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1. Introduction

In a model example of the classical Calderén’s complex interpolation theory [1] (see
also [2,3]), two Banach spaces X; = (C", || - [|;) (j = 0,1) are interpolated by intermediate
Banach spaces X; = (C", || - ||;) for{ € S={{ =0 +iT: 0 <o <1} C Cwith the norms

[wllg = l[wlle = inf{;gg}Nj(f) D feF, f(Q) =w},

where F is the family of mappings f : S — C", bounded and analytic in S, continuous up
to the boundary, f(c +i7) — 0as T — Fo0,and N;(f) =sup g | f(j +iT)|l;,j =0,1.

Its plurisubharmonic version was considered in [4] as follows. Given two plurisubhar-
monic functions uy, 11 in a bounded domain D of C”, find a plurisubharmonic function
uin D x A c C"! with A = {7 : 0 < log|Z| < 1} C C, whose boundary values on
A; = {log || = j} coincide with u; (j = 0,1) (the annulus .A was used instead of the
strip S in order to stick to the standard setting of the Dirichlet problem for the complex
Monge—-Ampere operator in bounded domains).

More precisely, denote

W (up,u1) = {v € PSH(D x A) : limsupo(-,{) < u;(-), j=0,1}. 1)
When both 1y and u#; are bounded above, this set is not empty (it contains ug + 17 — M for
a constant M big enough). Note also that for any v € W(u, u; ), the function sup{v(z,¢) :
|| = |C|} belongs to W (ug, u7) as well.
Let il = sup{v € W(up,u1)}. Itis a plurisubharmonic function in D x A, depending
on z and || and so, in particular, it is a convex function of log |Z].

Definition 1. A family v;(z) on D x (0,1) is a subgeodesic for o, uy if vjog|¢|(2) € W(uo, u1).
The largest subgeodesic, uy, is the geodesic. In other words, u¢(z) = g7 (2) = (2, {) for
t =log|C|.

This shows that the plurisubharmonic interpolation problem is equivalent to finding a
(sub)geodesic passing through the two given plurisubharmonic functions, which we will
call here the geodesic connectivity problem .

The origins of the plurisubharmonic geodesics lie in studying Kéahler metrics on
compact complex manifolds (X, w). Starting with [5], a notion of geodesics in the spaces
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of such metrics has been playing a prominent role in Kédhler geometry and has found a
lot of applications; see, for example [6-9], and the bibliography therein. Considerable
progress was made then by relating the metrics to quasi-psh functions on compact complex
manifolds; see [10-23], and many others.

We would especially like to refer to [12,22] where the connectivity problem for quasi-
plurisubharmonic functions on compact Kahler manifolds was for the first time treated
in terms of rooftop envelopes; the approach was developed then in [15-19,24,25] and other
recent papers. A nice overview of this activity can be found in [26].

For the local setting of plurisubharmonic functions on bounded domains, the geodesics
were considered in the (unpublished) preprint [27] and, independently, in [28,29], and then
in [4,30-33]. Comparing with the compact manifold case, two main difficulties arise. First,
a plurisubharmonic function can have its singularities on the boundary of the domain,
and theory of boundary behavior of such plurisubharmonic functions is at the moment
underdeveloped. Another issue is the lack of control over the total Monge-Ampeére mass
of plurisubharmonic functions and of monotonicity for its non-pluripolar part, the central
tools used in the compact case.

In this paper, we survey the local theory results; also, we present a few new results on
solvability of the connectivity problem in the Cegrell class F.

We start with the simplest case of interpolation of bounded plurisubharmonic func-
tions and functions from the Cegrell class & (Sections 1 and 2) and applications to set
interpolation by means of relative extremal functions (Sections 3-5). In Section 6, we ex-
tend these results to the Cegrell class F;. The main tool for interpolation of unbounded
functions is the rooftop technique, which we present in Section 7. A general setting of the
connectivity problem is given in Section 8, and we introduce one of the main objects of the
theory, residual plurisubharmonic functions, in Section 9. We formulate a fundamental
Rooftop Equality conjecture and confirm it for functions from the class F in Section 10, and
we apply it to solving the connectivity problem for certain cases in Section 11. Finally, in
Section 12, we mention a few other directions in the field of plurisubharmonic interpolation
and geodesics.

The set of all plurisubharmonic (psh for short) functions in a domain Q) will be denoted
by PSH(Q}), and its subset of negative functions is PSH™ (€)). For basics on psh functions,
we refer to [34,35]. A nice (and comprehensive) presentation of the theory of Cegrell classes
can be found in [36].

2. Bounded Psh Functions and Class &,

Let D be a bounded domain in C" and let ug, u; € PSH(D) N L* (D). We consider the
class W(up, u1) given by (1) and define its upper envelope i and geodesic u; as described
in Introduction. We define the subgeodesic V; := max{ug — Mt,u; — M (1 —t)}, where
M = ||ug — u1]|0, and obtain

Vtgutg(l—t)u0+tu1, 0<t<l1 (2)

(the second inequality being a consequence of convexity of u; in t), which implies that
uy — u;, uniformly on D, as t — j € {0,1}. This means that, in the bounded case, the
geodesic always exists and attains the boundary values in a very nice sense.

When u; = 0 on 9D, one has control on the regularity of the upper envelope i of
W (ug, u1) and, therefore, on u;:

Theorem 1 ([29]). Ifu; € CYY(D), then uy € CYY(D) both in z and t.
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Subgeodesics and geodesics of psh functions have some special properties when the
functions belong to a specific class—namely, to the Cegrell class F7. Here we start, however,
with another Cegrell class, &.

Assume D is a bounded hyperconvex domain, i.e., there exists a negative psh function
p exhausting D: D, = {z : p(z) < ¢} € D forall ¢ < 0 and U.<9D, = D. The Cegrell class
&o(D) is formed by all bounded psh functions u in D that have zero boundary value on 9D
(u(z) — 0 as z — 9D) and finite total Monge-Ampere mass: [, (dd‘u)" < co.

