduction

In the hypotheses of the Banach contraction principle (abbreviated as: BCP), underly-
ing mapping remains a class of continuous mapping, which is known as ‘contraction’. In
recent years, various types of functions have been introduced to generalize the contraction
condition such as control functions, comparison functions, (c)-comparison functions, alter-
ing distance functions, shifting distance function, Geraghty functions, simulation functions,
etc. On the other hand, Alam and Imdad [1] established a novel generalization of BCP,
where the metric space was equipped with a relation, and the involved mapping preserved
this relation. The result of Alam and Imdad [1] was further extended and improved by
various authors, e.g., ([2-19]). Indeed the relation-theoretic contraction condition remains
weaker as compared to the Banach contraction, as this holds for only those elements which
are related with respect to the given relation.

Following Khan et al. [20], a function 6 : [0,00) — [0, ) is called an altering distance
function if
(i) 6(s) =0ifand onlyifs =0,

(ii) 0 is increasing and continuous.

Employing the idea of an altering distance function, Khan et al. [20] obtained a

generalization of the BCP, which runs as follows:

Theorem 1 ([20]). Let (D, o) be a metric space and H : D — D a function. If 3 an altering
distance function 6 and a constant ¢ € [0,1) satisfying

0(c(Hg, Hs)) < cb(c(q,s)), Vq,s €D, 1)
then H has a unique fixed point.

Under the restriction 6 = I, with the identity map on [0, o), Theorem 1 reduces to the
BCP. Berzig [21] generalized the concept of an altering distance function by introducing the
idea of a pair (6, 77) of shifting distance functions and utilized the same to extend Theorem 1,
wherein the authors replaced the function c.0 (in the right hand side of (1)) with another

appropriate mapping 7.
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The intent of this manuscript is to establish the results of the existence and uniqueness
of fixed points under a contractivity condition employing a pair of shifting distance func-
tions in the setting of relational metric space. In proving our results, we employ a locally
‘H-transitive binary relation. To demonstrate our main results, some illustrative examples
are also provided. As an application of our results, we present a result on the existence and
uniqueness of a certain boundary value problem (abbreviated as, B.V.P).

As mentioned earlier, a relatively weaker contraction condition is utilized compared
with those in the recent literature. Owing to the restrictive nature, the results proved
herein and similar results in future works can be applied in fields of matrix equations,
Fredholm integral equations, nonlinear elliptic problems, fractional differential equations,
and delayed hematopoiesis models in addition to the B.V.P.

2. Preliminaries

Throughout this article, N, Ny, and R will denote the set of: natural numbers, whole
numbers, and real numbers, respectively. By a relation (or more precisely, a binary relation)
I' on a set D, we mean any subset of D2. In what follows, D is a set, ¢ is a metric on D, T is
arelationon D, and H : D — D is a map.

Definition 1 ([1]). Two elements q,s € D are said to be [-comparative, denoted by [q,s] € T, if
(q,8) €Tor(s,q) eT.

Definition 2 ([22]). T~! := {(g,5) € D?: (s,q) € T} is referred to as the transpose of T.
Definition 3 ([22]). By the symmetric closure of T, one means the relation T® := TUT L,
Proposition 1 ([1]). (g,5) € I* <= [g,s] € T.
Definition 4 ([22]). A relation on C C D defined by
T|c:=TNC?
is called restriction of T on C.
Definition 5 ([1]). T is referred to as H-closed, if it satisfies
(Hg,Hs) €T,
for each pair q,s € D verifying (q,s) € T.
Proposition 2 ([5]). I is H"-closed provided T remains H-closed.

Definition 6 ([1]). A sequence {q,} C D verifying (qn,gn+1) € T ¥V n € Ny is said to be
I'-preserving.

Definition 7 ([2]). If each T-preserving Cauchy sequence in the metric space (D,c) remains
convergent, then one can state that (D, o) is T-complete.

