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Abstract: Group actions are a valuable tool for investigating the symmetry and automorphism
features of rings. The concept of fuzzy ideals in rings has been expanded with the introduction of
fuzzy primary, weak primary, and semiprimary ideals. This paper explores the existence of fuzzy
ideals that are semiprimary but neither weak primary nor primary. Furthermore, it defines a group
action on a fuzzy ideal and examines the properties of fuzzy ideals and their level cuts under this
group action. In fact, it aims to investigate the relationship between fuzzy semiprimary ideals and the
radical of fuzzy ideals under group action. Additionally, it includes the results related to the radical
of fuzzy ideals and fuzzy ®-semiprimary ideals. Moreover, the preservation of the image and inverse
image of a fuzzy ®-semiprimary ideal of a ring % under certain conditions is also studied. It delves
into the algebraic nature of fuzzy ideals and the radical under &-homomorphism of fuzzy ideals.

Keywords: fuzzy primary ideals; fuzzy ®-primary ideals; radical of fuzzy ideals; fuzzy ideals weak
primary; fuzzy semiprimary ideals
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1. Introduction

Since the pioneering work of L.A. Zadeh [1] on fuzzy sets, there has been a growing
interest in this field due to its wide-ranging applications in engineering and computer
science. Initially, the focus was on fuzzy set theory and fuzzy logic. However, over the past
two decades, there has been increasing interest in the development of fuzzy algebra, which
generalizes the well-established properties of algebraic structures. A significant portion
of mathematical research has been dedicated to the study of fuzzy ideals in rings. Unlike
classical subrings (ideals), fuzzy subrings (fuzzy ideals) are characterized by the inability
to precisely determine which elements of a ring Z belong to a fuzzy subring (fuzzy ideal).
The concept of fuzzy subgroups in groups was introduced and investigated by Rosenfeld [2]
in 1971, and since then, numerous researchers [3] have explored the properties of fuzzy
subgroups. In 1991, D.S. Malik and J.N. Mordeson [4] introduced and studied the maxi-
mality of fuzzy ideals, fuzzy primary ideals, and the fuzzy radical of fuzzy ideals in rings.
Subsequently, the concepts of fuzzy nil radicals [5], fuzzy primary ideals [6], and fuzzy
primary ideals [7] were introduced for a ring. In 1992, R. Kumar [8] redefined fuzzy semipri-
mary, fuzzy primary ideals of rings. Furthermore, he characterized fuzzy ideals by their

level cuts. In 1993, H.V. Kumbhojkar and M.S. Bapat [9] examined the advantages and
disadvantages of various formulations of fuzzy primary ideals. Kalita et al. [10] introduced
and investigated singular fuzzy ideals of commutative rings. H.S. Kim et al. [11] explored
the radical structure of fuzzy polynomial ideals. Additionally, many researchers [12,13]
studied fuzzy ideals in various other algebraic structures. In [14], P. Yiarayong discussed
weakly fuzzy primary and weakly fuzzy quasi-primary ideals in LA-semigroups as well as
fuzzy primary, fuzzy quasi-primary, and fuzzy completely primary concepts.
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In this paper, we assume that % is a commutative ring with unity and consider the
definition of fuzzy primary ideals of a ring %, introduced in [9], and study &-invariant
fuzzy primary and weak primary ideals of the ring % and their properties. We also studied
the properties of primary and fuzzy weak primary ideals of % under &-homomorphism.

This paper is categorized into the following sections. With some of the fundamental
concepts and outcomes, we start Section 2. Section 3 studies the relationship between
primary and radical fuzzy ideals under the group action. In Section 4, we generalize the
concept of a fuzzy primary ideal as a weak primary (w-primary) fuzzy ideal and study
properties of a fuzzy w-primary ideal under the group action. In Section 5, we broaden
the concept of the fuzzy w-primary ideal to the semiprimary fuzzy ideals and explore the
characteristics of the semiprimary fuzzy ideals under the group action.

2. Preliminaries

Definition 1. A map ¢ : & x X — X, with ¢(a, x) written a x x, is an action of group & on set
X If Vaj,a0€8,z€X,

(i) a1 % (ap x 2) = (a1a2) * 2,

(ii) e x z = z, where e is the identity element of group &.