Note that if ug, u; € & (D), then u; € & (D) for any t as well.

Consider the energy functional

E(u) = /D w(ddeu)",

By integration by parts,
n
E(u) — E(v) = / U—v Z (ddu)k A (dd<0)"*,  u,0 € &(D).

Theorem 2 ([28]). Let u,v € & (D) satisfy u < v. Then

1.  E(u) <E(v);
2. ifE(u) = E(v), thenu = v.

The energy functional has the following remarkable properties.

Theorem 3 ([27,28]). Let ug,u; € (D). Then:

1. For any subgeodesic vy € & (D), E(vy) is a convex function of t;
2. For a subgeodesic vy € &y(D), t — E(vy) is linear if and only if vy is a geodesic for some
Up, U1 € 50(D>

From this, one can deduce the following uniqueness result.

Theorem 4 ([28]). If ug,u1 € & (D) satisfy [, uo(ddug)* A (dd°uy)"~* = E(uq) for k =
0,...,n, then ug = uy.

This works also for larger classes of psh functions; however, & suffices for an applica-
tion to plurisubharmonic interpolation of certain measures and sets.

3. Relative Extremal Functions
Let K € D. Recall that the relative extremal function of K w.r.t. D is

wg =wgp =sup{u € PSH™ (D) : ulg < —1}

(here sup* is the upper semicontinuous regularization of sup). This is a function from
&o(D), maximal outside K: (dd°wk)" = 0 on D \ K. The relative capacity of K (w.r.t. D) can

be defined as
Cap (K) = (dd°wg)"(K).

Let u; be the geodesic between u; = wg;, j =0,1. Consider the sets
Ki={z: w(z)=-1}, 0<t<1, @)
then —E(u;) > Cap (K;) while E(wg) = —Cap (K), so we obtain
Theorem 5 ([28]). Forany K; € D,

Cap (K;) < (1 —t) Cap (Kp) + ¢ Cap (K7).
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One might expect that the geodesic interpolations u; of wg; are wg , which would
replace the inequality in this theorem by equality. It turns out to be false, even in the
simplest examples (see also Theorem 9):

Example 1. Let n = 1, D = D, Ko = {z : |z] < e '}, Ky = {z: |z| < e72}. Then
Ki = {z: |z| < e 1}, while

u(z) = max{log |z], log|z|+t—1/ —1}

is not a relative extremal function. We have supp dd‘u; = 0K; = {z : log|z| = —1 —j} and
suppddu; = {z:log|z| = —1+t} =9K; U {z:log|z| = —1 +t}.

While the sets Kt, as defined, could depend on the choice of the domain D, this is not
actually true, at least in the case when K; are polynomially convex, which means that

Kj={z € C": |P(z)| < ||P|[x, VP € P},

P being the collection of all polynomials. Namely, they are sections of certain holomorphic
hulls of the set K4 := (Ko x Ag) U (K; x Ap) € C™*1 with respect to functions holomorphic
inC" x (C\0)):

Theorem 6 ([4]). If K; are compact and polynomially convex, then, for any ¢ € A,

Kiogiy = {2 € C": |f(2.0)| < |Ifllga Vf € O(C" x (C\0))}.

4. Toric Case

More can be said if K; are closures of complete, logarithmically convex, multicircled
(Reinhardt) domains, which means that y € K; provided z € K; and |y;| < |z;] for all i, and

LogK;:={s € R": exps = (¢,...,e™) € K;}

are convex subsets of R”. When, in addition, the domain D is multicircled, the functions
wg; are toric (multicircled), and so are the geodesics u;.

Any toric plurisubharmonic function #(z) on D can be identified with its convex image:
the convex function #(s) = u(exps) on LogD C R", increasing in each variable s;. In
addition, #; is a convex function on Log D x (0,1) C R"*1.

The geodesics between toric psh functions have an easy description:

Theorem 7 ([31,37]). The convex image 1i; of any toric geodesic u; is given by
iy = L[(1—t)L[uo] + tL[11]],
where L is the Legendre transform,

L[fI(y) = sup {{x,y) — f(x)}.

xeR™
We can assume D = D", the unit polydisk. By [38],

ailog |z
ij(Z) = sup Z k g| k|

, zeD"\K,
acrr  |h;(a)] !
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where L; = LogK; CR” = {s € R":5; <0, 1<j<n}and

hr.(a) =sup(a,s), a€cR",
! SEL]‘

is the support function of L;. Then L[@k,| = max{hr, + 1,0}, which gives an explicit
formula for the geodesic u; of uj = wg;:
ity = L[(1 —t) max{hy, + 1,0} +tmax{h;, +1,0}].

As a consequence, we obtain

Theorem 8 ([31]). Let u; be the geodesic between u; = wg; for complete, logarithmically convex
Reinhardt sets K; € D". Then the sets K; defined by (3) are the geometric means of K;: K =
Ky 'Kt in other words, Log Ky = (1 — t)Log Ko + t Log K.

One can show that, in the toric case, there can never be an equality in Theorem 5,
unless the geodesic is constant:

Theorem 9 ([31]). In the conditions of Theorem 8, if there exists 0 < to < 1 such that us, = WK,/
then uy = uq.

Recall that volumes of convex combinations K(t) = (1 — #)Ky + ¢ Ky of convex bodies
K; C R" satisfy the Brunn—-Minkowski inequality

Vol(K(t)) > Vol(Ko)'~ Vol(K;)f;

in other words, volumes of K(t) are logarithmically concave. The same is true for the
multiplicative combinations K = Ké_tKi of convex Reinhardt bodies K; C C" [39].
The geodesic interpolation gives us a reverse estimate: the (usual) convexity of the
capacities
Cap (Ki) < (1) Cap (Ko) + tCap (K1)

for logarithmically convex Reinhardt bodies K;.

5. Weighted Extremal Functions

One can obtain a stronger relation between the capacities if the functions u; = w K; are
replaced with weighted ones u; = c¢; wg; for some ¢; > 0.

