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Abstract: In this paper, we study the concept of interval-valued fuzzy set on the family SS(X, E) of
all soft sets over X with the set of parameters E and examine its basic properties. Later, we define
the concept of interval-valued fuzzy topology (cotopology) T on SS(X, E). We obtain that each
interval-valued fuzzy topology is a descending family of soft topologies. In addition, we study some
topological structures such as interval-valued fuzzy neighborhood system of a soft point, base and
subbase of T and investigate some relationships among them. Finally, we give some concepts such as
direct sum, open mapping and continuous mapping and consider connections between them. A few
examples support the presented results.

Keywords: interval-valued fuzzy topology (cotopology); interval-valued fuzzy neighborhood; base;
subbase; continuous mapping; direct sum
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1. Introduction

The concept of interval-valued fuzzy set was given by Zadeh [1]. This set is an exten-
sion of fuzzy sets in the sense that the values of the membership degrees are intervals of
numbers instead of the numbers. Chang [2] introduced the concept of fuzzy topology in
1968. But, since the concept of openness of a fuzzy set was not given, Samanta et al. [3,4]
introduced the concept of gradation of openness (closedness) of a fuzzy set in 1992. Further-
more, the concept of intuitionistic gradation of openness of fuzzy sets in Sostak’s sense [5]
was defined by some researchers [6-8]. In [9], D. L. Shi et al. introduced the concept
of ordinary interval-valued fuzzifying topology and investigated some of its important
properties. It is known that to describe and deal with uncertainties, a lot of mathematical
approaches put forward a proposal such as probability theory, fuzzy set theory, rough
set theory, interval set theory etc. But all these theories have inherent difficulties. In [10],
Molodtsov presented soft set theory in order to overcome difficulties affecting the existing
methods. Later, many papers were written on soft set theory. Since soft set theory has many
application areas, it has progressed very quickly until today. Maji et al. [11] defined some
operations on soft sets. In recent years, topological structures of soft sets have been studied
by some authors. M. Shabir and M. Naz [12] have initiated the concept of soft topological
space. A large number of papers was devoted to the study of soft topological spaces from
various aspects [13-22]. Moreover, C.G. Aras et al. [23] gave the definition of gradation of
openness T which is a mapping from SS(X, E) to [0, 1] which satisfies some conditions and
showed that a fuzzy topological space gives a parameterized family of soft topologies on X.
Also, S. Bayramov et al. [24] gave the concepts of continuous mapping, open mapping and
closed mapping by using soft points in intuitionistic fuzzy topological spaces.

The importance and applications of interval-valued analysis is given in the book [25].
Our aim in this paper is to demonstrate applications of interval-valued mathematics in
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the context of fuzzy and soft topologies. We study the concept of interval-valued fuzzy
set on the family SS(X, E) of all soft sets over X and examine its basic properties. We
also define the concept of interval-valued fuzzy topology T (called also cotopology) on
SS(X, E). We prove that each interval-valued fuzzy topology is actually a descending
family of soft topologies. Further, we study some topological structures such as interval-
valued fuzzy neighborhood system of a soft point, base and subbase of T and investigate
some relationships among them. Finally, we give some concepts such as direct sum, open
mappings and continuous mappings and consider connections between them.

2. Preliminaries

In this section we give basic notions about soft sets and soft topology which will be
used in the sequel.

Definition 1 ([10]). Let X be a set, called an initial universal set, and E a nonempty set, called the
set of parameters. A pair (F, E) is called a soft set over X, where F : E — P(X) is a mapping from
E into a power set of X.

The family of all soft sets over X with the set of parameters E is denoted by SS(X, E).

Definition 2 ([11]). Ifforalle € E, F(e) = @, (F, E) is said to be the null soft set denoted by ®.
Ifforalle € E, F(e) = X, then (F, E) is said to be the absolute soft set denoted by X.

Definition 3 ([14,16]). Let (F, E) be a soft set over X. The soft set (F, E) is called a soft point if
for some element e € E, F(e) = {x} and F(¢') = @ forall ¢’ € E\ {e}(briefly denoted by x,).

Note that since each soft set can be expressed as a union of soft points, to give the
family of all soft sets on X it is sufficient to give only soft points on X.

Notice that in the literature there are other definitions of soft points, but we think that
our approach gives an easier applications of these points.

Definition 4 ([14]). The soft point x. is said to belong to the soft set (F, E), denoted by x.€(F,E),
if x.(e) € F(e),ie, {x} C F(e).

Definition 5 ([12]). A soft topology on a non-empty set X is a collection T of soft sets over X with
a set of parameters E satisfying the following axioms:

(ST1) X and ® belong to T;
(ST2) The soft intersection of finitely many members in T belongs to T;
(ST3) The soft union of any family of members in T belongs to T.

The triple (X, T, E) is called a soft topological space. Members of T are called soft open sets.