Definition 2. A homomorphism ¢ : Z — . from a ring % to a commutative ring .7 with unity
is called ®-homomorphism, if forall g € &,r € %, p(g * x) = g * ¢(x), where group & acts on
both rings.

A fuzzy set { of the ring # is a map from % to [0, 1]. If this map ( satisfies the conditions

(i) C(x —y) > min{{(x),C(y)} and (ii) {(xy) > max{{(x),{(y)}, then { is said to be a
fuzzy ideal of Z. For rings # and .7, the sets F(#) and F(.%) are the collection of all fuzzy

ideals of #Z and ., respectively, i.e., F(#) = {{ : # — [0,1] | { is a fuzzy ideal of #} and
F(&)={¢: —[0,1] | {is a fuzzy ideal of .7/}.

Definition 3. Let { € F(%#),{ € F(%) and ¢ : # — . be a homomorphism. Then, we define
the image of { under ¢ as follows:

- if =1 is nonem
¢<¢><z>—{V{€<n>lne¢ G} o) pty

0 otherwise

/

and inverse image of  is a fuzzy subset ¢~ (7' defined by ¢~ 1(7)(3) = T (¢(3))-

Definition 4. For any fuzzy subset { of a set 27, set {y = {3 € 2°|{(3) > t}, where t € [0,1], is
said to be a level subset of {.

Definition 5. Let 2" and % be any sets, ¢ : X — % be any function. A fuzzy subset  of 2 is
called ¢-invariant if (p) = ¢(q) implies that {(p) = {(q), where p,q € X .

Consider Z to be a ring and & a finite group acting on %. Now, we define an action of
® on a fuzzy set { of % as follows:

Definition 6. An action of & on fuzzy set { of % is given by
Gr={0()] xcZ,gc 6}

where x% means g acts on x.

Proposition 1. Let ¢ : # — . be a ring homomorphism and { € F(#) which is a constant on
kerg. Then, $(C)(¢p(r)) = {(v), forall v € Z.
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Proof. Assume that { is constant on ker¢ and v € Z. Then, for s € .7, ¢(r) = s. Moreover,
for any t € ¢~ !(s), we have ¢(t) = s = ¢(t), and consequently, {(t) = {(r). Now,

PO (@(x) = ¢(0)(s)
= sup{Z(t)[te ¢~ (s)}
= sup {(v) = {(x).

O

Definition 7. Let & be a group acting on a ring %Z. Then, action of the group & on 6 € F(Z) is
defined as 69 (r) = 6(r9).

3. Fuzzy &-Primary Ideals

This section deals with the study of fuzzy primary ideals and the properties of fuzzy
primary ideals, such as the preservation of images, inverse images under group action,
as well as the relationship between the primary and radical of fuzzy ideals under the
group action.

Definition 8 ([9]). A nonconstant fuzzy ideal { is said to be primary if forany v,3 € Z,n € Z,
¢(vs3) = Cy) or (5")-

If ¢ is &-invariant, then { is a fuzzy ®-primary ideal of Z.

Example 1. Suppose that C is a fuzzy ideal of the ring of integers Z, which is defined as

{08 ;=0
g(2’)_{0.1 3% 0.

Then, { is a primary.

Definition 9. Let { € F(Z). Then, the fuzzy set \/{, defined as \/C(r) = V{{(t™)|m > 0}, is
called the radical of fuzzy ideal .

Example 2. Consider the ring Zg of integers modulo 8. Then, a fuzzy ideal { of Zg is given by

z |0|1|2 |34 |5 7
tz)[1lolos5]oloelo]os5]0

[e)\}

and the radical of fuzzy ideal { is given by

z 0ol1]2 i
Vi) |1]ol1]0]1

(€3]]

Qu
= [ O\
N

Proposition 2. Let { € F(Z#) be primary. Then, {8 is also a fuzzy primary ideal of %.
Proof. Let { € F(#) be primary. Then, forr,s € %,

§¥(rs) = glrs)? = §(r¥s)

= {(r9) or ¢(s9)"
—ég(r)o g(s")*
= g%(r) or £%(s").