Let uf be the corresponding geodesic. The sets K; are now to be defined as
KE={zecQ:uf(z) =m}, 0<t<]1,

where m; = min{u{(z) : z € Q}.
It can be shown that m; is a concave function and

Imi| <cpi=(1—t)co+ter
Moreover, if Ky N Ky # @, then |m;| = ¢;.

Theorem 10 ([32]). Let K; @ D be polynomially convex, Ko N Ky # @, and let the weights c; be
chosen such that
cit1Cap (Kp) = cf ™ Cap (Ky).

Then

-

+t(c:ap (12;;)) o

)

(Cap (sz))_ﬁ >(1- t)(Cap (K§)>‘n+
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A little drawback of this result is that the sets K§ depend on the parameters ¢j. It turns

out not to be the case in the toric situation, and the capacity inequality becomes the one on
_ 1

concavity of the function (Cap (Izt)) S
Theorem 11 ([32]). IfK; C D" are closures of complete, logarithmically convex Reinhardt domains,
then K¢ = K; = K(l)*tK{ for any weights ¢; > 0. Furthermore, the geodesic ug equals cx wi, for
some T € (0,1) if and only if K = K{' (that is, co Log Ky = ¢1 Log Ko) and so, u§ = c; w, for
all t.

Since the concavity of v ! (t) implies convexity of v(t) and since the function x Xl

is convex, the conclusion of Theorem 11 is stronger than convexity of (Cap (K;)) 7, and the
latter is equivalent to logarithmic convexity of Cap (K¢). This implies

Corollary 1 ([32]). In the conditions of Theorem 11,
Cap (K;) < Cap (Ko)'*Cap (K7)".

6. Geodesics in Fq

To obtain the above results on geodesics, including the linearity of the energy func-
tional E, extended to larger classes of psh functions, one should stick to those where the
functional is still finite. This leads to considering Cegrell’s energy classes, of which the
simplest one is the class F7.

Let D be a bounded hyperconvex domain in C”".

Definition 2 ([40,41]). The class F (D) is formed by all u € PSH™ (D) that are limits of decreas-
ing sequences uy € Ey(D) such that

sup/ (ddun)" < oo.
N /D

If, in addition, supy; [ |un|(dd“un)" < oo, then u € Fy(D). A function v € PSH™ (D) belongs
to £(D) if for any D" € D there exists u € F (D) coinciding with v on D'.

For any u € Fi(D), (ddu)" = limn_,e0(ddun)", u(ddu)" = imy_,e tn(ddun)",
and E(u) = limy_,c E(un). Then, given u; € JF1(D), we approximate them by u;y €
&o(D), find the geodesics u; y, and then we can look at uy = limuy; as N — oo.

A piece missing from the bounded case is an argument for u; to converge to u; as
t — j, since one cannot have L*-bounds now. Instead, a rooftop technique can be used.
Since it will be playing a central role in the rest of the exposition, we will present it in the
next section, while here we just state a result on F7-geodesics based on that technique.

Let P(u, v) be the rooftop envelope (the largest psh minorants of min{u,v}). Then, for
any uo, u; € PSH™ (D) and any C > 0, the curve we; = P(up,u; +C) —Ct,0 < t < 1,is ev-
idently a subgeodesic, and it plays the role of the subgeodesics V; (2) from the bounded case.

Theorem 12 ([28]). Let ug, uy € F1(D). Then

1. for any subgeodesic vy C JF1(D), the function t — E(vy) is convex;
2. for the geodesic uy, the function t — E(u;) is affine;
3. uy — ujincapacityast — j € {0,1}: Ve > 0, Cap {|us —uj| > €} — 0.

Uniqueness Theorems 2 and 4 also remain true for u,v € F1(D) [28].
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7. Rooftop Envelopes

Rooftop envelopes were explicitly introduced in [22] for quasi-psh functions on com-
pact Kédhler manifolds, and then the technique was developed in [12,14,15,21,23,42] and
others. In the local context, they were considered first in [28] for functions in the Cegrell
class Fj and then in [33] for arbitrary psh functions, bounded from above.

The rooftop envelope P(u,v) of bounded above functions u and v is the largest psh
minorant of min{u, v}. Since P(u,v) > u+ v — M for some M > 0, P(u,v) # —co.

As follows from Prop. 3.3 in [12] (see also Lemma 3.7 in [16]),

NP(ddC[P(u, ’U)Dn < ]l{p(u,v):u}NP(ddcu)” + ]l{p(u,v):v}NP(ddcv)”, (4)

where NP(dd“w)" is the non-pluripolar Monge-Ampere operator in the sense of [43]: for Borel
sets E,
NP(dd‘w)" = ]li)r?o LA fws—j} (dd° max{w, —j})".
In particular, P(u,v) satisfies (dd“[P(u,v)])" = 0on {—oco < P(u,v) < min{u,v}}.
While P(u,v;) decreases to P(u,v) when v; decreases to v, its behavior for increasing
vj can be more complicated, provided v; are unbounded from below.

Example 2. Let D = D", u = 0, v; = max; log |z¢| + j. Then min{u, v;} increase, as j — oo,
to the function h equal to 0 outside the origin and 1(0) = —oo, while P(u, vj) = v for all j.

This observation is a particular case of how the rooftop envelopes P(u,v + C) behave
when C — oco. Denote
sup*P(u,v+ C) = P[v|(u),
C

the asymptotic rooftop, or asymptotic envelope of u with respect to the singularity of v.
Lemma 1 ([28]). Ifu,v € F1(D), then P[v](u) = u.
Remark 1. This actually implies the connectivity of any ug, u; € F1(D); see Theorem 13.

One can ask if this works for any negative psh functions. The rest of the paper will be
actually devoted to this question.

8. Geodesics on PSH™ (D)

Any u € PSH™ (D) is the limit of a decreasing sequence uy € & (D) [44]. So, for any
pair u; € PSH™ (D), j = 0,1, we repeat what we did for J1: approximate u; by u; y, connect
them by the geodesics u; y, and then obtain the ‘geodesic” u; as the limit of u; y as N — .