Notice that if (X, 7, E) is a soft topological space, then 7, = {F(e) : (F,E) € 7} defines
a topology on X, for each e € E. This topology is called e-parametric topology [12].
Throughout this paper, I denotes the closed unit interval [0, 1], and [I] represents the
set of all closed subintervals of I. The members of [I] are called interval numbers and are
denoted by @,b,¢,... Herea € [I],a = [a~,a"|and 0 < a~ <a™ < 1. Especially, ifa~ =a¥,
then we take @ = a. Also, it is defined an order relation <, on [I] as follows:
1) (va,’E € [1]) A<besa <b,at <b*,
2) (va,’z? € [1]) A=be=a<bandb<a, (ie,a” =b,at =b"),
(3) For any &,b € [I], maximum and minimum of &, b, respectively
avb = [a~ Vb ,atVvbT],
anb = [ Ab,at ABT).
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Let {a;};c; C [I]. Then inf and sup of {4;},. are defined as follows:

Nai = /\51]7,/\61].+ i
ie] _ie] ie] |
Va = Ve Vo
ief _ze] ie]

Also, for each @ € [I], the complement of 4, denoted by 4, is defined as:
‘=[1-a"1-0a"].

3. Introduction to Interval-Valued Topology on Soft Sets

We introduce now the main notion in this paper, the notion of interval-valued fuzzy
topology on the set SS(X, E).

Definition 6. A mapping A : SS(X, E) — [I| is called an interval-valued fuzzy set in SS(X, E)
and is denoted briefly as IVFS.

Let [I]>%E) represent the set of all IVFSs in SS(X, E). For each A € [I]>**E) and
(F,E) € SS(X,E). A(F,E) = [A~(F,E),A"(F,E)] is a closed interval. Thus A=, A" :
SS(X,E) — I are two fuzzy sets. For each A € [I]SS(X'E), we write A = [A7,AT]. In
particular, 0, 1 denote the interval-valued fuzzy empty set and the interval-valued fuzzy
whole set in SS(X, E), respectively.

[I]SS(X’E) as follows:

Now we give the relations C and = on

(VA,B € [I}SS(Xﬂ) [A C B<= (V(F,E) € SS(X,E)) A(F,E) < B(F,E)),
(VA,B € [1}55““9)) [A =B <= (V(F,E) € SS(X,E)) A(F,E) = B(F,E)]

Definition 7. Let A € [I ]SS(X ) and {Ai}ies be arbitrary subfamily of 1 ]SS(X B The comple-
ment, union and intersection of A are denoted by A°, U A; and () A;, respectively, are defined for

ie] ie]
each (F,E) € SS(X, E) as follows respectively,
A“(F.E) = [1-A"(FE),1-A (FE)],
JAi | (F.E) = \Ai(FE),
ie] i€]

(ﬂAi) (F,E) = AA(FE).
i€] i€]

Proposition 1. Let A,B,C € [I]SS(X’E) and {A;}ie; C [I}SS(X’E). Then the following state-
ments hold:
(1)0c AcC1,
JAUB=BUA,ANB=BNA,
)AU(BUC) = (AUB)UC, AN (BNC) = (ANB)NC,
)AL, BC AUB,ANBC A,B,
) A

5 ( >:U(A0Ai),AU<ﬂAi>:ﬂ(AUAi)r
icJ icJ ic] i€]

(6) (6) ~1q, (T) =0,

(7) (A9)" = 4,

(2
(3
(4
(
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(8) (,U Al-) = NAS (}mAz-) = JAL
i€] i€] i€] ie]

Proof. It is immediately obtained. [J

Definition 8. A mapping T = [t~,T"] : SS(X,E) — [I] is called an interval-valued fuzzy
topology over SS(X, E) if it satisfies the following conditions:

1) T(®) = T(X) —1,

(2)T((F,E)n(G,E)) > ©(F,E) NT(G,E),Y(F,E),(G,E) € SS(X,E),

(3)T<U(Fi,E)> > AT(F,E), Y{(F, E)};c; C SS(X,E).
i€] i€

The interval-valued fuzzy topology is denoted briefly IVFT and the triple (X, T, E) is
called an interval-valued fuzzy topological space over SS(X, E) (in short IVFTS)

It is clear that T € IVFT consists of two fuzzy topologies over SS(X,E), T~ and 7.
Also, for each (F,E) € SS(X,E), v (F,E) <t (F,E).

Example 1. Let X = {x,y,z} and E = {e}. The set of all soft points on X is {x¢, Ye, z¢ }. Then
the soft sets are:

Fi(e) = {x}, Fa(e) = {y}, Fs(e) = {z}, Fa(e) = {x,y},
Fs(e) = {x,z},Fs(e){y,z}, Fr(e) = @, Fs(e) = X.

