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Abstract: In industrial production, the exponentially weighted moving average scheme is widely
used to monitor shifts in product quality, especially small-to-moderate shifts. In this paper, we
propose a modified one-sided EWMA scheme for Type I right-censored Weibull lifetime data for
detecting shifts in the scale parameter with the shape parameter fixed. A comparative analysis with
existing cumulative sum and exponentially weighted moving average results from the literature is
provided. The zero-state and steady-state behaviour of the new scheme are considered with regard to
the average run length, the standard deviation of the run length, and other performance measures.
Our simulation shows stronger power in detecting changes in the censored lifetime data using the
modified scheme than that using the traditional exponentially weighted moving average scheme, and
the new scheme is superior to the cumulative sum scheme in most situations. A real-data example
further demonstrates the effectiveness of the proposed method.

Keywords: exponentially weighted moving average; Weibull distribution; censored data;
statistical process monitoring
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1. Introduction

Control charts are widely used as an effective tool in monitoring product quality in
industrial production processes. Control charts can be divided into two categories: memo-
ryless control charts and memory-type control charts. Shewhart-type (memoryless) charts,
introduced originally by Shewhart [1], have advantages in detecting large shifts but are
not sensitive when detecting small shifts. Page [2] and Roberts [3] proposed the cumu-
lative sum (CUSUM) and exponentially weighted moving average (EWMA) procedures,
respectively, which make full use of observed data and apply previous information to test
statistics, so they are sensitive to small shifts.

In the era of rapid development of information technology and industrial production,
high-quality product performance and service are at the core of the sustainable development
of enterprises. For instance, Li et al. [4] compared memory-type control charts for monitoring
Weibull-distributed time between events, Shafae et al. [5] used CUSUM control charts to
monitor Weibull-distributed time-between-event observations, and Chen et al. [6] presented
a product reliability-oriented optimization design of the time-between-events control chart
system. In recent years, more and more researchers have begun to conduct research on
the lifetime and durability of products. For instance, Mukherjee and Marozzi [7] reported
the application of control charts to monitor the response times of call centres. Mukherjee
et al. [8] applied control charts to the lifetime of a product protected by a warranty from the
consumer’s perspective. Product lifetime data are usually restricted by two factors: the data
are non-normal and tend to be skewed, and the observed data are often censored. The Weibull
distribution, which is widely used in reliability modelling, industrial engineering, and survival
studies, was proposed by Weibull [9] to describe material breaking strengths. For instance,
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the Weibull distribution was applied to describe the strength of carbon fibres in Padgett and
Spurrier [10]. Guure and Ibrahim [11] proposed using maximum likelihood and Bayesian
estimation methods to estimate the failure rate of the censored Weibull distribution. The
failure rate of the Weibull distribution is estimated by a combination of the method of the
decreasing function and the Bayesian process in Jiang et al. [12]. Various applications of
the Weibull distribution have been studied by Algarni [13], Aslam et al. [14], Mohamed
et al. [15], and Al Sobhi [16].

In the actual industrial production process, the observed data are often censored due
to time and cost constraints. Scholars have conducted considerable research on the Weibull
distribution with censored data. Jia [17] analysed the reliability of the Weibull distribution
using maximum likelihood, least-squares, E-Bayesian estimation, and hierarchical Bayesian
methods. Steiner and Mackay [18] used the conditional expected value (CEV) to replace
censored observed data and then monitored the change in the scale parameter of censored
data in Steiner and MacKay [19]. The Weibull extension distribution parameters were
estimated under a progressive Type-II censoring scheme with random removal in Almongy
et al. [20] for the study of transformer insulation. For the scale parameter of the Weibull
distribution with Type I censoring, Zhang and Chen [21] designed two one-sided EWMA
CEV charts and Dickinson et al. [22] developed CUSUM control charts. Yu et al. [23]
proposed a Shiryaev–Roberts-type scheme for monitoring the scale parameter of the Weibull
with Type I censored data. Arif and Aslam [24] transformed Weibull data to normal data
and used generally weighted moving average statistics for monitoring. For the shape
parameter of the Weibull distribution, the EWMA control charts proposed by Pascual [25]
and Pascual and Li [26] used unbiased estimation of the shape parameter to establish a
control chart with Type II censored data. Guo and Wang [27] proposed Shewhart-type
control charts using the sample range with Type II censored data.

Because EWMA control charts are simple to operate and easy to understand, they
are widely used in process monitoring, and many researchers are constantly expanding
them. Lucas and Saccucci [28] proposed the Shewhart–EWMA scheme to monitor process
means. Sparks et al. [29] improved the EWMA scheme to monitor unusual increases
in Poisson counts. Ali et al. [30] proposed the Max-EWMA chart to monitor time and
magnitude assuming beta and simplex distributions. Wang et al. [31] used two separate
one-sided EWMA t charts to monitor process means using the variable sampling interval
(VSI). Malela-Majika et al. [32] proposed a single composite Shewhart–EWMA scheme
to monitor the process mean, and Hossain and Riaz [33] designed the V-exponentially
weighted moving average (VEWMA) control chart to monitor Maxwell-distributed quality
characteristics. To this end, to further improve the performance of the EWMA CEV chart
based on the preliminary work of Zhang and Chen [21], inspired by Zhang et al. [34], we
propose a parallel modified one-sided EWMA (MOSE) scheme for the censored Weibull
distribution in Phase II and compare the new chart with existing control charts in terms
of the average run length (ARL) and other indicators. The comparison shows that the
proposed control chart is uniformly superior to the EWMA CEV chart under the zero-state
case. In the steady-state case, the MOSE chart is better than the existing control charts for
monitoring small-to-moderate shifts in the scale parameter when the shape parameter is
constant. So, the MOSE control chart is a good choice for practitioners when monitoring
small shifts.

This paper is organized as follows. In the next section, we briefly review the properties
of the Weibull distribution and EWMA CEV and CUSUM charts. Details about our modified
EWMA procedure to monitor the scale parameter of the Weibull distribution with Type I
censored data are introduced in Section 3. Section 4 introduces the influence of parameters
on the performance of the proposed chart. In Section 5, a comparison with existing methods
is given. An example is illustrated in Section 6. Finally, in the last section, conclusions
are provided.
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2. Related Work

In this section, the mathematical background and properties needed for the design
of the MOSE control charts are provided; then, we briefly introduce the EWMA CEV and
CUSUM charts proposed by Zhang and Chen [21] and Dickinson et al. [22], respectively.

2.1. Distribution Assumptions

In certain applications, it is common for observational data to be incomplete. There
are two types of data censoring: Type I censoring occurs when the process termination time
is preset in advance; Type II censoring occurs when the amount of observation data reaches
a preset quantity. In this article, we study the Weibull distribution with Type I censoring.

Assume that T has a two-parameter Weibull distribution with shape parameter β and
scale parameter η. Write T ∼Weibull(β, η); then, the probability density function (pdf) of
the failure time T is

f (t | β, η) =
β

η

(
t
η

)β−1
exp

[
−
(

t
η

)β
]

, t > 0, η > 0, β > 0, (1)

and the cumulative distribution function (cdf) is

F(t | β, η) = 1− exp

[
−
(

t
η

)β
]

. (2)

The mean and variance of T are

E[T] = ηΓ
(

1 +
1
β

)
,

Var[T] = η2Γ
(

1 +
2
β

)
−
(

ηΓ
(

1 +
1
β

))2
,

respectively, where Γ(·) is the gamma function. In industrial production, more attention
is paid to product quality, that is, product life. Since E[T] = ηΓ

(
1 + 1

β

)
, for fixed β,

monitoring the decreasing mean is equivalent to detecting a shift in η. C and Pc are denoted
as the censoring time and censoring rate, respectively. Their relation can be written as

Pc = P(T ≥ C) = exp

[
−
(

C
η

)β
]

. (3)

The scale parameter η has the same units as T, for example, hours, months, or cycles.
The scale parameter indicates the characteristic life of the product; the shape parameter β
is a unitless number. As Dickinson et al. [22] noted, the scale parameter η determines the
spread of the distribution, and the shape parameter β reflects the specific failure mechanism.
When β = 1, the Weibull distribution reduces to the traditional exponential distribution,
and when β > 3, the Weibull distribution closely resembles the normal distribution. In this
paper, we assume the parameters η and β are known for the Phase II monitoring, or which
can be estimated by by Phase I data.

In applications, the scale parameter η is more likely to change than the shape parameter
β, as β is an inherent parameter and is often fixed. Thus, most existing schemes focus
on monitoring the changes in scale parameter η by assuming β is fixed or equivalently
monitoring the distribution mean. To this end, in this paper, we assume the shape parameter
is fixed, and then propose a control chart for monitoring the Weibull scale parameter η with
Type I censored data.
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2.2. EWMA CEV Chart Proposed by Zhang and Chen [21]

Zhang and Chen [21] proposed the lower-sided EWMA CEV scheme for monitoring a
decrease in η with β fixed, where Type I right-censored observed data are replaced by the CEV
value. Assuming T ∼ Weibull(β, η0), according to Zhang and Chen [21], sample data are
transformed into X = (T/η)β, then X ∼ Exponential(1). Based on Steiner and Mackay [18],
the censored data can be written by in-control (IC) CEV, namely

CEV = E

[(
X | X >

(
C
η

)β
)]

=

(
C
η

)β

+ 1 = − log(Pc) + 1. (4)

Therefore, given a sample of Ti = (ti1, ti2, . . . , tin), the transformed variables can be
replaced as

xij =


( tij

η

)β
, tij ≤ C,

− log(Pc) + 1, tij > C.
(5)

Zhang and Chen [21] proposed the following test statistics:

B−i = min
(
(1− λ)B−i−1 + λX̄i, w0

)
, (6)

where B−0 = w0, and the lower control limit (LCL) os as follows:

LCL = KLw0,

where X̄i =
∑n

j=1 xij
n , λ ∈ (0, 1] is the smoothing parameter; KL ∈ (0, 1) is the control limit

coefficient; and w0 = 1 is a reflecting barrier. Gan [35] proposed the concept of the reflection
barrier to improve the inspection performance of the EWMA scheme. The scheme sends an
alarm when B−i < LCL, where LCL is chosen to achieve a specified IC ARL (ARL0).

Similarly, the upper-sided EWMA CEV chart is defined as

B+
i = max

(
(1− λ)B+

i−1 + λX̄i, w0

)
, (7)

where B+
0 = w0, and the upper control limit (UCL) is defined as

UCL = KUw0.

The scheme sends an alarm if B+
i > UCL, where UCL is chosen to achieve a specified

ARL0.