The crucial question is if u; connects u;. More precisely: Does u; converge to u;, in any
sense, ast — j € {0,1}?

Example 3. Let D =D, uy = 0, u; = log|z| € F(D) \ F1(D).

For any N > 0, the function uy ; = max{u1, —Nt} is the geodesic between uy and uq N =
max{uq, —N}. Therefore, uy = uy = log |z| is not passing through u.

The same works for uy = 0 and uy = G, € F(D) \ F1(D), the pluricomplex Green function
withpoleata € D C C",n > 1.

Even more striking is

Example 4. Let u; = Gy; be the (pluricomplex) Green functions with different poles. Then u; does
not exceed the geodesic between G, and 0, that is, by Example 3, G, and, by the same argument,
it does not exceed Gg,. Therefore, it does not exceed (actually, equals) P(Ggy, Gay) = Gaga,, the
Green functions with two logarithmic poles.
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In this case, we obtain a ‘geodesic’ that does not pass through any of the endpoints.

So, there are functions that cannot be connected by geodesics, the obstacle being that
they have different ‘strong’ singularities. This sets the following

Geodesic connectivity problem: What pairs ug, 117 € PSH™ (D) can be connected by a psh
(sub)geodesic?

The problem in the compact setting (quasi-psh functions on compact Kiahler manifolds)
was handled in [12] in terms of asymptotic envelopes, and this easily adapts to the local case:

Theorem 13 ([33]). Let ugp, uq € PSH™ (D), then the geodesic u; converges to ug in Lllo (D) (and
in capacity) as t — 0 if and only if Pluq](up) = uo.

As we have already seen, the possible obstacles can arise only from the singularities of
ug and u1. When the singularities are equivalent, 11 < #1, which means

up(z) — A <uy(z) <ug(z) + A

for some A > 0 and all z € D, we have both P[u;](uy) = ug and P[ug](u1) = 17 and so, the
geodesic connects the data functions.

This, however, does not cover Theorem 12 because functions from 7 need not have
equivalent singularities. Then one should look for a coarser equivalency of singularities.

In [30], it was proved that two toric psh functions in D" with isolated singularities at
0 can be connected if and only if all their directional Lelong numbers coincide. This means
that the main terms of their singularities are the same. The proof was based on relating
toric psh functions to convex ones (as in Section 4) and then using the technique of convex
analysis. This will not work for arbitrary psh functions, so one should find another way to
single out such ‘main terms’ of the singularities.

9. Residual Function

Most of the contents of this section are taken from [33].
Definition 3. Given ¢ € PSH™ (D), its residual function is

S = 8¢,0 = P[¢](0) = g};*P@ +C,0)} € PSH (D).

Equivalently, gy is the (u.s.c. regularization) of the upper envelope of the class of all functions
u € PSH™ (D) with singularities at least as strong as that of ¢, meaning that u < ¢ + C for some
CeR

The function g, is determined by the asymptotic behavior of ¢ near its singularities,
and it is a candidate for the main term of the asymptotic of the singularity of ¢.

Example 5. If ¢(z) < log|z —al|, a € D, then gy = G, the pluricomplex Green function with
pole at a.

Example 6. More generally, if ¢(z) < Y cilog |z — ay|, then g is the weighted multipole pluri-
complex Green function.

Example 7. If ¢ is toric and D = D", then gy coincides with its indicator ¥, [45] defined
in [46,47] as the toric psh function in D" whose convex image ¢, (s) = ¥, (exps) in R is given
by the directional Lelong numbers vy, of u at 0 in the directions a € R'|:

Pu(s) = —vy,—s, se€R™.
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The next two examples deal with functions with non-isolated singularities.
Example 8. Let ¢(z) < log|zi| and D = D", then g4(z) = log|z1|.
Example 9. Let ¢(z) < log|z1| and D = B", then [48]

|21

8¢(z) = log \/ﬁ

These two are particular cases of Green functions with poles along complex spaces; given
anideal Z = (f1,..., fn) C O(D) with bounded generators, Gz is the upper envelope
of u € PSH™ (D) such that u < log|f| + O(1) [49]. Note that in this definition, the
asymptotics of u and log | f| are related only locally, not uniformly in D, so their equality to
the corresponding residual functions is not a trivial fact.

A bit different are the next two examples dealing with boundary singularities.

Example 10. If D =D C Cand ¢ = —P,, the negative Poisson kernel with pole at a € DD, then
g¢ = —’Pa.

Example 11. More generally, if D C C" is strongly pseudoconvex with smooth boundary, then
for any { € 9D there exists the pluricomplex Poisson kernel Oy € PSH™ (D) which satisfies
(dd“Q¢)" = 01in D, is continuous in D \ {{}, equal to 0 on 0D \ {{}, and such that Q;(z) ~
—|z — |71 as z — T nontangentially [50,51].

We have P(Q; + C,0) = Q for any C > 0 and so, 80, = Q. When D = B",

|22 —1

TR

In the general case, the picture can be much more complicated. Since the singularities
can lie both inside the domain and on its boundary, we call gy the Green—Poisson residual
function of ¢ for the domain D.

By properties of rooftops, (dd°P(¢ + C,0))" = 0 on {¢ > —C}, so the non-pluripolar
Monge-Ampeére current of g is zero.

The boundary values of gy need not be zero (outside the unbounded locus of ¢); see
Example 8. However, they are zero there if the domain is B-regular (i.e., each boundary
point possesses a strong psh barrier [52]).

By the unbounded locus of u € PSH™ (D) we mean the set Ly of all points z € D such
that u is not bounded in D N U, for any neighborhood U, of z.

A very important property we believe the residual functions have is their idempotency:

Qq(z)

ggu = g”'

At the moment, however, it is known to hold only under some assumptions on u. To
present them, we need the following

Definition 4. u € PSH™ (D) has small unbounded locus if there exists v € PSH™ (D), v # —oo,
such that v* = —oco on Ly,; here, for any { € D, v*({) = lim sup,_,; v(z).