Definition 8 ([2]). H is called T-continuous at q € D if it satisfies
H(qn) = H(q)

for any T-preserving sequence {q, } C D verifying g, — q. Further, by a T-continuous function,
we mean I'-continuous at all points of D.

Definition 9 ([1]). T is o-self-closed, if each T-preserving convergent sequence in (D, o) admits a
subsequence whose terms are I'-comparative with the convergence limit.
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Definition 10 ([23]). Given q,s € D, a finite sequence {po, p1,-..,p1} C D is called a path of
length | € N in T from q to s if the following hold:

(i) po=gqandp; =s,
(i) (pipis1) €T, 0<i<I-1

Definition 11 ([5]). A subset C C D is said to be a I'-connected set, if 3 a path between each pair
of elements of C.

Definition 12 ([24]). Given k € Ng, k > 2, T is termed k-transitive, if for any qo,q1, ..., qx € D
satisfying (q;—1,q;) € T, for 1 < j <k, one has

(q0,9x) € T.

Definition 13 ([25,26]). T is said to be a finitely transitive relation if it is k-transitive, for some
k> 2.

Definition 14 ([10]). I is termed as locally finitely H-transitive, if for each enumerable subset
C C H(D), there exists k = k(C) > 2, such that T'|¢ remains k-transitive.

The following notations are utilized in the upcoming text.
e  F(H):=the set of all fixed points of H,

D(H,T):={qe€D:(q,Hq) €T}

The following result investigated by Alam and Imdad [1] is known as the relation-
theoretic contraction principle.

Theorem 2 ([1,2,19]). Assume that (D,0) is a metric space, and T is a relation on D, while
‘H : D — D is a function. Moreover,

(i) (D,o) is I-complete,

(i) D(H,T) is nonempty,

(iii) T is H-closed,

(iv) H is I'-continuous or I is o-self-closed,

(v) thereexists ¢ € [0,1) verifying

o(Hq, Hs) <co(q,s), ¥Vq,s € Dwith (q,s) € T.

Then, H admits a fixed point. Moreover, if H(D) is I°-connected, then H admits a unique
fixed point.

Finally, we indicate the following two known results, which are desirable to prove our
main results.

Lemma 1 ([27]). Let {qn} be a sequence in a metric space (D, ). If {qn} is not Cauchy, then
there exists an € > 0 and two subsequences {qn, } and {qm, } of {qn} verifying

i a<my<n,VaeN,

(11) O-(qma’ qnzx) Z &
(i) o(Gmy,qs,) <& Vsa € {ma+1,my+2,..., 00 —2,1, —1}.

Further, 1fnlgn 0(qn, gns+1) = 0, then

‘xli_rgo O (Grmgr Qn,ﬁ-s) =¢, Vs €Ny

Lemma 2 ([25]). Let I be a relation on a set D and {q, } C D be an T'-preserving sequence. If T is
k-transitive on C = {gq, : n € Ny}, then

(qn, Qn+l+s(k71)) €rl, Vn,s €N
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3. Main Results

Let 6,7 : [0,00) — [0,00) be two functions. Following Berzig [21], one says that the
pair (6,7) forms a pair of shifting distance functions, if they enjoy the following properties:

(i) forw,z € [0,00) withf(w) < 7(z) = w < z.
(i) for {wy}, {zn} C [0,00) with 0(w,) < 5(z,), Vn € N, and li_r)n Wy = lgn Zp =1 —
n [ee] n [e’e]
[ =0.

Proposition 3. Suppose that (D, o) is a metric space, T is a relation on D, while H : D — Disa
function. If (6, 1) are shifting distance functions, then the following are equivalent:

@ 6(c(Hq, Hs)) <n(o(q,s)), Vgq,s€Duwith(qgs)eT,
(I) 6(c(Hg, Hs)) <n(c(g,s)), Vgq,s € Dwithlq,s] €T.