2.3. CUSUM Chart Proposed by Dickinson et al. [22]

The CUSUM scheme for monitoring the scale parameter η of the Weibull process
with Type I censored data was proposed by Dickinson et al. [22]. For right-censored data
Ti = (ti1, ti2, . . . , tin), Meeker and Escobar [36] applied the following likelihood function:

L(β, η | t) =
n

∏
j=1

f
(
tij | β, η

)δij
[
1− F

(
tij | β, η

)]1−δij , (8)

where δij = 1 if tij is observed data and δij = 0 if tij is censored data. Then, Dickinson
et al. [22] constructed the CUSUM chart based on the above formula and defined the CUSUM
charting statistic:

C−i = max
(

0, C−i−1 + Zi

)
, C−0 = 0, i = 1, 2, . . . ,
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where Zi can be written as

Zi = log
(

L(β, η1 | ti)

L(β, η0 | ti)

)
=

n

∑
j=1

δij log

[
f1(tij)

f0(tij)

]
+

n

∑
j=1

(1− δij) log

[
1− F1(tij)

1− F0(tij)

]
.

(9)

In Equation (9), suppose in the out-of-control (OOC) case, η1 = (1− dP)η0, where the
value of dP is determined according to the actual situation. When dP < 0, it means the
process mean has increased, and 0 < dP < 1 means the process mean has decreased.

According to Dickinson et al. [22], from Equation (9), Zi can be written as

Zi = δiβ log
(

η0

η1

)
−
[(

η0

η1

)β

− 1

]
n

∑
j=1

(
tij

η0
)β

= δiβ log
(

1
1− dP

)
−
[(

1
1− dP

)β

− 1

]
n

∑
j=1

(
tij

η0
)β,

(10)

where δi is the number of actual observed values in the i-th batch
(

i.e., δi = ∑n
j=1 δij

)
.

Equivalently, the chart is based on

D−i = min

(
0, D−i−1 +

n

∑
j=1

(
tij

η0
)β − ki

)
, D−0 = 0, i = 1, 2, . . . ,

where ki =
δi β log(1−dP)

1−(1−dP)
−β . This one-sided CUSUM chart will signal if D−i < h−, where h− is

chosen to achieve a specified ARL0.

3. The Proposed Mose Control Chart

The EWMA chart is effective for detecting small-to-moderate shifts. However, if a
sudden larger outlier observation occurs at point i and results in Q−i > w0, then not all
the information of the previous samples is used in the next point. To some extent, this
will reduce the efficiency of the scheme. Zhang et al. [34] proposed a modified one-sided
EWMA chart, named the MOSE chart, to monitor the process coefficient of variation (CV).
This new scheme applied both current and former samples. The simulation comparisons
showed that the MOSE scheme was more effective than the traditional one-sided EWMA
chart for monitoring the CV. To this end, in this paper, we consider a parallel scheme to
monitor Weibull processes under Type I censoring, namely upward and downward shifts
in product lifetimes.

Recall that Ti = (ti1, ti2, . . . , tin) are random variables of Weibull (β, η); when the
process is IC, T ∼Weibull(β, η0), the downward MOSE chart for each sample i ≥ 1 can be
presented as

R−i = min(w0, U−i ), (11)

where U−i is defined as
U−i = (1− λ)U−i−1 + λX̄i, (12)

where U−0 = w0 = 1; X̄i =
∑n

j=1

(
tij
η

)β

n ; and λ ∈ (0, 1] is a smoothing parameter. The chart
signals when R−i < LCL, where LCL is chosen to achieve a specified ARL0.

Similarly, the upward MOSE chart for each sample i ≥ 1 can be presented as

R+
i = max(w0, U+

i ), (13)
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where U+
i is defined as

U+
i = (1− λ)U+

t−1 + λX̄i, (14)

U+
0 = w0 is the initial value and λ ∈ (0, 1] is the smoothing parameter. The chart

signals when R+
i > UCL, where UCL is chosen to achieve a specified ARL0.

When we compare the performance of control charts, the most famous and commonly
used statistical measure is ARL. For an IC process, ARL0 should be sufficiently large to
minimize false alarms. For an OOC process, OOC ARL(ARL1) should be sufficiently small to
detect all shifts in the process rapidly. A control chart is considered better than its competitors
if it has a smaller ARL1 value for a specific shift in the process parameter(s) when ARL0
is the same for all the charts. In this paper, by means of the R language, we apply Monte
Carlo simulation to calculate the run length properties of the control chart. We consider
β ∈ (0.5, 1, 3, 5), n ∈ (3, 5, 10), and Pc ∈ (0.15, 0.5, 0.7) in this comparison. Without loss of
generality, for consistency with previous papers by Zhang et al. [34] and Dickinson et al. [22],
we set η0 = 1.

For the downward MOSE schemes, the values of the control limits h− can be calculated
via Monte Carlo simulation. In the following, we introduce the control limits and ARL1
calculation method based on 50,000 replications:

Step 1. Initialize the scenario parameters with the desired values, n, Pc, λ, and β = β0, in
the IC process. Select the initial value h−.

Step 2. Generate a random sample Ti from Weibull (β, η0) according to the above parameters.

Step 3. Calculate test statistic R−i by Equations (11) and (12). If R−i ≥ h−, go to Step 2. If
R−i < h−, record the number of samples at which point the first OOC signal occurs
and denote it as RL.

Step 4. Repeat the above steps 50,000 times; the average RL is the ARL0 corresponding
to h−. Then, adjust the value of h− using the bisection search method to make the
corresponding ARL reach the specified value.

If there is a shift in the process, η = (1− d)η0, shift size d ∗ 100% represents the percent
change with η0. ARL1 is used to evaluate the control chart performance and is calculated
as follows:

Step 1. Select parameter values: n, β, λ, Pc, and h;

Step 2. Generate observations from Weibull (β, η) and calculate the plot statistic R−i by
Equations (11) and (12);

Step 3. If R−i < h−, record the RL; otherwise, go to Step 2;

Step 4. After 50,000 iterations of Step 3–4, ARL1 is the average of all RL values.

For the upward MOSE schemes, the values of control limits h+ can be calculated by a
similar algorithm.

4. Simulation Studies

By means of a simulation algorithm, we study and analyse the effect of two types of
data transformation and subsequently investigate the performance of the MOSE control
chart, the impact of λ, and the influence of different shape parameters β, censoring rate Pc,
and sample size n in the MOSE scheme. The sensitivity analysis of parameter estimation is
discussed in this section.

Zero-state ARL (ZS-ARL) and steady-state ARL (SS-ARL) are commonly used to
evaluate control chart performance. Zero-state ARL1 means that the shift occurs at the
starting phase of the process, that is, i = 1. Steady-state ARL1 means the process is initially
IC but shifts to an OOC state at the change point. In the following study, we assume i = 101.
For convenience of comparison, we choose ARL0 = 370 to study the control chart by means
of the above iterative algorithm. Each simulation algorithm iterates 50,000 times.
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4.1. Comparison of Two Types of Data Transformation

For censored data, most of the literature suggests that the data should be changed
to minimize the impact of censoring on the performance of the control chart. Steiner and
Mackay [18] suggested that CEV be used instead of the original data for high censoring rates.
The data transformation defined in Equation (3) is denoted as Type I data transformation.
Another type of data transformation is similar to Equation (5) but replaces 1− log(Pc)

with
(

C
η0

)β
when tij > C, and this kind of data transformation is denoted as Type II

transformation. Next, we compare the charting performance based on these two types of
data transformation.

In this comparison, we choose λ = 0.05, β ∈ (0.5, 1, 3), Pc ∈ (0.15, 0.5, 0.7) for
illustration. By comparing SS-ARL, we can determine the detection performance of the
MOSE control chart under two types of data transformation. From Figure 1, we can see that
when the censoring rate Pc is small, there is no difference in the performance of the new
chart between the two types of data transformation. When the censoring rate Pc is large
(Pc = 0.5, 0.7), the detection performance of the Type I data transformation is significantly
better than that of the Type II data transformation. As Pc increases, the difference becomes
significant. Therefore, the MOSE chart based on Type I data transformation is constructed
in the following comparison.
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Figure 1. SS-ARL values for Type I and Type II data transformation (λ = 0.05).
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4.2. Run Length Performance of the MOSE Control Chart

In this part, the performance of the MOSE scheme is reflected by several indicators
representing run length characteristics. In addition to ARL, the standard deviation of the
run length (SDRL) and the percentiles of the run length distribution, including the 5th,
25th, 50th, 75th, and 95th percentiles, are considered. We take β0 = 0.5, Pc = 0.7 , λ = 0.05
and n = 5 for illustration. In Table 1, we display the attained ARLs, SDRLs, and percentiles
(denoted as Q5, Q25, Q50, Q75, and Q95, respectively). From Table 1, we can observe that all
the values decreased with increasing shift magnitude. Under the same shift, SDRLs are less
than ARLs, indicating that the proposed chart is relatively stable. For small-to-moderate
shifts, the median run length (MRL), i.e., Q50, is smaller than the corresponding ARL. For
example, when d = 0.05, the ARL is 254.14, and Q50 is 175. For large shifts, the MRL is
close to the corresponding ARL. For instance, when d = 0.60, the ARL and Q50 are 15.78
and 14, respectively. We also conduct simulations under other parameter combinations and
obtain similar results.

Table 1. SS-ARL, SDRL, and run length quantile values (β0 = 0.5, Pc = 0.7, n = 5, λ = 0.05).

d ARL SDRL Q5 Q25 Q50 Q75 Q95

- 368.78 363.95 28 110 262 520 1107
0.05 254.14 251.30 15 76 175 347 764
0.10 179.23 173.97 13 57 129 247 529
0.15 129.40 123.77 12 44 94 180 379
0.20 96.33 87.96 10 34 71 132 271
0.25 72.23 63.45 9 29 55 99 199
0.30 56.97 46.79 8 23 43 76 147
0.35 43.48 34.20 7 20 35 57 110
0.40 35.04 26.30 6 17 29 47 86
0.45 28.09 19.80 5 14 24 37 65
0.50 22.93 15.35 5 12 20 30 52
0.55 19.03 11.95 4 11 17 25 42
0.60 15.78 9.20 4 9 14 20 33
0.65 13.03 7.13 4 8 12 17 26
0.70 11.03 5.80 3 7 10 14 22

4.3. The Impact of the Smoothing Parameters λ

Here, the detectability of the MOSE scheme with different smoothing parameters
of λ is assessed. The MOSE chart is a memory-type chart that combines historical data
and current data by means of smoothing parameters. The different choices of smoothing
parameters indicate that the weights of historical data are different from those of the
current data.

We take β0 = 3, n = 5, and Pc = 0.5 for illustration. Using SS-ARL as the evaluation
index, assuming the scale parameter shift d ∈ [0.01, 0.2], the performance of the MOSE
chart under different smoothing parameters λ (λ = 0.05, 0.1, 0.15, 0.2, 0.25, 0.3) is evaluated.
In Table 2, as expected, small values of λ are sensitive to small shifts, while large values
of λ are sensitive to large shifts: the choice of λ is related to the shift size. In practical
applications, we do not know the exact value of the shift, so it is necessary to find the
optimal λ within a shift range. Many indicators can be used to evaluate the performance of
the control chart within a certain shift range, such as the extra quadratic loss (EQL), relative
average run length (RARL), performance comparison index (PCI), and relative mean index
(RMI). These measures are defined in Lu [37] and Han and Tsung [38].