This differs from the definition of small unbounded locus used in [33], where the
requirement was pluripolarity of L,, that is, existence of a function V # —oo which is psh in
aneighborhood of D and V({) = —oo forall { € L. The present definition does not change
L, N D, while it allows the boundary part L, N dD to be much bigger than pluripolar; such
sets are called b-pluripolar [53]. For example, a compact set K C dD C C is b-pluripolar if
and only if it is of zero Lebesgue measure.
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The following was proved in [33], and it can be checked that the proof of assertions (i)
and (ii) with the new definition of small unbounded locus remains unchanged.

Theorem 14. Let u € PSH™ (D). Then go, = gu, provided one of the conditions is fulfilled:

(i)  u has small unbounded locus;

(ii)  the boundary function ii of u € (D), in the sense of Cegrell [54], has small unbounded locus;
(iii) u € F(D);

(iv) n=1(.e,D cCC).

Remark 2. In the one-dimensional case, the structure of residual functions is quite simple; if
u = Gy + Py is the Green—Poisson representation of u € SH™ (D), then gy, = Gy, + Py, with us,
the restriction of the Riesz measure y of u to {u = —oo}, and vs, the singular part (with respect to
the Lebesgue measure) of the boundary measure v of u [55,56].

The idempotency of the residual functions has a lot of useful applications; for those
concerning the geodesics, see Section 11.

The residual function gy keeps the main characteristics of singularities of ¢. Recall that
the Lelong number v, (a) of a psh function u at a point a is the largest nonnegative number
v such that u(z) < vlog |z — a| + O(1) near a, the log canonical threshold c,(a) of u is the
supremum of ¢ > 0 such thate™® € L? (a), and the multiplier ideal Z,,(a) is formed by all
f € Og such that |fle™ € L2 (a). Since they are all continuous for increasing sequences of
psh functions, we obtain

Theorem 15. For any ¢ € PSH™ (D) and a € D, vg,(a) = vy(a), cg,(a) = cg(a), and
Itg¢(a) = It(p(ﬂ) vt > 0.

When ¢ € F(D), the residual function can actually be described explicitly.
Theorem 16. If (dd°p)" is well-defined, then so is (dd°ge)"™ and, furthermore,

(ddgg)" = Lig—_oo) (dd“P)".

In particular, if € F (D), then gy € F(D) and it is a unique solution to the equation (dd°u)" =
L{p— oo} (dd°®)" in the class F (D).

Remark 3. The uniqueness part here follows from [57].

Functions from F (D) can have very large unbounded locus, and it can even coincide
with D. Nevertheless, the boundary value of any u € F (D), in the sense of Cegrell, is zero,
which means that the least psh majorant H of u in D satisfying (dd°H)" = 0is H = 0.

More results on boundary behavior for functions from other Cegrell classes and their
residual functions can be found in [33] (see also the last section of this paper).

10. Residual Functions and Asymptotic Rooftops

In the compact setting, the corresponding analog of the residual function is an ulti-
mate tool for checking the connectivity of quasi-psh functions [16]. This was proved by
using machinery of non-pluripolar Monge—Ampere operator, including the monotonicity
property [58,59]. Unfortunately, that technique does not work in the local setting. In addi-
tion, functions from PSH™ (D) can have their singularities on the boundary, and theory of
boundary behavior of such psh functions is still underdeveloped. That is why the results in
the local theory are at the moment not that complete.

Let ¢,1p € PSH™ (D). Then P[p](y) < gg, sO

Plg]() < P(8¢,¢)-



Axioms 2023, 12, 671

11 0f 14

If ¢ < gp (e, ¢ < gp < ¢+ C), then the Rooftop Equality holds:

Plpl(p) = P(gp, ) V¢ € PSH™ (D). ®)

Furthermore, it also holds for all ¢, € F1(D) [28]. The following guess is then
natural:
Rooftop Equality conjecture: (5) holds for all ¢,p € PSH™ (D).

Theorem 17 ([33]). Let ¢ > gy + w with some w € PSH™ (D) such that g, = 0, then the
Rooftop Equality P[$](y) = P(gy, §) holds with any i € PSH™ (D).

Applying this to w = ¢, we obtain

Corollary 2. The Rooftop Equality holds with any ¢ € PSH™ (D) if ¢ does not have strong
singularities, i.e., if gp = 0.

In particular, this recovers the aforementioned result for F; because g4 = 0 for all
¢ € F1(D).

For the same reason, Corollary 2 proves the Rooftop Equality for the Cegrell class
F?(D) of functions ¢ € F (D) such that (dd°¢)" do not charge pluripolar sets.

It turns out, however, that Theorem 17 works also for the whole class F:

Corollary 3. If ¢ € F(D), then P[¢](y) = P(g¢, ) for any ¢ € PSH™ (D).

Proof. By Cor. 4.15, 4.16 in [57], there exists a unique pair of functions ¢y, ¢ € F(D)
such that (dd“g1)" = 1o _w) (A40)", (ddP2)" = Lipe oy (dd°9)", and ¢ + 92 < ¢ <

P(¢1,92).
By Theorem 16, (ddgp)" = L{y—_o0}(dd°¢)", so the uniqueness gives us ¢» = gy.

Since ¢y € F*(D), Theorem 17 with w = ¢ completes the proof. [

Corollary 4. If ¢, € F (D), then:

(i) o+ = &gp-+gy While the relation ggy = gp holds if and only if gy = 0;

(i) Smax{gp) = Smax{gg.gy}” while the relation gmay(p,yy = 8¢ holds if and only if gy < g¢;
(iii)  gp(g,p) = P(8p:8y)-

Proof. Assertions (i) and (ii), as well as the relations P(g¢, gy) = gp(q pgy) A 8p(g ) =
gP(p)(p) = 8P[y](¢), are proved in Prop. 3.7-3.9, Cor. 7.6 in [33] for ¢, with small un-
bounded loci; however, the only property used in the proofs was the idempotency of all
the residual functions involved, which we have in our case of (D). Then, by Corollary 3,

8P(pp) = 8P(gp) = 8P(5p5y) = L (80 &),
which proves (iii). O

11. Geodesic Connectivity

Let up,u; € PSH™ (D). Since Pluq](up) < P(gu,, to), the equality Pluq](ug) = uo,
which is equivalent to the condition u; — ug ast — 0, implies 1y < gy, while the reverse
implication would mean precisely the Rooftop Equality (5) for ¢ = 11 and ¢ = uy.