Proof. If (II) holds, then so does (1) trivially. Conversely, we assume that (I) holds. We take
q,s € D with [g,s] € T. In the case where (g,s) € I, (I) implies (II). Otherwise, in the case
where (s,q) € I', due to the symmetric property of o and (I), we obtain

0(c(Hq, Hs)) = 6(c(Hs, Hq)) < n(o(s,q)) = n(o(q,5)).

This verifies that (I)=(1I). O

Theorem 3. Suppose that (D, o) is a metric space, and T is a relation on D, while H : D — D is
a function. Moreover,

(i) (D,o) is I-complete,

(i) D(H,T) is nonempty,

(iii) T is H-closed and locally finitely H-transitive,

(iv) H is T-continuous or I is o-self-closed,

(v) there exist shifting distance functions (6, 1) verifying

0(c(Hq, Hs)) < n(o(q,s)), Vq,s € Dwith(q,s) €T.
Then, H admits a fixed point.

Proof. By hypothesis (ii), if g0 € D(H,T), then we have (g9, Hq0) € T. We construct a
sequence {q, } C D verifying

n = H"(q0) = H(gn-1), VneN. 2
By assumption (iii) and Proposition 2, we obtain
(H"q0, 1" 1 q0) €T.
Using (2), the above becomes

(@n,qny1) €T V€N, 3)

so that {g,, } is I-preserving.

If there exists 1y € Ny satisfying c(qu,, qn,+1) = 0, then using (2), we find that g, is a
fixed point of . Otherwise, in the case where 0y, := 0(qn, gn+1) > 0, V n € Ny, one uses
hypothesis (v) to obtain

0(c(qn+1,9n+2)) = 0(c(Han, Hau11)) < 1(0(qn, Gn+1))

so that
0(ons1) <n(ow), n €N
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By property (i) of the shifting distance functions, {c,,} C [0, ) is a decreasing sequence.
Therefore, 3§ > 0 satisfying V}E;Iolo 0y = 0. Further, by property (ii) of the shifting distance

functions, one obtains § = 0, i.e.,

nlgrolo On = nlgrolo U(‘]n/ anrl) =0. 4)

Employing the contradiction method, we show that {g,} is a Cauchy sequence. If {g, }
is not Cauchy, then Lemma 1 ensures the existence of ¢ > 0 and two subsequences {4y, }
and {qm, } of {qn} verifying « < my < ny, 0(Gm,, qn,) > € and 0 (gm,,qs,) < € wherein
Su € {my +1,my +2,...,1n, —2,n, — 1}. Moreover, by (4), one obtains

im o(qm,, Gn.+s) =€ Vs € No. ()

n—oo

Since {q,} C H(D), the range C = {q, : n € Ny} is an enumerable subset of H(D);
therefore, the locally finitely H-transitivity of I" ensures the existence of a natural number
k =k(C) > 2, for which I'|¢ is k-transitive.

Now, m, < nq and k — 1 > 0; therefore, by the division algorithm, one obtains

ny —my = (k—1)(pa — 1) + (k — 172)
e —1>0,0<k—n, <k—-1

— Ny + 10 =my+1+ (k—1)py
e > 1,1 <y, <k

Here, y, and 7, are suitable numbers so that 1 < #, < k. Thus, we are able to choose
subsequences {qy, } and {gm, } of {g, }(satisfying (5)); so, 7, is a constant 7. One has

My =ng+n=my+1+ (k—1)pq. (6)

Using (5) and (6), one obtains

0}5{}0‘7(‘7%/4%) = agrgoa(qma/qnqur]) =& 7)
Using the triangular inequality, we have
U(qma-i-lf qm,@+1) < U(qma"!‘l’ qma) + U(qmw I, ) + U(Qm’al Qm{ﬁl) (8)
and
(s G,) < O @mer Gnt1) + OG0 Q1) + G0, D)
or

(Gmer Gmt,) — O @mas G +1) = (@41, 9m) < (@1, Tty 1)- 9

Letting &« — oo in (8) and (9) and using (4) and (7), we obtain

Jim o (G, +1, G 41) = & (10)