This implies that (9 is a fuzzy primary ideal of #. O

<

Lemma 1. Let { € F(Z) be primary. Then, (\/T)® € F(Z) is also primary.
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Proof. By (Proposition 7.2, [9]), which states, “If { is a fuzzy ideal of a ring %, then /( is a
fuzzy ideal of #”, and Proposition 2, (1/2)? is primary. [

Lemma 2. Let b : #Z — . be a G-epimorphism. Then,

(i)  Image of any fuzzy G-primary ideal  which is constant on kerh of Z is a fuzzy &-primary
ideal of .7 .

(ii) Inverse image of any fuzzy G-primary ideal y of 7 is a fuzzy G-primary ideal of %.

Proof. (i) Let { € F(Z) be &-primary. Then, forr,s € ., h(Z)(rs) = sup {(t). Because h
h(t)=rs
is onto, there exists t € % such that h(t) = rs also there exist r,s7 € Z such that h(ry) =r
and h(s1) = s. Thus, h(Z)(rs) = sup {(t). Because { is a &-primary ideal and { is constant
h(t)=rs
on kerh, then by Proposition 1,

Thus, h({) € F(#) is primary.
Now, we will show that h({) is B-invariant. Suppose that r € Z. Then,

h(0)(r?) = sup {(z) = sup ()

b(z)=re (b(a)e=r
= sup (%)
B(z1/9)=r
= b0 ()

This shows that h({) € F(.*) is B-primary.
(ii) Lety € F(.') be ®-primary. Then, fors,t € .7,

b~ (1) (st) = n(b(st)) = n(h(s)h(t))
(h(s)) or n(h(t)")
Y(n)(s) or 571 (n)(t").

This implies that h~! (1) € F(%) is primary. Because 7 is -invariant, for s € .7,

b= (1) (s5) = 1(0(s8)) = ((8(s))*)

n
U
b~

This implies that h =1 (1) € F(%) is -primary. O
Proposition 3. { € F(Z) is primary (&-primary) iff each of its level cuts is primary (G-primary).

Proof. Let { € F(#) be &-primary. Then, for any v,3 € %, 93 € (3, i.e., {(v3) > t. Because
{ is primary ideal, we have
¢(v3) = ¢(n) = torl(ns) = (") > &
This implies that ; is a primary ideal.
Now, we will show that ; is $-invariant, i.e., t@ = (}.
&f ={x* € 2|0(x%) = t}
={x% € Z|7%(x) > t}.
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Because ( is ®-invariant, then ; = {;. The converse holds directly by definition of the
semiprimary ideal of Z. 0O

Theorem 1. If by is a homomorphism from a ring % onto ring a .#, {1, (o and 11,42 are fuzzy
ideals of # and .7, respectively, and then the following hold:

(i) (671 0n)b 1 (72))® < (671 (111772))®

(i) (5(21)6(22))® < (h(2142))°-

(iii) If b is G-homomorphism and 111 C 17, then (h=1(171))® C h=1(112)®.
Proof. (i) Lets € .7. Then,

O b 012))% () = 0 (7 ()b~ (112))8(s)

_g€®

= 0, [sup {min(h~" (371)(a), b~ (2) (1)) }]
8€G sg—gp

< 0, Amin(pi(bh(a)),72(0(0)))} = 0 {min(y1(b(a)), 72(h(b)))}
8¢ 9EB

= ggeﬂlfiz(f)(ﬂb)) = gQ@bfl(’hﬂz)(Sg)

= 0,067 )

= (b7 (mm2))® (s)-
Thus, (6~ (1711)h~1(12))® C (h~(51172))®. Equality holds, if b is injective. For s € %,

(0 (7172))®(s) = 0, (67 (mm2))(s) = 0,67 (mn2) ()
8 g€

= N[ sup {min(()(a), (12) (b)) }]
8€S ) (s8)=ab

Because hisontoand 4, b € .7, there existay, by € #Z such thath(a;) = aand h(by) = b.
Moreover, given that b is injective, h(s$) = h(ab) hence implies that s¢ = ab. Thus,

N [ sup {min((71)(a), (12)(0))}] = N[ sup  {min((71)(b(a1)), (72) (H(b1)))}]

8€% p(s8)=ab 8€8 p(s8)=n(ar)h(b1)
= N[ sup {min(h ' (y1)(a1), b (112) (b1))}]

