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1. Introduction

The main issue we are studying in the present paper is that of aggregation mapping,
which refers to the procedure of merging some inputs into a single output. Probably the
oldest instance is the concept of the arithmetic mean, which has been applied throughout
the history of empirical sciences. Any map, such as the arithmetic mean, that computes a
unique output value from a vector of input values, is named an aggregation map [1].

Aggregation maps play a significant role in various technical tasks scholars that are
faced with in current times. They are particularly significant in regard to the diverse
problems relevant to the fusion of information. Generally, aggregation maps are widely
applied in applied mathematics (e.g., statistics, probability, decision mathematics), pure
mathematics (e.g., theory of means and averages, functional equations, measure theory),
social sciences (e.g., mathematical psychology), computer and engineering sciences (e.g.,
operations research, engineering design, artificial intelligence, information theory, data
fusion, image analysis), economics and finance (e.g., game theory, decision making, voting
theory) and many other natural sciences. Thus, an important characteristic of aggregation
maps is that they are applied in different fields [2,3].

Here, we apply n-ary aggregation maps on well-known special functions, including
Mittag-Leffler-type functions, to define a class of matrix-valued controller, which helps us
to present a new concept of Ulam-type stability. The aggregation maps allow us to obtain
the best approximation error estimates by a different concept of perturbation stability,
depending on the variant special functions that are initially chosen, and to study minimal
errors and optimal stability, which enables us to obtain a single optimal solution.

Axioms 2023, 12, 681. https:/ /doi.org/10.3390/axioms12070681

https:/ /www.mdpi.com/journal/axioms


https://doi.org/10.3390/axioms12070681
https://doi.org/10.3390/axioms12070681
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/axioms
https://www.mdpi.com
https://orcid.org/0000-0003-3108-6524
https://orcid.org/0000-0002-6770-6951
https://orcid.org/0000-0002-9277-8092
https://doi.org/10.3390/axioms12070681
https://www.mdpi.com/journal/axioms
https://www.mdpi.com/article/10.3390/axioms12070681?type=check_update&version=1

Axioms 2023, 12, 681

20f16

The history of Ulam-type stability commenced in the 19th century. This stability
was first presented by Stanistaw Marcin Ulam [4], for an additive function, which was
investigated by Donald Hyers [5], for a group of homomorphisms given on a Banach
space. Thereafter, the stability notion was extended by Themistocles Rassias [6], and was
named Ulam-Hyers—Rassias (UHR) stability. In addition, Ger and Alsina [7] investigated
the Ulam-type stability of ODEs, by replacing functional equations. In [8], Jung and
Algifiary proposed the Ulam stability of nth-order ODEs, by means of the Laplace transform
technique. Jung, Rezaei and Rassias [9] studied the Ulam stability of ODEs by the Laplace
transform technique. Applying the UHR technique, Baleanu and Wu [10] demonstrated
the Mittag-Leffler (ML)-type stability of fractional equations; Baleanu, Wu and Huang [11]
demonstrated the ML-type stability of fractional delay difference equations with impulse;
Wu [12] proved the ML-type stability of fractional neural networks through the fixed point
(FP) theory see also [13].

Here, we present some novel notions concerning the stability of fractional equations
in the Mittag-Leffler—Hyers—Ulam sense, by the FP technique, which is the most popular
technique for studying the stability of different types of equations. The FP technique was
applied for the first time by Baker [14], who used it to get the UHR stability of a functional
equation in a single variable. At present, numerous authors follow Radu’s technique [15],
and make use of a theorem of Margolis and Diaz.

Here, we study existence, uniqueness and the multi-stability results for the fractional
system below:

{ffDﬁi’”/(&) =0(S, 7(S), 7 DEE" 7(8)), "
1577 7 (0%) = Jo,

where 7 Dg;z 4 (.) is a fractional-order derivative in the Hilfer sense of order X € (0, 1]

and type Z € [0,1], I(laiw;w(.) is a fractional integral of order 1 — W, W =X + Z(1 - X),
in regard to the function # defined in Definition 2, and p : Y x R? — R is an arbitrary
function. Presume S € Y = [®,D| withD > © and Jp € R.