Due to the availability of (6) and Lemma 2, we obtain ¢(gm,, 4, ) € T Further, by assump-
tion (v), one obtains

00 (g1, At 41)) = O (Hame, Ha ) < 1(0( Gy Gnt,))-

Using property (ii) of the shifting distance functions for {was = 0 (qm,, Gu )}, {Za =
0 (Gmy+1,9m;+1) and I = ¢, one finds that e = 0, which is a contradiction. Thus, {qx} is

Cauchy; hence, the T-completeness of D provides the existence of r € D verifying g, — .
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Finally by (iv), one can verify that q is a fixed point of H. Firstly, we assume that H is
I'-continuous; then, we have

H(qn) 5 H(q),

which by using (2), reduces to g,41 — g implying thereby H(q) = g. Otherwise, we
suppose that T is o-self-closed. As {g,} is a [-preserving sequence satisfying g, — g, by
the o-self-closedness of T, there exists a subsequence of {g,, } of {g,} satisfying [q,,,9] € T,
V k € Ny. Making use of assumption (v), we obtain

0(0(qn,+1,Mq)) = 0(c(Han,, Hq)) < 1(0(qn,,q))

which, using axiom (i) of the shifting distance functions, gives rise to
o (@ne+1,Hq) < 0(qn,q), ¥k € No. (1)

Due to the fact that gq;,, 7 gand by the continuity of ¢, one obtains o' (gy,,q) — 0as k — co.
Letting k — oo in (11), one has

0(qn+1,Hq) — 0ask — oo;

SO,
an+1 — H(Q)

Using the uniqueness of the convergence limit, we obtain H(g) =¢. O

Now, the corresponding uniqueness result is presented.

Theorem 4. Along with the hypothesis of Theorem 3, if H (D) is I'S-connected, then H admits a
unique fixed point.

Proof. By Theorem 3, there exists at least one fixed point of . If 4 and s remain two fixed
points of H, then
H"(q) = qand H"(s) =sVn € Ny.

Clearly q,5 € H(D). By the I'*-connectedness of H (D), there exists a path {po, p1, p2, ..., p1 }
between g to s; so,

po=gq,pr=sand [p;, pis1] €T, Vi=0,1,...,1 - 1. (12)

AsT is H-closed, we have

[(H"pi, H"piz1] €T, VneNpandVi=0,1,...,1 -1 (13)
We denote
o= o(H"p, H"pir1) VYneNgandVi=0,1,...,1—1.
We show that
nh_r)r(}oén = 0. (14)

For each fixed 7, two cases arise. Firstly, one can assume that
8, = o(H™p;, H"pjiq) = 0, for some ny € Ny,

which implies that H" (p;) = #" (p;1). Using (2), one obtains H"0* (p;) = H™ 1 (p;11);
50, 0, 1 = 0. Thus, by induction, one finds J;, = 0V n > no, implying thereby nlgr;lo 6, = 0.
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Secondly, one may assume that 5t >0,VneN. Using (13) along with assumption (v),
we obtain

0(6,1) = 0(c(H" ' pi, H"  pis1))

H(H"pi), H(H"pit1)))
H'pi, H"piv1))

84);

IN
=
/q\/\

so,

0(dh1) < n(5,)-
Applying the property (i) of shifting distance functions, the above inequality yields

lim &, = 0.

n—o0
Hence, in both the cases, (14) has been proved. By the triangle inequality, one obtains
o(q,s) = o(H"po, H"px)
< 4oL+ ok
— 0asn — oo;
50, = s. Thus, H admits a unique fixed point. [

Under the universal relation (i.e., I = Dz), Theorem 4 deduces to the following fixed
point result.

Corollary 1. Assume that (D, o) is a complete metric space and H : D — D is a mapping. If
there exists a pair (8, 1) of shifting distance functions verifying

0(c(Hg, Hs)) < n(o(q,5)), Vq,s €D,
then H admits a unique fixed point.

