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Abstract: This research article addresses an efficient separate and combined class of estimators
for the population mean estimation based on stratified random sampling (StRS). The first order
approximated expressions of bias and mean square error of the proposed separate and combined
class of estimators are obtained. A comparative study is conducted to determine the efficiency
conditions in which the suggested class of estimators outperforms the contemporary estimators.
These efficiency conditions are examined through an extensive simulation study by employing a
hypothetically drawn symmetrical and asymmetrical populations. The simulation results have shown
that the suggested class of estimators is more effective than the other available estimators. In addition,
an application of the proposed methods is also presented by examining a real data set.

Keywords: bias; separate and combined estimators; efficiency; mean square error

MSC: 62D05

1. Introduction

In the sampling theory, the main goal of survey researchers is to increase the accuracy
of population estimates that depend not only on the sampling percentage and sample
size but also on the variability or non-uniformity of the populations. A suitable sampling
technique to reduce population variability is StRS, which combines the underlying flexibility
of simple random sampling (SRS) with additional characteristics. In sampling theory,
the ratio estimators are used in case of simple random sampling (SRS) as well as in case
of StRS (See [1]). There are two methods for estimating parameters that are generally
used when the sampling design is StRS, namely, the combined estimator and the separate
estimator. Unless the relationship is similar across the strata, the separate estimator will be
more efficient (have lesser variability) than the combined estimator. The lower efficiency
of the combined estimator, however, is often offset by smaller bias and the fact that we
do not need to know the separate stratum means. Various estimation procedures have
been developed for the estimation of parameters under StRS till date. Following [2—4]
investigated few combined ratio-type estimators in StRS, however, motivated by [5,6]
envisaged StRS based ratio-type estimator for population mean. Ref. [7] proposed a new
population mean estimator by modifying [8] estimator and applying the transformation
of [9]. Ref. [10] introduced [11] estimator in StRS; however, ref. [12] enforced combined
type of [13] estimator under StRS. Ref. [14] investigated a general family of estimators
employing information on auxiliary variable in StRS, however [15] suggested an efficient
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class of estimators under StRS. Ref. [16] suggested separate estimators of ratio and ratio type
using a known coefficient of variation. An improved regression estimator was developed
by [17] under StRS by utilizing robust regression techniques and covariance matrices.
Ref. [18] investigated the memory type product and ratio estimators using StRS. Motivated
by [12,19] examined a general class of estimators under StRS. Ref. [20] constructed some
efficient classes of estimators based on StRS, whereas [21] suggested some improved classes
of estimators under StRS. For more detailed study about StRS, the researchers are advised
to refer [22-28], and the cited references of these articles.

Consider a population QO = (()q,Q),..., Q) of size N based on research variable
y and the supplementary variable x. Let () be partitioned into L mutually exclusive and
exhaustive strata with stratum / employing Nj, units, h = 1,2,...,L, where Z}lel N, = N.
Let a sample of size 1, be measured using simple random sampling without replacement
SRSWOR from the stratum h such that Zﬁzl n, = n and let (xp;,y5;) are the observed
values of the variables (x, y), respectively, on the unit i of the stratum 4. The notations
considered throughout this article are defined hereunder.
N; size of population,
Ny,; size of population in stratum /,
n; size of sample,
ny,; size of sample in stratum &,
Wy, = N,/ N; weight of stratum £,
In = 22 1 Yni/ ny; sample mean of variable y in stratum £,
Jst = Yk, Wj,y;,; sample mean of variable y,
X, = Zl”i 1 Xui/ny,; sample mean of variable x in stratum £,
Xst = 215:1 Wj,x;,; sample mean of variable x,
Y, = Zﬁﬁ Yni/ Ny; population mean of variable y in stratum &,
Y = Yot = Lh_; W, Y),; population mean of variable y,
X, = 25\21 xp,i / Nj,; population mean of variable x in stratum £,
X = Xt = Yk, W, X),; population mean of variable x,
R = Y/X; population ratio,
Ry, =Y,/ Xy,; population ratio in stratum A,
S;h = (N, — 1)1 Zfi’l (yni — Y3,)?; population variance of variable y in stratum #,
S%h =(N,— 1)1 Zf\]:hl (xp; — X3,)?; population variance of variable x in stratum £,
Sxy, = (N — 1)1 ZNhl(xhl- — X3,)(ypi — Yy); population covariance between variables x

and y in stratum h, 1
Pxy, = Sxy,/Sx,Sy,; population correlation coefficient between variables x and y in stratum £,
Cy,; population coefficient of variation for variable y in stratum £,
Cy,,; population coefficient of variation for variable x in stratum £,
B1(xp) = (E(x, — X3)%)?/(E(%), — X},)?)?; population coefficient of skewness for variable
x in stratum h, and
Ba(xp,) = (E(x, — X3,))*/ (E(%, — X),)?)?; population coefficient of kurtosis for variable x
in stratum h.

To obtain the characteristics of the separate estimators, we utilize the following nota-
tions throughout this article.

U = Yh + eon, X = Xy, + ey, provided that E(eth) =0,t=0,1, E(Eth) = ’Yhsih =
U, E(e®) = 1453, = Ur and E(egne1n) = YiPuy,Sx, Sy, = Uio-
where v, = 1/ny,.

Also, we utilize the following notations to obtain the characteristics of the combined
estimators:

Vst =Y + €, ¥t = X + €1, provided that E(¢;) =0, t =0,1
and .
Vis =Y Wi E[(%, — Xp)" (7 — Yi)°] 1
h=1
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Using (1), it can be written as
L
E(ep?) = 21 WSy, = Vo E(e?) = th W23, = V2o, and

E(eoe1) = ¥ W2Ynpxy, Sx, Sy, = Via.

H Mh

The main objective of the article is to provide an efficient class of separate and com-
bined estimators of the population mean Y of the research variable y using data on the
auxiliary variable x. The remainder of the article is divided into sections. The detailed
literature study of the existing separate and combined estimators in StRS is presented in
Section 2. The suggested separate and combined class of estimators, together with their
characteristics, are provided in Section 3. The efficiency criteria are established in Section 4,
which are enhanced through an empirical study utilizing artificial and real data in Section 5.
Section 6 draws the conclusion of the article.

2. Existing Estimators

The current section provides a review of the prominent conventional separate and
combined class of population mean estimators along with their characteristics.
The commonly used mean per unit estimator in StRS is suggested as

tm = yst (2)

2.1. Separate Estimators

When study and auxiliary variables are strongly positively correlated and when the
regression line of i on x follows a straight line through the origin, then the ratio estimator
is more effective. Considering this advantage, ref. [29] suggested the classical StRS based
separate ratio estimator as

L X
£=Y Wi =" 3)
h=1 Xh
Sometimes the study and auxiliary variables are linearly regressed but the regression line
passes a location far from the origin. In such situations, the efficiency of the ratio estimator
is very poor. Regression estimator is the best option in these situations. The commonly
used separate regression estimator under StRS is prescribed as

L
ty =) Walgn + Bun(Xn — 1)) @)
=]

where the coefficient of regression of variable y on variable x is B, in the stratum 5.

Since, the use of auxiliary information improves the efficiency of the estimators.
Therefore, using auxiliary information, we define the separate type population mean
estimators based on [4] as follows

L, = thyh<f =) ©
by = thyh(JZ ey ©
= L (o) g
- (325255
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Ref. [30] proposed a transformation that involved multiplying a tuning parameter in the
estimators improves the efficiency of the estimator. Therefore, taking inspiration from the
above work, we define the separate type population mean estimator based on [6] as follows

L Xh
the = Y Wikniin (X) ©9)
h=1 h
where scalar ky, in stratum & is appropriately selected to minimize MSE.
The separate type estimator based on [7] is given by

L _ z
s =Y WALl X, — %)) [ 2+ 10
tsg hgl nAnlTn + B (X xh)](zh) (10)

where A, is an appropriately selected scalars, z;, = (%, + X;,), and Zj, = (X;, + Xj), Xp, is
the ' stratum population total.
The separate type estimator based on [10] is given by

ap Xy, + by, r
ap(ap®y 4 by) + (1 — ap) (ap Xy + by,)

L
Bk, = 2 Wik, Tn (11)
h=1
where aj, in stratum / is a constant and g is a prescribed constant that considers values —1
and 1 to produce, respectively, the product and ratio types estimators, while (a;, # 0) and
by, are either real numbers or the function of some commonly available parameters of the
variable x like the population standard deviation Sy, , the population variation coefficient
Cy,, the population kurtosis coefficient B, (xy), etc., in the stratum .
The separate type estimator based on [12] is given by

L _ )‘{*
Bk, = 2 Walkundin + kon (X5, — %)) (;) (12)
h=1 h

where X = (a,X), + by,), %, = (a,Xy + by,), and ky, and ky, are appropriately selected
scalars for the h'* stratum.
The separate type estimator based on [14] is given by

s L B B x; Bn
to = Y Wi [ Aniin + Aol bl (13)
h=1 h

where Ayj, Ay, in the stratum h are appropriately selected scalars.
The separate family of population mean estimators based on [15] is suggested as

L
s — (T )+ (1) (2 Ry tby) 10 _ (a3 %y +0y) 8
oo = h; Wh{ gblhyh{a} e }(ﬂhxh-i-z:) B } Jr¢2hyh{‘Xh(’lhfh+bhazi(§l—“:)(”hxh+bh)} } (14)

where J, g, «j, are the prescribed constants in stratum k and ¢y, ¢y, in the stratum h are
appropriately selected scalars.
The separate class of ratio exponential estimators based on [31] is suggested as

tS—iw-ex R k. N (15)
S W EP\ R+ (ay — )%,

where gy, in the stratum / is a real constant that is positive.
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Ref. [24] introduced the under mentioned separate class of population mean estimators
as

*

L *\ A Tk = £\ On vF— X5

where «y,, By, 0, Ay are constants in stratum h which take the values —1, 0, 1 for generating
various estimators and wyy,, wyy, in the stratum / are appropriately selected scalars.