Let [£1, £,](0 < £1 < £) < o) be an interval, and C[£;, £;] be the space of continuous
functions & : [£1, £,] — R with norm

Ihllcis, e = ,max, Q)]

The weighted space C;_yy. [£1, £] of continuous functions & on (£1, £,] is defined by

Cr oy 11, 8] = {h (21, 82] — R (#(0) — W (20))Wh(D) € cp:l,zz]}, 0<W<1,

with norm

7 (@) —W<21>>1—Wh<§>|.

h = max
|| HC]*W}W[ELEZ] C€[21,22]
2. Preliminaries
2.1. On Fractional Derivatives
i=12
PN
Definition 1 ([1]). Let the interval (£1,£2)( £ € R), and X > 0. Presume % ({) is a

monotonically increasing and positive function on (£q, £;| that has a continuous derivative %" ({)
on (£4, £y). The fractional integral respecting # on [£1, £5] is given by

0 = g [, 7SO - () hS)as,
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Definition 2 ([1]). Let X € (v —1,a) witha € N, and let h, %" € C*[£1, £5] be two functions,
such that W is increasing and W' ({) # 0 for any { € [£4, £;; therefore, the W -Hilfer fractional
derivative 7 Df;;’rz () of order X and type Z € [0,1] is defined as follows:

X EW o 2 (1 A\ ez -x)w
Dy h(e) = 13! (W’(é)dé> Iy h(Q).

Theorem 1 ([1]). Let h € C'[£,£5], X € (0,1) and Z € [0,1]. Then,
Dy I h(E) = ().
21 21

Theorem 2 ([1]). Let h € C'[£,£5], X € (0,1) and Z € [0,1]. Then,

(@) —7"(L))V ! a-za-xw
) L 1;1+ h(1).

177 Dy h(E) = 1) -
Lemma 1 ([16]). Let 51,72 > 0. Ifh(S) = (#(S) — #(£1))"2~ L. Then, we obtain

Z L' (172) -
' W(8) = ——L_(y/(S) — w(g))ntrt, 2
2?— ( ) F(I]2—|—171)< ( ) ( l)) ( )
2.2. On the Alternative Theory

Theorem 3 ([17]). Let n € N. Consider the set Y with a complete [0, co|"-valued metric x
(see [18]), and consider the self-map o on Y, satisfying the inequality

n

———
X(x A, Ap) < (B, ,B) x(A2, A1), B < 1isa Lipschitz constant,

for every A1, Ay € Y. Thus, we have two options:
n

(D x(<™ Ay, ™1 Ap) = (400, -+, +00), Vm €N,
or
(II) we obtain my € N s.t.:

(1) x (o™ Ay, o™ Ay) < (00, F00),  Vm > my;

(2) the fixed point A of  is the convergent point of the sequence {o< A1 };

(3) A% is the unique fixed point of o, in the set V.= {Ay € Y | x(o0 Aq,A5) <
n

—

(roo o))

n

n

(4) <(1 —-B),-,(1- ﬁ)) X(A2,A%) < x(Ap, o Ap), for every Ay € Y.

2.3. On Aggregation Maps and Special Functions

Firstly, we introduce the concept of aggregation maps. Next, we apply a small list of
aggregation maps, to study optimal stability, which helps us to obtain a unique optimum
solution.

Now, let

A
diag[Aq, -+, Ay := diag , neN.
An

Note that diag[Aq, - -+, Ay] < diag[Vy, -+, V], iff ;< Vj, foranyi=1,--- ,n.

Letn € Nand [n] := {1,---,n}. We usually apply bold symbols to demonstrate
n-tuples: for instance, diag[y1, - -, Yn|nxn Will usually be written Y. Let J # @ be a real
interval.
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Definition 3 ([19]). A function P") : diag(J,- -, Juxn — J is an aggregation function, if:

(i) it is nondecreasing in each variable;
(ii) it satisfies the boundary conditions

sup P"(Y) =supJ, and inf P"(Y) =inf]. ®3)
YeJn YeJ"

n € N shows the arty of the aggregation map. Note that the aggregation maps will be
written P instead of P(").
We present a common list of aggregation maps, as follows:

*  The geometric mean function GM : diag[J, - - - , J]uxn — J and the arithmetic mean
function AM : diag(J, - - - , J]uxn — J are, respectively, given by