4. Ilustrative Examples

To demonstrate the earlier results, let us consider the following examples.

Example 1. Consider the set D = [0,1] UN with a metric o defined by

lg—s|, ifg,se0,1]andq #s;
og,5) = {a+s F(@s) € [01]x 01 andg £5;
0, ifg=s.

On D, we define a relation I" by
I ={(q,5) € D*:q>s}.

Notice that (D, o) is isometric to a closed subset A of the space I' of the absolutely summable
sequences, whereas the set A consists of the sequences (q,0,0, - - - ) for q € [0, 1] together with the
sequences with m (m = 2,3, - - - ) in the mth coordinate place and zeros elsewhere. It follows that
the metric space (D, o) is complete; hence, it is also T-complete.

We define the test functions 6,1 : [0,00) — [0, 00) by

1,5 .
0(z) = In(z+35), f0<z<1
In 11—3—1—‘11—2, ifz>1
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and

In %+T , le>l

In(5+3%), if0<z<1
n(z) = ”

Next, we verify that (6,1) are shifting distance functions. We take w,z € [0, 00) with 6(w) <
n(z). If0 <w<1and0 < z <1, then ln(ll—g)—l—%’) < ln(ll—3+%); s0, 1n(1+3z) >0

1+5w
implying thereby w < %z <z Ifw > 1andz > 1, then similar to the previous case, we obtain
w < %z < z. In the case where 0 < w < 1 and z > 1, the conclusion is trivial. For the case
w > 1and 0 < z < 1, the inequality 6(w) < 1(z) does not hold. Hence, in each of the cases,
one has w < z. Again, if {wy}, {zn} C [0, c0) are sequences with 6(wy,) < 1(z,), ¥ n € Nand

lim w, = lim z, = [, then the continuity of the logarithm function gives rise to | = 0. Thus, we
n—oo n—oo

conclude that (6,1) forms a pair of shifting distance functions.
We assume that H : D — D is a map defined by

/6, ifqgel0,1
H(q)—{j rae )
/48, ifg e N.

We take q,s € D with (q,s) € I; then, g > s. Then, the following cases arise:

Case-I: If q € [0, 1], then one has

6
13

5

0(c(Hg, Hs)) =

_|_

o(Hg, Hs)

6

+l| — 3|
137

&l= = &l

I
5

I
—_
o]
7~ N7 N7 N

IN
=
—

Q
—
2

¥2]
N—
N—

Case-II: If g € N — {1}, then for s € [0,1), one has

0(c(Ha, Hs)) — ln<113+163£r(7-[q,7-[s))

1 6
1 6(1 s

< T T

= 1“(13+13<48 6))
1 1 s

< T

= ln<13 T 13)

< pelas) (w5,

Otherwise, when s € N, one obtains

0(c(Ha, Hs)) — 111(113+1630(%q,7{s)>
(3

IN
=
—

S)

—~
R

N

)

—

=

Therefore, H satisfies assumption (v) of Theorem 3. Moreover, H. is I'-continuous while I is locally
finitely H-transitive as well as H-closed. The rest of the conditions of Theorems 3 and 4 are easily
verified. Hence, H possesses a unique fixed point (namely: g = 0).
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Example 2. Consider the set D = [2,4] with Euclidean metric o and a relationT = {(2,2), (2,3),
(3,2),(3,3),(0,4)}. Then, (D, o) is a T-complete metric space. Assume that H : D — D is a map

defined by
2 if2<4g<3
H(q) = -
(@) {3 if3<g <4

Then, T is H-closed. Suppose that {q,} C D is a T-preserving sequence satisfying g, — q
so that (qu,qu+1) € T, for each n € N. Note that (qn, gn+1) ¢ {(2,4)}, implying thereby
(Gn,qn+1) € {(2,2),(2,3),(3,2),(3,3)}, Vn e Ny so, {qn} C {2,3}. As {2,3} is closed, we
have [q,,q] € T. It follows that T is o-self-closed.