So, we have

Theorem 18 ([33]). Let ug, u; € PSH™ (D) and let the Rooftop Equality (5) be satisfied for ¢ = u;,
j=0,1. Then uy — ujin L}, (D) (and in capacity) if and only if ug < gy, and uy < gy,. If gu;
are idempotent, the two inequalities are equivalent to gy, = Su,.
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Corollary 5.

(i)  Any two negative psh functions without strong singularities can be geodesically connected.

(ii)  Two functions from F (D) can be geodesically connected if and only if their residual functions
coincide.

(iii) No pair of psh functions with idempotent but different residual functions can be connected by
a (sub)geodesic.

(iv) Any negative psh function can be geodesically connected with its residual function.

(v)  Two negative subharmonic functions in D C C can be geodesically connected if and only if
their residual functions coincide.

Remark 4. In the toric case, assertion (ii) covers the main result of [30].

12. Other Results
We just mention some other directions related to psh geodesics on domains of C".

1. One can consider separately residual functions g5 and g%, determined by the singularities
of u inside the domain and on its boundary, respectively [33]. For example, the Green
function Gz with poles along a complex space given by an ideal sheaf Z = (fi, ..., fx),
mentioned in Section 8, actually equals gfog T under some additional conditions on

Z, it coincides with g, | 7|, and in some situations, with g{’og It

2. Residual functions g, for functions u € PSH™ (D) with well-defined (dd‘u)" and
possessing boundary values # in the sense of Cegrell were considered in [33]. It was
shown there that if [}, (dd°u)" < co and # has small unbounded locus, then g, is
idempotent and equal to P(g9, g%).

3. Cegrell’s energy classes can be considered for m-subharmonic functions on domains
of C",1 < m < n[60,61]. Geodesics for such functions, including the linearity of the
corresponding energy functional, were studied in [62].

4. The Dirichlet problem for unbounded psh functions and its relation to the asymptotic
rooftop construction were recently considered in [63-65].

5. The regularity of toric and convex geodesics was studied in [66].

Funding: This research received no external funding.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Calderén, A.-P. Intermediate spaces and interpolation, the complex method. Stud. Math. 1964, 24, 113-190. [CrossRef]

2. Bergh, J.; Lofstrom, J. Interpolation Spaces. An Introduction; Springer: Berlin/Heidelberg, Germany, 1976.

3.  Cordero-Erausquin, D.; Klartag, B. Interpolations, convexity and geometric inequalities. In Geometric Aspects of Functional Analysis;
Lecture Notes in Mathematics; Springer: Berlin/Heidelberg, Germany, 2012; Volume 2050, pp. 151-168.

4.  Cordero-Erausquin, D.; Rashkovskii, A. Plurisubharmonic geodesics and interpolation. Arch. Math. 2019, 113, 63-72. [CrossRef]

5. Mabuchi, T. Some symplectic geometry on compact Kdhler manifolds. I. Osaka J. Math. 1987, 24, 227-252.

6.  Chen, X.X. The space of Kédhler metrics. J. Diff. Geom. 2000, 56, 189-234. [CrossRef]

7. Donaldson, S.K. Symmetric spaces, Kdhler geometry and Hamiltonian dynamics. In Northern California Symplectic Geometry
Seminar; American Mathematical Society Translations; Series 2; American Mathematical Society: Providence, RI, USA, 1999;
Volume 196, pp. 13-33.

8.  Semmes, S. Complex Monge-Ampere and symplectic manifolds. Am. J. Math. 1992, 114, 495-550. [CrossRef]

9.  Guedj, V. (Ed.) Complex Monge-Ampere Equations and Geodesics in the Space of Kihler Metrics; Lecture Notes in Mathematics;
Springer: Berlin/Heidelberg, Germany, 2012; Volume 2038.

10. Berman, R.; Boucksom, S. Growth of balls of holomorphic sections and energy at equilibrium. Invent. Math. 2010, 181, 337-394.
[CrossRef]

11.  Berndtsson, B. A Brunn-Minkowski type inequality for Fano manifolds and some uniqueness theorems in Kéhler geometry.
Invent. Math. 2015, 200, 149-200. [CrossRef]

12.  Darvas, T. The Mabuchi Completion of the Space of Kahler Potentials. Am. J. Math. 2017, 139, 1275-1313. [CrossRef]

13. Darvas, T. The Mabuchi geometry of finite energy classes. Adv. Math. 2015, 285, 182-219. [CrossRef]

14. Darvas, T.; Rubinstein, Y. Kiselman'’s principle, the Dirichlet problem for the Monge-Ampere equation, and rooftop obstacle

problems. J. Math. Soc. Jpn. 2016, 68, 773-796. [CrossRef]


http://doi.org/10.4064/sm-24-2-113-190
http://dx.doi.org/10.1007/s00013-018-01297-z
http://dx.doi.org/10.4310/jdg/1090347643
http://dx.doi.org/10.2307/2374768
http://dx.doi.org/10.1007/s00222-010-0248-9
http://dx.doi.org/10.1007/s00222-014-0532-1
http://dx.doi.org/10.1353/ajm.2017.0032
http://dx.doi.org/10.1016/j.aim.2015.08.005
http://dx.doi.org/10.2969/jmsj/06820773

Axioms 2023, 12, 671 13 of 14

15.

16.

17.
18.
19.

20.
21.
22.
23.

24.
25.
26.
27.

28.
29.
30.

31.
32.
33.
34.
35.

36.
37.
38.
39.
40.
41.
42.
43.
44.
45.

46.
47.

48.

49.

50.

51.

52.

53.

54.
55.