Ref. [20] envisaged the following efficient separate classes of population mean estima-
tors in StRS as

L i Bin
tzl = Z When iy [1 + 10g<XZ)] (17)
=1 I
L x
t5, = Y Wi [1 + Bon 108(%)] (18)
h=1 h
L —
t5, = Y Wilasugn + Ban(%; — X;p)] (19)
=1
L %\ Pan
= 3 Wi o) 0
h=1 h
t 3 Wi J XZ 21
55 h; h“Sh]/h[X; BT — Xﬁ)] (21)

where «j, and ;i = 1,2,...,5 in the stratum / are appropriately selected scalars.
For easy reference, the mean square error (MSE) of the above reviewed estimators is
provided in Appendix A.

2.2. Combined Estimators

Considering positive correlation between study and auxiliary variables, ref. [29] intro-
duced a combined ratio estimator in StRS as

=Yty (22)
Xst

The commonly used combined regression estimator in StRS is expressed as
15 = G + B(X — Tat) (23)

where the regression coefficient of y on x is .
On the lines of [2,3,32], the following combined ratio type estimators of population
mean were suggested by [4] as

L _
tlc<c1 = st z (24)
Y Wi(x, + Cx,)
h=1
L _
hgl Wi (X, + B2 (x1))
t]c<62 - gst z (25)

Y Wi(&, + B2(xn))
=1
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L
E W, (XpB2(xp,) + Cx,)
t]C<C3 yst (26)
1w (XnB2(xp) + Cy,)

L

W

L

; n(XnCx, + Ba(xn))
T

Y Wy

the, = st (27)
(2., + P2 (xn))
where the kurtosis coefficient of the auxiliary variable x is B (xj) in the stratum .
Following [5], the StRS based combined ratio estimator is examined by [6] as
X
£ — ki (x> (28)
st
where k is an appropriately selected scalar.
Using the transformation of [7,9] enforced the regression cum ratio estimator as
_ Zst
— Al + BE -] (5 )

where A is an appropriately selected scalar, zg; = Z Wy (X+x,),and Z = Z Wi (X + Xp).
Ref. [10] suggested the following StRS basecl populatlon mean estlmator as

PR aX+b §
Ky = kst a(axs +b) + (1 —a)(aX +b)

(30)

where « is a constant that is fixed, g is a scalar that has been carefully chosen, taking amount
—1and 1 to provide, respectively, the product and the ratio types of estimators, and (a # 0)
and b are the real valuation or functions of the available parameters of the supplementary
variable x.

Ref. [12] investigated the StRS based combined type of population mean estimators as

- X*
iy, = o +ka(X — 5] () @
st
x5 o= Zﬁ:l Wy (ax, +b), X* = Zﬁzl W, (aXy, + b) and kq and k, are appropriately se-
lected scalars.
Ref. [14] invoked a general estimation method for computing the population mean as

e\ B
7
5o = M1Tst + Nolst (fi) (32)

where A and A; are appropriately selected scalars.
The following StRS based new family of population mean estimators is proposed
by [15] as

c _ [ a(a%s+b —a)(aX+b) \° _ aX+b 8
fss) = [ ‘Plyst{ — 2:)%;]))( = )} +(szSt{oc(m?sﬂrbgfalt)x)(a)—(%)} ] (33)

where ¢1, ¢, are appropriately selected scalars, J, ¢ and, a are constants.
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On the lines of [31,33] developed the following StRS based ratio exponential kind of
estimators as

- X - XS[*
u _y“e"p<)‘<+ (@ 1)@) (54

where the real constant a is positive.
Ref. [24] introduced the undermentioned StRS based population mean estimator as

tos, = { w1 Gst (ff ) exp (i§*+x-*)) ) + W2yst (X* )5 P (%) } (35)

where wy, w; are appropriately selected scalars and A, §, § and « are constants that take
valuations 0, — 1, and 1 for developing various types of estimators.

Ref. [20] investigated the following efficient combined classes of population mean
estimators in StRS as

f* ﬁl
tgl = Dcujst |:1 + 10g(_si>:| (36)
t§2 = wpifst {1 + B2 log( )] (37)
ts, = asfst + Pa(Fs — X*) (38)
0\ P4
£, = ayge () (39)
xst

X*

c __ —
o = O3 {X* +Bs(%% - >‘<*>}

(40)

where «; and B;; (i =1,2,...,5) are appropriately selected scalars.
For easy reference, the MSE of the above reviewed estimators is provided in Appendix B.

3. Suggested Class of Estimators

The goal of the present article is to suggest an efficient class of separate and combined
estimators as an alternative for the conventional estimators covered in the preceding section.
On the lines of [20], we have extended the work of [34] in StRS to compute the population
mean Y of the research variable y utilizing the data from the supplementary variable x.

3.1. Separate Estimators

We suggest an efficient separate class of estimators for estimating the population mean

[1+log<;*)]ﬂ1 41)

where ¢1;, @y, and F j, are appropriately selected scalars in the stratum h. Also, {; and g
are constants taking real values. In practice, these parameters can be estimated by their
consistent estimates.

as

Ts—iwfpyﬂpy( X )g
bk = h 1hYh 2hYh ghfz_’_(l_gh)}‘{;;

Theorem 1. The characteristics including bias and minimum MSE of the proposed separate class
of estimators are expressed as

L
Bias(Ty;) = Y WiYi[@1nEan + @2nEsp — 1] (42)
=

minMSE(Ty.) = Z 2Y2(1

{

(43)
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where ¢, = (E14E2, + EouE3, — 2E34,EanEsp) / (E1pEop — E3,).
Proof. Using the notations defined in earlier section, we express the estimator T}, as

®1n + o — 1+ @uneon + @aneon + @1k newn
L L +€02hFh€1h — P218Cne1n — P21&Cneonin
=Y WY = Y WY, | oS (g 1) Ch€1h + qvlhfheo;zem + @onF neonein (44)
k=1 h=1 —(chthffhem (P1hFh€1h Pank ne3),

+oun'E Feq, + o' Jed,

Taking expectation both the sides of (44), we get bias to the first order of approximation as
follows:

L
Bias(Tj) = Y WiYi[@1nEan + @onEsy — 1] (45)
=1

Again, squaring and taking expectation both sides of (44), we get MSE to the first order of
approximation as follows:

L
MSE(Ty,) = hz WiY; [1 + @3, E1n + 95, Eon + 20110921 Esn — 2915 Ean — 24’2hEsh] (46)
=1

where

Eyp = 1+ Uy + (2F 2% — 21 j,v?)Uy + 4F jwlyg;

£ [ 1+ Uy + {2F 0% — 2F % + 250> — 4F 1,88 + (g + 1) U } _
2 +4v(Fy — 86n)Uio ’

1
Eyy= 14U+ { F202 = 2F @@ — 2F 2 + %ggvﬂ}ul +2v(2F y — g8 Uy ;
2
E4h = 1+ {thl/z - FhUZ}U1 +Fh1/ll10 ;
and Es;, = 1+ { v — v — Fglt + 852 gH & Z}Ul + (F pv — g&pv)Uno.

We obtain the optimum values of ¢q; and ¢, by differentiating (44) by differentiating it
with respect to the scalars ¢y, and ¢,;, and equating to zero.

(EoyEsp — EspEsp)
(E1nEon — E3,)
(E1pEsn — EspEap)

2 = (48)
Y (E1nEan — E3)

P = (47)

The optimum MSE is obtained by using the optimum values of ¢q; and ¢y in the
MSE(T;,).

~ (Ew E2, + ExyE3, — 2E3,Eq;Esy)

minMSE(T,) = Z W2Y7 (1 (En By EL)
3h

h=1
L
= LwWivii-a) (49)
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3.2. Combined Estimators

We suggest an efficient combined class of estimators for estimating the population
mean as

c _ i X § 7\ 1!
e e ot T om(E)]

where @1, @2 and F are the appropriately selected scalars. Furthermore, ¢ and g are
constants taking real values. In practice, these parameters can be estimated by their
consistent estimates.

Theorem 2. The characteristics including bias and minimum MSE of the proposed combined class
of estimators are expressed as

Bias(Tlfk) = Y[¢1E4 + @2Es5 — 1] (51)
minMSE(Tf,) = Y*(1—¢) (52)
where ¢ = (E1E% + EoE — 2E3E4Es) / (E1Ep — E3).