Define the mapping T : SS(X, E) — [I] as follows:

T(P) = T(X) =1,
(F) = [0.2,05],
T(F) = [0.3,04],
T(F3) = [04,0.5],
T(Fy) = [0.2,04],
(F5) = [0.3,05],
T(F) = 1[0.3,0.5]

Then it is clear that T isan IVFT.

Example 2. Let X = {x} and E = {a,b,c}. The set of all soft points on X is {x4, xp, xc }. Then
the soft sets are

F(a) = {x},F(b)=0F(c)=0,

FE(a) = @,F((b) ={x},F() =09,

F(a) = ©,F(b) =0,F(c) ={x},

Fy(a) = {x}, Fs(b) = {x}, E(c) = O,

Fs(a) = {x},F5(b) =9, F(c) = {x},

Fs(a) = @ F(b) = {x} Fs(c) = {x},
F, = & =X

We define the mapping T : SS(X, E) — [I] as follows:
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T(P) = T(X)z ,
T(F) = [03,05],
(B) = [02,04],
T(F) = [0.3,0.6],
T(Fy) = 1[0.2,05],
7(F) = [04,05],
T(F) = [02,04].

Then it is clear that T isan IVFT.

Definition 9. A mapping C = (uc,vc) : SS(X,E) — [I] is called an interval-valued fuzzy
cotopology (in short IVFCT) over SS(X, E) if it satisfies the following conditions:

(1) C(®) = c(X) =1,

(2) C((F,E)U(G,E)) > C(F,E) NC(G,E),V(F,E),(G,E) € SS(X,E),

(3) C(ﬂ (F,E) | > ANC(F,E), v{(Fl’E)}lGI C SS(X, E).

ie] ie]

The triple (X, C, E) is called an interval-valued fuzzy cotopological space over SS(X, E)
and denoted by IVECTS.

Proposition 2. (1) If T : SS(X,E) — [I] is an IVFT, then C(F,E) = ©((F,E)‘) isa IVFCT,
V(E,E) € SS(X, E).

(2) IfC: SS(X,E) — [I] isan IVFCT, then T(F,E) = C((F,E)) isan IVFT,V(F,E) €
SS(X, E).

Proof. (1) Itis clear that
C(®@) = T(P°) = r()?) —1,
C()?) = T(XC> =1(®) =1

C((FE)U(GE) = t((FE)U(G, E)))= ((F,E)"N (G, E))
> T((F,E)) AT((G,E)°) = C(F,E) ANC(G,E).

c(ﬂ(a,ﬂ) = T((ﬂ(ﬁ,E)) UJ(F,E) )
icJ ic] i€]

> At(F,E) = \C(F,E).
ie] i€]

(2) The proof is done similarly to (1). O

Definition 10. Let (X, 7,E) be an IVFTS and @ € [I]. We define two families t; and T as
follows, respectively:

(1) vz = {(F,E) € SS(X,E) : T(F,E) > a},

(2) ©; = {(F,E) € SS(X,E) : 7(F,E) > a}.

Proposition 3. Let (X, T, E) be an IVFTS and &,b € [I]. Then:
(1) 77 is a soft topology.
(2 )Ifa<b then 7, C .
(3) T = N T, wherea # 0.
b<d
(4) T is a soft topology.
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(5) Ifd < b, then ng C 2.
6)r.= U T, where @ # 1.
a<b
Thus each interval-valued fuzzy topology is a descending family of soft topologies.

Proof. The proofs of (1), (2), (4) and (5) are clear.
(3) From (2), {Tz}5 is a descending family of soft topologies. Then for each @ # 0,
SS(X,E)
Ty C ﬂ 5. (D)

b<d

Suppose that (F,E) ¢ ;. Then 7(F,E) < & Hence there exists b # 0 such that
T(F,E) <b <a.So (F,E) ¢ 7, forb < a.Thus (F,E) ¢ () 7 is obtained, i.e.,
b<a

ﬂ T C 1 (ii)

b<i
Hence from (i) and (ii), 7 = N where a # 0.

b<a
(6) The proof is obtained similarly to the proof of (3). [
Remark 1. It is clear that for each T € IVFT, {Tg}ﬁem is a descending family of soft topologies.

Proposition 4. Let {Tﬁ}ﬁe[ 1) be a descending family of soft topologies on X. We define the mapping
T :SS(X,E) — [I] as follows: for each (F,E) € SSS(X, E),

©(FLE)y= \/ &

(F,E)ETE

Then T € IVFT.