The EQL can be described as the weighted average of ARL over the process shift range
(dmin < d < dmax) using weight d2.

EQL =
1

dmax − dmin

∫ dmax

dmin

d2 ARLdd(d), (15)
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where ARLd is the ARL value for a specific shift d. In Table 2, dmin = 0.01 to dmax = 0.2;
under the same ARL0, a smaller EQL represents stronger detection capability.

The RARL is defined as

RARL =
1

dmax − dmin

∫ dmax

dmin

ARLd
ARLd−benchmark

d(d), (16)

where ARLd and ARLd−benchmark are the ARLs of a specific and the benchmark chart at
d, respectively. Generally, the benchmark chart having the minimum values of EQL is
measured as RARL = 1.

The PCI value is the ratio given by

PCI =
EQL

EQLbenchmark
, (17)

where EQLbenchmark is the lowest EQL of a specific chart.
Han and Tsung [38] proposed the RMI to evaluate performance, defined as

RMI =
1
M

M

∑
τ=1

ARLdτ
− ARLdsτ

ARLdsτ

, (18)

where M is the number of groups in the shift interval. ARLdτ
is the value of ARL1 when

the true shift is dτ , τ = 1, 2, . . . , M, and ARLds is the smallest ARL1 when the actual shift is
d when λ takes different data. In Table 2, M = 9, as we use 9 increments from dmin = 0.01 to
dmax = 0.2.

The corresponding EQL, RARL, PCI, and RMI values are presented in Table 2. Accord-
ing to the corresponding index, the control chart with smoothing parameter λ = 0.05 has
robust overall performance. For example, λ = 0.15 is less effective than λ = 0.05 by 6.13%
in terms of the PCI = 1.0613 in Table 2. The RMI values are 3.56%, 17.23% for λ = 0.05, and
0.15, respectively, and the RMI of λ = 0.05 is much smaller than that of the other charts.

Table 2. SS-ARL values for the MOSE control chart (ARL0 = 370, β0 = 3, Pc = 0.5, n = 5).

d h = 0.891 h = 0.826 h = 0.773 h = 0.7268 h = 0.686 h = 0.648
λ = 0.05 λ = 0.1 λ = 0.15 λ = 0.2 λ = 0.25 λ = 0.3

- 368.54 371.21 369.05 369.69 368.33 371.99
0.01 217.15 236.00 245.42 255.59 265.04 268.52
0.02 138.09 155.80 169.71 179.29 188.93 198.98
0.03 92.57 108.68 121.21 132.24 140.95 153.61
0.04 66.62 76.99 86.67 97.93 105.75 114.10
0.05 50.80 57.70 65.74 74.51 81.43 88.00
0.08 29.05 31.72 34.49 38.77 42.34 47.14
0.10 19.71 19.64 21.37 23.07 25.62 27.75
0.15 11.52 10.42 10.45 10.56 11.24 11.85
0.20 7.86 6.90 6.55 6.49 6.49 6.65

EQL 0.1475 0.1485 0.1566 0.1672 0.1787 0.1914
RARL 1.0000 1.0613 1.1417 1.2321 1.3179 1.4097

PCI 1.0000 1.0068 1.0617 1.1336 1.2115 1.2973
RMI 0.0356 0.0929 0.1723 0.2626 0.3492 0.4422

4.4. The Impact of Different Censoring Rates, Sample Sizes, and Shape Parameters

According to the design procedure of the MOSE chart, the MOSE chart depends on
the sample size n, the censoring rate Pc, and the shape parameter β. For the parameter
combination with sample size n, censoring rate Pc, and shape parameter β, the control limit
h− for the MOSE chart computed to achieve the ARL0 is equal to approximately 370. In
practice, the Weibull distribution parameters can be estimated via maximum likelihood
estimation. The impact of the smoothing parameter λ is analysed in the above section.
Here, we analyse the impact of the other parameters on the performance of the MOSE chart.
We take λ = 0.1 for illustration. The comparison results are presented in Figures 2–4.
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Figure 2 shows the influence of the censoring rate Pc on the control chart detection
performance. We choose n = 5 and λ = 0.1 as examples and compare the effects of
different censoring rates Pc on the ARL under four cases, β = 0.5, 1, 3, 5. From Figure 2,
we can see that as the censoring rate Pc increases, the detectability of the MOSE control
chart decreases continuously. This phenomenon is not difficult to understand. The increase
in the censoring rate represents a loss of data, and a large loss of accurate data leads to a
decline in control chart detectability. Therefore, the relationship between sample size and
cost must be balanced in practical applications.

Figure 3 shows the SS-ARL values for the MOSE scheme with different sample sizes
n = 3, 5 and 10. We take Pc = 0.5, and β = 0.5, 1, 3, 5 in this comparison. An increase in the
sample size of each group improves the detection ability of the control chart. Intuitively, an
increase in the number of samples provides more information for the control chart, so the
control chart can quickly respond to the OOC state.

Figure 4 shows the SS-ARL values for the MOSE scheme with different shape param-
eters β = 0.5, 1, and 3. We take n = 5 and Pc = 0.15, 0.5, and 0.7 in this comparison. From
Figure 4, we can see that as the shape parameter β increases, the detectability of the MOSE
scheme improves.

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

5
1
0

2
0

5
0

1
0
0

d

A
R

L
1

Pc = 0.15

Pc = 0.5

Pc = 0.7

(β = 0.5)

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

5
1
0

2
0

5
0

1
0
0

d

A
R

L
1

Pc = 0.15

Pc = 0.5

Pc = 0.7

(β = 1)

0.0 0.1 0.2 0.3 0.4 0.5

1
2

5
1
0

5
0

2
0
0

d

A
R

L
1

Pc = 0.15

Pc = 0.5

Pc = 0.7

(β = 3)

0.0 0.1 0.2 0.3 0.4 0.5

1
2

5
1
0

5
0

2
0
0

d

A
R

L
1

Pc = 0.15

Pc = 0.5

Pc = 0.7

(β = 5)

Figure 2. SS-ARL values for the MOSE chart with different censoring rates Pc (λ = 0.1, n = 5).



Axioms 2023, 12, 487 11 of 21

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

5
1

0
2

0
5

0
2

0
0

d

A
R

L
1

n = 3

n = 5

n = 10

(β = 0.5)

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

2
5

1
0

5
0

2
0

0

d

A
R

L
1

n = 3

n = 5

n = 10

(β = 1)

0.0 0.1 0.2 0.3 0.4 0.5

1
2

5
1

0
5

0
2

0
0

d

A
R

L
1

n = 3

n = 5

n = 10

(β = 3)

0.0 0.1 0.2 0.3 0.4 0.5

1
2

5
1

0
5

0
2

0
0

d

A
R

L
1

n = 3

n = 5

n = 10

(β = 5)

Figure 3. SS-ARL values for the MOSE chart with different sample sizes n (λ = 0.1, Pc = 0.5).
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Figure 4. SS-ARL values for the MOSE chart with different shape parameters β (λ = 0.1, n = 5).

4.5. Sensitivity Analysis

The control chart described above is established when the Weibull parameters are
known. In practice, parameters are often unknown, so we must estimate them. In this
part, we discuss the influence of parameter estimation deviation on the proposed chart. We
assume the error associated with the parameter estimation is between [−0.1, 0.1]. When
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we choose n = 5, Pc = 0.5, λ = 0.1, and ARL0 = 370 for the downward shifts in η, the
control limit is 0.8605. From Table 3, we can see that the bias of both parameters could have
a considerable impact on the IC performance of the MOSE control chart. For instance, in
Table 3, when β̂ = 1, the estimator η̂ = 0.9, 0.95, 1, 1.05, 1.1, the ARL0 values are 94,14, 177.36,
371.41, 810.52, 1791.66, respectively, and the SS-ARL1 values for detecting the shift of size
0.1 are 32.88, 54.77, 93.26, 164.39, 318.26, respectively, which have considerable differences.
When we choose η̂ = 1, the estimator β̂ = 0.9, 0.95, 1, 1.05, 1.1, the ARL0 values are 158.97,
237.56, 371.41, 590.6, 968.62, respectively, and the SS-ARL1 values for detecting the shift in
size 0.1 are 55.34, 69.19, 93.26, 120.04, 161.79, respectively. In summary, the parameters β
and η greatly impact the performance of the new chart. Thus, it is necessary to improve the
accuracy of parameter estimation to promote the stability of the charting scheme.

Table 3. Sensitivity analysis based on parameter estimation for downward shifts in η. The control
limit is produced by the ARL0 of 370 when n = 5, Pc = 0.5, β0 = 1, η0 = 1, and λ = 0.1.

β
′

η
′ d

- 0.03 0.05 0.10 0.15 0.20 0.30 0.50 0.70

0.90 0.90 59.08 40.70 34.99 24.03 17.49 13.82 8.67 4.38 2.75
0.90 0.95 93.43 64.36 54.68 36.96 24.95 17.99 11.28 5.23 3.08
0.90 1.00 158.97 111.42 89.54 55.34 36.26 24.79 14.03 6.10 3.46
0.90 1.05 291.66 194.15 150.66 86.71 53.88 34.58 17.64 7.19 3.85
0.90 1.10 546.29 349.98 269.95 139.84 82.38 49.28 22.91 8.33 4.34

0.95 0.90 73.93 49.15 41.98 28.11 20.40 14.96 9.26 4.53 2.72
0.95 0.95 127.35 84.12 70.03 44.40 29.06 20.39 11.59 5.33 3.18
0.95 1.00 237.56 160.50 123.90 69.19 43.57 28.98 15.18 6.43 3.55
0.95 1.05 475.75 297.93 223.95 118.29 67.33 41.92 20.02 7.50 3.99
0.95 1.10 1003.00 610.85 441.46 207.09 108.81 61.71 25.41 8.75 4.46

1.00 0.90 94.14 64.46 52.62 32.88 22.90 16.52 9.76 4.69 2.84
1.00 0.95 177.36 116.75 91.22 54.77 34.26 22.97 12.61 5.54 3.24
1.00 1.00 371.41 230.85 178.91 93.26 52.87 33.24 16.47 6.61 3.68
1.00 1.05 810.52 490.72 353.43 164.39 87.13 49.84 21.72 7.74 4.13
1.00 1.10 1791.66 1066.45 753.23 318.26 148.87 77.60 28.35 9.12 4.62