Proof. Using the notations defined in earlier section, we express the estimator Ty, as

@1+ @2 — 1+ @re0 + @aeg + @1F €1 + P2F €1 — P2g8er
Ty =Y =Y| —g@2gleper + cpz@é‘ze% +o1F €0€1 + ¢oF €ger (53)
—poF §Ce2 — p1F €2 — paF €3 + g1 L2 + L3

Taking expectation both the sides of (53), we get bias to the first order of approximation as
follows:

Bias(T§,) = Y?[p1Eq + 2E5 — 1] (54)

Again, squaring and taking expectation both sides of (53), we get MSE to the first order of
approximation as follows:

MSE(T) = V(14 9E1 + g3E2 + 29192F5 — 291 E4 — 202Es (55)
where

E1 =1+ Vo,z + (2F2V2 — ZFVZ)VZI() + 4FVV1/1;

£ [ 14 Voo + {20202 =27 v2 + @G22 — 4F g8v2 + g(g + 1)¢% } Vo } .
27 [ Hav(F —gd)Win ’

1+ Voo + {2F2u2 —2f gtv? —2F 12 + 88H) 521/2}1/2,0 +2u(2F —gE)Vis

E3

Ey

1+ (%21/2 — Fl/2> Voo +FvVi

and Es = 1+ {%zvz —Fv?—Fgfv? + wgzvz}%,@ + (Fv—g&v)Vis.

We obtain the optimum values of ¢; and ¢; by differentiating (53) with respect to the
scalars ¢1 and ¢, and equating to zero.

_ (EqE4 — E3Es)
P1(opt) = (EE—E) (56)

(E1Es — E3Ey)

= 57
P2(0pt) (E1E2 — E%) (57)
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The optimum MSE is obtained by using the optimum values of ¢ and @, in the MSE(Tj,).
(E1E%2 + EoE3 — 2E3E4Es)
(E1E2 — E3)
=Y?*(1—-¢) (59)

minMSE(TS,) = Y*|1 —

(58)

O

It is important to note that the efficiency criteria must be derived using the MSE
expressions of the suggested separate and combined class of estimators provided in (43)
and (52).

4. Efficiency Conditions

The efficiency conditions for separate and combined estimators are discussed in this
section.

4.1. Separate Estimators

By comparing the minimum MSE of the suggested separate estimators T, with
the minimum MSE of existing separate estimators, the following efficiency criteria are
listed here.

1.  The proposed separate estimators dominate the conventional mean estimator if

L L
MSE(Ty,) < MSE(tw) = Y WFVE(1—¢p) < Y WEYZUp
h=1 h=1

2. The proposed separate estimators dominate the separate ratio estimator if
L

L
MSE(Tj,) < MSE()) = Y WiYp(1—g,) < Y WiY7(Uo + Uy — 2Uyp)
h=1 h=1

3. The proposed separate estimators dominate the separate regression estimator if

2
u10

Uy — A

L L
MSE(Ty) < MSE(t5) = ) WiYi(1—¢u) < Y WiV
h=1 h=1

4. The proposed separate estimators dominate the separate form of [4] estimator if

L L
MSE(Ty) < MSE(t;,) = Y WiYi(1—gy) < Y WiV [uo +A%,Uy — 2/\1-,11110}
h=1 h=1
5. The proposed separate estimators dominate the separate form of [6] estimator if
L L (k;, — 1)2
- - 2
MSE(Ty,) < MSE(t,) = Y WiTill—qil < Y Wi¥i| | Uo+kth
h=1 h=1 —2k; Uy

6. The proposed separate estimators dominate the separate form of [7] estimator if
Loave Lo ave
MSE(Ty) < MSE(t5,) = Y WiYi(1—¢p) < ) WiYi(1 = Ag, (opr))
h=1 h=1

7. The proposed separate estimators dominate the separate form of [10] estimator if
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L L A2
MSE(Tj) < MSE(t};,) = Y WIVi(1—¢y) < Y Wav?|1- 1
(The) < (tkk,) ;; WY (1—¢n) ;; nin 4B,
8.  The proposed separate estimators dominate the separate form of [12] estimator if

Y2 (2l —1)(UyUp — U3,)
v2UZ + Uz — Uy (1+ Uy)

L L
MSE(Ty,) < MSE(ty,) = }2 W2Y2(1—¢p) < hz w2
h=1 =1

9.  The proposed separate estimators dominate the separate form of [14] estimator if

L L
MSE(Ty) < MSE(t5) = Y, WRVZ(1 =) < Y WRYZ[1= A, (opt) — Ao, opyBar
h=1 h=1

10. The proposed separate estimators dominate the separate form of [15] estimator if

L L
MSE(Ty) < MSE(£)) = Y WiVi(1—¢y) < ) WiV}
h=1 h=1

1 = ¢1, (0pt) Can
_¢2h(opt)c5h

11. The proposed separate estimators dominate the separate form of [24] estimator if
MSE(Tj) < MSE(t,)

DyyD3, + Dy D3, — 2D3,DaDsy )
(D14, Dy, — D%,)

L L
= Y WHII(1—¢,) < Y WiVZ|1- ( (60)
h=1 h=1

12.  The proposed separate estimators dominate the separate form of [31] estimator if

L B L B UZ
MSE(T5) < MSE(£) = Y_ WiYi(1—c¢p) < Y WiYy|U— LTllO
h=1 h=

1

The suggested separate class of estimators represses the conventional separate estima-
tors under the aforementioned efficiency criteria.

4.2. Combined Estimators

By comparing the minimum MSE of the suggested combined estimators T}, with the
minimum MSE of existing combined estimators, the following efficiency criteria are listed
here.

1.  The proposed combined estimators dominate the mean per unit estimator if

MSE(ty) > MSE(Ty,)) = ¢>1—"Vpp

2. The proposed combined estimators dominate the combined form of ratio estimator if
MSE(fg) > MSE(TbCk) = ¢>1—-Vyo—Voo+2Vy

3.  The proposed combined estimators dominate the combined form of regression esti-

mator if
2

1%
MSE(t5) > MSE(TS,) = ¢>1— Voo + —2
B bk , Voo
4. The proposed combined estimators dominate the combined form [4] estimator if

MSE(t;,) > MSE(Tg) = ¢ >1— A Voo — Voo +2AVi4

5. The proposed combined estimators dominate the combined form [6] estimator if
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MSE(£,) > MSE(TS) = ¢>1— (K —1)2 = Voo — k" Voo + 2k* V4

6. The proposed combined estimators dominate the combined form [7] estimator if

MSE(ts,) > MSE(Ty) == ¢ > Ag(opy

7. The proposed combined estimators dominate the combined form [10] estimator if
A2

MSE(ty,) > MSE(Tjy) = ¢> &

8. The proposed combined estimators dominate the combined form [12] estimator if

(v®Va0 — 1) (VaoVoo — Vi)

MSE(£, ) > MSE(TS,) — ¢>1—
(ti,) (Tie) g vVE, + Vi = Vao(1 + Vo)

9.  The proposed combined estimators dominate the combined form [14] estimator if

MSE(t5,) > MSE(Tg) = ¢ > Aq(opr) + Aa(opt B

opt)

10. The proposed combined estimators dominate the combined form [15] estimator if

MSE(tgsl) > MSE( lfk) = g>§b1(opt)c4+¢2(opt)c5

11. The proposed combined estimators dominate the combined form [31] estimator if

2

%
MSE(tS) > MSE(TS) —> ¢>1— Voo + #
2,0

12.  The proposed combined estimators dominate the combined form [24] estimator if

D3D, —2D3D4D5 + D1 D3

MSE(t;Z) > MSE(Ty) = ¢ > DD, D§

The suggested combined class of estimators outperforms the conventional combined
estimators under the aforementioned efficiency conditions.

4.3. Comparison of Suggested Separate and Combined Estimators

By comparing the minimized MSE of the suggested separate and combined classes of
estimators Ty, and T} from (52) and (43), we get

L
minMSE(Tg,) — minMSE(T;,) = Y { (2 = W2v}) — (Ve —Wivie,) | (61)
h=1

In general, the final term on the right side is least, and it decreases if and only if the
correlation between the research and supplementary variables is a straight line within each
stratum that goes through the origin.

In addition, unless Ry, is invariant from one stratum to another, separate estimators
probably become more precise in each stratum if the sample in each stratum is large enough
so that the approximate expression for MSE(T}, ) is valid and cumulative bias that may
change the suggested estimators is miniscule, while the suggested combined estimators are
recommended preferably with a small sample only in each stratum, refer [1].
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5. Empirical Study

In this part, an empirical investigation is completed under two headings: a simulation
study employing hypothetically constructed populations and a numerical study employing
real population.