AG1(Y) := AM(Y) := % Y i, 4)
i=1

=

AGy(Y) := GM(Y) = (ﬁyi) ; ®)
i=1

e For every k € [n], the projection function Py : diag[J,---,J],xn — J and the
order statistic function OSy, : diag[J, - - - , J]nxn — J related to the kth argument, are
correspondingly given by

AG3(Y) := Py (Y) :== yi, (6)
AG4(Y) := OSi(Y) == (V)i ?)

where (y)y is the k" lowest coordinate of y:
The projections onto the first and the last coordinates are given by

AGs5(Y) :=Pp(Y) :=P1(Y) =y, 8)
AG(Y) := PL(Y) := Pu(Y) = yu. )

Likewise, the extreme order statistics 171 and y,, are correspondingly the minimum and
maximum functions

AG7(Y) := Min(Y) := 0S1(Y) = min{y1, - ,Yn}, (10)
AGg(Y) := Max(Y) := 0S,,(Y) = max{y1, - ,¥n}, (11)

which will be written through the operations V and A, respectively:
n
Max(Y) = \/ i, and Min(Y) = A i
i=1 i=1
Similarly, the median of odd numbers of values diag[y1, - - - , Yok—1] (—142k) x (—142k) 18

simply given by

Med (diag[ylr' = r]/—l+2k](—1+2]k)><(2k—1)> = Y(k)-

For an even number of values diag[y, - - - , yox/, the median is given by

| _ Yiern) TV
Med (dlag[yl’ e ,yzk}zkxzk> = AM (dlag[y(]kJr])/y(]k)]zXz) = w
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For every ¢ € J, we also define the p-median, Med,, : diag[J, - -, J]uxn — J, by

AGy(Y) := Medy(Y) = Med(diag[vaymw--rq)hzn_l)x(zn_l)) (12)
1

= Med(Min(Y), ¢, Max(Y));

For every @ # K C [n], the partial minimum Miny : diag[J, - - - ,J]uxn — J and the
partial maximum Maxy, : diag[J, - - -, J]uxn — J, associated with K, are, respectively,
given by

AG1o(Y) := Ming(Y) := A\ vi, (13)
ieK

AG1(Y) := Max(Y) := \/ vi; (14)
ieK

For every weight vector V. = diag[v, - ,Un|uxn € diag[[0,1],---,[0,1]]nxn s.t.
Y. 4 v;i = 1, the weighted arithmetic mean function

WAMy, : diag(J, - -+, J]nxn — J

and the ordered weighted averaging function OWAy : diaglJ, -, J]uxn — J,
associated with V, are, respectively, given by

n n
AGyo(Y) := WAMy(Y) := ) "oy, AG13(Y) := OWAy(Y) := ) vy, (15)
i=1 i=1

The sum and product functions ), I1: diag[@, e ,R]nxn — R are correspondingly
given by

AGL(Y) ==Y (Y) = Yy, AGs(Y) :=T1(Y) := [ [ws 16)
i=1 i=1

The main issue we are studying in this section is that of aggregation mapping, which

refers to the process of combining various input values into a single output. We will apply
the above aggregation mappings on Mittag-Leffler functions, to study the stability results
for the governing model.

Consider the following special functions:

The one-parameter Mittag-Leffler function [20],

0 Al
N (A) = Vx(/\) = lgom, (17)

inwhich A, X € C,i € N, and R(p) > 0;
The pre-superhyperbolic supercosine through (17) [20],

n (A) := precoshy(A)
= 0.5(V;\/(A)+VX(—A)>

AZi
[(2)X 1 1)

\
[7e

i=0

where A, X € C,and R(X) > 0;
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The pre-supercosine function through (17) [20],

5 (A) := precosy(A)
= 5(Vx8) + Ta(-im)

N =

- 00 ( l)iAZi
N l; T((2i)x +1)’

where A, X € C,and R(X) > 0;
The pre-superhyperbolic supersine through (17) [20],

o (A) = presinhy(A)
— (Ve -va-n))

A21+l
B Z (2i+1)X +1)

inwhich A, X € C,and R(X) > 0;
The pre-supersine function through (17) [20],

5 (A) = presinyg(A)
= (Tl — Va(-in)
o 1)iA2i+1

B Z 2z+1)2(+1)

where A, X € C,and R(X') > 0.
Here, we define the matrix-valued controller G as follows:

S(n) = diag | o1 (), (4)].