1.05 0.90 123.96 78.44 64.36 37.94 25.63 17.67 10.25 4.79 2.90
1.05 0.95 254.78 164.43 122.64 65.22 40.36 26.02 13.57 5.75 3.32
1.05 1.00 590.60 352.90 254.91 120.04 66.42 39.06 17.83 6.86 3.77
1.05 1.05 1402.49 815.77 561.69 240.78 113.25 60.09 23.74 8.15 4.24
1.05 1.10 2819.20 1838.31 1308.58 500.74 209.59 98.15 32.31 9.51 4.74

1.10 0.90 162.02 100.29 79.95 45.41 28.47 19.58 10.73 4.87 2.96
1.10 0.95 372.48 225.14 167.67 82.49 47.40 29.44 14.35 5.94 3.39
1.10 1.00 968.62 545.28 377.89 161.79 80.49 44.90 19.39 7.06 3.87
1.10 1.05 2308.15 1380.96 916.33 348.94 149.26 72.08 26.05 8.35 4.39
1.10 1.10 3736.35 2805.84 2137.94 824.62 296.65 126.89 35.67 9.86 4.89

5. Comparative Studies

In this part, we compare the new scheme with CUSUM and EWMA CEV and ap-
ply Monte Carlo simulation to simulate the ARL under each parameter combination for
50,000 iterations. To facilitate the comparison, we maintain the same parameter settings
as the existing methods, that is, η0 = 1, n = 5. Through the comparison of ARL under
different parameter combinations, the detection performance of different control charts is
explored. We set ARL0 = 370, β (β = 0.5, 1, 3, 5), and Pc (Pc = 0.15, 0.5, 0.7). The ARL1
values of the zero state and steady state are shown in the table. We use the same smooth-
ing parameter of λ (λ = 0.05, 0.10, 0.15, 0.20) for the MOSE and EWMA charts, and the
adjustable parameter dP (dP = 0.2, 0.3) for the CUSUM chart.

5.1. MOSE versus EWMA CEV

In this section, we compare the MOSE scheme with the EWMA scheme introduced by
Zhang and Chen [21]. For the sake of fairness, the values of λ are consistent with those in
Zhang and Chen [21], and four values of λ (λ = 0.05, 0.1, 0.15, 0.2) are considered.

The results presented in Tables 4–6 are under the zero state for Pc (Pc = 0.15, 0.5, 0.7).
For all four specified smoothing parameters λ in an OOC situation, the MOSE method is
uniformly better than the EWMA CEV for all shifts considered. For example, in Table 4,
when Pc = 0.15, β = 0.5, and λ = 0.1, the ZS-ARL values are 146.15, 66.22, 34.54, 20.36, and
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13.50 when the shift size d = 0.1, 0.2, 0.3, 0.4, and 0.5, respectively. The corresponding
ZS-ARL values for the EWMA CEV chart are 168.31, 78.4, 41.05, 23.73, and 15.16.

For the steady state, the MOSE scheme is superior to the EWMA CEV chart with the
same smoothing parameter λ for small shifts, while the EWMA CEV scheme performs
better for large shifts. For instance, in Table 7, when β = 5, Pc = 0.15, λ = 0.1 and d = 0.02, the
SS-ARL1 is 74.72 for the MOSE chart compared with 83.65 for the EWMA CEV, while when
d = 0.2, the SS-ARL1 is 4.23 for the MOSE chart, which is larger than the 3.68 of the EWMA
CEV. As β increases, the performance of the MOSE decreases.

The overall conclusions obtained from Tables 4–9 are that the MOSE chart is uniformly
superior to the EWMA CEV chart under the zero-state case. In the steady-state case, the
MOSE chart is better than the EWMA CEV chart for small-to-moderate shifts, while the
EWMA chart is slightly better for large shifts.

Table 4. ZS-ARL values of the MOSE and existing control charts (η0 = 1, n = 5, Pc = 0.15).

β = 0.5

d

λ = 0.05 λ = 0.10 λ = 0.15 λ = 0.20 dP = 0.20 dP = 0.30

MOSE EWMA MOSE EWMA MOSE EWMA MOSE EWMA CUSUM CUSUM
h = 0.863 h = 0.846 h = 0.785 h = 0.767 h = 0.726 h = 0.708 h = 0.677 h = 0.659 h =−19.88 h =−15.39

- 367.62 368.90 371.53 369.82 368.79 371.34 370.96 370.88 368.40 369.96
0.03 257.34 277.33 280.08 293.58 285.82 301.50 289.42 304.04 264.74 268.90
0.05 212.21 230.61 231.41 247.72 244.97 259.23 251.93 262.90 215.91 222.65
0.10 128.83 146.94 146.15 168.31 160.76 182.81 171.08 188.48 134.78 145.47
0.15 82.35 99.33 96.40 114.06 108.27 128.07 118.93 135.54 90.09 94.96
0.20 57.35 67.47 66.22 78.40 74.02 89.65 84.07 96.94 63.63 65.37
0.25 41.76 50.26 47.40 56.76 53.07 64.95 60.33 71.21 47.92 48.48
0.30 31.64 37.55 34.54 41.05 38.84 46.91 42.87 50.76 37.53 36.22
0.40 20.26 23.40 20.36 23.73 21.73 25.74 23.74 28.07 25.26 23.34
0.50 13.92 16.12 13.50 15.16 13.60 15.73 14.28 16.44 18.33 16.36
0.60 10.39 11.85 9.49 10.62 9.34 10.29 9.24 10.41 14.02 12.14
0.70 7.97 9.07 7.01 7.75 6.62 7.25 6.43 7.03 10.97 9.31

β = 1

d

λ = 0.05 λ = 0.10 λ = 0.15 λ = 0.20 dP = 0.20 dP = 0.30

MOSE EWMA MOSE EWMA MOSE EWMA MOSE EWMA CUSUM CUSUM
h = 0.863 h = 0.846 h = 0.785 h = 0.767 h = 0.726 h = 0.708 h = 0.677 h = 0.659 h =−13.29 h = −9.15

- 371.59 370.05 372.50 368.94 370.21 370.35 369.87 368.79 369.46 369.07
0.03 189.05 214.45 211.13 232.39 223.92 237.93 235.03 249.87 220.20 237.27
0.05 132.46 155.40 151.85 171.75 168.62 184.04 174.71 196.94 157.74 173.89
0.10 61.41 75.16 72.01 86.21 83.32 96.70 90.43 105.90 75.18 88.07
0.15 35.51 42.63 40.18 47.19 44.81 53.56 50.04 60.28 42.24 48.11
0.20 23.98 28.00 24.96 29.35 27.34 32.51 30.18 35.62 27.34 29.14
0.25 17.51 20.32 17.48 19.96 18.30 20.90 19.73 22.73 19.64 19.82
0.30 13.47 15.60 13.06 14.75 13.17 14.86 13.69 15.50 15.17 14.15
0.40 9.34 10.65 8.38 9.30 8.03 8.84 7.97 8.75 10.12 8.83
0.50 7.03 8.01 6.13 6.69 5.71 6.20 5.42 5.87 7.57 6.25
0.60 5.66 6.44 4.83 5.26 4.37 4.73 4.09 4.39 6.01 4.83
0.70 4.76 5.38 4.04 4.36 3.58 3.87 3.31 3.52 5.04 3.98

β = 3

d

λ = 0.05 λ = 0.10 λ = 0.15 λ = 0.20 dP = 0.20 dP = 0.30

MOSE EWMA MOSE EWMA MOSE EWMA MOSE EWMA CUSUM CUSUM
h = 0.863 h = 0.846 h = 0.785 h = 0.767 h = 0.726 h = 0.708 h = 0.677 h = 0.659 h = −4.69 h = −2.37

- 368.17 368.60 371.84 372.16 368.58 371.15 370.94 372.85 369.50 368.47
0.01 192.83 210.44 218.31 234.07 224.63 246.08 240.43 249.19 264.20 292.58
0.02 111.18 131.03 131.26 151.23 144.13 164.26 157.91 174.56 195.92 234.07
0.03 72.00 87.35 84.52 102.32 95.21 112.42 107.61 124.79 141.89 183.91
0.04 50.88 60.93 59.91 69.79 65.77 80.90 75.69 88.24 105.65 148.57
0.05 38.02 45.38 43.23 51.85 48.34 58.46 54.56 65.57 79.12 114.98
0.10 15.62 17.81 15.22 17.35 15.75 18.22 16.88 19.48 22.33 38.31
0.15 9.75 11.16 8.82 9.84 8.45 9.46 8.54 9.44 9.52 14.18
0.20 7.23 8.27 6.31 6.97 5.83 6.43 5.63 6.16 5.60 6.75
0.30 5.11 5.77 4.33 4.72 3.87 4.20 3.59 3.84 3.21 2.86
0.40 4.16 4.84 3.54 3.95 3.10 3.30 3.00 3.08 2.37 2.02
0.70 3.03 4.00 3.00 3.00 2.94 3.00 2.00 2.01 2.00 1.00

β = 5

d

λ = 0.05 λ = 0.10 λ = 0.15 λ = 0.20 dP = 0.20 dP = 0.30

MOSE EWMA MOSE EWMA MOSE EWMA MOSE EWMA CUSUM CUSUM
h = 0.863 h = 0.846 h = 0.785 h = 0.767 h = 0.726 h = 0.708 h = 0.677 h = 0.659 h = −2.19 h = −0.89

- 368.37 371.81 371.00 368.13 367.62 372.93 369.79 369.09 369.58 369.17
0.01 134.24 157.88 149.95 170.44 166.91 184.98 178.84 191.72 251.50 295.65
0.02 64.47 77.94 76.06 88.48 84.69 100.82 94.85 108.29 173.85 230.00
0.03 38.12 45.92 43.36 51.69 49.73 58.17 54.82 64.53 119.55 182.88
0.04 26.74 31.22 28.21 33.10 31.44 36.74 35.44 41.26 83.44 141.56
0.05 19.85 23.16 20.25 23.79 21.83 25.71 23.31 27.93 57.67 113.85
0.10 9.02 10.35 8.10 8.97 7.76 8.50 7.62 8.39 12.63 32.51
0.15 6.18 7.01 5.31 5.81 4.88 5.28 4.57 4.96 6.63 9.89
0.20 4.98 5.63 4.22 4.56 3.75 4.06 3.48 3.73 2.69 3.74
0.30 4.01 4.46 3.17 3.70 3.01 3.05 2.91 3.00 1.80 1.41
0.40 3.98 4.00 3.00 3.00 3.00 3.00 2.15 2.84 1.19 1.01
0.70 3.00 4.00 3.00 3.00 2.00 3.00 2.00 2.00 1.00 1.00
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Table 5. ZS-ARL values of the MOSE and existing control charts (η0 = 1, n = 5, Pc = 0.50).