Darvas, T.; Nezza, E.D.; Lu, C.H. On the singularity type of full mass currents in big cohomology classes. Compos. Math. 2018,
154, 380—409. [CrossRef]

Darvas, T.; Nezza, E.D.; Lu, C.H. Monotonicity of nonpluripolar products and complex Monge-Ampere equations with prescribed
singularity. Anal. PDE 2018, 11, 2049-2087. [CrossRef]

Darvas, T.; Nezza, E.D.; Lu, C.H. L! metric geometry of big cohomology classes. Ann. Inst. Fourier 2018, 68, 3053-3086. [CrossRef]
Darvas, T.; Nezza, E.D.; Lu, C.H. The metric geometry of singularity types. J. Reine Angew. Math. 2021, 771, 137-170. [CrossRef]
Darvas, T.; Nezza, E.D.; Lu, C.H. Log-concavity of volume and complex Monge-Ampere equations with prescribed singularity.
Math. Ann. 2021, 379, 95-132. [CrossRef]

Darvas, T.; Nezza, E.D.; Lu, C.H. Geodesic distance and Monge-Ampeére measures on contact sets. Anal. Math. 2022, 48, 451-488.
Guedj, V,; Lu, C.H.; Zeriahi, A. Plurisubharmonic envelopes and supersolutions. . Differ. Geom. 2019, 113, 273-313. [CrossRef]
Ross, J.; Nystrom, D.W. Analytic test configurations and geodesic rays. J. Symplectic Geom. 2014, 12, 125-169. [CrossRef]

Ross, J.; Nystrom, D.W. Envelopes of positive metrics with prescribed singularities. Ann. Fac. Sci. Toulouse 2017, 26, 687-727.
[CrossRef]

McCleerey, N. Envelopes with prescribed singularities. J. Geom. Anal. 2020, 30, 3716-3741. [CrossRef]

McCleere, N.; Tosatti, V. Pluricomplex Green'’s functions and Fano manifolds. Epij. Géom. Algébr. 2019, 3, 9. [CrossRef]

Darvas, T.; Nezza, E.D.; Lu, C.H. Relative pluripotential theory on compact Kdhler manifolds. arXiv 2023, arXiv:2303.11584
Berman, R.J.; Berndtsson, B. Moser-Trudinger type inequalities for complex Monge-Ampere operators and Aubin’s “hypothese
fondamentale”. arXiv 2022, arXiv:1109.1263.

Rashkovskii, A. Local geodesics for plurisubharmonic functions. Math. Z. 2017, 287, 73-83. [CrossRef]

Abja, S. Geometry and topology of the space of plurisubharmonic functions. J. Geom. Anal. 2019, 29, 510-541. [CrossRef]
Hosono, G. Local geodesics between toric plurisubharmonic functions with infinite energy. Ann. Polon. Math. 2017, 120, 33-40.
[CrossRef]

Rashkovskii, A. Copolar convexity. Ann. Polon. Math. 2017, 120, 83-95. [CrossRef]

Rashkovski, A. Interpolation of weighted extremal functions. Arnold Math. ]. 2021, 7, 407-417. [CrossRef]

Rashkovskii, A. Rooftop envelopes and residual plurisubharmonic functions. Ann. Pol. Math. 2022, 128, 159-191. [CrossRef]
Klimek, M. Pluripotential Theory; Oxford University Press: London, UK, 1991.

Guedj, V.; Zeriahi, A. Degenerate Complex Monge-Ampere Equations; EMS Tracts in Mathematics 26; European Mathematical Society
(EMS): Berlin, Germany, 2017; 472p.

Czyz, R. The complex Monge-Ampere operator in the Cegrell classes. Diss. Math. 2009, 466, 83.

Guan, P. The extremal functions associated to intrinsic metrics. Ann. Math. 2002, 156, 197-211. [CrossRef]

Aytuna, A.; Rashkovskii, A.; Zahariuta, V. Widths asymptotics for a pair of Reinhardt domains. Ann. Polon. Math. 2002, 78, 31-38.
[CrossRef]

Cordero-Erausquin, D. Santalé’s inequality on C-n by complex interpolation. C. R. Acad. Sci. Paris Ser. I 2002, 334, 767-772.
[CrossRef]

Cegrell, U. Pluricomplex energy. Acta Math. 1998, 180, 187-217. [CrossRef]

Cegrell, U. The general definition of the complex Monge-Ampere operator. Ann. Inst. Fourier 2004, 54, 159-179. [CrossRef]
Nezza, E.D.; Trapani, S. Monge-Ampére measures on contact sets. Math. Res. Lett. 2021, 28, 1337-1352. [CrossRef]

Bedford, E.; Taylor, B.A. Fine topology, Silov boundary, and (dd®)". J. Funct. Anal. 1987, 72, 225-251. [CrossRef]

Cegrell, U. Approximation of plurisubharmonic functions in hyperconvex domains. In Complex Analysis and Digital Geometry;
Acta Universitatis Upsaliensis. Skrifter Rorande Uppsala Universitet. C. Organisation och Historia; Uppsala Universitet: Uppsala,
Sweden, 2009; Volume 86, pp. 125-129.