5.1. Simulation Study

To gain a better understanding, following [35], we accomplished a simulation anal-
ysis over some arbitrarily drawn symmetrical (Normal) and asymmetrical (Chi-square)
populations of size N = 1500 units by utilizing the models as follows:

* S *
yi =46+ /(1-p%,) y; +ny<5z)xi

xj=424+x7

where y; and x] are two independent variables of a certain distribution. In particular,
for generating normal population, we consider y* ~ N(8,13) and x* ~ N(10,15), while for
generating chi-square population, we consider y* ~ x?(23) and x* ~ x?(25). We take into
account different correlation coefficient values, such as py, = 0.1, 0.5, and 0.9, to examine
how the separate and combined estimators behave. The stratification of the populations has
been done under two cases. In case 1, both populations have been divided into & = 3 strata
having sizes (N7, N2, N3) = (300, 700, 500). The proportional allocation has been considered
to draw samples of sizes n = 300 such that (1, 1y, n3)=(60, 140, 100) and n = 400 such
that (11, np, n3) = (80, 187, 133) from the stratum (N7, Np, N3), respectively, using SRSWOR.
Further, in case 2, both populations have been divided into & = 6 strata having sizes (N,
Nz, N3, Ny, N5, Ng) = (150, 250, 300, 500, 180, 120). The proportional allocation has been
considered to draw samples of sizes n = 300 such that (11, ny, ns, ns, ns, ng) = (30, 50, 60,
100, 36, 24) and n = 400 such that (nq, ny, n3, ny, ns, ng) = (40, 67, 80, 133, 48, 32) from the
stratum (N7, Np, N3, Ny, N5, Ng), respectively, through SRSWOR. Using 10,000 repeated
samples, the MSE and percent relative efficiency (PRE) of the suggested separate and
combined class of estimators relative to the traditional mean estimator are determined
as follows.

_ _v\2
MSE(TZ) 10,000 = ( 1 Y)
MSE(ty)

PRE = 1
MSE(T,) < 1%

where T; is the existing and proposed separate and combined estimators.
The simulation findings are presented in Tables 1-4 by MSE and PRE for Nj, = 3,
Nj, = 6,n = 300, 400 and various amount of correlation coefficient p,, = 0.1,0.5,0.9.
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Table 1. MSE and PRE of different separate estimators for artificially generated normal population.

Stratum N, =3 N, =6
Pxy 0.1 0.5 0.9 0.1 0.5 0.9

n Estimators MSE PRE MSE PRE MSE PRE MSE PRE MSE PRE MSE PRE
300 tm 0.3367 100.00 0.3367 100.00 0.3367 100.00 0.0562 100.00 0.0562 100.00 0.0562 100.00
£ 0.4584 73.44 0.2508 134.25 0.1015 331.61 0.0873 64.37 0.0489 114.82 0.0107 521.08
tsﬁ/ £ 0.3232 104.16 0.2456 137.06 0.0627 536.49 0.0521 107.86 0.0392 143.36 0.0104 540.38
t o 0.3539 95.14 0.2516 133.79 0.1422 236.80 0.0558 100.57 0.0403 139.17 0.0215 260.68
t o 0.3522 95.61 0.2516 133.79 0.1503 224.00 0.0736 76.28 0.0436 128.65 0.0124 452.17
£ o 0.3979 84.62 0.2492 135.09 0.1177 285.87 0.0635 88.42 0.0411 136.47 0.0145 386.01
iflsm1 0.4014 83.87 0.2474 136.07 0.1248 269.72 0.0860 65.31 0.0483 116.20 0.0108 519.15
t. 0.4552 73.96 0.2611 128.93 0.1128 298.45 0.0854 65.78 0.0487 115.28 0.0110 507.88
tﬁg 0.3004 112.07 0.2321 145.07 0.0621 541.76 0.0492 114.20 0.0375 149.57 0.0103 545.63
tikl 0.3888 86.61 0.2354 143.02 0.0996 338.04 0.0722  77.83 0.0444 126.56 0.0106 525.81
tikz 0.2984 112.83 0.2314 145.50 0.0616 546.05 0.0488 114.97 0.0373 150.36 0.0103 545.07
£, 0.3005 112.05 0.2317 145.33 0.0614 547.83 0.0498 112.69 0.0379 148.12 0.0101 554.14
tes, 0.2939 114.56 0.2315 145.43 0.0622 541.05 0.0477 117.71 0.0364 154.00 0.0103 542.12
t3s, 0.2894 116.32 0.2312 145.63 0.0616 545.87 0.0510 110.19 0.0382 147.12 0.0099 567.67
£, 0.2944 114.36 0.2265 148.63 0.0612 550.22 0.0476 117.87 0.0356 157.72 0.0098 573.46
ts, 0.2987 112.73 0.2356 142.90 0.0698 482.22 0.0488 115.17 0.0377 148.91 0.0103 544.29
ts, 0.3003 112.12 0.2318 145.23 0.0617 545.73 0.0491 114.29 0.0375 149.85 0.0103 544.52
t2, 0.2978 113.04 0.2316 145.38 0.0626 537.52 0.0485 115.70 0.0370 151.72 0.0103 545.93
ts 0.3003 112.12 0.2318 145.23 0.0617 545.73 0.0491 114.29 0.0375 149.85 0.0103 544.52
T 0.2801 120.20 0.2240 150.31 0.0601 560.23 0.0462 121.64 0.0350 160.57 0.0094 592.05
400 tm 0.2559 100.00 0.2559 100.00 0.2559 100.00 0.0420 100.00 0.0420 100.00 0.0420 100.00
£ 0.2992 85.53 0.1789 143.04 0.0755 338.90 0.0585 71.76 0.0348 120.64 0.0076 550.14
tfg/ £ 0.2373 107.86 0.1771 144.51 0.0472 541.73 0.0374 112.22 0.0283 148.12 0.0075 558.14
ticl 0.2503 102.24 0.1826 140.15 0.1063 240.70 0.0392 107.13 0.0291 144.18 0.0155 269.93
ticz 0.2475 103.38 0.1836 139.35 0.1137 225.00 0.0500 84.07 0.0311 134.87 0.0089 471.77
t]i% 0.2724 93.94 0.1791 14291 0.0872 293.22 0.0439 95.60 0.0295 142.33 0.0102 411.11
£ o 0.2691 95.10 0.1787 143.17 0.0939 272.59 0.0577 72.78 0.0344 122.08 0.0076 547.57
t. 0.3004 85.19 0.1846 138.59 0.0814 314.30 0.0578 72.72 0.0347 121.03 0.0077 541.38
tsg 0.2261 113.16 0.1709 149.76 0.0471 543.38 0.0360 116.49 0.0276 152.21 0.0075 556.03
tikl 0.2726  93.89 0.1722  148.63 0.0750 341.23 0.0518 81.10 0.0326 128.92 0.0076 553.21
tikz 0.2256 113.45 0.1705 150.07 0.0467 547.57 0.0359 116.87 0.0275 152.75 0.0074 562.81
5, 0.2261 113.19 0.1705 150.06 0.0466 549.23 0.0364 115.34 0.0275 152.56 0.0072 583.33
tes, 0.2230 114.77 0.1708 149.84 0.0468 546.61 0.0352 119.18 0.0270 155.50 0.0074 561.05
tes, 0.2210 115.82 0.1707 149.92 0.0474 539.00 0.0370 113.42 0.0283 148.16 0.0073 575.34
£, 0.2223 115.14 0.1699 150.54 0.0463 552.58 0.0351 119.70 0.0265 158.45 0.0070 600.01
t3, 0.2255 113.50 0.1730 147.92 0.0464 551.08 0.0358 117.16 0.0277 151.74 0.0074 567.94
£, 0.2260 113.22 0.1707 149.94 0.0467 547.45 0.0360 116.61 0.0275 152.53 0.0074 562.60
te, 0.2246 113.93 0.1707 149.94 0.0472 542.07 0.0357 117.74 0.0273 153.89 0.0074 561.68
ts 0.2260 113.22 0.1707 149.94 0.0467 547.45 0.0360 116.61 0.0275 152.53 0.0074 562.60
T3 0.2092 122.32 0.1676 152.71 0.0453 564.90 0.0341 123.16 0.0259 162.16 0.0069 608.69

Bold numerical values indicate minimum MSE and maximum PRE.
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Table 2. MSE and PRE of different combined estimators for artificially generated normal population.