Note that we have the following inequalities:

r(g){) /Os W ()W (S) — W (s)¥ 1V x ((7/(5) _ W(O))X>ds

< ol [ s - wioy £ KON,

B F(GX) :Or(kxl +1) / 5< (8) = (SN (5) = W (0)Fdw (s)

- r(ezc),ior(kxl+ 1)/ ree (S) = #(0) — )1 () ¥ du
(u=w1(s)—7(0))

= F(GX) é r(k)(1+ (' (S8) - 7 (0)* ! /OW(S)W(O)U -~ 7D ‘ 70
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ot1e
(” RZGE m>)
- 10 & e ) Y O e
=09 (00/(8) - #(0)")
Now, we obtain
riy 1570 (S) = @) (5) = (0))* ) .

<06 ((W(S) - W(O))X).

3. Existence, Uniqueness and Multi-Stability

Making use of Theorem 3, we study existence, uniqueness and the multi-stability
results of the system (19) and (20).

Now, for p : Y x R? — Rand 0 < 6, we consider the following equations:

7DYE 7(S) =p(S, £(S), " DFZ 7(S)); (19)

157 @) =Jo, Jo€R, (20)
and the following inequality:

diag[ ADEET 2(S) - p(S,.2(S), X DEF" 2 (S))|, -,
DS 2(8)~p(5,2(5), "D 29)|| e
< diag | 0vaG1 (& ((07/(8) = #O)Y) )+ orsasis (& (7(8) - o)) ) |,

where S € Y.
Now, we define the notion of multi-stability.

Definition 4. Equations (19) and (20) have multi-stability with respect to

diag [AGl (6 ((7/(8) - 7/(0))’5)),. -+, AGys <6 <(7/(3) — W(O))X)ﬂ,

ifthereexists ¢; > 0,suchthatforevery 6; > 0and every solution £ € Cy_yy.y (Y,R)
~—~— ~—~—
i=1,--,15 i=1,--,15
to (45) and I(lajw;wf((@*) = Jo, thereexists a solution # € Cy_yy.p (Y, R) to (19) and (20) with

diag[w(& S, 2(S) /<s>|]

< diag [clelAGl (6 ((W(S) - W(O))X», : ~1-5,X61155915A615 (6 ((W(S) - WO)V{) ) ]

forevery S € 6.
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Lemma 2 ([21]). Let a continuous function p(S,x,v) : Y X R?2 — R. Then, Equation (1) is
equivalent to

718) = VAT 37 4(5), )

where X € C(Y,R) satisfies the equality below:
<5(8)=p(8, 7 (8) 4 5(5)).

Remark 1. Let £ € Ci_yy.p (Y, R) be a solution of (45), and I(;W’W,Z(@*) = Jo. Then, &
is a solution of the inequality below:

(7 (S) —w (o)
)

diang(S) - Jo

o OO ) < ()

PR

’5(5)

(7 (S) —w () 1
- (W) Jo = r(x

< diag[()lAGl (6 ((7/(8) - W(O))X>>, -+ ,015AGys <6 <(7/(5) - W(O))X>> }

RS ) K (s

:|15><15

where X € C(Y,R) satisfies the equality below:
<2(8) =p(,2(5),42(5) ). @)

Let us suppose the following axioms are satisfied:
(F1) p: Y x R? — R is continuous;

(F2) Thereis 0 < 7y, 7o, with 0 < !

(1—1’2)
10(S,Q,@) —p(S,0,0)| <1|Q— Q|+ 1|o—®| foreach Q,®,0,® €R and S €Y.

< 1s.t.

Theorem 4. Let (F1) and (F,) be satisfied. If & € Cy_yy. (Y, R) satisfies (45) and Ié;wﬂ//
ZL(OT) = Jo, then there is a single function ¢ satisfying (19) and (20), s.t.,

diag[|/<s> S LA(S) —$<8>|]

< diag { =7 1ilT2) " <6 <W(5) ~#0) )iXB n (24)
1_9”T1AG15 (6((7/(8) - W(O))X» }
(1-1)

forevery S €Y.