Rashkovskii, A. Multi-circled singularities, Lelong numbers, and integrability index. J. Geom. Analysis 2013, 23, 1976-1992.
[CrossRef]

Lelong, P.; Rashkovskii, A. Local indicators for plurisubharmonic functions. J. Math. Pures Appl. 1999, 78, 233-247. [CrossRef]
Rashkovskii, A. Newton numbers and residual measures of plurisubharmonic functions. Ann. Polon. Math. 2000, 75, 213-231.
[CrossRef]

Lérusson, F,; Sigurdsson, R. Plurisubharmonic extremal functions, Lelong numbers and coherent ideal sheaves. Indiana Univ.
Math. . 1999, 48, 1513-1534. [CrossRef]

Rashkovskii, A.; Sigurdsson, R. Green functions with singularities along complex spaces. Internat. |. Math. 2005, 16, 333-355.
[CrossRef]

Bracci, F,; Patrizio, G.; Trapani, S. The pluricomplex Poisson kernel for strongly convex domains. Trans. Am. Math. Soc. 2009, 361,
979-1005. [CrossRef]

Bracci, F,; Saracco, A.; Trapani, S. The pluricomplex Poisson kernel for strongly pseudoconvex domains. Adv. Math. 2021, 380,
107577. [CrossRef]

Sibony, N. Une classe de domaines pseudoconvexes. Duke Math. J. 1987, 55, 299-319. [CrossRef]

Djire, IK.; Wiegerinck, J. Characterizations of boundary pluripolar hulls. Complex Var. Elliptic Equ. 2016, 61, 1133-1144. [CrossRef]
Cegrell, U. A general Dirichlet problem for the complex Monge-Ampere operator. Ann. Polon. Math. 2008, 94, 131-147. [CrossRef]
Arsove, M,; Leutwiler, H. Quasi-bounded and singular functions. Trans. Am. Math. Soc. 1974, 189, 275-302. [CrossRef]


http://dx.doi.org/10.1112/S0010437X1700759X
http://dx.doi.org/10.2140/apde.2018.11.2049
http://dx.doi.org/10.5802/aif.3236
http://dx.doi.org/10.1515/crelle-2020-0019
http://dx.doi.org/10.1007/s00208-019-01936-y
http://dx.doi.org/10.4310/jdg/1571882428
http://dx.doi.org/10.4310/JSG.2014.v12.n1.a5
http://dx.doi.org/10.5802/afst.1549
http://dx.doi.org/10.1007/s12220-019-00215-1
http://dx.doi.org/10.46298/epiga.2019.volume3.4706
http://dx.doi.org/10.1007/s00209-016-1817-4
http://dx.doi.org/10.1007/s12220-018-0009-3
http://dx.doi.org/10.4064/ap170705-15-9
http://dx.doi.org/10.4064/ap170217-4-9
http://dx.doi.org/10.1007/s40598-021-00175-x
http://dx.doi.org/10.4064/ap210624-12-11
http://dx.doi.org/10.2307/3597188
http://dx.doi.org/10.4064/ap78-1-4
http://dx.doi.org/10.1016/S1631-073X(02)02328-2
http://dx.doi.org/10.1007/BF02392899
http://dx.doi.org/10.5802/aif.2014
http://dx.doi.org/10.4310/MRL.2021.v28.n5.a3
http://dx.doi.org/10.1016/0022-1236(87)90087-5
http://dx.doi.org/10.1007/s12220-012-9314-4
http://dx.doi.org/10.1016/S0021-7824(98)00006-3
http://dx.doi.org/10.4064/ap-75-3-213-231
http://dx.doi.org/10.1512/iumj.1999.48.1767
http://dx.doi.org/10.1142/S0129167X05002904
http://dx.doi.org/10.1090/S0002-9947-08-04549-2
http://dx.doi.org/10.1016/j.aim.2021.107577
http://dx.doi.org/10.1215/S0012-7094-87-05516-5
http://dx.doi.org/10.1080/17476933.2016.1145214
http://dx.doi.org/10.4064/ap94-2-3
http://dx.doi.org/10.1090/S0002-9947-1974-0379872-4

Axioms 2023, 12, 671 14 of 14

56.

57.

58.

59.
60.
61.
62.
63.
64.
65.
66.

Parreau, M. Sur les moyennes des fonctions harmoniques et analytiques et la classification des surfaces de Riemann. Ann. Inst.
Fourier 1951, 3, 103-197. [CrossRef]

Ahag, P; Cegrell, U,; Czyz, R.; Pham, H.H. Monge-Ampere measures on pluripolar sets. J. Math. Pures Appl. 2009, 92, 613-627.
[CrossRef]

Boucksom, S.; Eyssidieux, P.; Guedj, V.; Zeriahi, A. Monge-Ampeére equations in big cohomology classes. Acta Math. 2010, 205,
199-262. [CrossRef]

Nystrom, D.W. Monotonicity of non-pluripolar Monge-Ampeére masses. Indiana Univ. Math. ]. 2019, 68, 579-591. [CrossRef]
Lu, C.H. Complex Hessian Equations. Ph.D. Thesis, University of Touluse IIl Paul Sabatier, Toulouse, France, 2012.

Lu, C.H. A variational approach to complex Hessian equations in C". J. Math. Anal. Appl. 2015, 431, 228-259. [CrossRef]

Ahag, P,; Czyz, R. Geodesics in the space of m-subharmonic functions with bounded energy. arXiv 2022, arXiv:2110.02604.
Nilsson, M. Continuity of envelopes of unbounded plurisubharmonic functions. Math. Z. 2022, 301, 3959-3971. [CrossRef]
Nilsson, M. Plurisubharmonic functions with discontinuous boundary behavior. arXiv 2022, arXiv:2210.00768.

Nilsson, M.; Wikstrom, F. Quasibounded plurisubharmonic functions. Int. . Math. 2021, 32, 2150068. [CrossRef]

Abja, S.; Dinew, S. Regularity of geodesics in the spaces of convex and plurisubharmonic functions. Trans. Am. Math. Soc. 2021,
374, 3783-3800. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.5802/aif.37
http://dx.doi.org/10.1016/j.matpur.2009.06.001
http://dx.doi.org/10.1007/s11511-010-0054-7
http://dx.doi.org/10.1512/iumj.2019.68.7630
http://dx.doi.org/10.1016/j.jmaa.2015.05.067
http://dx.doi.org/10.1007/s00209-022-03043-2
http://dx.doi.org/10.1142/S0129167X21500683
http://dx.doi.org/10.1090/tran/8350

	Introduction
	Bounded Psh Functions and Class E0
	Relative Extremal Functions
	Toric Case
	Weighted Extremal Functions
	Geodesics in F1
	Rooftop Envelopes
	Geodesics on PSH-(D)
	Residual Function
	Residual Functions and Asymptotic Rooftops
	Geodesic Connectivity
	Other Results
	References