β = 0.5

d

λ = 0.05 λ = 0.10 λ = 0.15 λ = 0.20 dP = 0.20 dP = 0.30

MOSE EWMA MOSE EWMA MOSE EWMA MOSE EWMA CUSUM CUSUM
h = 0.891 h = 0.877 h = 0.826 h = 0.809 h = 0.773 h = 0.756 h = 0.727 h = 0.711 h =−17.09 h =−13.57

- 370.98 369.49 367.38 370.52 367.37 369.27 368.93 370.76 371.13 369.34
0.03 284.16 300.75 291.28 302.28 302.03 308.87 306.92 311.82 286.15 288.16
0.05 231.62 255.57 250.85 272.62 268.14 280.57 271.46 283.71 233.52 245.29
0.10 153.87 174.11 173.97 193.72 189.57 206.56 201.39 214.69 159.96 168.73
0.15 106.88 124.92 123.99 140.86 137.50 155.97 149.83 164.20 111.04 117.18
0.20 75.66 90.71 88.56 103.61 98.70 115.68 108.98 125.81 80.90 85.60
0.25 55.31 66.20 64.24 76.65 73.32 86.16 80.16 93.53 62.66 62.53
0.30 42.19 49.68 48.46 56.64 54.60 64.71 59.81 70.58 49.42 48.17
0.40 25.97 30.46 27.74 32.59 30.67 36.26 34.31 40.02 32.75 30.78
0.50 17.33 20.21 17.66 20.11 18.44 21.48 20.00 23.12 23.14 21.08
0.60 12.11 13.90 11.55 13.10 11.67 13.01 12.26 13.66 17.02 15.05
0.70 8.70 9.92 7.97 8.95 7.81 8.48 7.73 8.55 12.69 11.00

β = 1

d

λ = 0.05 λ = 0.10 λ = 0.15 λ = 0.20 dP = 0.20 dP = 0.30

MOSE EWMA MOSE EWMA MOSE EWMA MOSE EWMA CUSUM CUSUM
h = 0.891 h = 0.877 h = 0.826 h = 0.809 h = 0.773 h = 0.756 h = 0.727 h = 0.711 h =−11.83 h = −8.40

- 370.89 368.05 371.10 372.74 369.65 368.88 368.84 371.95 368.88 370.48
0.03 222.68 240.44 235.08 253.67 251.04 261.83 260.80 267.67 233.35 247.56
0.05 160.70 179.65 180.77 198.48 191.79 212.33 206.38 220.91 174.41 188.88
0.10 82.03 97.00 95.23 111.17 103.95 119.42 116.69 133.15 91.05 103.54
0.15 48.25 56.99 55.19 65.34 61.07 72.28 68.14 79.59 54.88 60.59
0.20 31.21 36.95 34.88 41.22 39.11 44.55 43.36 50.73 35.99 37.87
0.25 22.38 25.63 23.17 26.99 25.28 29.53 27.89 32.70 25.38 25.68
0.30 16.69 19.29 16.77 19.31 17.75 20.36 19.25 21.93 19.44 18.46
0.40 10.72 12.12 10.07 11.23 9.90 10.92 10.02 11.47 12.37 10.93
0.50 7.45 8.43 6.68 7.35 6.31 6.98 6.24 6.86 8.66 7.42
0.60 5.50 6.23 4.80 5.25 4.41 4.81 4.24 4.62 6.45 5.36
0.70 4.26 4.80 3.66 3.97 3.35 3.61 3.09 3.36 4.98 4.06

β = 3

d

λ = 0.05 λ = 0.10 λ = 0.15 λ = 0.20 dP = 0.20 dP = 0.30

MOSE EWMA MOSE EWMA MOSE EWMA MOSE EWMA CUSUM CUSUM
h = 0.891 h = 0.877 h = 0.826 h = 0.809 h = 0.773 h = 0.756 h = 0.727 h = 0.711 h = −4.48 h = −2.31

- 371.94 369.05 371.47 371.40 367.11 368.53 371.73 369.55 367.45 368.95
0.01 220.21 242.83 240.73 256.75 247.03 267.64 264.98 268.80 276.25 294.72
0.02 138.87 163.56 161.61 180.40 171.42 191.82 188.42 200.74 205.02 241.28
0.03 94.21 112.85 110.60 129.36 125.43 137.65 136.71 150.02 153.27 188.02
0.04 67.30 81.74 80.02 93.69 87.98 105.73 99.76 112.49 119.26 155.97
0.05 50.77 60.98 58.99 69.16 67.32 76.64 75.96 84.39 90.88 121.06
0.10 19.34 22.72 20.20 23.41 21.89 24.95 23.46 26.99 27.71 42.84
0.15 11.21 12.98 10.63 11.88 10.52 11.95 11.04 12.39 12.04 16.95
0.20 7.68 8.81 7.00 7.71 6.67 7.28 6.54 7.19 6.85 8.06
0.30 4.71 5.35 4.08 4.45 3.75 4.04 3.51 3.81 3.49 3.17
0.40 3.52 4.07 3.12 3.27 2.73 3.04 2.46 2.67 2.39 2.07
0.70 3.00 3.00 2.00 3.00 2.00 2.00 2.00 2.00 2.00 1.00

β = 5

d

λ = 0.05 λ = 0.10 λ = 0.15 λ = 0.20 dP = 0.20 dP = 0.30

MOSE EWMA MOSE EWMA MOSE EWMA MOSE EWMA CUSUM CUSUM
h = 0.891 h = 0.877 h = 0.826 h = 0.809 h = 0.773 h = 0.756 h = 0.727 h = 0.711 h = −2.16 h = −0.89

- 369.43 371.44 371.12 369.80 368.90 369.27 371.95 369.22 371.42 370.91
0.01 159.95 185.02 180.30 203.49 192.74 214.31 203.10 214.18 259.60 293.84
0.02 84.43 101.66 98.50 116.30 110.89 129.47 120.47 135.40 182.26 233.61
0.03 51.86 62.41 59.38 71.85 66.92 80.81 75.53 85.15 129.41 185.06
0.04 34.69 41.61 38.77 46.21 44.48 53.33 49.03 57.05 91.63 146.60
0.05 25.84 30.55 28.02 32.31 30.72 36.28 33.46 39.01 64.89 113.90
0.10 10.19 11.69 9.50 10.73 9.47 10.58 9.56 10.61 14.87 32.95
0.15 6.20 7.07 5.50 6.06 5.12 5.61 4.98 5.36 5.75 10.56
0.20 4.55 5.15 3.90 4.29 3.59 3.88 3.36 3.63 2.97 4.03
0.30 3.18 3.77 2.98 3.05 2.38 2.82 2.18 2.31 1.77 1.42
0.40 3.00 3.01 2.38 3.00 2.00 2.06 2.00 2.00 1.16 1.01
0.70 3.00 3.00 2.00 3.00 2.00 2.00 2.00 2.00 1.00 1.00

Table 6. ZS-ARL values of the MOSE and existing control charts (η0 = 1, n = 5, Pc = 0.70).

β = 0.5

d

λ = 0.05 λ = 0.10 λ = 0.15 λ = 0.20 dP = 0.20 dP = 0.30

MOSE EWMA MOSE EWMA MOSE EWMA MOSE EWMA CUSUM CUSUM
h = 0.914 h = 0.902 h = 0.860 h = 0.847 h = 0.815 h = 0.801 h = 0.776 h = 0.761 h =−14.45 h =−11.88

- 372.43 371.06 371.95 368.34 372.98 368.30 369.73 370.71 370.02 370.75
0.03 296.79 312.11 311.30 319.81 317.16 328.47 316.35 327.01 298.64 307.41
0.05 256.00 275.62 272.34 292.55 287.08 289.35 289.89 297.58 259.41 264.57
0.10 186.07 204.90 202.81 224.19 214.29 230.89 224.97 242.82 186.31 192.02
0.15 133.32 152.86 151.38 172.81 165.50 183.95 174.36 194.52 135.39 140.28
0.20 98.87 113.83 115.13 133.07 125.57 143.76 135.12 154.50 104.46 105.21
0.25 73.45 87.48 86.88 101.40 97.52 110.87 106.68 121.27 79.60 81.38
0.30 56.63 68.24 65.58 77.99 74.34 87.34 82.58 95.16 64.29 63.25
0.40 34.58 42.08 39.21 46.32 43.12 52.63 48.62 57.25 42.91 41.17
0.50 22.73 26.68 24.25 28.07 26.55 30.38 29.01 33.47 30.21 28.14
0.60 15.59 17.99 15.51 17.67 16.31 18.53 17.41 20.19 22.05 19.79
0.70 10.75 12.29 10.16 11.42 10.21 11.40 10.61 11.89 15.90 14.27
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Table 6. Cont.

β = 1

d

λ = 0.05 λ = 0.10 λ = 0.15 λ = 0.20 dP = 0.20 dP = 0.30

MOSE EWMA MOSE EWMA MOSE EWMA MOSE EWMA CUSUM CUSUM
h = 0.914 h = 0.902 h = 0.860 h = 0.847 h = 0.815 h = 0.801 h = 0.776 h = 0.761 h =−10.50 h = −7.66

- 368.43 371.08 372.50 371.39 370.10 371.43 368.59 371.41 370.03 370.53
0.03 238.94 265.78 258.33 271.23 268.80 291.40 276.91 284.33 253.14 262.41
0.05 184.89 209.65 210.33 222.99 217.59 232.53 230.79 245.68 199.69 211.58
0.10 106.36 122.51 121.29 137.07 136.02 152.24 141.31 163.01 116.56 124.80
0.15 63.40 76.80 73.70 88.52 84.88 100.02 93.22 105.65 70.73 77.40
0.20 42.61 50.62 47.85 56.41 54.25 63.44 59.65 69.35 47.96 49.73
0.25 29.83 35.05 32.15 37.91 36.46 42.59 40.22 46.08 34.42 34.91
0.30 22.12 25.48 23.38 26.85 25.13 29.53 27.52 32.15 26.24 25.17
0.40 13.39 15.45 13.33 14.75 13.55 15.21 14.15 16.03 16.61 14.80
0.50 8.85 10.15 8.21 9.23 8.14 8.91 8.21 9.03 11.24 9.71
0.60 6.20 7.06 5.54 6.16 5.27 5.66 5.12 5.61 7.92 6.75
0.70 4.44 5.01 3.86 4.28 3.62 3.86 3.44 3.69 5.73 4.80

β = 3

d

λ = 0.05 λ = 0.10 λ = 0.15 λ = 0.20 dP = 0.20 dP = 0.30

MOSE EWMA MOSE EWMA MOSE EWMA MOSE EWMA CUSUM CUSUM
h = 0.914 h = 0.902 h = 0.860 h = 0.847 h = 0.815 h = 0.801 h = 0.776 h = 0.761 h = −4.20 h = −2.29