We define the test functions 6,1 : [0,00) — [0, 00) by

72

— 2 _
0(z) =2z= and 77(2)—22+1.

Then, (6,1) remains as the pair of shifting distance functions. Moreover, the contractivity condition
(v) of Theorem 3 holds for the pair (6,1). The rest of the assumptions of Theorems 3 and 4 are also
satisfied. Consequently, H possesses a unique fixed point (namely: g = 2).

5. An Application to Boundary Value Problems

In the sequel, C[0, a] denotes the class of all real valued continuous functions on [0, a]
(where a > 0), and C'[0, a] denotes the class of all real valued continuously differentiable
functions on [0, a]. Let us consider the following BVP:

{y/(s) = f(s,u(s)), s€lo,a (15)
1#(0) = p(a)

where f : [0,4] x R — R s a continuous function.

Definition 15 ([28]). We say that o € C'[0,a] is a lower solution of (15), if

{ué(S) < f(s,mo(s)), s €0,a]
10(0) < po(a).

Now, we present the main result of this section.

Theorem 5. In addition to Problem (15), suppose that there exists B, A > 0 verifying

2 (et — 1)
Y A ——— 1
B\ ety (16)
such thatVr,t € Rwithr <t, one has
0< [f(s )+ M| — [f(s,r) + Ar] < By | =3 17)
- ’ - (r—s)2+1
Further, if Problem (15) admits a lower solution, then it has a unique solution.
Proof. Problem (15) can be rewritten as
W(s) 4+ Au(s) = f(s,u(s)) + Au(s), Vse[0,4]
(18)
u(0) = p(a).
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Further, (18) reduces to an integral equation of the form

n(s) = [ L, DIFE @) + M)z, (19)

Herein, L(s, {) is the Green function of the integral equation, defined by

eMat+g—s)

r 5w 0=8<s<a
(s,8) = M)
T 0SS<§§Q

We denote D := C|[0, 4] and define a mapping H : D — D by

()(s) = [ L DFE (@) +An(@)de, s € [0, (20)

Therefore, u € D is a fixed point of H, if and only if 4 € C'[0,4] is a solution of (19) and
hence of (15). On D, we define a metric ¢ and a relation I as follows:

o(p,0) = s?p] lu(s) —d(s), VvudeD (21)
sel0,a
and
T={(1,0) €D xD:pu(s) <8(s), Vs €[0,a} (22)

Now, we verify all the conditions mentioned in Theorems 3 and 4.
(i) As the metric space (D, o) is complete, it is also I'-complete.
(ii) Let pg € C1[0, a] be a lower solution of (15), then we have

Ho(s) + Apo(s) < f(s,mo(s)) + Apo(s), Vs € [0,a].

Multiplying both sides by ¢**, we obtain

(0(5)e")" < [£(s, 1o (s)) +Apo(s)]e™, Vs € [0,a],

which yields

H0(e < po0) + [ [FE (@) +Amo(@lede, ¥selod. @)

Due to 19(0) < pp(a), we obtain

H0(0)e < pro(@)e™® < po(0) + [ [F(E wol@) + Apo(€)]ed;

a e/\é
Ho(0) < [ < [F(E m0(2)) + Ano(@)dz. en

0 eM
Using (23) and (24), we obtain

a 8/\5 s
po©)e™ < [ S @ m(€) + Auo(€)dz + [ MIFE mo(€)) + Amo(€))az
Se)\(‘z""g) a e/\g
= | S U@ mo@) + Apo(@)de + [ i 1@ mo(@) + Amo(@)1dE;

er —1 1



Axioms 2023, 12,478

110f13

S0,

eMa+i—s —s)
pols) < /O & 10l@) + Aol + [ St (2 pol@) + Aol

= E (s,S)f (& mo(S)) + Apo(8)]dS
= (Huo)(s), Vsel0,a]

o

It follows that (p9, Huo) € I'; so, D(H,T') is nonempty.
(iii) Let p, ® € D such that (u, 9) € I'. Using (17), we obtain

f(s,p(s)) +Au(s) < f(s,8(s)) + A8(s), Vs €[0,a]. (25)