Proof. Set 0 = C;_yy.»(Y,R), and define a mapping, x : 0 x ¢ — [0,]", by
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X(thqh)

= inf {(Cll' -+ ,G15) >0: diag{|<1>1(3) —Dy(8)],- | P1(S) — CI>2(S)|]
15x15
< diag {ClelAcl (6((“//(8) _W(o))?f»,. . (25)

C15015AGy5 (6 ((W(S) - W(O))X> } }

We show (o, x) is a complete metric space. Let x (P17, P2) > x(P1,v) + x(v, ®2), for some
@, P, and v € ¢. Thus, there exists S, € § with

diag [ [01(8.) — @(S.)] -+ [01(82) ~ @2(5) |
15x15

> (1(@10) + 200, @2))diag [ 01061 (& 07 (8 - 0)7) )+,
015AGy5 (6 ((7/(80) — W(O))X>) ] .

Thus, from the definition of ), we obtain

|®1(So) — P2(So)|
> | P1(So) = v(So)| + [(V(So) — D2(So)],

which is contradictory. We now show (g, x) is complete. Presume wy is a Cauchy sequence

in (0, x). Thus, for every ¢; > 0, there exists a N, € N, s.it. x(wm wi) <
i=1,--,15 i=1,--,15

(€1, ,€15), forevery m,k > Ve, . According to (25), we obtain

~—~—

i=1

, 15
diag[|wm<s> —wl(S)], - |om(S) — wk<s>|} L

< diag {elelAGl <6 <(7/(S) — W(O))X)>,- - ,€15015AG5 (6 ((W(S) — W(O))X)> ]

for each § € Y. If S is fixed, (26) concludes that {w(S)} is a Cauchy sequence in R. As
the set of real numbers R is complete, {wy(S)} converges for any S € Y. Then, we obtain
a function w, defined by

(26)

w(8) := lim wi(S), (S€Y), (27)

k—o0

which gives us w € o, (because {wi(S)} is Cauchy in complete space R, so they are
uniformly convergent on the mapping w defined in (27). The uniform convergence leads
us to the fact that w is continuous, and is an element of g). If we set m — oo, it follows
from (26) that

diag [[(S) ~ @r(S)] () wk<s>|]m N
< diag [elelAGl (6 ((7/(8) - W(O))X)>, -+ ,€15015AG5 (6 ((W(S) - W(O))X> ) ] . )
Considering (25), we obtain

X(w,wi) < (e1,-- -, €15).
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This confirms that the Cauchy sequence {wy} converges to w in (o, x). Thus, (o, x) is
complete. In view of Lemma 2, Equations (19) and (20) are equivalent to the system below:

_ W—
(8= IOy 4 37 (), @)

in which £ € C(Y, R) satisfies the equality,

— w-1 .
A(S) = p(S, (S) . (?v()@) Jo + 137 < (3),x(3)>,

for all S € Y. To prove this note, by using Ig+W() on both sides of (1), and utilizing
Theorem 2, we obtain

_ w-1 ) ]
7(S) - (7 (S) F(T//V()@))) [UTR0=2 j 0 X (),
Thus, ot
(8= LS PO, 157 £(8). (30)

TOV)

In addition, if ¢ satisfies (30), then it satisfies (1). To see this, apply ** Dg;z 4 (.) onboth
sides of Equation (30). Then, according to Theorem 1, we obtain

; . ; w (W(S)—w (@) W xs
where, for W € (0,1), we apply %Dg;Z;W(W(S) —#(©))"~1 = 0. We deduce that
J (S) satisfies (1) if ¢ (S) satisfies (29).

Let oc: ¢ — g, such that ®; € ¢

o (1(8))
_ W-1
_ (7 (S) F(]V//Vg())) Jo + r(‘l)() fOS W X)(W(S) — W(g))é\?—l pes (5)d 5, (31)
where g, € C(Y,R) satisfies the following equality:
/<q>1(8) —p<5,¢1(8),/<q)1(8)>. (32)

For ®; € ¢, we obtain

| & (P1(8S))— o (D1(Sp))|
_ w-1 S
_ |(18) r&”vﬁo” Jo + r(lX) /0 VXY (S) =W ()" Ko, (9)d 5
_ w-1
- (W(SO)n%)(O)) Jo + r(lX) /OS P (X)H(So) =7 () Ka, (5)d 5

— 0, as § — Sy,

so o: ¢ — @ is continuous.