Proof. Obviously 7(P) = T()N() = 1is met.
Suppose (F,E), (G,E) € SS(X, E) such that T(F,E) = @and 7(G,E) = b.If @ = 0 or
b= 0, then
v ((F,E) N (G,E))
T ((F,E)N(G,E))

A\VAREY

Thus ©((F,E) N (G,E)) > ©(F,E) At(G, E). Since

T(F/E) = \/ ﬁ: V [a71a+]/
(F,E)ETE (F,E)ETE

we can find ¢ > 0, ¢; and ¢; such that
am—e < ¢ <a,at—e<cf <at,
b —e < ¢ <b , bt —e<c <bF

and (F,E) € 7 ,(G,E) € v _.Let
‘1 )

¢ = ¢ Aoy, et =cf NS,
d- = a Ab-,dT=a" ADbT.
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Then ¢ < @, ¢ < b. Since {Tﬁ}ﬁe[ 1 is a descending family, then 7, 7; C 7. Since (F,E) € 13,
(G,E) € 5, then (F,E) N (G, E) € 7 So we have

T ((F,LEyNn(G,E)) > ¢ >d —g¢
" ((F,E)N(G,E)) > d">d" -«

Since € > 0 was arbitrary,

~((F,E)N(G,E))
“((F,E)n(G,E))

¢ >d =a Ab,

T >
T > dt=at Abt.

Hence 7((F,E) N (G,E)) > ©(F,E) A (G, E) is obtained.

Finally, let {(F;, E) };c; C SS(X, E) and ©(F;, E) = a;,a = A\d;.1f a = 0, then obviously
i€]

| UF,E) | >0= A\7(F,E).
ie] i€]
If a > 0, choose ¢ > 0 such thata > e. Thenfori € [,0 <a~ —e<a; and0 < at —e <

af. Thus (Fi/ E) S Tia——eat—e| So U (P,‘,E) € Tla——e,at—é] and T~ <U (Fi,E)> >a —e,
icJ i€]

(s (U (F, E)) > a* — e. Since € > 0 was arbitrary,

ic]

o (Um,E)) > a =\t (FD),

icJ i€]

\%

Tt (U(Fi,E)) > a" = N\t (F,E).
icJ i€]

Hence 7| U(F,E) | > AT(F,E)ismet. O
i€] ie]

Theorem 1. Let (X, T,E) bean IVFTS and let Y C X. We define the mapping ty : SS(Y,E) —
[I] as follows: for each (F,E) € SS(Y,E),

t(F,E) = A (G, E).
(G,E) € SS(X,E)
(F,E) = (G,E)nY

Then (X, t,E) € IVFT and vy (F,E) > t©(F,E) for each (F,E) € SS(Y,E). Then (Y, 1y, E) is
said to be an interval-valued fuzzy subspace of (X, T, E), and Ty is said to be induced interval-valued
fuzzy topology on Y by .

Proof. Itis obvious that 7y (®) = 7y (?) =1.Let (F,E),(G,E) € SS(Y,E). Then
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v (F,E) A 1v(G,E) = A 7(Cy, E)
(C1,E) € SS(X,E)
(F,E) = (Ci,E)NY

A /\ T(CZ’E)
(Cy,E) € SS(X, E)
(G,E) = (C,E)NY
= /\ [T(Cl, E) A\ T(Cz, E)]
(C1,E), (Cy,E) € SS(X,E) N
(F,E)N(G,E) = ((G, E)N(C, E)) NY
A [T((C1, E) N (C2, E))]
(C1,E), (Cy,E) € SS(X,E)
(F,E)N(G,E) = ((C1,E) N (Cy, E))NY
= t((F,E)N(G,E)).

IN

Now, let {(F;, E) };c; C SS(Y, E). Then

Ty (U(FI/E)) = /\ T(U(BHE))
ie] (Bi,E) € SS(X,E) ie]

U(E,E) = U(B,E)NY
ie] i€]

N (/\T(BirE))
(Bi, E) € SS(X, E) ie]

U(F,E) = U(B,E)NY
ie] i€]

v

= A N ©(By, E)
ie] (B;,E) € SS(X,E)
U(F,E) = U(B,E)NY
L i€] ic]
= Aw(F,E).
ic]

Also, for each (F,E) € SS(Y,E), tv(F,E) > t(F,E) is satisfied. O

4. Interval-Valued Neighborhood Structures

In this section we define and study the concept of interval-valued fuzzy neighborhood
system of a soft point.

Definition 11. Let (X, T, E) be an IVFTS and let x, be a soft point. Then a mapping Ny, :
SS(X, E) — [I] is called the interval-valued fuzzy neighborhood system of x, if for each (F,E) €
SS(X,E),

Ny, = \/ 7(G,E).
x.€(G,E)C(F,E)
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Proposition 5. Let (X, T, E) bean IVFTS and let (F,E) € SS(X, E). Then

A \/ 7(G,E) = 7(F,E).

xe€(F,E) x.€(G,E)C(F,E)

Proof. Since (F,E) = U {x.},itis clear that
x.€(F,E)
A \/ 7(G,E) | > t(F,E).
xe€( (F,E)

xe€(F,E) G,E)C

Let Gy, = {(G,E) € SS(X,E):x, € (G,E) C (F,E)}.If f € TJI Gy, then obviously

xe€(F,E)
U f(xe) = (F,E). Then
xe€(F,E)
A T(f(xe))éf( U f(xe)> =1(F,E).
x.€(F,E) xe€(F,E)
So
A ( V T(G/E))Z V ( A T(f(xe)))éT(F/E)-
xe€(F,E) \x.€(G,E)C(F,E) fe TI Gx \x.€(FE)
xe€(F,E)
Hence
A \/ 7(G,E) | = 7(F,E).
xe€(F,E) \x.€(G,E)C(F,E)
O

Definition 12. Let (X, 7, E) be an IVFTS.
(1) B : SS(X,E) — [I] is called a base of T if B satisfies the following condition: (F,E) €

SS(X,E
e 7(F,E) = \ AB(Gi, E).

