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Abstract: The Jimbo-Miwa equation (JME) that describes certain interesting (3+1)-dimensional waves
in plasma physics is studied in this work. The Hirota bilinear equation is developed via the Cole-
Hopf transform. Then, the symbolic computation, together with the ansatz function schemes, are
utilized to seek exact solutions. Some new solutions, such as the multi-wave complexiton solution
(MWCS), multi-wave solution (MWS) and periodic lump solution (PLS), are successfully constructed.
Additionally, different types of travelling wave solutions (TWS), including the dark, bright-dark and
singular periodic wave solutions, are disclosed by employing the sub-equation method. Finally, the
physical characteristics and interaction behaviors of the extracted solutions are depicted graphically
by assigning appropriate parameters. The obtained outcomes in this paper are more general and
newer. Additionally, they reveal that the used methods are concise, direct, and can be employed to
study other partial differential equations (PDEs) in physics.

Keywords: Hirota bilinear equation; Cole-Hopf transform; multi-wave complexiton solution; multi-
wave solution; periodic lump solution; sub-equation method

MSC: 35C07; 35A22

1. Introduction

Complex phenomena in engineering and physics can usually be reduced to PDEs [1-6].
The study on the properties of these equations such as the explicit analytical solutions,
especially the soliton solutions, is of great significance since they can help us to better
understand complex phenomena and their inner nature. Up to now, a series of different
effective methods have been developed to construct the exact solutions of PDEs such as the
Hirota bilinear method [7-10], Wang’s Backlund transformation-based method [11,12], trial
equation method [13,14], Sardar subequation method [15-17], exp-function method [18,19],
Riccati equation mapping method [20] and so on [21-28]. In this work, we aim to examine
the (3+1)-dimensional JME given by [29]:

Ty + 3T LI Ly + 31Ty [ + 20Ty — 311,z = 0, (1)

Equation (1) is derived from the second equation in the well-known KP hierarchy
of integrable systems and used widely to describe some interesting (3+1)-dimensional
waves in plasma and optics. Up to now, some important research achievements have been
developed to deal with Equation (1). In [29], the Kudryashov method is used with the
symbolic computation and different solutions are obtained. In [30], four kinds of different
wave forms are constructed via the Hirota bilinear method. In [31], the authors employ
the direct algebraic method to handle Equation (1) and some different wave forms are
constructed. In [32], several closed-form solutions are developed by using the singular
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ki =

3ky

2(kg+2)

manifold method. In [33], the Riccati equation mapping method is adopted. The exp-
function method is utilized in [34] and some generalized solutions with parameters are
constructed. In [35], the authors carry out the linear superposition principle to seek for
multi-resonant solutions of Equation (1). In [36], the authors make use of the generalized
Bernoulli equation method to inquire into Equation (1). In this study, we will present th
results of a detailed investigation of Equation (1). The rest of the content of this work is
given as follows. In Section 2, the Cole-Hopf transform is adopted to establish the Hirota
bilinear form, and symbolic computation, combined with the ansatz function schemes, is
utilized to search for the MWCS, MWS and PLS. In Section 3, the sub-equation method
is used to seek for the TWSs. In Section 4, the physical characteristics and interaction
behaviors are presented. Finally, we reach a conclusion in Section 5.

2. The Hirota Bilinear Equation and the Exact Solutions

To obtain the Hirota bilinear form of Equation (1), we adopt the Cole-Hopf transform as:

I1=2In(2),, ©)

Taking it into Equation (1), we can obtain the bilinear form as:

(D;’;Dy +2D,D; — 3DxDZ)E LE=0. 3)
Here, the definition of the operators D}’ D7 is [37,38]:
d a\"/9 9\"
DYD{f-g= (ax - 8x’> (at - at’) f ) (X t) [amt =t (4)