Stratum N, =3 N, =6
Pxy 0.1 0.5 0.9 0.1 0.5 0.9

n Estimators MSE PRE MSE PRE MSE PRE MSE PRE MSE PRE MSE PRE
300 tm 0.3367 100.00 0.3367 100.00 0.3367 100.00 0.0562 100.00 0.0562 100.00 0.0562 100.00
£ 0.6019 55.93 0.2595 129.74 0.1024 328.64 0.0955 58.85 0.0513 109.39 0.0108 516.77
tg /t5, 0.3332 101.01 0.2525 133.33 0.0639 526.31 0.0534 105.08 0.0404 139.06 0.0106 526.31
tiﬁ 0.3882 86.73 0.2575 130.73 0.1428 235.76 0.0585 95.95 0.0415 135.43 0.0216 260.16
t - 0.3962 84.99 0.2571 130.96 0.1509 223.12 0.0796  70.55 0.0456 123.09 0.0125 449.57
t - 0.4668 72.13 0.2565 131.24 0.1185 283.94 0.0677  82.95 0.0427 131.53 0.0146 384.24
t o 0.5044 66.75 0.2543 132.40 0.1256 268.05 0.0940 59.74 0.0507 110.73 0.0109 514.95
tee 0.5829 57.76 0.2695 12491 0.1137 295.97 0.0930 60.38 0.0511 109.96 0.0111 503.76
tgg 0.3091 108.91 0.2382 141.33 0.0633 531.72 0.0504 111.43 0.0386 145.28 0.0106 527.20
tih 0.4671 72.08 0.2427 138.69 0.1005 335.05 0.0773 72.64 0.0463 121.27 0.0107 521.55
tikz 0.3069 109.71 0.2375 141.76 0.0628 535.85 0.0500 112.29 0.0384 146.06 0.0105 533.54
S 0.3093 108.86 0.2378 141.57 0.0626 537.59 0.0509 110.34 0.0387 145.01 0.0102 548.10
tes, 0.2972 113.28 0.2376 141.69 0.0640 525.65 0.0490 114.62 0.0375 149.69 0.0105 530.64
tss, 0.2945 114.34 0.2374 141.79 0.0984 342.19 0.0522 107.64 0.0398 141.06 0.0106 530.11
ts, 0.3050 110.37 0.2380 141.48 0.0623 539.92 0.0498 112.87 0.0369 152.30 0.0098 573.42
te, 0.3074 109.53 0.2414 139.48 0.0625 538.73 0.0500 112.39 0.0388 144.85 0.0104 539.20
te, 0.3091 108.94 0.2380 141.48 0.0628 535.54 0.0504 111.51 0.0386 145.54 0.0105 532.99
ts, 0.3072 109.60 0.2375 141.76 0.0638 527.12 0.0498 112.73 0.0381 147.41 0.0106 531.44
tss 0.3091 108.94 0.2380 141.48 0.0628 535.54 0.0504 111.51 0.0386 145.54 0.0105 532.99
The 0.2851 118.09 0.2318 145.22 0.0617 545.70 0.0486 115.45 0.0360 156.12 0.0095 586.82
400 tm 0.2559 100.00 0.2559 100.00 0.2559 100.00 0.0420 100.00 0.0420 100.00 0.0420 100.00
£ 0.3332 76.81 0.1805 141.79 0.0758 337.32 0.0631 66.62 0.0357 117.62 0.0077  539.59
tcﬁ /t 0.2435 105.08 0.1785 143.36 0.0477 536.49 0.0385 109.18 0.0288 145.68 0.0076 547.09
ticl 0.2633 97.21 0.1837 139.30 0.1065 240.16 0.0409 102.79 0.0295 142.12 0.0156 268.66
tiCZ 0.2611 98.03 0.1847 138.58 0.1139 224.57 0.0534 78.68 0.0319 131.78 0.0090 465.57
t o 0.2943 86.95 0.1804 141.84 0.0876 292.18 0.0464 90.45 0.0301 139.57 0.0103 406.58
t o 0.2934 87.23 0.1800 142.18 0.0941 271.73 0.0622 67.59 0.0353 119.04 0.0078 537.31
tee 0.3324 77.00 0.1862 137.44 0.0818 312.90 0.0621 67.63 0.0356 118.05 0.0079 531.15
tsg 0.2318 110.39 0.1722 148.61 0.0475 538.22 0.0370 11347 0.0280 149.79 0.0077 545.25
tikl 0.2980 85.87 0.1736 147.43 0.0753 339.66 0.0552 76.11 0.0333 125.95 0.0077 542.75
tikz 0.2311 110.72 0.1718 148.92 0.0471 542.32 0.0369 113.84 0.0279 150.31 0.0076 551.76
s 0.2318 110.39 0.1718 148.91 0.0470 543.96 0.0373 112.50 0.0281 149.38 0.0073 572.57
tss, 0.2285 112.01 0.1721 148.72 0.0473 540.14 0.0362 115.98 0.0274 153.07 0.0076  550.09
tes, 0.2257 113.36 0.1719 148.82 0.0490 521.59 0.0380 110.57 0.0288 145.74 0.0077 545.87
ts, 0.2282 112.15 0.1712 14947 0.0467 547.27 0.0361 116.29 0.0269 155.85 0.0073 575.33
ts, 0.2309 110.85 0.1743 146.83 0.0468 546.78 0.0368 114.18 0.0281 149.40 0.0075 556.02
ts, 0.2317 110.44 0.1720 148.80 0.0472 542.20 0.0370 113.57 0.0280 150.09 0.0076 551.54
te, 0.2303 111.13 0.1719 148.82 0.0476 536.82 0.0366 114.62 0.0277 15145 0.0076  550.68
tes 0.2317 110.44 0.1720 148.80 0.0472 542.20 0.0370 113.57 0.0280 150.09 0.0076 551.54
TF 0.2241 114.19 0.1688 151.55 0.0465 550.32 0.0352 119.61 0.0261 160.92 0.0071  590.66

Bold numerical values indicate minimum MSE and maximum PRE.
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Table 3. MSE and PRE of different separate estimators for artificially generated x> population.

Stratum N, =3 N, =6
Pxy 0.1 0.5 0.9 0.1 0.5 0.9

n Estimators MSE PRE MSE PRE MSE PRE MSE PRE MSE PRE MSE PRE
300 tm 0.1963 100.00 0.1963 100.00 0.1963 100.00 0.0121 100.00 0.0121 100.00 0.0121 100.00
£ 0.2226  88.15 0.1448 135.48 0.0543 361.01 0.0133 91.49 0.0086 141.37 0.0032 376.50
t%/tfl 0.1786 109.91 0.1390 141.16 0.0516 380.42 0.0108 112.22 0.0082 147.13 0.0030 394.47
t o 0.2213 109.89 0.1445 135.83 0.0546 358.96 0.0127  95.60 0.0084 144.02 0.0033 358.56
tzcz 0.2111 88.69 0.1418 138.40 0.0576 340.81 0.0126  96.19 0.0084 144.29 0.0034 357.07
£, o 0.2222 9297 0.1447 135.60 0.0544 360.29 0.0131 93.025 0.0085 142.50 0.0032 369.92
i‘,scc4 0.1964 88.33 0.1392 140.99 0.0661 296.55 0.0130 93.46 0.0085 142.77 0.0033 369.16
k. 0.2226  99.92 0.1449 135.45 0.0544 360.83 0.0133 91.48 0.0086 141.24 0.0032 375.72
tgg 0.1786 88.15 0.1392 141.02 0.0514 381.63 0.0108 112.44 0.0082 147.20 0.0031 392.09
tls%k1 0.2223 109.87 0.1448 135.57 0.0543 361.04 0.0132 92.03 0.0085 141.79 0.0032 376.65
t,ikz 0.1785 88.27 0.1390 141.22 0.0511 384.08 0.0108 112.53 0.0082 147.44 0.0030 394.78
£, 0.1785 109.95 0.1390 141.22 0.0511 384.10 0.0113 107.68 0.0082 146.98 0.0030 394.91
t3s, 0.1785 109.94 0.1389 141.24 0.0511 384.04 0.0108 112.64 0.0082 147.53 0.0031 394.59
tss, 0.1784 109.97 0.1389 141.25 0.0511 384.03 0.0108 112.34 0.0083 147.14 0.0030 397.61
£, 0.1784 109.99 0.1390 141.27 0.0510 384.27 0.0108 112.68 0.0082 147.72 0.0030 395.84
ts, 0.1785 109.98 0.1390 141.21 0.0511 384.05 0.0108 112.54 0.0083 147.35 0.0030 394.60
ts, 0.1785 109.95 0.1390 141.22 0.0511 384.08 0.0108 112.53 0.0082 147.44 0.0030 394.78
£, 0.1785 109.96 0.1389 141.23 0.0511 384.06 0.0108 112.58 0.0082 147.49 0.0030 394.67
ts, 0.1785 109.95 0.1390 141.22 0.0511 384.08 0.0108 112.53 0.0082 147.44 0.0030 394.78
T 0.1681 116.77 0.1301 150.88 0.0499 393.38 0.0019 119.80 0.0077 157.11 0.0029 404.68
400 tm 0.0409 100.00 0.0409 100.00 0.0409 100.00 0.0119 100.00 0.0119 100.00 0.0119 100.00
£ 0.0434 94.23 0.0281 145.45 0.0112 363.29 0.0125 95.51 0.0078 152.34 0.0031 385.22
t%/t,ﬂ 0.0359 113.96 0.0271 150.69 0.0101 402.72 0.0104 114.88 0.0076 155.95 0.0029 411.35
ticl 0.0432 94.63 0.0281 145.73 0.0113 361.55 0.0120 99.41 0.0077 154.32 0.0032 366.70
tiq 0.0415 98.72 0.0276 148.29 0.0120 338.72 0.0119 100.41 0.0077 154.70 0.0032 364.23
i‘,icz 0.0434 94.39 0.0281 145.57 0.0112 362.61 0.0123  96.86 0.0078 153.15 0.0031 378.20
tic; 0.0376 108.79 0.0273 149.97 0.0160 255.98 0.0122 97.65 0.0078 153.57 0.0031 376.52
t. 0.0434 94.23 0.0281 145.45 0.0112 363.23 0.0125 95.50 0.0078 152.24 0.0031 384.63
tsg 0.0359 113.88 0.0272 150.45 0.0102 400.12 0.0104 115.00 0.0076 155.88 0.0029 408.66
t,ikl 0.0434 94.27 0.0281 150.45 0.0112 363.30 0.0124 95.87 0.0078 152.61 0.0031 385.31
tikz 0.0359 113.97 0.0271 145.48 0.0102 402.74 0.0104 115.09 0.0076 156.16 0.0029 411.56
5, 0.0359 113.97 0.0271 150.71 0.0101 403.31 0.0108 110.77 0.0077 155.61 0.0029 408.91
ts, 0.0359 113.98 0.0271 150.70 0.0102 402.72 0.0104 115.17 0.0076 156.21 0.0029 411.41
£, 0.0359 113.98 0.0271 150.73 0.0101 402.72 0.0104 114.96 0.0076 155.95 0.0028 413.72
t3, 0.0359 113.97 0.0271 150.70 0.0102 402.79 0.0103 115.21 0.0076 156.36 0.0029 412.27
ts, 0.0359 113.97 0.0271 150.71 0.0102 402.73 0.0104 115.10 0.0076 156.08 0.0029 411.48
ts, 0.0359 113.98 0.0271 150.71 0.0102 402.74 0.0104 115.09 0.0076 156.16 0.0029 411.56
£, 0.0359 113.97 0.0271 150.71 0.0102 402.73 0.0104 115.10 0.0076 156.08 0.0029 411.48
T 0.0339 120.64 0.0264 154.92 0.0099 413.11 0.0098 121.42 0.0072 165.22 0.0028 425.07

Bold numerical values indicate minimum MSE and maximum PRE.
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Table 4. MSE and PRE of different combined estimators for artificially generated x> population.