8€® sg—ayb
= 0,07 (h 7 (12))5 ()
= (07 )b (12))® (9)-
Therefore, (h~"(71)b~" (172))® = (b (111772))®.
(ii) Let v € %. Then,

(b(21)h(22))® (x)

N (h(Z1)h(2))(x?)

gesd

= 0 [sup {min(h(1)(a),b(Z2)(b))}]

ged t9=ab

= N [sup {min( sup {i(a1), sup {2(b1))}].
9€8 ro—ab areh1(a) b1€b~1(b)
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Now, for some a; € h(a), by € h(b), a,b, = ¢, and ¢ = ab,

N [sup {min( sup {i(a1), sup 0Ca(b1))} < N {min(1(a2),C2(b2))}
9€® ro—ab a1€h~1(a) b1€h~1(b) gc®

< QQ@ (C102)(a2b,)

< N
< 95“5:62111%9)(&&2)@

N 6(¢182)(x?)
gesd
=H(4102)® (x).

This shows that (h({1)h(02))® € b(Z182)®.
(iii) Lets € .. Then,

(b))% @) = 0,07 ) = 0,67 m)(”)
= 0,m(660) = 0,m((6()?)
< 0,7((0E)) = 0, n8((0(6))
=57 () (s):
This implies that (5 (1))® € b (4$). O

4. Weak Primary and Fuzzy &-Weak Primary Ideals

In this section, we study fuzzy weak primary ideals of the ring %, a concept more
general than that of fuzzy primary ideals.

Definition 10 ([9]). A fuzzy ideal { of a ring X is said to be weak primary (w-primary), if
C(uv) = {(u) or {(uv) < ("), for somen € 7.

Proposition 4 ([9]). Every fuzzy primary ideal is w-primary. However, the converse is not true
in general.

Proof. Straightforward. [
Example 3 ([9]). Assume that { is a fuzzy ideal of the ring of integers Z, defined as follows:

n+1

0 for 3 ¢ (p),
¢G) = { i for 5 € (p") ~ (p"h),n=12,....5
T 5e(pf)

For {(p?p®) = 4(p°) = 3<1=2((P°)*), C(p*) = § # gand L(p°) = § > L((P°)> = 1.
This shows that C is not primary but a fuzzy weak primary ideal.

Example 4. Let { € F(Zy), defined as follows:

) 08 3=0
¢G) = { 0.1 3+ 0.
Because {(2-1) = {(2) = 0.1 < (22) = {(4) = 0.8, then { is weak primary but not primary.

Proposition 5. If { € F(Z) is the weak primary, then {8 € F(Z) is weak primary.
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Proof. Let { € F(#) be weak primary. Then, for any r,s € %, (3(rs) = ((rs)8
{(r8s3). Because { is weak primary and r8,s8 € #, then ((r8s8) = {(r8) or {(r8s3)
Z(s8)", forsomen € Z*. Hence, {8 is w-primary. O

IA I

Proposition 6. A fuzzy ideal { is &-weak primary iff each of the fuzzy ideal {'s level cuts is
&-primary.

Proof. Let { € F(#) be ®-weak primary. Then, we have to show that each level cut ; is
&-weak primary.
Forany a,b € #Z,ab € (;,i.e., {(ab) > t. Because ( is primary ideal, we have

Gab) = ¢(a) > tort < g(ab) < {(b").
This implies that {; is a weak primary ideal.
Now, we will show that {; is ®-invariant, i.e., {P = ;.
GF = {xS € Z|0(x%) = )
= (xf € A8 (x) 2 1).

Because ( is ®-invariant, then @g . O

Theorem 2. Let by : # — 7 be a ®-homomorphism of rings.

(i) If{y € F(7) is ®-weak primary, then so h=1(Z1) € F(Z) is ®-weak primary. Converse is
true if by is an epimorphism.

(ii) Let b be an epimorphism. Then, { € F(Z) is &-weak primary iff H({) € F(.) is G-weak
primary.

Proof. (i) Let {1 € F(.¥) be &-weak primary. Then, for r,7, € %,

b1 (Z1)(r1r2) = Ca(b(rir2)) = Ca(h
=1(h(r1)) or < 51
=1 (01)(r1) or < b HZ1) ().