Additionally, there are
Dy(f-8) = fx§ — f8x

D%(fg) :fxxg—zfxgx +fgxx/
D%(ff) :2<fxxf_f;%)/

DiDx(f - §) = fix§ — ft8x — fx&t + §txf-

2.1. The MWCS
In order to find the MWCS, it is assumed that the solution of Equation (3) is:
E = ujef 4+ uge P + uzsin(q) + ugsinh(p), (5)

with

p=x+kiy+koz+kst

q= x+k4y+k5z+k6t ,

0 = x+kyy + kgz + kot
where u;(i =1,2,3,4)and k;(i = 1,2,3,4,5,6,7,8,9.) are constants that can be determined
later. Substituting Equation (5) into Equation (3) and setting the coefficients of different

terms to zero, an algebraic equation system is attained. Solving it, we derive:
Case 1:

ko —kok k
Jka=ko ks =ko, ka = — gy, ks = B ke = ko + 1, Ky = 355y,

kg = ko, kg = ko, uy = uy, up = up, uz = uz, Uy = uy.
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The MWCS is obtained as:
2 e TRV (et iyt | cos (¥ — yi2y + 4oz + (ko + 1)t)
k
+u4cosh(x + 2(23#)3/ + koz + kgi’)
II(x,y,z,t) = . (6
(xy ) X2 k 5 Y+koz+kot —(x+ 525y y+koztkot) . 3k ky—kako ©
ue  «A +) + usze <9+> +u351n(x—2(k9+2)y+ T z+(k9+1)t>
. 3k
+u4smh<x + my + koz + kgt)
For the special case u; = —uy = 2uy4, Equation (6) becomes:
Case 2:
ki =k, ko = ko, k3 = —2+%/ ky = —k1, ks = 2k1 — ko, ke = 2k , k7 = k1, ks = ko,
ko —_2+2k,u1—u1, Up = Up, U3 = U3, Uy = Ug.
Thus, we can obtain the MWCS as:
3k: 3k
, ex+k1y+kzz+( 24520t uze—(x+k1y+k2z+(—2+ﬁ)t) +us cos(x —ky+ (2 —kp)z + (71 + %)0
+u4cosh<x+k1y+kzz+ ( -2+ 3k2> )

Mz y, 2 1) = Xtk yHoz+(—2+4 22 )t —(xthyy+hoz+(—2+ 22))¢) - O
wpet T B puge TR w7 s Sin(x —kiy + (2ky —ka2)z + < 1+ %) )
+u4sinh<x +kiy +koz + ( 2+ 3k2) >

Case 3:
ki =k, ky = 5(2k1 +kiko), k3 = ko, ks = —ky, ks = —5(—k1 + kiko), ke = —1+ ko, k7 =k,
ks = 5(2k1 +kiko), ko = ko, uy = uy, up = up, Uz = uz, Uy = Uy
Thus, we obtain the MWCS solution as:
ulex+k1j+g(2k1+k1k9)z+k3t _ uzef(x+k1y+%(2k1+k1k9)2+k3t) + us COS(X + k4y + k5Z + (k9 o 1)t)
T(x,y, 2 t) — +M4COSh(X + kiy + %(Zkl + kiko)z + kgt) ®)
Y2t = ulex+k1y+2(2k1+k1k9)z+k3t +uze—(x+k1y+§(2k1+k1k9)z+k3t) + uzsin(x + kgy + ksz + (ko — 1)t) ’
+u4sinh(x + kly + %(2](1 + kle)Z + kgt)
Case 4:
_ 3k _ 2ks(1+ko) o _ 3k _ _
ki = =51y ke = =m0 ks = ko, ka = 52y, ks = ks, ke = ko — 1,
2ks (1+k
k7 = — (,ik 1 ks = % kg = ko, uy = uy, up = Uy, Uz = Uz, Ug = Uy.
Accordingly, the MWCS is:
3k 2k (1+kg) 3k 2k (1+kg)
) ulex—z(k;l)y_ 75,( 2 z+kot — upe —(x— (kg5 yY— 5kg T2 z2+kot) +us COS(X+ PICH )y+k5Z+ (k9 - 1) )
3ks o 2kL—,(1+k9)
T(x,y,2,t) = +ugcosh (x — gy — 2500z + ko) 9)
Y2, _ 3ks 2k;(1+k9) Kot 3k 2k5(1+k9 ot :
upe’ WY zthot | use (—mmY— z-+kot) +us3 sm(x + 2( >y +ksz + (kg — 1)t >
+u4sinh<x — z(g‘in - kk(Hkg)z + kgt)
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Case 5:
ki= ke, ko = ks, ks = = (24 32), ks = ks, ks = —(2ks +ks), ke = —(1+ 3 ), k7 = —ks,
ks = kg, ko = (2 + 3k8>, U1 = Uy, Up = Up, U3 = Uz, Uy = Uy.
where k4 # 0. Thus, we can obtain the MWCS as:

- _(24%s
ulex kay+ksz (2+Zk4)t

3k
—upe” FTRWHRIQEEDN |y cos (x +kay — (2ky + kg)z — <1 + 3k8) )

+u4cosh(x — kgy + kgz — <2 + 3ks) )

x—kgy-+hgz— (24 78 )t

2

(x,y,2,t) = (10)

g™ IR g sin (x4 kay — (ks Ke)z — (14 32)1)
+u4smh<x —kyy + kgz — (2 + 3k8) )

For the special case u; = —up = 2uy, Equations (6)—(10) become:

upe

_ Bk ko — kokg
H(x,y,z,t)—2c0t<x 2(k9+2)y+ 7 ke z+(k9+1)t).

Il(x,y,z2,t) —2C0t<X—k1y+(2k1—k2)z+< 1+;]l§2> )
1

I1(x,y,z,t) = 2cot(x + kgy + ksz + (kg — 1)t).

_ 3ks
H(x,y,z,t) 2C0t<x+ my+k5z+ (k9 1)t>

H(x/]//Z,t) :2C0t(x+k4y_ (2k4+k8)z— (1—’-2]’2:8) >
4

2.2. The MWS
Here, we can use the following ansatz function:
& = uy cos(p) + upcosh(q) + uzcosh(p), (11)

with

p=x+kiy+koz+kst

q=x+ksy +ksz+ ket ,

p = x +kyy + kgz + kot
where u;(i = 1,2,3.) and k;(i = 1,2,3,4,5,6,7,8,9.) are constants that can be determined
later. In the same manner, substituting Equation (11) into Equation (3) and making the

corresponding adjustments, we derive:
Case 1:

ki = ki, k2 = ka, k3 =2+&, k7 = =k, ks = =2k — k2, ko =1+&,
2kl 2k1

Then, we obtain the MWS as:

uy = uy, MZIO, usz = us.

2[ o sm(x+k1y+k2z+ (2+ 3k2) ) —|—u3sinh(x—k1y— (2k1 + ko)z + (1 + &)tﬂ

T1(,,2,1) = W
U Cos(x+k1y+kzz + (2+ 3k2) ) + M3cosh(x —kiy — (2ky + kp)z + ( + 3"2) )
Case 2:
ki =k, ko = —2k1 — ks, k3:—1—% ky = —ki, ks = ks, k¢ = — —3k5, Uy = uy, Uy = up, uz =0.