Stratum N, =3 N, =6
Pxy 0.1 0.5 0.9 0.1 0.5 0.9

n Estimators MSE PRE MSE PRE MSE PRE MSE PRE MSE PRE MSE PRE
300 tim 0.1963 100.00 0.1963 100.00 0.1963 100.00 0.0121 100.00 0.0121 100.00 0.0121 100.00
£ 0.2631 74.60 0.1566 125.33 0.0574 341.85 0.0158 76.58 0.0094 128.70 0.0034 361.38
t%/tft 0.1884 104.16 0.1472 133.33 0.0544 360.36 0.0115 105.21 0.0089 137.06 0.0032 376.57
t,c(c1 0.2610 75.18 0.1561 125.73 0.0577 340.12 0.0150 80.83 0.0092 131.78 0.0035 345.50
t - 0.2460 79.78 0.1524 128.73 0.0604 324.55 0.0149 81.41 0.0092 132.14 0.0035 344.15
ke o 0.2624 74.78 0.1564 125.47 0.0575 341.25 0.0156 7793 0.0094 129.97 0.0034 355.57
£ o 0.2252 87.16 0.1481 132.54 0.0688 285.29 0.0156 78.33 0.0093 130.29 0.0034 354.89
b 0.2631 74.60 0.1566 125.31 0.0574 341.69 0.0160 76.34 0.0095 128.61 0.0034 360.64
tgg 0.1884 104.18 0.1473 133.22 0.0547 358.29 0.0116 105.34 0.0089 137.18 0.0032 374.46
tf(kl 0.2627 74.72 0.1565 125.42 0.0574 341.88 0.0158 76.90 0.0094 129.15 0.0034 361.54
if,“(k2 0.1883 104.23 0.1471 133.39 0.0545 360.42 0.0116 105.39 0.0089 137.37 0.0032 376.88
£, 0.1883 104.22 0.1471 133.39 0.0545 360.43 0.0122 100.22 0.0152  80.05 0.0032 376.90
tes, 0.1883 104.24 0.1471 133.41 0.0545 360.38 0.0116 105.48 0.0089 137.47 0.0032 376.71
tss, 0.1882 104.26 0.1471 133.42 0.0545 360.37 0.0116 105.25 0.0089 137.47 0.0032 379.24
ts, 0.1883 104.55 0.1471 133.44 0.0544 360.59 0.0116 105.50 0.0088 137.09 0.0032 377.87
ts, 0.1883 104.53 0.1471 133.38 0.0545 360.37 0.0116 105.42 0.0089 137.61 0.0032 376.67
ts, 0.1883 104.53 0.1471 133.39 0.0545 360.42 0.0116 105.39 0.0089 137.30 0.0032 376.88
ts, 0.1882 104.53 0.1471 133.40 0.0544 360.40 0.0116 105.44 0.0088 137.37 0.0032 376.79
ts, 0.1883 104.53 0.1471 133.39 0.0545 360.42 0.0116 105.39 0.0089 137.30 0.0032 376.88
T 0.1776 110.52 0.1358 144.55 0.0530 370.37 0.0109 111.00 0.0083 145.78 0.0031 384.12
400 tm 0.0409 100.00 0.0409 100.00 0.0409 100.00 0.0119 100.00 0.0119 100.00 0.0119 100.00
£ 0.0506 80.89 0.0318 128.82 0.0119 341.57 0.0139 85.87 0.0087 137.06 0.0032 363.14
tfg/tf, 0.0382 107.25 0.0298 137.45 0.0110 371.78 0.0109 109.89 0.0083 143.36 0.0031 384.02
tlccc1 0.0503 81.31 0.0317 129.14 0.0120 340.13 0.0133  90.06 0.0086 139.63 0.0034 347.51
t,icz 0.0478 85.62 0.0309 132.33 0.0127 321.01 0.0131 91.06 0.0085 140.21 0.0035 345.31
t,cccz 0.0505 81.06 0.0317 128.95 0.0120 341.01 0.0137 87.29 0.0087 138.05 0.0033 357.25
ke C; 0.0422  96.90 0.0298 137.29 0.0165 248.02 0.0136  88.06 0.0086 138.62 0.0034 355.76
tee 0.0506 80.89 0.0318 128.82 0.0119 341.51 0.0139 85.88 0.0087 136.98 0.0033 362.59
tse 0.0382 107.20 0.0298 137.27 0.0110 369.60 0.0109 110.02 0.0083 143.35 0.0031 381.75
tikl 0.0506 80.92 0.0318 128.85 0.0119 341.58 0.0108 110.15 0.0087 137.36 0.0033 363.24
t,ikZ 0.0382 107.26 0.0298 137.47 0.0110 371.80 0.0109 110.09 0.0083 143.57 0.0031 384.23
tS, 0.0383 106.76 0.0298 136.88 0.0110 372.27 0.0109 109.16 0.0089 134.61 0.0047 254.06
tes, 0.0382 107.06 0.0299 136.83 0.0109 375.22 0.0108 110.17 0.0083 143.64 0.0031 384.09
tes, 0.0383 106.83 0.0296 138.17 0.0110 371.78 0.0108 109.98 0.0083 143.38 0.0031 385.89
ts, 0.0381 107.36 0.0294 139.11 0.0108 376.26 0.0108 110.19 0.0083 143.75 0.0031 384.87
ts, 0.0382 107.12 0.0295 138.64 0.0110 371.48 0.0108 110.11 0.0083 143.52 0.0031 384.10
ts, 0.0383 107.23 0.0297 137.71 0.0110 371.81 0.0108 110.09 0.0083 143.57 0.0031 384.23
ts, 0.0382 107.44 0.0296 138.13 0.0109 374.88 0.0108 110.13 0.0083 143.60 0.0031 384.15
te, 0.0383 107.23 0.0297 137.71 0.0110 371.81 0.0108 110.09 0.0083 143.57 0.0031 384.23
T7 0.0358 114.29 0.0278 147.23 0.0657 389.47 0.0101 117.82 0.0078 152.56 0.0029 400.66

Bold numerical values indicate minimum MSE and maximum PRE.

After carefully reading the simulation results shown in Tables 1-4, we have made the

following findings:

Table 1 consisting of the simulation outcomes of the separate estimators for normal
population demonstrates the dominance of the suggested separate estimator T}, over
the usual mean per unit estimator t,,, separate classical ratio and regression estimators
£, t;, ref. [4,6] estimators £} o i=1,2,3,4,t;, ref. [7] estimator tgg, ref. [10,12] estimators
tikl, tikz, ref. [14] estimator £, ref. [15] estimator ¢, , ref. [31] £}, ref. [24] estimator
tss, and [20] estimators t; , i = 1,2,...,5 by lesser MSE and greater PRE for several
values of correlation coefficient.
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e Table 2 based on the simulation outcomes of the separate estimators for x> population
shows the similar inclination.

*  The findings of the simulation study presented in Table 3 show the dominance of the
suggested combined class of estimators Tj; over the conventional mean estimator t,,
the combined form of conventional ratio and regression estimators t;, tl%, refs. [4,6]
estimators f} » i=1,2,3,4,t;, ref. [7] estimator tgg, refs. [10,12] estimators t]ikl, tf(kz,
ref. [14] estimator 5, ref. [15] estimators #5, v ref. [31] estimator #{, ref. [24] estimator
tgsz, and [20] estimators tgi, i=1,2,...,5by minimum MSE and maximum PRE for
different values of correlation coefficients.

*  Table 4 based on the simulation outcomes of the combined estimators exhibits the
similar proclivity when the nature of population is x?.

*  The findings of Tables 1-4 show that when the correlation coefficient varies from 0.1
to 0.9 with increment 0.4, the MSE and PRE of the proposed separate and combined
estimators decreases and increases, respectively. Apart from this, the gain in the
efficiency of the proposed separate and combined estimators is more in most of the
cases in asymmetric (x?) population as compare to symmetric (normal) population.

¢  From the findings of Tables 14, it can be observed that when number of strata increases
from 3 to 6, the MSE and PRE of the proposed separate and combined estimators
decreases and increases, respectively.

*  Further, from the findings of Tables 1-4, it can also be observed that when sample size
increases from 300 to 400, the MSE and PRE of the proposed separate and combined
estimators decreases and increases, respectively.