This implies that h~1({7) is weak primary. Because {; is ®-invariant, then for r € %,

(h1(g))2(r) = Ga(b(18)) = ¢ (b(r))
= (6(r) = Qa(b()
()
This implies that h=1({;) € F(%) is ®-weak primary.
Conversely, suppose that {1 € F(.%), h=1({1) € F(#) is &-weak primary and b is

an epimorphism. Then, for any sy,s, € . there exist r, 7y € # such that h(r;) = s; and
h(r2) = sp. Thus, we have

C1(s182) = Cl( (r1)b(r2)) = ¢1(b(r1r2))
(1) (rir2).

Because h~1({1) is ®-weak primary, we have

b (1) (r1r2) = b7 1(Z1)(r1) or b7 (Z1)(r1r2) < b1 (Z1)(r3), for somen € ZT
=1(h(r1)) or h71(g1)(rr) < Cl( (r2))"
={1(s1) or b1(Z1)(rir2) < Ta(s2)™.
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Therefore, {; € F(.#) is weak primary. For s € .,

21(s8) = ¢1(h(r®)) = b7 (21)(r®)
=b"1(21)(r) = Z1(b(r))
= 1(s)-

This shows that {; € F(.¥) is &-weak primary.
(ii) Assume that { € F(#) be &-weak primary. Then, for s1,s, € .7, h({)(s152) =
sup ((z). Because b is onto, there exists z € # such that h(z) = sys; also there exist
b(z)=s152
t1,tp € Z such that h(t1) = s; and h(tp) = sp. Thus, h({)(s152) = sup {(z). Because {
b(z)=s152
is &-weak primary, we obtain

This shows that h({) € F(.¥) is weak primary.
Now, we will show that §({) is B-invariant. Suppose that s € .. Then,

h(E)(s¥) = sup {(z) = sup  {(2)

b(z)=s8 (h(z))8 =5
= sup (=)

bz )=s
= () (s).

Hence, h({) € F(.#) is -weak primary. [J

5. Fuzzy Semiprimary Ideals and Their Applications

This section is devoted to studying some fundamental characteristics of fuzzy semipri-
mary ideals and their images as well as studying the relationship between fuzzy semipri-
mary, fuzzy w-primary, primary, prime, and maximal ideals.

Definition 11 ([8]). A fuzzy ideal u of a ring X is called a fuzzy semiprimary if either
n(xy) < n(x™)orn(xy) < n(y"), forall x,y € Z and for some m,n € Z.

Definition 12. A &-invariant fuzzy ideal of a ring Z which is semiprimary is called a fuzzy
&-semiprimary ideal of Z.

The following lemma is straightforward, from the Definitions 8 and 10.
Lemma 3. Every primary (or w-primary) fuzzy ideal is a fuzzy semiprimary ideal.
Remark 1. Converse of Lemma 3 need not be true in general.

Example 5. Let Z be a ring of integers and { € F(Z) is defined as

ifz € 4Z
ifz € 2Z\ 4Z
otherwise.

(z) =

S N= =

Then, { is not w-primary because {(2-3) = {(6) = 3 < 1={(22) and {(2-3) = {(6) =
1>0=¢(3") foranym € Z,.
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Lemma 4. Leth: Z — 7 be a ®-epimorphism. Then,

(i)  Image of any fuzzy ®-semiprimary ideal { which is constant on kerh of X is a fuzzy &-
semiprimary ideal of 7 .
(ii) Inverse image of any fuzzy G-semiprimary ideal nj of .5 is a fuzzy &-semiprimary ideal of Z.

Proof. Follows from Lemma 2. O

The following proposition is easy to prove.

Proposition 7. { is a fuzzy ®-semiprimary ideal of % iff each of its level cuts is a &-semiprimary
ideal of %.

Theorem 3. Let Z be aring and {,6 € F(Z). Then, { and 6 adhere to the following properties:
(i)  If{ is semiprimary, then /T is w-primary.
(i) (VIN9)® = (DN (Vo)°.