U (G,E)=(F,E) i€]
ic]
(2) ¢ : SS(X, E) — [I] is called a subbase of T if ¢ : SS(X, E) — [I] is a base of T, where
¢FE)= \  Ae(G,E)

N (Gi,E)=(FE) i€]

ie]
and | is a finite set.

We now give an example of a base for a topology.
Example 3. Let X = {x}, E = {e1,e,e3}. The set of soft points in X is {Xe,, Xe,, Xe, }. Let

a € [I] be fixed. We define the mapping T : SS(X, E) — [I] as follows: for (F,E) € SS(X,E)
we set

T(F E) - 1, lf(F,E) € {CD,X, {x82}/{x€11x€2}/{x€2fx€3}}r
! a, otherwise.

The mapping B : SS(X, E) — [I] defined by

,B(F/E) =1, lf(F,E) € {{xez}r{xelfxez}/ {x€2'x€3}}
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is a base for T.

Theorem 2. Let (X, T,E) be an IVFTS and let B : SS(X,E) — [I] be a mapping such that
B C t. Then B is an interval-valued fuzzy base for T if and only if for each soft point x. and each
(F,E) € SS(X,E),

No(FEE)< \/  B(GE).
x.€(G,E)C(F,E)

Proof. Let § be an interval-valued fuzzy base for 7,x, be a soft point and (F,E) €
SS(X,E),x. € (F,E). Thus from the definition of interval-valued fuzzy neighborhood
system of x,,

Ny, (F,E) = \/ (G, E)
xe€(G,E)C(F,E)

= V V. AB(GE).

x.€(G,E)C(F,E) U(G;,E)=(G,E)i€]
ie]

If x, € (G,E) = U (G, E), then there is iy € ] such that x, € (G
ie]

E). Hence

i()/

ABGLE) <B(GE) <\ B(GE).
ie] xe€(G,E)C(F,E)
So
No(FEEy< \/  B(GE)
x.€(G,E)C(F,E)

is obtained.
Conversely, suppose the condition of necessary holds and for (F,E) € SS(X, E),

(F,E) = J(Gi, E).

i€

Then
T(F,E) 2 /\T(Gi/E) 2 /\ﬁ(GHE)
ie] i€]
Hence

7(F,E) > V  AB(GLE) ()

U (G, E)=(F,E)i€]
i]

On the other hand, from Proposition 5,

WEE) = AV (G

x.€(F,E) x€(G,E)C(F,E)

= A\ Nu(FE)

xe€(F,E)

< A \V  B(GE)

xe€(F,E) xe€(G,E)C(F,E)

= V A ﬁ(f(xe)))-

fe TI Gx \x.€(FE)
xe€(F,E)
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So,foreach f € I Gy, since (F,E)= U f(xe),
xe€(F,E) xe€(F,E)

fe TI Gx \x.€(FE) U (G,E)=(F,E)ic]
xe€(F,E) ic]

Therefore

t(FFEEy< \/  AB(GLE). (i)
U (Gi,E)=(E,E)ie]
ie]

Hence from (i) and (ii),

t(FE)= \/  AB(GLE),
U (G;,E)=(F,E)i€]
ie]

i.e., B is an interval-valued fuzzy base for T. [

Theorem 3. If : SS(X,E) —
(1) p(@) = B(X) =1,

[I] satisfies the following conditions:

(2) B((F,E)N(G,E _)) > B(F,E) AB(G,E),¥(F,E),(G,E) € SS(X,E), then

w(FEE =\ AB(GLE)
U (GiE)=(F E)ie]
ie]

is an interval-valued fuzzy topology and B is a base of Tg.

V ( A ﬁUwaO:= LV AeGE)

Proof. From the condition (1), 73(®P) = 15 (f() = 1hold. For V(F,E), (G,E) € SS(X,E),

w(F,E) N 7(GE)= \/ AB(E, E)
U (F,E)=(F,E)ie]
ic]
: V. ABGE
U (G E)=(GE)€]
j€l
-V % (Awaa)A(Amc
U (EE)=(FE) U (GE)=(GE) \ \i€h ich
ich j€lr
: Vv ( A ,B((Fi,E)ﬂ(Gj,E)))
U ((BEN(GE))=(EEIN(GE) \i€Tich
i€]1j€l
<

V ( N B(Hz, E))
kU] (Hg,E)(Hy,E)=(F,E)N(G,E) \ke]3
€3

— ((F,E)n(G,E)).