We now prove « is contractive on ¢. Let «: ¢ — ¢ defined in (31). Let &1, P, €
Ci—w (Y, R),and x(P1(S), P2(S)) < (ky,- -+ ,kis),and ky, - - -, kg5 € [0, +00]. Then, for
all S € Y, we obtain
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diag[|q>1<s> —@y(S)], -, [ (S) - <1>2<s>|]
15%15

< diag | ka61AG1 (& (#(8) = #(O)") )+ InstrsaGs (& 0(5) - o)) )|
For all S € Y, we obtain

[ (@1(5)  (@2(S))

1 Syt xX—1 (39)
< mfo W(X)H(S) =W ()" Koy (5) = Ko, (5)d 5,
where
A, (8) = p(S, P1(S), Lo, (5)),
and
K, (8) = p(S, P2(S), £, (5))-
Through hypothesis (F,), we obtain, forany S € Y,
| Ko, (S) — Ao, (S)] < 11| P1(S) — P2(S)| + 12| Ko, (S) — Ko, (S)],
which can be written as
[ Ko, (8) = Kay(8)] < T 1@1(S) = @2()]. (34)
Next, using Remark 1, (33) and (34), we obtain
diog | | e (@1(8)) - o (22(8)] -+ | ¢ (@1(8) - ¢ (@(5))||
15x15
S
< diag[(l_;l)r()()/o WXV (S) — W ()Y D1 (5) — D2 (3)|d 5, -,
o L) O ) - @l |
< diag[ (“?flg)r(l)()/: WX (S) — W ()%

5 v o-vor

<aGis(6 (00 )=o) )a» |
AG, <6 ((W(S) _ o) ) .
“ESfliS AG1s (6 ((”‘//(8) - ”//(O))X>) ] .

IN

di k1617
Bli-n)

Then, we obtain

x (o< (P1), 0 (D7) < ((1 zlfz)"“ (1 jlTz)

15
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As0 < { Tl_( ) < 1, we deduce the contractive property of o.
— T

Let £ € 0. As x(£) € g, we obtain

PRI

diog | | (£(5)) = ()

15x15
_ w-1
< diag| | 2(8) - e
1 S )
_m/o W X)H(S) =W ()T Ky (5)d 5], -,
_ Ww-1
‘3(3) _ (W(S)F(;ﬂvgm) Jo— r(1/’\{) /Os RE)
—#(5)¥ 1Ky (5)d 3 Ls ;

< diag {e)lAG1 (6 ((7/(8) — W(O))X>),~ - ,015AGy5 <6 <(”//(S) - W(O))X)> }
for S € Y, which implies that

X(x(2),2)<(1,---,1); (35)

hence, for all k € N, we obtain y(of (Z),<*t1(#2)) < (400, ,400). We now use
N—— ———
15
Theorem 3, and so we obtain a single map ¢ € {¢ € 0: x(x .Z,&) < (400,---,+00)},
e
15
such thatx ¢ = ¢#. Thus,

_ Ww-1
5= (W(S)r(%O)) o+ r(lx) /OS W (S) - W) TVK 4 (5)d 5, (36)

for every S € Y, where £ ; € C(Y, R) satisfies the equality (32), and I(;W;W PACIHES
Jo € R.
Based on Theorem 3 and (35), we obtain

K(52) < (e K (2).2)

]
15
AR S AR U
— _ T 4 4 1— T 4
(1-m) (1-1)
15

which concludes (24). O

We study the next theorem for the set of real numbers. By a similar method, we can
investigate the theorem for [0, +0c0) and (—oo,0]. Let th= Cy_y. (R).

Theorem 5. Let (F1) and (F,) be satisfied. If £ in t satisfies (45), and
Io"” 2(@0%) = e,

then there exists a single function ¢ satisfying (19) and (20), and s.t. (24) is satisfied forall S € R.
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Proof. For all k € N, we consider P, = [J — k, J + k]. Based on Theorem 4, there exists a
single function _#; € C1_yy.» (Py), s.t.,

ZDEEY 7,(8) = WIS, 7(S), £(1(S))), Sep (37)

5V 7(0%) = Jo, Jo €R, (38)

and

diag | |AA(S) = 2(S)] -+, LA(S) - 2(5) |

15%x15

. 0
< dlag[l_lﬁAGl (e((%(&) —7/(0))?6>>,..., o)
(1-n) )
I GICAOEA
(1 — Tz)
for all § € Py. The uniqueness of ¢ implies that if S € Py, then
Hi(S) = Fien1(S) = Faa(8) = -+ (40)