5.2. Real Data Application

To demonstrate the execution of the suggested estimators concerning to the conven-
tional estimators, a real data is taken from [36], page number 228. In this data, let the
output of N = 80 factories be the study variable y and the fixed capital of these factories be
auxiliary variable x which are recorded from 4 regions (strata) of these 80 factories. A total
sample of size n = 45 is drawn by using Neyman allocation from /1 = 4 strata. For easy
reference, the descriptive statistics are provided in Table 5.

Table 5. Summary of real population.

Symbol for

Total Stratum h 1 2 3 4
Population size N =80 Nj, 19 32 14 15
Sample size n =45 ny, 11 18 8 8
Population mean X =1126.46 Xy, 349.68 706.59  1539.57  2620.53
Population mean Y =5182.64 Y, 2967.95  4657.63  6537.21  7843.67
Kurtosis coefficient Ba(x) =1218  Ba(xy) 4.59 18.54 15.44 10.16
Correlation coefficient  py, = 0.94 Pxy, 0.93 0.92 0.98 0.96
Standard deviation Sy =845.61 Sx, 109.44 109.22 277.18 370.97
Standard deviation Sy =1835.66 Sy, 757.08 669.12 416.11 645.68

Now, utilising the parameters reported in Table 5, we have calculated the MSE and
PRE of several separate and combined estimators T; with regard to the mean per unit
estimator t,,. The following formula is used to tabulate the PRE:

MSE(t,)

PRE =
MSE(T))

x 100 (62)

where MSE(T;) is the MSE of the conventional and proposed separate and combined esti-
mators.

The results obtained using real data are shown in Table 6 , which show the outperfor-
mance of the suggested classes of estimators over the currently used estimators.
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Table 6. MSE and PRE of different separate and combined estimators utilizing real populations.

Combined Separate
Estimators MSE PRE Estimators MSE PRE

tm 46,819.71 100.00 - 85,499.73 100.00
ts 29,209.75 160.28 4 53,341.34 160.28
iff5 /t5 2839.67 1648.76 t/sS /t 5185.67 1648.76
te, 29,203.22 160.32 te, 53,329.42 160.32
tre, 28,744.99 162.87 e, 52,492.61 162.87
tees 29,209.11 160.29 tres 53,340.17 160.29
tees 26,086.00 179.48 tre, 47,636.91 179.48
tee 29,350.51 159.51 £, 53,414.51 160.06
tsg 21,359.16 256.00 tsg 41,791.27 204.58
tek, 24,646.96 189.96 tek, 53,217.62 160.66
teky 2839.43 1648.90 tik, 5185.55 1648.80
tsy 2814.58 1663.46 3, 5159.55 1657.11
tss, 2817.14 1661.36 t3s, 5164.69 1655.46
tss, 2824.60 1657.56 t3s, 5144.01 1662.12
ts, 2737.10 1710.55 ts, 5132.26 1665.92
ts, 2839.54 1648.84 t3, 5185.60 1648.79
ts, 2839.43 1648.90 ts, 5185.55 1648.80
ts, 2827.97 1655.59 £, 5179.59 1650.70
ts 2839.43 1648.90 t3, 5185.55 1648.80
Ty, 2735.18 1711.75 T 5118.07 1670.54

The results obtained from real data analysis are presented in Table 6, show that the
suggested combined estimator Ty, performs superior than the conventional mean estimator
tn, combined conventional ratio and regression estimators #;, t%, refs. [4,6] estimators

ici, i=1,2,3,4,t;_, ref. [7] estimator tgg, refs. [10,12] estimators tikl, ikz' ref. [14] estimator
tsv, ref. [15] estimators tg, , ref. [31] estimator #7, ref. [24] estimator t{;,, and ref. [20]
estimators tgl,, i=1,2,...,5by minimum MSE and maximum PRE. The same tendency

may be observed from the findings of the separate estimators presented in Table 6.

6. Conclusions

In this article, we have suggested an efficient separate and combined class of estimators
under stratified simple random sampling for estimating the population mean of the research
variable utilizing auxiliary information. The properties like bias and meas square error
of the suggested separate and combined class of estimators are obtained approximately
to the order one. The suggested separate and combined class of estimators outperform
the currently available separate and combined estimators under efficiency conditions that
are deduced. Furthermore, an empirical study is carried out in favour of the theoretical
results utilizing some artificially generated symmetric and asymmetric populations and
a real population. It has been seen from the empirical findings that the suggested class
of separate and combined estimators are most efficient in comparison to the existing
separate and combined estimators by lesser MSE and greater PRE. It is also noticed from
the simulation results that when the number of strata, correlation coefficient as well as
sample size increase, the PRE of the proposed estimators increases, while MSE decreases.
Moreover, from empirical results, it has been also seen that the suggested separate class of
estimators becomes superior than the suggested combined class of estimators for artificially
generated and real populations. This indicates that the sampling ratio is rather high for
both artificial and real data. Thus, we enthusiastically recommend our suggested class of
estimators over all prominent estimators discussed in the present paper for experimental
surveys.
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Appendix A

The MSEs of the conventional separate estimators are listed below for ready reference.

MSE((t) Z W2Y2Uy (A1)
h=1
MSE(£) Z W2Y? uo + Uy — 2u10} (A2)
s y2 /3;1 5B
MSE( t Z UQ + U1 2R Uqg (A3)
s 22 _ %
minMSE(t3) Z WEY; | Uo o (A4)
1
MSE tic Z Wth UQ + iﬁhul — Zﬂihulo],' 1= 1,2,3,4 (A5)
MSE(,) = Y WRV2 [ (ky — 12 + { Uy + 2L — 2kl } (A6)
h=1 L
minMSE(t;,) = Z WEYZ (k;; —1)? +{ Up + k" Uy — 2kt Uyg }} (A7)
h=1 L
MSE(t5,) W2Y2 | (A, —1)2 + A2 u-u—%o U A8
Z h (Sh ) A5 u, +(N+1) ( )
L
minMSE(£) = Y WiY? [1 A, opt] (A9)
h=1
. Ak U0+ochvh{A2 (28> +g) — /\kh(g2+g)}ll1
MSE(t},) = i : , (A10)
—Zgahvh 2/\ )\kh)Uw + (Akh — 1)
minMSE (£}, ) Z W2Y?2 (1 — ) (A11)
Vit + 15, XUn + k3, i (1 + Up + 3vj Ll — 4vylo)
MSE tkk Z le —ZkZhXthhvilul — 2k1hY]3(1 + U%Ul — Uhulo) (A12)
+2k1pkon Xy, Y (205 Uy — Uyp)
L Y2(v2U; —1)(U Uy — U?))
. _ n\Vpt1 140 10
minMSE(tyy,) = YW 202 W — U (15 o) (A13)
h=1 v Uy + Ujp — U (1 + Lo
L
minMSE(t,) = 3 WEVR[1 = A, (opr) — Aay(opt) B (A14)
h=1
L
MSE(t,) = Y WFY? [1 + ¢3,Can + 93, Con + 21421 Cap — 2¢1,.Cap — 24’2hc5h] (A15)
h=1

L

mlnMSE( ssl) = Z WP% _P%[ - (Plp,(opt)c4h - (PZ;,(opt) CSh] (A16)
h=1
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L

MSE(£,) = ) W2Y2 [1 + w2, Dy, + w3, Doy + 21, wa Dy, — 21, Dy — 2w2hD5h] (A17)
h=1
Lo ool (DiuD2, + DyD3, — 2D5;DyyDsp)
minMSE(ty,) = Y WFYZ|1— Sh e (A18)
h=1 D1 Doy — Dsh
MSE(£) Z W2Y2 U + ﬁ - 2?0 (A19)
h=1 L h h
2 Ug
MSE(£) W2Y2 | Uy — —10 A20
min ; f m (A20)
MSE(#) Z W2Y2 {1 + a2, Py — szth,h], i=1,24,5 (A21)
h=
2
minMSE(t5) Z W2Y? [ %h} (A22)
h=1 ih
s 2 2 2 X% 2 .2 Xh
MSE(tSS) =Y (“3]4 — 1) + oc3hllo + W:B?)hv Ul +2Y—ha3h[&3hvum (A23)
h
minMSE(£,) Z Wi Y21 — g, (op)] (A24)
where
P SR (-
h= T , n= T3 ,
" (X + Cx) T (R + Ba(xn)
B2 (xn) XCx,

h = =~ = h = -—=—/C
T Rba(v) + G T (G, + Ban))
Ap =2+ (g% + g)a’ujUy — 2gavy Uy
B, =1+ Uy + (287 +8)“ vl — 4gavyUsg
By, = 1+ Uy, By, = Ay + ,Bh (2B, — 1)Uy +4BU10
-1 -1
By, = Ay + %Lﬁ + 2B, Uig, By, =1+ %Lﬁ + BrlUio

Cip = 1+ Uy + 4ay,dv,Usg + 6(26 — 1)azvily
Con = 1+ Up — 4gmvyUno + (28 + 1aguplly

Can =1+ Up +2a,(0 — g)vplho + =5+ 0% Lo—g)(6—g—1Uy

Cyp = 1+ ap b0, Uy + ‘5(‘5; ) aﬁugul

Csp, =1 —apgu, Uy + @aiviul

Dy = 1+ U — 20y ,a,Us + 761”(@2”1 * 1)aiul

Dy, = 1+ Uy +20ya,Uyg + waﬁm

D3y =1+ Up + (O, — Oy )yl + (©21 = ©1) (O = O =2) aylly

8

(C] O, +2
D4h =1- Tlh (ahulo - (”147)11%111)