2k
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Thus, we obtain the MWS as:

2[—ulsin(X+k1y (2k1 + ks)z ( - A )+Mzsinh(x—k1y+ksz—(2+3k5) )}

(x,y,z,t) = (13)
1] COS (x +ky — (2ky + ks)z — (1 + 3k5)t) + uzcosh<x —ky + ksz — (2 + 3k5) )
2.3. The PLS
The solution of Equation (3) is assumed as:
& = uy sin(p) + upcosh(q) + k7, (14)

with

p=x+kiy+koz+kst

g=x+kyy+ksz+ket '
where u;(i = 1,2.)and k;(i = 1,2,3,4,5,6,7.) are constants to be determined later. In the
same manner, substituting Equation (14) into Equation (3) and making the corresponding

adjustments, we derive:
Case 1:

ki =k, ko= 3ki(ke —1), ks =ke +1, ks = —k1, ks = —2k1(2+ ko), ke = ke, k7 =0, ug = uy,

Uy = Ujp.
The PLS to Equation (1) is:
M(x,y,2t) = 2[uy cos(x + kyy + %k (ke — 1)z + (ke + 1)t) + upsinh (x — kyy — 3k1 (2 + ke )z + ket) ] 15)
1Yo uq sin(x +kiy + %kl (k6 — 1)Z + (k6 + 1)f) + leCOSh(X —ky — %kl (2 + k6)Z + k6t> ’
Case 2:
k
kl = 2(](36]{31)/ kZ = kZI k3 = k6 +1, k4 = _2(]?6’(31)/ k5 = _2k%(gETl)/ k6 = k6/ k7 =0, Uy = uyq,
Uy = Up.
Thus, we obtain the PLS of Equation (1) as:
" y 2{u1c05<x+2( 1)y+kzz+(k6+1) ) +uzsinh(x— 2(1?;(31)]/ 2kzk(k6+1)z+k6tﬂ »
X, Y,z2,t)=
Uy sm(x + 2( )y +koz + (ke + 1)t ) + uzcosh(x — 2(1?61{31)]/ _ 2k2k(6kEJlr1)Z + k(,t)
Case 3:
ks(2—k
kl = _2(]?;(_?_1)/ k2 = 5]£§+13)/ k3 - k3/ k4 (kk+1) k5 = k5/ k6 = k3 - 1/ k7 = O/ Uy = uy,
Uy = up
The PLS of Equation (1) is obtained as:
2 |up cos(x — 52k y+ ks(2ks) , 4 kst) 4+ upsinh( x + Ly +ksz+ (ks — 1)t
H(x, y, z, t) — |: ( 2(k3+1) k3+1 ) ( 2(k3+1) ):| . (17)

1 sin (x — sy + SRl 4+ k3t) + uzcosh(x iy + sz + (ks — 1)t)

Case 4:

k1= —ka, ky = —3ka(ks —2), ks = k3, kg = ko, ks = 3ka(ks +1), ke = ks — 1, ky = 0, ug = uy,

Uy = Up.
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Thus, the PLS of Equation (1) is attained as:

2[141 COS(X —kgy — %k4(k3 —2)z+ kgf) + uzsinh(x + kyy + %k4(k3 + 1)2 + (k3 — 1)1‘)]

Il(x,y,z,t) = 18
(xy,2,1) uy sin(x — kgy — %ka(ks — 2)z + kat) + upcosh (x + kgy + 3ka(ks + 1)z + (ks — 1)t) (18)
Case 5:
k

ky =k, ko = ko, k3=2+%, ky = —kq, ks = —2ky — ko, k6=1+§7?, k7 =0, uy = uy, up = uy.

We obtain the PLS of Equation (1) as:

2|ujcos(x +kiy+kyz+ (2+ 3k t) +upsinh(x — kjy — (2k1+k2)2+ 1+ % t

H(x,y,z, t) — |: ( ( 2k1) ) ( ( 2 1) ):| (19)

Uy sin(x +kiy+koz+ (2+ %)t) + u2cosh(x —kiy — (2ky + ko)z + (1 4 %)o

3. The TWS

This section aims to study the TWS using the sub-equation method [39,40]. For this
end, we apply the following variable transformation to Equation (1):