Consider k(S) € N as
k(S) = min{k € N|S € P}.
In addition, consider a function ¢ given by

H(8) = Iis)(S), SER,

and we claim _# €. For S; € R, we let the integer k1 = k(S7). Thus, S; belongs to
the interior of Py, 1, and there is an € > 0, such that #(S) = _#,;1(S) for all S with
§1 — € < 8§ < 81 + €. Then, we prove that _# satisfies (19), (20) and (24) for all S € R. For
all S € R, allow the integer k(S). Thus, S € Py (s), and we infer from (37) and (38) that

_ w1
- 7 r(%m)w—l]@ i S =GN L g (5 @)
_ 7S r(%go)) Jo + r(l)() JEP XN H(S) =W ()F K 4 () 5,
where
A 7(8)=p(S, 7(S8), £ 4(85))
and

A 245 (8) = (S, Fi(s5)(8), A 7,5 (S))

are in C(Y, R). The above, (41), is true because k(5) < k(S) for all 5€ Pys), and we deduce
from (40) that

I )= Ji»(3) = Fis) (). (42)
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As J(S) = Fi(s)(S)and S € Py forall S € R, (39) concludes that
diog | |.7(5) = 2(S), - | A(S) —z(&)@w )
— diag| Fi45)(S) = Z(S),+++ | Figs)(8) ~ £(S) .
< diag[elﬁAGl (6((%(8) —W(O))X>>,.../ (43)
1_

Mo —aci(s (o) - o)) |
1= (1-1)

Eventually, we claim ¢ is single. Let ¢’ e be another function satisfying (19), (20)
and (24), forany S € R. As /|pk(s) (= Fk(s)) and //|pk($) both satisfy (19), (20) and (24)
forany S € Py(s), and the uniqueness of _#j(s) = 7| Py, We conclude that

F(8) = Floye)(S) = #'lpy)(S) = £(S),
as required. O
4. Example

Example 1. Consider the system (1) for #'(S) = S§2,0=0D=1X=2Z=
Rand p : [0,1] x R? — R defined by

, 70,1 —

N —

1 1
p(S/(PrlP) - EZFI(P/ Q!QIS)¢+ glpz

and we obtain

11, 1 1, 1ls2
”Déf’s J(8) = gZFl (P, QQ; 3) Z(S)+ g”fDSiZ'S J(S),
1;32
I(;l+ JO07) =] R,

in which P € RT and Q € R, and ,F1(P,Q, Q;.) is the hypergeometric function.
In addition, consider the inequality below:

(44)

. 2 : 1 1 .
dmgH%DO;' .z(S)—521F1<P,Q,Q;3>$(3)—8”DO;' Z(S)

7D 2(5) - 1k (P.0,QiS ) 2(5) - L DY (45)

]15><15

< diag[GlAGl (6 ((W(S) — 7/(0))*)), -, 015AGq5 (6 ((7/(8) — W(o))?‘» }

for every S € [0,1].
Forany x,v,%,0 € Rand S € [0,1], we obtain

10(S,Q,@) —p(S,Q,@)|

1 1,, 11.
ngl (P, QQ S) O+ §%D8+2

SZ

1 — 1 _
w—521Fl<P,Q,Q;s> — MDY w‘

1 — 1,
22F1 (P,Q,Q;S) Q-0+ glo ~@l.

IN
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Thus, condition (JF,) is satisfied with 7 = %ZFl (P, Q,Q; S) and T, = -, and the condition

| =

8

is satisfied. Theorem 4 implies that (44) has a single solution, and is stable with

diag{/(&) —ZS)|,-,1.7(S) —X(S)I}
61

15%15
8

1 gsfi (Pa.as) s o))

el

< diag[

where S € [0,1].

5. Conclusions

We used the aggregation maps on diverse special functions such as the Mittag-Leffler
function, supertrigonometric and superhyperbolic functions, to propose a novel controller
that helps us study a different notion of stability: namely, multi-stability. Multi-stability
enables us to obtain various approximations, depending on various special functions, and
to obtain optimal stability, which, in turn, enables us to obtain a unique optimum solution.
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