)
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is obtained. Let let {(F;, E)};c; C SS(X, E). We consider a family

B; = {{(Gli,E)}:li €Ji: J(G,E)= (Fl-,E)}.

li€];
Then
(F.E)=UEE)=UU (G, E).
ie] ieJli€k;
For an arbitrary f € []B;, since |J U (Gli, E) = U(F,E),
icJ icJ (G]’.,E> ef(i) icJ
(F,E) = V' AB(GLE)
ngJ](szE):(F,E)IEI

v

\/ /\ /\ ﬁ(Gli’E)

fG [1B; i€] (G’i/E) Ef(l)

i€

= A A A B(Gi, E)

i€] {(Gli,E):l,-e]i}lieli
= /\Tﬂ(PI,E)

ic]
is obtained. Thus 74 is an interval-valued fuzzy topology. It is clear that f is a base of 75. [
5. Mappings

In this section we define and study continuous and open mappings between interval-
valued fuzzy topological spaces.

Definition 13. Let (X, T,E) and (Y, {, E*) be two IVFTSs and (f,¢) : (X,7,E) = (Y,{,E*)
be a mapping. Then (f, ¢) is called a continuous mapping at the soft point x, € (X, E) if for each
arbitrary soft set (f, ¢)(x.) = (f(x))q)(e) € (G,E*) € SS(Y,E*), there exists (F,E) € SS(X, E)
such that

T(F,E) > {(G,E*) and (f, ¢)(F,E) C (G,E").

(f, @) is called a continuous mapping if (f, ¢) is a continuous mapping for each soft point.
The following example illustrates the definition of continuity.

Example 4. Let X = {x,y}, E = {e}. The set of all soft points in X is {xe,y.}, and the soft
sets are

Fi(e) = {x}, R(e) ={y}, Fs(e) = @, Fy(e) = X.
Let Y = {u}, E' = {e}, e, }. The soft sets in Y are:

(e3) =u,
Gs(e)) = Gs(ey) =Y,
G4(6/1) = G4(€é) = &.

Define T : SS(X,E) — [I] and T’ : SS(Y,E") — [I] by

7(F, E) = [0.1,0.6], T(E, E) = [0.3,05], T(F3,E) = 7(Fy, E) = 1;
7 (Gy, E') = [0.2,0.7], T/(Gy, E') = [0.4,0.6], T(Gs,E') = T'(Gy, E') = 1.

Consider mappings f : X — Y and ¢ : E — E' defined by
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f(x)=fy) =u
9(e) = €.
Then (f, ¢) : (X,t,E) — (Y, 7', E') is a continuous mapping. Indeed, we have
(f @) (GLE)(e) = f1(Gi(g(e)) = f ' (u) = {x,y},
T((f,9) (G E)) =1>7(Gy, E);

(f, 9) MG, E')(e) = F1(Galp(e)) = (@) = @,
t((f,9) N(GoE)) =1 > T(Gy, E)

Theorem 4. Let (X, 7,E) and (Y,{, E*) be two IVFTSs and (f,¢) : (X,7,E) — (Y,{,E*) be
a mapping. Then (f, ) is a continuous mapping if and only if

t((f,9) ' (GE)) 2 LG E
is satisfied for each (G, E*) € SS(Y,E*).

Proof. Let (f, ) be a continuous mapping and V(G,E*) € SS(Y,E*). Suppose x, €

(f,9) (G, E*) be an arbitrary soft point. Since (f, ¢) is a continuous mapping, there
exists x, € (F,E) € SS(X, E) such that

7(F,E) > {(G,E*) and (f, ¢)(F,E) C (G, E*).

Then

(fo) '(GEY)= |J xcC U (RE)C(f.9) '(GE).
x€(f,p) ' (GE*) x€(f.p) " (GE*)

We have

T((f, 40)_1(G,E*)) = T( U (F,E)) > At(F,E) > {(G,E*).
(GE)

xee(f/qv)*l

Conversely, let x, € SS(X, E) be an arbitrary soft point and (f, ¢)(x.) € (G, E*). From
the condition of the theorem, x, € (f,¢) (G, E*),

7((f,9) (G, E)) 2 2(G,EY),
and (f, ¢) ((f, (p)_l(G,E*)) C (G, E*) hold. So (f, ¢) is a continuous mapping. [

Theorem 5. Let (X, 7,E) and (Y,(,E*) be two IVFTSs and (f,¢) : (X,7,E) = (Y,{,E*) be
a mapping. Then (f, @) is a continuous mapping if and only if for Va = [a~,a™t] € [1],

(farr9a) = (X7 E) = (Y, 0o ET),
(farr@ar) = (X Ti, B) = (Y, Gor EY)

are soft continuous mappings.