Ds, =1— % (ahulo + (62;'4772%%111)

O =2ay+ B Oy =20+A

Py = 14 Uy +2B1(B1n — 1)Uy + 4y0Uxg
Qun = /3111(@ - )Uzul — BunvUig
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klh(npt) =

1}1(Dpt) -

Tnopt) —

¢1h(opt) -

wlh(

opt)

An(opt) =

ﬁlh(opt) -

Py, = 1+ Up + Bon(Bon — 1)v2Uy + 4B vl
th = 1+ /SZthIw - @ 2U1
Py, = 1+ Uy — 4BayvUsg + B (2Ban + 1) 0?1

+1
Qu =1+ %Uzul — Banvlo
Psj, = 14 U + 3B%,v*U; — 4B5,0Ux0
Qsi = 1+ B3,v*Uy — Bspulio

The scalars’ optimal values in the aforementioned MSE expressions are listed as

Ulo 1+t . 1
Rh kh(opt) = = ky(say), Ash(opt) = ’
U, 1+ U U
U = ! +
14 apgu, U + g(g;l)thvhll _ A

(say)

- 14+ Uy + g(2g + 1)0(%1]% 4gtxhvhulo By,
Uy (1 — vplhy) _ (1= vjth) (Uro — 20,U1)
o2 e = R vnt 2 22
UglUi + U — Uhul - ulO U, + Ugly — Ulo - vhU1
_ Ay Ay — AgnAsy) o Ay = (AspAgp — A1pAsp)
(A1p Ay, — A3,) Hopt) (AypAgy — A3,)
_ (B = BanBun) g, = (BunBayn— Ban)
(B11Bay — B3,) "ort) (ByyBoy — B3,)
_ (ConCan = CanCs) 4 b = _ (CinCsin — CanCan)
(C14Con — C3) opt) (C1nCon — C3,)
_ (D2Dyy = D3iDsp) 4 Wy = (D1pDsy — D3 Day)
(D1 Dy — D3,) H(opt) (D1 Doy — D3,)
Uy th . 1
1 ; i=1,2,45 & 0pm="—"5+
Uyo Xy (opt) = Py’ 1 (opt) (1 U um>
Uy Uyo Uyo
ot~ Paorn Paor) = ~%aen g Patorn = o = Pantont)
Appendix B
The MSEs of the conventional combined estimators are listed below for ready refer-
ence.
MSE((ty) = Y* Vg (A25)
MSE(t) = Y? | Voo + Voo — 2V1,1} (A26)
A A
MSE( /3> =Y _V0'2+R2V20_2RV11 (A27)
, 2l Vi
manSE(tg) =Y |Voo— ==~ (A28)
| Va0
MSE(t;, ) = Y* Voo + 17 Voo — 2;7ivl,1]; i=1,234 (A29)
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MSE(tiC) =Y? (k— 1)2 + { Voo + kZVQ,O —2kV7, }] (A30)
. c 2 [ * 2 2
mZnMSE(tkC) =Y (k — 1) + { Voo + k* Voo — Zk*VLl }:| (A31)
- 2 y
minMSE(t5) = V2|1 - AS(Opt)] (A33)
MSE(tg ) = Y*| 1+ A2A —2)B ] (A34)
_ / B2
minMSE(tg, ) = Y2 (1 — A> (A35)
Y2 + k%XZVLo + k%YZ(l + Voo + 3U2V2,0 — 4UV1,1)
MSE(tf;,) = | —2kaXYouVp0 — 2k Y2 (1 + 0 Vo0 — vV4,1) (A36)
—I—Zklkz}_{Y(ZUVzlo — Vl,l)
Y2(02 V9 — 1) (Vo oV — V2
minMSE(tfy, ) = 2< 0 )V20V02 ~ Vi) (A37)
v V2,0 + Vl,l — Vzl()(l + V(),z)
MSE(t5,) = Y?|1 4+ ByA2 4+ BoAS +2A1A2B3 —2A — 2A234] (A38)
minMSE(£5,) = Y2 |1 = Aq(op) = Aa(opn 34] (A39)
MSE(t5,,) = Y21+ ¢3C1 + ¢3Cs + 212Cs — 201 C4 — 2G5 (A40)
minMSE(thl) =Y _1 - 4)1(0pt)c4 - ¢2(opt)c5} (A41)
MSE(ts,) = Y? |1+ wiD; + w3D; + 2w wy D3 — 2w Dy — 2w2D5} (A42)
| (DiD?+ D,D? —2D;D,D
minMSE(£5,,) = Y2 1 — P1Ds + DoDy =1 5) (A43)
2 DD, — D}
T V;
MSE(t) = Y2 |Vpa + ‘;22'0 - 2;1] (A44)
i} r V2
minMSE(t$) = Y2 | Vo, — # (A45)
2,
MSE(£) = Y2[1 +a2P, — ZaiQi], i=1,2,45 (A46)
I e’
minMSE(tS,) = Y |1 — 5 (A47)
i
c 2 [ 2 2 X2 2 2 X
MSE(tS3) =Y (¢X3 — 1) + a3V + Wﬁav Voo + 2?0531330‘/1,1 (A48)
minMSE(tg,) = Y*(1 — az(pr)) (A49)
where
L _ L _
h21 Wi, X}, th Wi Xy,
m = L — ~ 7 N2 = L __ s
h):l Wi (X + Cxxy) h21 Wi (Xn + Ba(x1))
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L _ L _
hgl WhXh,BZ (Xh) hgl WhXthh
3= 7T B
hgl Wh(Xh,BZ(xh) + th) hgl Wh(Xthh + 132 (xh))

A=2+(g"+g)a*v* Vo — 2gavVi 4
B =1+ Voo + (28% + 8)a?v* Vs — 4gavVy 4
Bl =1 + VO,Z/ B2 = B1 + ,8(2,3 — 1)V2,() + 4,5‘/1,1

-1 -1
Bo—B+ PP Vv vopv,,  B—14PB =Dy 4pu,

2 2
Ci =1+ Wy +4adévVyq + 6(26 — 1)0(202‘/2,0
Cy =1+ Voo —4gavVyq + g(2g + 1)a?v*Va
a?v?
C3=14 Voo +2a(6—g)vVi1+ 7(5 —8)(0—g—1)Vap
6(0+1
Cs=1+advViq+ %NZIFVLO
1
Cs=1—agvVig+ %azvzvm
1
Dy =14 Vpp —201aVi1 + %ﬁ)az‘@,o
0,0, —1
Dy =1+ Voo +20,aV; 1 + %azvm
0, —-01)(0; —01 -2
D3 =1+ Voo + (©2—Oq)aVy; + (©, 1)(82 L )ﬂzvz,o
O;+2
Dy=1-— 01 aVvyq — Q,ﬂvm
2 ’ 4 ’
-2
D5 =1- % (ﬁVm -+ (®a4)a2V2,0)

O =2a+p, O, =20+ A

Py = 1+ Voo +2B1(B1 — 1)v*Vap +4B10V7 4
Q1= B (% — )Usz,o — B1vVi

Py = 1+ Voo + Ba(B2—1)v* Voo +4p20Vi
Q2= 1+ BvViq — %Uzvz,o

Py =1+ Voo —4BavVi1 + Ba(2Bs + 1)v* V2

+1
Q=1+ %UZVZO — BsvVi1

Ps =1+ Voo +3B20° Voo — 4B50V
Qs = 1+ BEv*Vhp — BsoViy

The scalars’ optimal values in the aforementioned MSE expressions are listed as

A _AVLl _1+Vl,1_ * — 1
Prop) = RVz,o' o) T 1+ Vop K (say), Astopt) = 1V V2, Vao )
TV vy e

A 1+ agoVia + B50a2020s, > (say)
= = 4 a

klopt) = 71 Voo + 8(2g + 1)a2v?Vp g — 4gavVy; A Y

VZ,O(l — UZ VZ,O)

- 7
" VoaVao + Voo — 02V3, — VE

(1= 0*Va0) (V1,1 — 20Vay)
Va0 + Vo2 Voo — Vi — v2V3,

kp =R

(opt) vt

kl(
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(AyAs — A3As) (AzAy — A1A5)

and /\2(0;71‘) =

)\ =
1ert) (A1A; — A2) (A1A; — A3)
_ (B2 — B3By) _ (B1By — B3)
Mo = (35, — B2) ™ 20 = (5,5, B))

(C2C4 — C3Cs) (C1C5 — C3Cy)
= = - - =7 d —_
(Pl(opt) (C1Cy — C%) an 4)2(0!71‘) (C1Cy — ng))
(DyD4 — D3Ds) (D1D5 — D3Dy)

— d -
“ler) = (DD, —0g) M ) T (DD, — D3)

V; P 1
Uopny = o7 itopt) = % 1=1L245 t0pm = 72
, 1 (1w )
2,0
Vl,l Vl,l Vl,l
lgl(opt) = _FZ,O = 132(0;715)/ /33(0;71‘) = _‘X3(opt) WZ,O’ 134(0]915) = WZ,O = :BS(Opt)
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