Making use of (20) and (25), and owing to L(s,&) > 0,V s,& € [0,a], we obtain

(M) = [ LEDIFEnE) + @)

< /O”c<s,c>[f<¢,l9<<:>>+w<¢>1dc
= (HO)(s), Vsel0a,

which making use of (22) reduces to (Hu, H9) € I'. Therefore, I is H-closed. Moreover, T
is locally finitely H-transitive.

(iv) We take an I'-preserving sequence {1, } C D converging to i € D. Then, for every
s € [0,a], {pn(s)} T p(s) inR. Thus, Vn € Nand V s € [0,a], and we obtain p,(s) < u(s).
Now, by (22), we have (p,, u) € T, V n € N; hence, T is o-self-closed.

(v) Let 4, ¢ € D be two elements such that (y, ¢) € I'. Then using (17), (20), and (21),
we obtain

o HO) = sup [(H)(5) — (HO)(9)| = sup ((HO)(s) = (H0)(5)
< sup [T DU OE) +A00) & u(E) ~Anelae
o [ 8() — n(E)?
= ekt MW 8@ -~ w1

Making use of the Cauchy-Schwarz inequality in the last integral, the above inequality
reduces to

o(Hu, Ho) < s?&)};} [/oa 2d§]1/2 {/ g 12 ’];)]erldér/z_ 26

The first integral in the right hand side of (26) gives rise to

/Ouz(s,g)zdg _ / ,&)2dE + / &)2dE

e2Ma+i— )d a  2A(E-s) p
- /0 (er —1)2 €+/S (er —1)2 4
1 L (p2ha
A1 @D
M1

T 2A(eM—1) @7)

The second integral in the right hand side of (26) provides the following estimate:
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a

"o 180~ @R RO
I GEr e P 2P 18(5) — (o) +1
o(p,9)*

_ 2
= B T (28)

Using (27) and (28), inequality (26) becomes

PN N o o(p,0)? 12
< . .
7HEHT) < si?ﬁ]{m(wl)] Pt

o 2A(eM - 1) p o(u,9)2+1|
50 A 2
PR e o SRS S 0. 72.)
o(Hpu, HO)” < 2A(er —1) p o(u,0)2+1’

or equivalently,
2A(eM — 1) [o(p, 8)* + 1o (Hu, HO)* < (eM +1)p% - a-o(u, 9)°. (29)

Using assumption (17), inequality (29) reduces to

2A(eM —1)

(M = Vet )2 + 1o (Hp, MO < (M 1)

ca-o(u, 19)2,

ie.,

2
U(H]/l, 7—[19)2 S = 0'(]/[, 19)

7(% 1 (30)

We define 6,7 : [0,00) — [0, 0) as follows:

2

2 __z
6(z) =z and q(z)fm.

Then, (6, 17) are shifting distance functions. Therefore, (30) becomes
O(c(Hu, HO) < n(c(u,9))0(z), Vu, o€ D,verifying (u,0) € T.

Thus, the assumptions (i)—(v) of Theorem 3 have been satisfied. Now, we verify the
hypotheses of Theorem 4.

Let y, 0 € D be arbitrary. We denote @ := max{Hu, H8} € D. As (Hpu,®) € T and
(HO, @) € T, {Hu, @, HO} forms a path in I'* between H () and H (). Therefore, H (D) is
I*-connected. Consequently, by Theorem 4, H has a unique fixed point, which is indeed
the unique solution to Problem (15). O

6. Conclusions

We have proved fixed point theorems for a relation-theoretic contraction mapping
using shifting distance functions. As future work, one can extend such results for a pair of
self-mappings by proving coincidence and common fixed point theorems.
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