II(x,y,z,t) = 3(x), x =mx+ny+kz+st, (20)

where m, n, k, and s are non-zero constants. Equation (1) can be converted as:

mPnS® 4 6m2nS'S" + (2ns — 3mk)S” = 0, (1)
where 34 = 247%, S = %, S = Z%. Integrating Equation (21) with respect to x once

and setting the integral constant to zero, we derive:
mPnS" + 3mn (") + (2ns — 3mk)S' = 0. (22)

Based on the sub-equation method, the solution of Equation (22) can be assumed as:
c .
S(x) = L el (0)- (23)
i=0

where ¢;(i = 0,1,2,...,c.) are constants that can be determined later. Additionally, there is:
N'(x) = o+ R3(x). (24)
Here, o is a constant. Equation (24) has the following different solutions:

—v/—=otanh(y/—0)), 0¢<0
—y/—ocoth(y/—0x), <0
N(x) =] Votan(vox), >0 ) (25)
—Vocot(vox), >0
—ﬁ, A is a constant, o0 =0

We can determine the value of ¢ in Equation (23) via balancing 3 and ()2 in
Equation (22) as:
c=1. (26)

Then, Equation (23) becomes:

J(x) =0+ e (x)- 27)
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Substituting Equation (27) with Equation (24) into Equation (22) and setting their
coefficients of the different powers of () to zero, it yields:
Solving them, we derive:

SY(x): —3kmoey + 2nsoeq + 2m3noe; + 3m?noe; =0,
$2(x): —3kmey — nseq + 8m3noey + 6m*noer =0,
S*(x): 6mPne; + 3m?ned = 0.
Case 1:
3k + noe?
g0 = €g, €1 = €1, m:—s—l, n=mn, k:k,s:—w, c=o.
2 4n
Thus, the TWS of Equation (1) can be obtained as:
3k + noe?
II(x,y,z,t) =€ —e1v/—otanh [\/—0<—821x +ny+kz — Wt) ] Lo < 0. (28)
3k 2
II(x,y,z,t) = ey — €1/ —0ocoth [\/ —a(—gzlx +ny +kz — Wt) ] ,0 < 0. (29)
3k 2
I1(x,y,z,t) = g +e1\/0 tan [ﬁ(—?x +ny +kz — Wt) ,o > 0. (30)
g1 (3k + noe?
Il(x,y,z,t) =€ — g1/0 cot [ﬁ(—azlx +ny+kz — 1(:”1)t> o >0. (31)
Case 2:
) r 2(2m®no — ns) ”
gg=¢p, €1=-2mm=mn=nk=————" s=5,0=0.
O 0/ l 7 7 7 3m 7 7
Thus, the TWS of Equation (1) can be obtained as:
2(2m3no — ns)
II(x,y,z,t) = €9+ 2my/—ctanh |/ —0 | mx +ny — B—mz +st||,0<0. (32)
2(2mPno —
II(x,y,z,t) = ag + 2m+/—ocoth [\/ —0 <mx +ny — (m;fzmns)z + st) Lo < 0. (33)
2(2mPno —
I1(x,y,z,t) = gy — 2m+/o tan l\/(? (mx +ny — Wz + Sl‘) ,o > 0. (34)
2(2mPno — ns
I1(x,y,z,t) = gy + 2m+/0 cot [\/E (mx +ny — #z + st) , 0>0. (35)

4. The Physical Interpretations

The obtained solutions will be presented by the 3D plot and 2D contour in this section
by taking the reasonable parameters.

By assigning the parameters as ky = 1, kg = 2, u; = 1, up = 1, uz = 1, the multi-
wave complexiton solution given by Equation (6) for the different time is illustrated in
Figure 1 in the form of the 3D plot and 2D contour. Obviously, we can find there is a
collision phenomenon between the singular periodic wave and the lump in the outline. As
t increases, the waveform propagates in the negative direction of the x axis and y axis.
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Figure 1. The graphical description of Equation (6) withky =1,ko =2, u; =1, up =1, u3 = 1 at
z=0,(ad)fort =0, (b,e) for t =2, (cf) for t = 4.