- 369.92 368.30 368.32 368.02 368.50 370.74 371.99 368.10 370.42 370.97
0.01 238.57 265.02 261.95 280.00 277.36 288.09 279.63 288.29 283.00 304.83
0.02 166.35 190.97 189.48 207.17 201.67 219.08 209.74 225.75 217.31 249.58
0.03 118.35 137.50 138.57 154.83 149.77 169.40 160.60 177.10 170.92 204.92
0.04 88.96 104.55 103.73 118.77 116.37 131.86 125.44 139.98 128.97 163.45
0.05 68.33 80.75 80.07 93.32 89.18 102.88 97.44 111.39 104.15 135.53
0.10 26.07 30.52 28.44 32.25 31.05 36.26 34.69 39.57 36.00 51.45
0.15 14.21 16.47 14.26 16.07 14.59 16.70 15.60 17.58 15.98 21.59
0.20 9.25 10.68 8.63 9.64 8.54 9.61 8.64 9.63 9.04 10.53
0.30 5.10 5.74 4.51 4.93 4.24 4.57 4.06 4.38 4.32 3.97
0.40 3.40 3.82 2.89 3.23 2.72 2.84 2.54 2.72 2.74 2.27
0.70 2.00 3.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 1.00

β = 5

d

λ = 0.05 λ = 0.10 λ = 0.15 λ = 0.20 dP = 0.20 dP = 0.30

MOSE EWMA MOSE EWMA MOSE EWMA MOSE EWMA CUSUM CUSUM
h = 0.914 h = 0.902 h = 0.860 h = 0.847 h = 0.815 h = 0.801 h = 0.776 h = 0.761 h = −2.14 h = −0.84

- 368.45 370.60 369.57 368.52 369.93 371.06 368.32 370.04 369.03 370.83
0.01 187.98 209.74 208.48 224.39 218.88 235.02 230.28 245.60 263.30 287.86
0.02 109.27 126.90 125.70 141.01 139.04 153.34 150.19 164.96 191.03 231.12
0.03 69.36 81.45 81.46 94.21 90.95 103.03 100.76 114.42 141.82 182.18
0.04 47.64 56.79 53.85 64.66 60.29 72.04 68.05 80.06 102.35 146.77
0.05 35.00 41.50 38.61 45.87 43.21 50.94 48.69 57.52 75.68 114.58
0.10 12.77 14.68 12.49 13.92 12.67 14.47 13.51 15.41 18.55 35.31
0.15 7.20 8.27 6.55 7.24 6.28 6.87 6.23 6.87 7.02 11.59
0.20 4.85 5.47 4.22 4.69 3.98 4.27 3.82 4.16 3.66 4.66
0.30 2.97 3.31 2.45 2.79 2.33 2.41 2.21 2.32 1.83 1.58
0.40 2.13 3.00 2.00 2.06 2.00 2.00 2.00 2.00 1.14 1.03
0.70 2.00 3.00 2.00 2.00 2.00 2.00 2.00 2.00 1.00 1.00

Table 7. SS-ARL values of the MOSE and existing control charts (η0 = 1, n = 5, Pc = 0.15).

β = 0.5

d

λ = 0.05 λ = 0.10 λ = 0.15 λ = 0.20 dP = 0.20 dP = 0.30

MOSE EWMA MOSE EWMA MOSE EWMA MOSE EWMA CUSUM CUSUM
h = 0.863 h = 0.846 h = 0.785 h = 0.767 h = 0.726 h = 0.708 h = 0.677 h = 0.659 h =−19.88 h =−15.39

- 367.09 370.29 368.50 368.81 372.70 370.84 371.77 369.82 367.19 368.73
0.03 250.80 263.39 274.85 278.26 286.87 289.19 293.82 301.11 239.83 259.79
0.05 207.85 216.43 224.22 239.05 244.19 252.89 249.19 259.26 192.74 211.74
0.10 125.57 137.68 143.44 159.35 160.79 176.58 172.24 188.54 117.47 130.01
0.15 80.13 91.54 95.38 106.36 110.04 122.14 117.96 133.98 78.48 87.16
0.20 56.35 61.26 63.84 73.95 74.40 85.93 83.35 96.48 54.04 58.53
0.25 40.35 43.79 46.50 51.67 53.62 60.55 59.72 68.15 39.85 42.44
0.30 31.05 31.90 33.74 37.53 38.96 43.51 42.70 49.65 30.36 31.53
0.40 20.05 19.36 20.08 20.90 21.24 23.88 23.97 26.44 20.16 19.54
0.50 13.91 13.01 13.30 12.90 13.52 13.85 13.90 14.73 14.44 13.52
0.60 10.49 9.39 9.36 8.81 9.09 8.87 9.08 9.15 11.00 9.87
0.70 8.13 7.00 6.89 6.32 6.54 6.02 6.26 6.05 8.53 7.58

β = 1

d

λ = 0.05 λ = 0.10 λ = 0.15 λ = 0.20 dP = 0.20 dP = 0.30

MOSE EWMA MOSE EWMA MOSE EWMA MOSE EWMA CUSUM CUSUM
h = 0.863 h = 0.846 h = 0.785 h = 0.767 h = 0.726 h = 0.708 h = 0.677 h = 0.659 h =−13.29 h = −9.15

- 370.50 372.88 367.98 372.27 368.53 367.83 371.43 367.29 372.87 369.20
0.03 186.62 202.84 205.94 226.93 217.44 241.21 235.69 243.25 205.74 229.32
0.05 126.28 142.32 144.74 163.52 159.43 177.91 174.57 193.25 145.58 168.63
0.10 60.58 65.83 69.66 82.31 78.09 93.01 88.40 100.27 68.88 82.40
0.15 34.89 36.56 37.93 43.53 44.01 50.32 49.78 56.25 37.45 44.37
0.20 23.64 23.26 24.29 26.07 26.20 29.69 29.59 33.35 23.95 27.06
0.25 17.28 16.72 16.81 17.36 17.72 19.13 19.35 21.05 16.64 17.63
0.30 13.72 12.66 12.65 12.45 12.68 13.13 13.31 14.04 12.72 12.84
0.40 9.42 8.32 8.30 7.75 7.81 7.57 7.69 7.78 8.52 7.68
0.50 7.15 6.24 6.06 5.44 5.60 5.18 5.34 5.01 6.29 5.48
0.60 5.79 4.94 4.82 4.24 4.30 3.90 4.03 3.70 5.01 4.22
0.70 4.88 4.16 4.00 3.52 3.55 3.18 3.27 2.94 4.18 3.46
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Table 7. Cont.

β = 3

d

λ = 0.05 λ = 0.10 λ = 0.15 λ = 0.20 dP = 0.20 dP = 0.30

MOSE EWMA MOSE EWMA MOSE EWMA MOSE EWMA CUSUM CUSUM
h = 0.863 h = 0.846 h = 0.785 h = 0.767 h = 0.726 h = 0.708 h = 0.677 h = 0.659 h = −4.69 h = −2.37

- 368.90 369.88 367.18 371.41 370.55 371.27 369.95 372.80 369.40 368.70
0.01 187.71 201.54 208.17 229.99 224.18 239.76 235.43 253.88 264.49 287.36
0.02 108.92 121.80 127.60 146.89 141.93 159.99 154.85 170.61 188.00 228.20
0.03 70.32 78.05 84.08 96.31 94.75 110.56 105.44 122.81 138.98 182.02
0.04 49.63 55.45 57.28 67.07 64.73 77.89 72.38 85.87 104.14 144.78
0.05 37.05 39.37 41.73 47.67 47.07 55.40 52.58 62.52 77.35 112.40
0.10 15.43 14.59 14.97 15.18 15.45 16.07 16.31 17.57 21.09 36.43
0.15 9.82 8.83 8.74 8.18 8.33 8.02 8.29 8.26 8.98 14.09
0.20 7.37 6.39 6.28 5.70 5.75 5.40 5.57 5.26 5.21 6.48
0.30 5.22 4.47 4.30 3.80 3.86 3.48 3.53 3.24 2.96 2.73
0.40 4.34 3.70 3.56 3.12 3.12 2.75 2.86 2.56 2.22 1.93
0.70 3.57 3.03 2.87 2.49 2.53 2.27 2.27 1.88 1.85 1.00

β = 5

d

λ = 0.05 λ = 0.10 λ = 0.15 λ = 0.20 dP = 0.20 dP = 0.30

MOSE EWMA MOSE EWMA MOSE EWMA MOSE EWMA CUSUM CUSUM
h = 0.863 h = 0.846 h = 0.785 h = 0.767 h = 0.726 h = 0.708 h = 0.677 h = 0.659 h = −2.19 h = −0.89

- 370.38 372.28 371.57 367.64 372.27 372.70 369.74 370.31 369.74 368.49
0.01 132.14 145.45 147.76 165.60 160.96 180.30 173.03 195.68 250.33 293.36
0.02 64.45 69.83 74.72 83.65 82.29 98.08 92.37 108.61 170.56 230.56
0.03 38.35 40.16 42.80 47.57 47.66 56.59 53.59 62.41 119.83 182.12
0.04 26.07 26.28 27.68 30.33 30.96 34.99 34.17 39.02 81.42 142.49
0.05 19.84 19.23 20.08 20.92 21.24 23.10 23.10 26.38 58.26 111.74
0.10 9.10 8.08 7.98 7.32 7.54 7.28 7.43 7.37 12.00 32.54
0.15 6.31 5.41 5.28 4.73 4.76 4.36 4.46 4.17 6.43 9.79
0.20 5.14 4.33 4.23 3.68 3.73 3.34 3.43 3.12 2.61 3.74
0.30 4.17 3.46 3.35 2.90 2.93 2.58 2.67 2.43 1.72 1.40
0.40 3.75 3.14 3.02 2.58 2.65 2.37 2.40 2.17 1.17 1.01
0.70 3.49 2.96 2.83 2.43 2.46 2.23 2.23 1.87 1.00 1.00

Table 8. SS-ARL values of the MOSE and existing control charts (η0 = 1, n = 5, Pc = 0.50).