Proof. Let (f, ¢) be a continuous mapping and (G, E*) € (;. Then {(G, E*) > a. For each
(G,E*) € SS(Y,E*),{(G,E*) > a~,{"(G,E*) > a™. Since

©((f,9)(GE)) 2 4(GE) 2 4,
then
(9 GE)) = a T ((fe) NG EY) zat,
(£9) (GE) € wl(f9) (GE) €T
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Conversely, suppose that for Va = [a—,a™] € [I],

(fo-r @a-) + (X, 7, E) = (Y, 0o, EY),
(faﬂq)a*) : (X/Ta+fE) - (Y,Ca+,E*)
are soft continuous mappings. If for each (G, E*) € SS(Y, E*), {(G,E*) = a, then (G, E*) €

Cirs0 (G, E*) € {,- and (G,E*) € (,+. Since (f;-, 94— ), (fa+, @4+ ) are continuous map-
pings, (fa*r qoa*)il(GlE*) € T (fa*r goa*)il(G/E*) € T;+- Then

T((f, (p)’l(G,E*)) >7={(GE"),
ie., (f, ¢) is a continuous mapping. [

Theorem 6. Let (X, 7,E) and (Y, {,E*) be two IVFTSs and B* be an interval-valued fuzzy base
for C. Then (f, @) : (X,7,E) — (Y, {,E*) is a continuous mapping if and only if B*(G,E*) <
T((f, 9) (G, E*)) for each (G,E*) € SS(Y,E*).

Proof. Let (f,¢) : (X, T,E) — (Y, {, E*) be a continuous mapping and (G, E*) € SS(Y, E¥).
Then {(G,E*) > B*(G, E¥). So,

t((£,0) (G E")) > {(G,E") = B*(G, E")
is obtained.
Conversely, let *(G,E*) < T((f, (p)_l(G,E*)> for each (G,E*) € SS(Y,E¥). Let
(G, E*) = U(Gj, E*). Hence

ie]
((£,9) G E)) = r((f, 0! (U(Gﬁ*)))

ie]

= T(U(f,q))_l(GpE*))

icJ
At((f.9) (G, E))
ie]

AB (G, EY).

i€]

v

v

So we have T((f,(p)_l(G,E*)) > V AB* (G E*) = {(G,E*). O
(G,E*):_LEJ](Gj,E*) ic]

Theorem 7. Let (X, 7,E) and (Y,{C, E*) be two IVFTSs and 6* be a subbase for . Then (f, ¢) :
(X,T,E) = (Y,{, E*) is a continuous mapping if 6* (G, E*) < T((f, 9) (G, E*)) is satisfied,
for each (G,E*) € SS(Y,E*).
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Proof. For each (G,E*) € SS(Y, E¥),

0(GE") = VoA V N\ ¢(Fu EY)
U (Gi,E*)=(G,E*) i€] N (F,E*)=(G;E*)ueA
ic] HEA

<
U (Gi,E*)=(G,E*) i€] N (F,E*)=(G;E*)pcA
ie] HEA
< Voo A((fe) G E)
U (Gi,E*)=(G,E*) i€]
ie]
< Y, T((f,ml (U(@»E*)))
U (Gi,E*)=(G,E*) ic]
ice]

= ((f.9) "G E))

is obtained. O

V. AV AR REY)

Definition 14. Let (X, T,E) and (Y, {, E*) be two IVFTSs and (f, ¢) : (X,7,E) — (Y,{,E*)

be a mapping. Then (f, @) is called an open mapping if it the following condition

©(F,E) < {((f, 9)(F,E))
is satisfied for each (F,E) € SS(X, E).

Now we give an example of an open mapping.

Example 5. Let X = {x}, E = {e1,e2}; Y = {u,v}, E' = {¢'}.
The soft sets in X are

Fi(e1) = {x}, Fi(e2) = @,
R(e1) =@, Fa(e2) = {x},
F3(e1) = F3(e2) = {x},
Fy(er) = Fy(er) = @,

and the soft sets in'Y are

Gi(¢) = {u}, Ga(¢) = {v}, G3(¢) =Y, Gu(¢') = .

Define topologies T on X and v’ on Y by

T(F,E) =[0.2,05], ©(F, E) = [0.1,0.7], ©(F3,E) = ©(Fy, E) = 1;
(G, E') =1, 7(Gy, E') = [04,0.8],7'(G3,E') = T'(Gy, E') = 1.

Consider mappings f : X — Y and ¢ : E — E' given by

Then
(f/ (P) (Flr E

(¢') = f(Fi(e1)) U f(Fi(e2
(f, ¢)(F2,E)(e

(F,E) = [0.2,0.5] < /(
((’) = f(FB(e1)) U f(Fa(e

N~ q —

It follows that (f, @) is an open mapping.
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Theorem 8. Let (X, 7,E) and (Y,(,E*) be two IVFTSs and (f,¢) : (X,7,E) = (Y,{,E*) be
a mapping and B be a base of T. If

B(E,E) <Z((f, ¢)(F,E))
is satisfied for each (F,E) € SS(X, E), then (f, ¢) is an open mapping.