We illustrate the dynamic behavior of Equation (12) by selecting k; = 1, ko = 1,
u1 = 0.6, up = 0.4 in Figure 2. From this, collision phenomena between the breather waves
and singular periodic waves are revealed. We can observe that the waveform travels along
the negative direction of the x axis and positive direction of y axis.

Figure 2. The graphical description of Equation (12) withk; =1,k = 1,u1 = 0.6, up = 0.4 atz = 0.
(a,d) fort =0, (b,e) for t =1, (¢,f) for t = 2.



Axioms 2023, 12,592 90f 13

Selectingky =1, ko =2, u; =1, up =1, u3 = 1, uy = 1, we present the performance
of Equation (15) in Figure 3. Here, it can be found the waveform propagates along the
negative direction of the x axis and positive direction of y axis. Additionally, the outline
of the wave can be explained as the interaction between lump solution and trigonometric
function solution.

Figure 3. The graphical description of Equation (15) withky =1,k =2, u; =1, up =1, u3 = 1 at
z=0.(a,d) fort =0, (b,e) for t =2, (c,f) for t = 4.

By using the parametersas ey =1,y =1,n =1,k = 1, ¢ = —1, the dynamic charac-
teristics of Equation (28) are revealed in Figure 4, where Figure 4a is the 3D plot, Figure 4b is
the 2D contour and Figure 4c represents the 2D curve. In our observation, it is a dark wave.
With the same parameters, Figure 5 illustrates the behaviors of Equations (3) and (10),
which is a bright-dark wave.

|
F

|
()
(=}
(8]
'y

(@) (b) ©

Figure 4. The graphical description of Equation (28) with the parametersaseg =1,¢1 =1,n =1,
k=10=-1.(@)forz=0,t=0,(b)forz=0,t=0,(c)fory=0,z=0,t=0.
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- -
bont_
o

0

I (x, 0, 0, 0)

(@) (b) ©

Figure 5. The graphical description of Equation (29) with the parametersaseg =1,¢y =1,n =1,
k=1,0=-1.(@forz=0,t=0,(b)forz=0,t=0,(c)fory=0,z=0,t=0.

The performances of Equations (29) and (30) are presented in Figures 6 and 7, respec-
tively witheg =1,e1 =1,n =1,k =1, 0 = 1. We find that the profiles are both singular
periodic waves.

S
Q’ 2
) N
)
Sl

-6

-10 -5 0 5 10

X
(0)

Figure 6. The graphical description of Equation (29) with the parametersaseg =1,¢1 =1,n =1,
k=10=1.(a)forz=0,t=0,(b)forz=0,t=0,(c)fory=0,z=0,t=0.

\
1 (x, 0,0,0)
V !

(a) (b) (c)

Figure 7. The graphical description of Equation (30) with the parametersasey =1,e1 =1,n =1,
k=10=1.(a)forz=0,t=0,(b)forz=0,t=0,(c)fory=0,z=0,t=0.

5. Conclusions and Future Recommendation

In this article, we obtained multi-wave complexiton solutions, multi-wave solutions
and periodic lump solutions of the (3+1)-dimensional Jimbo-Miwa equation with the help
of the Hirota bilinear method. Besides, we also construct its diverse travelling wave
solutions like the dark, bright-dark and singular periodic wave solutions by applying
the sub-equation method. The evolution phenomenon of these different solutions are
described graphically. From these descriptions, the physical behavior and the interaction
are presented. The obtained results in this work are all new and have not been reported
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elsewhere. Additionally, they show that the methods adopted are effective and direct, and
can moreover be used to study the other PDEs arising in physics.

In recent years, the interest in fractal and fractional calculus [41-49] has intensified
in different fields due to their strong ability to describe complex phenomena. Applying
the fractal and fractional calculus to Equation (1) and obtaining the exact solutions will
animate our future research.
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