β = 0.5

d

λ = 0.05 λ = 0.10 λ = 0.15 λ = 0.20 dP = 0.20 dP = 0.30

MOSE EWMA MOSE EWMA MOSE EWMA MOSE EWMA CUSUM CUSUM
h = 0.891 h = 0.877 h = 0.826 h = 0.809 h = 0.773 h = 0.756 h = 0.727 h = 0.711 h =−17.09 h =−13.57

- 371.15 372.30 368.16 368.51 371.87 368.21 371.17 372.98 371.20 368.49
0.03 275.60 281.65 288.81 287.13 295.02 309.82 303.58 314.60 261.75 273.77
0.05 232.72 236.70 245.96 257.73 265.07 275.31 269.55 282.70 214.14 231.15
0.10 156.65 167.18 172.54 183.33 189.98 203.42 198.70 213.34 142.38 152.55
0.15 107.00 118.73 121.53 135.65 136.15 152.68 146.49 159.26 98.62 104.26
0.20 75.62 82.33 86.99 98.73 97.34 112.06 107.73 123.34 70.60 75.33
0.25 56.08 59.35 64.03 71.45 71.30 82.78 79.82 92.03 52.18 54.67
0.30 42.60 43.97 46.41 52.83 53.12 61.00 59.36 68.17 40.61 41.95
0.40 26.00 26.33 27.08 29.92 30.26 33.82 33.37 38.24 26.42 25.72
0.50 17.57 16.78 17.26 17.67 18.10 19.72 19.74 21.49 18.51 17.29
0.60 12.34 11.38 11.38 11.33 11.55 11.79 12.10 12.52 13.41 12.25
0.70 8.92 8.00 7.86 7.43 7.60 7.42 7.71 7.64 9.95 8.90

β = 1

d

λ = 0.05 λ = 0.10 λ = 0.15 λ = 0.20 dP = 0.20 dP = 0.30

MOSE EWMA MOSE EWMA MOSE EWMA MOSE EWMA CUSUM CUSUM
h = 0.891 h = 0.877 h = 0.826 h = 0.809 h = 0.773 h = 0.756 h = 0.727 h = 0.711 h =−11.83 h = −8.40

- 372.44 369.32 371.41 371.59 370.57 368.77 371.12 369.28 372.49 372.17
0.03 212.69 229.84 230.85 245.16 245.61 257.15 257.02 261.98 219.93 238.58
0.05 158.51 171.82 178.91 194.37 193.50 202.46 201.74 215.31 161.93 188.94
0.10 81.21 88.92 93.26 105.17 103.88 117.93 116.39 128.06 83.69 98.65
0.15 46.60 51.23 52.87 60.62 60.71 70.30 69.05 77.91 48.61 56.43
0.20 31.01 32.81 33.24 37.28 37.67 42.45 42.08 47.73 31.15 34.95
0.25 22.18 22.29 22.86 24.50 24.78 27.30 27.05 30.81 21.87 22.97
0.30 16.97 16.16 16.47 16.75 17.64 18.48 18.59 20.16 16.41 16.46
0.40 10.79 9.89 9.93 9.62 9.66 9.71 9.93 10.13 10.27 9.73
0.50 7.63 6.75 6.61 6.14 6.26 5.98 6.10 6.05 7.15 6.39
0.60 5.68 4.89 4.82 4.34 4.41 4.06 4.19 3.95 5.32 4.62
0.70 4.41 3.77 3.68 3.29 3.31 3.01 3.10 2.84 4.13 3.52

β = 3

d

λ = 0.05 λ = 0.10 λ = 0.15 λ = 0.20 dP = 0.20 dP = 0.30

MOSE EWMA MOSE EWMA MOSE EWMA MOSE EWMA CUSUM CUSUM
h = 0.891 h = 0.877 h = 0.826 h = 0.809 h = 0.773 h = 0.756 h = 0.727 h = 0.711 h = −4.48 h = −2.31

- 368.54 372.28 371.21 372.21 369.05 369.71 369.69 369.60 372.95 369.54
0.01 217.15 226.61 236.00 246.04 245.42 259.59 255.59 268.41 272.30 294.18
0.02 138.09 148.36 155.80 172.77 169.71 183.40 179.29 200.53 204.14 235.61
0.03 92.57 105.45 108.68 121.57 121.21 135.18 132.24 151.66 151.14 189.02
0.04 66.62 74.31 76.99 88.96 86.67 100.78 97.93 110.45 116.62 152.66
0.05 50.80 54.82 57.70 66.66 65.74 76.52 74.51 85.19 87.73 122.34
0.10 19.71 19.06 19.64 20.49 21.37 22.79 23.07 25.70 27.12 41.99
0.15 11.52 10.49 10.42 10.19 10.45 10.60 10.56 11.20 11.38 16.52
0.20 7.86 6.97 6.90 6.39 6.55 6.29 6.49 6.39 6.38 7.71
0.30 4.86 4.21 4.04 3.65 3.69 3.42 3.52 3.25 3.23 3.02
0.40 3.68 3.16 3.05 2.70 2.75 2.48 2.53 2.29 2.23 1.96
0.70 2.92 2.49 2.40 2.15 2.13 1.85 1.97 1.81 1.83 1.00
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Table 8. Cont.

β = 5

d

λ = 0.05 λ = 0.10 λ = 0.15 λ = 0.20 dP = 0.20 dP = 0.30

MOSE EWMA MOSE EWMA MOSE EWMA MOSE EWMA CUSUM CUSUM
h = 0.891 h = 0.877 h = 0.826 h = 0.809 h = 0.773 h = 0.756 h = 0.727 h = 0.711 h = −2.16 h = −0.89

- 371.23 368.51 371.32 369.56 368.81 371.28 372.97 371.61 368.44 368.36
0.01 157.79 173.08 178.98 196.57 195.69 210.70 201.58 225.52 255.84 290.08
0.02 83.11 91.79 97.68 108.89 110.60 125.98 119.67 136.65 184.41 236.81
0.03 51.77 55.91 57.32 65.73 66.26 76.24 73.40 84.32 125.84 183.61
0.04 34.67 36.07 38.17 42.59 43.49 49.87 48.28 56.14 90.05 146.73
0.05 25.72 26.14 27.11 29.17 30.04 33.90 33.05 38.22 64.06 114.12
0.10 10.44 9.35 9.44 9.08 9.32 9.27 9.47 9.68 14.49 33.42
0.15 6.38 5.58 5.51 4.98 5.06 4.81 4.87 4.70 6.19 10.44
0.20 4.67 4.07 3.94 3.52 3.57 3.26 3.32 3.11 2.85 3.99
0.30 3.41 2.92 2.83 2.50 2.50 2.26 2.30 2.04 1.69 1.42
0.40 3.05 2.57 2.52 2.26 2.24 1.89 2.05 1.84 1.13 1.01
0.70 2.84 2.46 2.35 2.11 2.08 1.83 1.92 1.79 1.00 1.00

Table 9. SS-ARL values of the MOSE and existing control charts (η0 = 1, n = 5, Pc = 0.70).

β = 0.5

d

λ = 0.05 λ = 0.10 λ = 0.15 λ = 0.20 dP = 0.20 dP = 0.30

MOSE EWMA MOSE EWMA MOSE EWMA MOSE EWMA CUSUM CUSUM
h = 0.914 h = 0.902 h = 0.860 h = 0.847 h = 0.815 h = 0.801 h = 0.776 h = 0.761 h =−14.45 h =−11.88

- 368.78 371.67 367.69 371.90 367.88 370.72 370.75 368.22 367.78 367.47
0.03 291.05 301.47 305.43 314.03 311.50 318.08 313.80 317.24 270.19 283.61
0.05 254.14 267.61 266.20 281.37 284.87 287.47 287.60 296.72 233.96 241.75
0.10 179.23 196.13 199.98 217.57 215.49 228.65 223.36 235.78 162.50 176.39
0.15 129.40 143.85 147.93 169.88 164.16 177.28 169.70 188.88 118.88 123.90
0.20 96.33 109.69 110.86 129.56 125.05 137.20 134.25 146.72 88.83 93.27
0.25 72.23 80.84 82.96 99.55 94.53 108.66 103.63 118.60 67.93 71.80
0.30 56.97 61.66 64.91 74.12 72.41 81.38 81.92 91.26 52.40 54.55
0.40 35.04 36.83 37.85 43.55 43.27 50.76 48.54 56.36 34.45 34.43
0.50 22.93 23.02 23.73 25.80 26.06 29.05 28.78 32.13 24.24 22.88
0.60 15.78 15.11 15.56 15.71 16.14 16.98 17.16 18.31 17.19 16.17
0.70 11.03 10.07 10.08 9.89 9.97 10.31 10.26 10.84 12.42 11.47

β = 1

d

λ = 0.05 λ = 0.10 λ = 0.15 λ = 0.20 dP = 0.20 dP = 0.30

MOSE EWMA MOSE EWMA MOSE EWMA MOSE EWMA CUSUM CUSUM
h = 0.914 h = 0.902 h = 0.860 h = 0.847 h = 0.815 h = 0.801 h = 0.776 h = 0.761 h =−10.50 h = −7.66

- 370.09 369.88 369.44 368.84 367.60 372.79 372.88 370.31 372.00 369.88
0.03 242.27 247.09 253.30 267.31 271.24 277.94 275.13 285.53 234.74 248.25
0.05 187.13 197.33 205.34 218.23 224.70 223.90 226.83 240.98 186.69 198.02
0.10 102.44 111.87 119.65 131.54 130.76 143.92 142.36 156.29 102.53 118.65
0.15 62.63 69.43 74.18 81.65 82.83 94.08 90.17 105.16 63.21 70.30
0.20 41.87 45.06 46.66 53.03 53.02 59.82 59.25 68.45 41.59 45.63
0.25 29.44 30.07 32.46 35.34 35.64 39.61 38.92 44.12 29.53 30.32
0.30 22.23 22.02 22.71 24.06 24.57 27.41 27.14 30.39 21.78 22.41
0.40 13.50 12.78 13.14 12.88 13.28 13.71 13.90 15.00 13.51 12.89
0.50 9.07 8.24 8.13 7.88 8.00 7.86 8.07 8.22 9.23 8.33
0.60 6.34 5.63 5.62 5.15 5.25 4.92 5.04 4.95 6.42 5.68
0.70 4.57 3.98 3.86 3.55 3.58 3.31 3.42 3.20 4.63 4.08

β = 3

d

λ = 0.05 λ = 0.10 λ = 0.15 λ = 0.20 dP = 0.20 dP = 0.30

MOSE EWMA MOSE EWMA MOSE EWMA MOSE EWMA CUSUM CUSUM
h = 0.914 h = 0.902 h = 0.860 h = 0.847 h = 0.815 h = 0.801 h = 0.776 h = 0.761 h = −4.20 h = −2.29

- 371.27 370.76 368.27 369.53 370.85 369.64 371.43 370.93 372.00 370.58
0.01 237.18 251.39 258.68 269.04 266.85 275.23 280.00 281.02 287.24 304.37
0.02 167.42 182.31 185.88 198.05 195.97 213.79 211.29 223.12 215.67 238.24
0.03 120.07 133.38 137.76 147.06 147.83 163.79 162.00 178.36 164.98 197.31
0.04 88.19 96.33 103.49 114.52 116.14 125.82 124.83 137.65 131.39 163.47
0.05 68.59 74.28 79.04 88.46 86.83 98.21 99.21 110.30 102.81 135.15
0.10 26.28 26.58 27.73 29.94 30.74 34.13 33.72 37.94 34.15 51.13
0.15 14.44 13.79 14.09 14.20 14.31 14.79 15.31 16.42 14.94 20.83
0.20 9.52 8.72 8.68 8.43 8.50 8.35 8.57 8.76 8.43 10.09
0.30 5.29 4.62 4.50 4.12 4.18 3.90 4.04 3.86 4.00 3.78
0.40 3.51 3.06 2.97 2.67 2.71 2.46 2.53 2.36 2.49 2.17
0.70 2.39 2.09 2.01 1.80 1.81 1.73 1.70 1.64 1.76 1.00