Proof. (i) Suppose on the contrary that /C is not w-primary, i.e., neither /Z(xy) = /C(x)
nor /Z(xy) < /T(y") forx,y € Z forn € Z. Then, forall x,y € %,

V(xy) = sup{¢(x"y") | n > 0}
< sup{Z(x")! | n >0 and for some! € Z,}
or <sup{¢(y")" |n > 0and for somem € Z, }

= sup{Z(x")! | n > 0 and for some [ € Z,}
or =sup{¢(y")"™ | n > 0and for somem € Z, }.

This implies that /T (xy) < /T(x) or /T(xy) < V/{(y). However, \/T(xy) # v/{(x)
and v/ (xy) > /T(y"), a contradiction. Hence, 1/ is w-primary.

(ii) Because { C +/C and § C /4, then {® C \/ch and 6% C \/36. This implies that
(VD)® N (V3)® C VTNV6E S vZNna®.

For any x € Z,
(VENno)®(x) = gg®<m><xg> = ggﬁ[sup{(é Né)(x8)' [ 1> 0}]
= gQ@[sup{inf (C(x8)%,0(x8)"Y) | 1> 0}]
< ggé[inf{SUP (C(®) 11> 0),sup (3(x%)" [ 1> 0)}]
= inf [g& {VT(x8),Vo(x8)}] = inf{ggﬁﬁ(xg),ggéx/g(xg)}
= (VDN (V8)®)(x). 1)
Thus, (vZN6)® = (V)® N (V9)®.
Theorem 4. Let { € F(%) be &-semiprimary. Then, { = (1/7)®.

Proof. Suppose that { € F(Z) is &-semiprimary. Then, for x € %,

(V) (x) = gg@[\/Z(xg)]
= 0, [sup{¢(x™)% | m > 0}]
g€

< sup{¢(x") | m > 0}. @
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Because  is semiprimary, we obtain {(x™) < {(x). Equation (2) implies that (1/2)® C .
For other inclusion,

Z(x) =7%@x)= N Z¥(x) = N Z(xf). 3)

gcd® gc®
Due to the fact that { is a fuzzy ideal, {(x) < {(x"), for some n € Z.. This implies that

0,569 € 0,269". @

By Equations (3) and (4), we obtain

(1) < 0,067 < 0, fouplgf() | m >0}

= N0 (VD)

- ged
= (V0)®(x).

This shows that { = (1/7)®.

We know that, in general, a fuzzy prime ideal need not be maximal and a fuzzy
semiprimary ideal need not be w-primary. Next, the theorem shows under what condition
a fuzzy semiprimary ideal is w-primary. O

Theorem 5. Let % be a ring. If every fuzzy prime ideal in % is maximal, then every fuzzy
semiprimary ideal of Z is w-primary.

Proof. Suppose that { € F(#) is semiprimary. Then, by (Theorem 5.2, [8]), which states, “A
fuzzy ideal { of ring % is fuzzy semiprimary iff \/ is a fuzzy prime ideal of Z”, \/{ € F(%Z)
is prime. By assumption, /T is maximal. Hence, from (Theorem 5.4, [8]), which states, “Let
{ be any fuzzy ideal of ring Z. If \/{ is fuzzy maximal, then +/{ is fuzzy w-primary”, { is
w-primary. [

Theorem 6. If { € F(%) is semiprimary, then {® € F(%) is &-semiprimary. Conversely,
ifn € F(Z) is &-semiprimary, then there exists a { € F(A) which is semiprimary such that

7% =1.
Proof. Let { € F(%) be semiprimary. Then, % (xy) = Q@{g(xgyg)} < Q@C(xg)m or
8 8

< ﬁ@@(yg)”. Thus, % (xy) < % (x™) or < {®(y"), for some m, n € Z... For the converse
g€

part, it is obvious that #® = 5. By Zorn’s lemma, we can obtain a maximal ideal, say
¢ € F(#). Our claim is that { is semiprimary. Because { ® C [ Cuy,for any x,y € %,
C(xy) < n(xy). Due to the maximality of { and the semiprimariness of 7, { is a fuzzy
semiprimary ideal such that {® = 5. O

6. Conclusions

In this manuscript, we have investigated the conditions under which fuzzy ®-semiprimary
ideals and the radical of fuzzy ideals are related to each other. Thus, our understanding
of fuzzy algebra and its applications might be much improved with the help of the idea
of fuzzy semiprimary ideals. In the future, we may extend this work to more general
structures, such as near rings and semirings.
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