β = 5

d

λ = 0.05 λ = 0.10 λ = 0.15 λ = 0.20 dP = 0.20 dP = 0.30

MOSE EWMA MOSE EWMA MOSE EWMA MOSE EWMA CUSUM CUSUM
h = 0.914 h = 0.902 h = 0.860 h = 0.847 h = 0.815 h = 0.801 h = 0.776 h = 0.761 h = −2.14 h = −0.84

- 368.62 371.50 372.13 371.75 368.70 370.61 368.54 372.65 371.47 372.98
0.01 185.35 199.54 209.80 221.62 218.38 228.51 224.21 246.80 270.44 297.74
0.02 105.58 120.39 122.80 138.65 135.34 149.03 148.30 161.60 192.59 231.72
0.03 67.26 75.84 79.56 89.22 87.53 101.70 97.74 113.25 142.37 185.80
0.04 46.80 51.34 54.02 60.79 59.64 68.26 66.57 77.85 101.59 147.97
0.05 34.70 36.74 38.23 42.12 42.92 49.00 46.95 55.25 73.43 115.52
0.10 13.14 12.22 12.39 12.34 12.52 12.87 13.35 14.13 18.15 35.98
0.15 7.39 6.62 6.54 6.10 6.22 6.03 6.16 6.10 6.75 11.67
0.20 5.01 4.36 4.30 3.91 3.98 3.67 3.80 3.60 3.51 4.61
0.30 3.09 2.70 2.59 2.31 2.34 2.12 2.16 2.02 1.76 1.57
0.40 2.50 2.23 2.11 1.85 1.89 1.78 1.78 1.70 1.12 1.03
0.70 2.34 2.05 1.96 1.77 1.77 1.69 1.66 1.60 1.00 1.00

5.2. MOSE versus CUSUM

Here, we compare the MOSE scheme and the CUSUM by ARL1. In the comparison of
schemes, ARL0 = 370 and n = 5 are selected as an example, but the two parameters could
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be set according to the actual situation. We select four values of λ (λ = 0.05, 0.1, 0.15, 0.2)
for the MOSE charts and two values of dP (dP = 0.2, 0.3) for the CUSUM for overall
performance comparisons.

For the sake of brevity, we choose the adjustment parameter dP = 0.2 and λ = 0.1 for
comparison. Table 5 shows the results for the zero-state case with Pc = 0.5, and Table 8
shows the results for the steady-state case with Pc = 0.5. When β = 3, 5, d < dP, the MOSE
scheme performs better than the CUSUM scheme, whereas when d ≥ dP, the CUSUM
scheme outperforms the MOSE scheme. When β ≤ 1, the CUSUM scheme is superior to
the MOSE when d < dP, while the MOSE performs better for large shifts. These findings
are consistent with Pc = 0.15 in Tables 4 and 7 and Pc = 0.7 in Tables 6 and 9. For example,
in Table 4, when Pc = 0.15, λ = 0.1, dP = 0.2, and β = 3, the ZS-ARL values for the MOSE are
218.31, 131.26, 84.52, 59.91, 43.23, 15.22, and 8.82 when d = 0.01, 0.02, 03, 0.04, 0.05, 0.10, and
0.15, respectively. The ZS-ARL values are 264.2, 195.95, 141.89, 105.65, 79.12, 22.33, and 9.52
for the CUSUM chart. In Table 7, when β = 3, 5 and d < 0.2, the MOSE scheme outperforms
the CUSUM scheme, especially for small shifts.

All these results show that the MOSE control chart is a good choice for practitioners
when monitoring small shifts.

6. Realistic Example

To demonstrate the proposed MOSE scheme, we use the rust test example provided by
Steiner and MacKay [19] and also studied by Dickinson et al. [22]. The rust test experiment
was designed to observe whether a test unit rusted under a specific environment. Because
of the limitation of the cost and time of the experiment, the experiment stipulated the
failure time of the test unit to be 20 days. If the panel of the test unit rusted within 20 days,
the exact time of rusting was recorded; however, if there was still no rust on the panel on
the 20th day, the failure time was recorded as 20 days, that is, the observation value was
censored. In this example, the censoring rate is 0.767, and there are 100 subgroups; each
group contains 3 data points, and there are 300 observation points in total. According to
Lawless [39], Zhang and Chen [21], and Dickinson et al. [22], the parameters in the IC state
are estimated to be η0 = 48.04 and β = 1.51.

Figure 5 shows the comparison results of the MOSE, CUSUM, and EWMA schemes.
According to the assumptions in the previous paper, when ARL0 = 370, the scale parameter
η, which decreases by 33%, is detected. The calculation results show that the control limit
of the MOSE method is 0.836, and the signal is sent at the 24th sample. The EWMA and
CUSUM control charts send alarms at the 24th and 23rd samples, respectively. Observation
data and plotting statistics are provided in Table 10. The MOSE control chart is thus shown
to be an effective alternative to detect shifts in the scale parameter of a Weibull distribution
with Type I censored data.
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Figure 5. CUSUM, EWMA CEV, and MOSE charts for monitoring a 33% decrease in the scale
parameter η.
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Table 10. Sample number.

Subgroup Observation Data CUSUM EWMA CEV MOSE

1 25.4997 57.9954 39.2197 0.0000 1.0000 1.0000
2 23.3581 70.2749 20.7643 0.0000 1.0000 1.0000
3 38.1081 25.6001 28.9188 0.0000 1.0000 1.0000
4 47.9104 39.0709 28.1769 0.0000 1.0000 1.0000
5 79.8087 23.3544 25.8403 0.0000 1.0000 1.0000
6 13.2431 21.6178 71.0747 −0.0364 0.9891 1.0000
7 64.2551 67.4670 47.2051 0.0000 1.0000 1.0000
8 34.6664 4.6946 42.0510 −0.1494 0.9853 1.0000
9 56.2218 18.3263 4.1000 −1.0460 0.9376 1.0000
10 47.1059 17.2177 23.2392 −1.0128 0.9352 1.0000
11 60.6636 56.1943 14.1106 −1.0348 0.9313 1.0000
12 11.7594 6.8154 57.0731 −2.0173 0.8861 0.9582
13 49.6321 32.3780 19.6625 −1.9370 0.8905 0.9553
14 30.6804 10.2627 21.8167 −2.0190 0.8890 0.9474
15 12.5557 30.9334 14.6037 −2.8758 0.8522 0.9048
16 40.3100 2.6253 25.0658 −3.0427 0.8518 0.8990
17 13.1955 21.6034 20.8153 −3.0798 0.8557 0.8982
18 45.7540 32.7602 8.8958 −3.1807 0.8571 0.8954
19 44.7734 20.4689 29.0185 −2.3849 0.8979 0.9324
20 47.2498 17.1957 8.4363 −3.2549 0.8597 0.8908
21 10.7058 23.7613 28.7098 −3.3305 0.8616 0.8895
22 26.6099 31.7590 9.4222 −3.4242 0.8626 0.8878
23 29.6613 10.0579 13.5682 −4.3360 0.8266 0.8492
24 25.6839 14.8015 13.2469 −5.1783 0.7965 0.8169
25 35.2412 30.8197 47.1052 −4.3825 0.8434 0.8617
26 34.2396 26.6027 6.3945 −4.5141 0.8450 0.8615
27 40.4076 74.5548 34.5544 −3.7183 0.8870 0.9019
28 3.4324 60.1728 30.8787 −3.8790 0.8833 0.8967
29 36.4370 34.9054 9.2534 −3.9750 0.8821 0.8941
30 4.1869 9.9357 27.3789 −5.0116 0.8400 0.8508
31 26.0625 30.4383 18.4261 −4.9556 0.8482 0.8579
32 7.3139 37.9039 1.2431 −6.0476 0.8076 0.8164
33 24.4593 1.8968 73.7558 −6.2192 0.8115 0.8193
34 16.5039 11.9385 30.1998 −7.0521 0.7832 0.7903
35 25.9842 63.5993 1.2358 −7.2273 0.7894 0.7957
36 9.4711 53.4755 25.9835 −7.3204 0.7976 0.8034
37 62.6317 42.7677 30.5907 −6.5246 0.8444 0.8496
38 30.8937 25.5906 10.6351 −6.6013 0.8477 0.8524
39 31.6307 1.0165 17.1628 −7.5412 0.8123 0.8165
40 45.5791 49.8509 15.6476 −7.5367 0.8215 0.8253
41 50.5929 36.2086 35.6295 −6.7408 0.8659 0.8693
42 25.3759 20.5546 36.9077 −5.9450 0.9058 0.9089
43 31.1133 9.7119 9.2147 −6.9272 0.8632 0.8659
44 14.1045 50.7164 8.9467 −7.8453 0.8269 0.8294
45 25.6885 13.3298 66.3770 −7.8803 0.8334 0.8356
46 41.9506 14.8362 14.7175 −8.6974 0.8035 0.8055
47 14.5249 29.9232 30.6256 −8.7123 0.8129 0.8147
48 27.3264 10.6609 27.9668 −8.7886 0.8194 0.8210
49 25.1678 9.3687 31.8351 −8.8831 0.8247 0.8261
50 63.7633 3.7819 25.2610 −9.0408 0.8273 0.8286

7. Conclusions

The scale parameter η plays an important role in determining the properties of the
Weibull distribution. In monitoring Weibull processes, control charts in the literature often
assume that β is known and stable. In this paper, we propose a new modified one-sided
EWMA chart to monitor changes in Type I right-censored Weibull scale parameter η for
a fixed value of the shape parameter β, which is equivalent to monitoring the mean of a
Weibull process. The new one-sided EWMA chart takes into account all the historical data
information up to the current time point. The simulation results reveal that the performance
of the proposed chart and the other two existing charts depend on the value of the fixed
shape parameter, censoring rate and sample size. The parameters can be set according to
the actual situation in practical applications. It has also been shown that the three charts
take longer to detect a decrease in the scale parameter when the shape parameter is small.
By contrast, larger values of the shape parameter lead to faster detection. The MOSE
chart performs well in detecting decreases in the scale parameter and performs better
than the traditional EWMA CEV chart in many of the scenarios considered. Compared
with the CUSUM chart, the MOSE chart performs better for specific parameter values
(β > 1, d < dP). The sensitivity analysis shows that the performance of the MOSE chart
depends on the parameter estimation, and the deviation of the parameter estimation
influences the stability of the proposed scheme.
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The focus of this paper is to detect decreases in the scale parameter, but it is also
possible to monitor increases in the scale parameter using the one-sided upper EWMA
statistics given in Equations (13) and (14). In future development, the current study can
be extended using Neutrosophic statistics, which have been studied in Aslam and Arif
[40], AlAita and Aslam [41], and Smarandache [42]. Another important direction of future
research is to extend the proposed procedure when standards are unknown and estimated
from a reference sample.
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