Proof. For each (F,E) € SS(X,E),

©(F,E) = t(F,E)= \V /\B(F;, E)
Y (RE)=(EE) i€]

V' AL 9)(EE))

U (F,E)=(F,E) i€]

i€]

V @((f/fP)(U(Fi/E))>
[LEJI(Fi/E):(F,E) i€]
= {((f,¢)(F E))

IN

IN

is satisfied. O

Theorem 9. Let (Y,(,E*) bean IVFTS and (f, ¢) : SS(X,E) — (Y, {, E*) be a mapping of soft
sets. Then define T : SS(X, E) — [I] as follows:

T(F,E)= \/Z(G,E").
(f9)" (G E*)=(F,E)

Then T is an interval-valued fuzzy topology over SS(X, E) and (f, ¢) is a continuous mapping.

Proof. Itis obvious that 7(®) = T()N() =1
©((F, E)N (B E)) = V{Q(G,E*) :(f,9)"'(G,E) = (F,E)N (Fz,E)}
> V{g((Gl/E*) N (GZI E*)) : (f’ 90)71((G1/E*) N (GZ/ E*)) = (FllE) N (FZ/E)}
> (V{e(GLE) : (f.9) (6L E) = (RE)})
AV{E(G2E) : (f,9) (G EY) = (Fy E) |
=1(F,E)ANT(F,E)
is obtained. Also,

T(U(H»D) = \/{E(GIE*) :(f,9) (G E) = U(Fi,E)}

i€] i€]

> v{ (Z,Q]aci,fs*))  (f,9) 1 (GuEY) = (ms)}
= A (V{26 B (£,9) (G E) = (R, E)} ) = AT(E,E).

i€] i€]
So 7 is an interval-valued fuzzy topology over SS(X, E) and (f, ¢) is a continuous
mapping. [
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Theorem 10. Let (X, T,E) be an IVFTS and (f, ¢) : (X,7,E) — SS(Y, E*) be a mapping of
soft sets. Then define ¢ : SS(Y, E*) — [I] as follows:

(GEY =7((£,9) (G E)).

Then { is an interval-valued fuzzy topology over SS(Y, E*) and (f, ¢) is a continuous mapping.

v)=1

Z(¥
((f,9) QfﬂNQEw)

(1017 2)
(v

1®,>)=a&£ﬂAa@£ﬂ

Proof. It is clear that g =
g( (Gl/ E* ) GZ/

—(((£.9 Gl,E*)m
T((f,(p) Gl,E*)/\T

is obtained. Furthermore,

é@ﬂ@fﬂ>—TQﬂ@”<%Kh90>—T<%UWYWQ£ﬂ>

> At((f,9) (G E)) = AL(GHEY).
i€] i€]
So { is an interval-valued fuzzy topology over SS(Y, E*) and (f, ¢) is a continuous

mapping. [

6. Direct Sum

Now let {(X), Ty, E)) } o5 be a family of fuzzy topological spaces, X N X, = @ and
ExNE, = @ for A # v. Let X be union of all soft points which belong to this space and

E = UE,. Then (}N(, E) is the family of soft sets on X = [J X, with parameters E. For

AeA AEA
soft point x, € ()?,E) if x € X,,thene € E).If e € E,, then x € X, is satisfied. For an

arbitrary (F, E) € (5& E), (F,E), = {F(e) N X, } e [23]-

Theorem 11. Let {(X, Ty, Ex) } \cp be a family of interval-valued fuzzy topological spaces, X} s
be pairwise disjoint. Then T defined by

T(F,E) = /\ TA((FIE)/\)/

AEA

for each (F,E) € (f(, E) is an interval-valued fuzzy topology on (f(, E).

Proof. Let (F;,E), (F, E) € (X E). Then
T((F,E)N (R, E)) = A/E\ATA(((FLE) N(F,E))y)
/\ T ((F, E)y N (R, E)y)
ZA/G\A( A((F1,E)y) ATa((F2 E)y))
= (AD(EE) A (A D(EE) =R B AT(EE)

AEA AEA
holds.

Now, let {(F;, E;) };c; be a family of soft sets. Then

T(,U (Fi/Ei)> = A TA((U (Fi/Ei>> ) = An <‘U (Fi/Ei)A>
ie] AEA i€] A AEA ie]

> A Au((F, E)y) = /\< /\T/\((Fi/Ei))/\> = Nt(F, E)

AeAN i€] ie] \AeA ie]
is satisfied. Hence, (X, 7, E) isan IVFTS. O
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Definition 15. The interval-valued fuzzy topological space (X, T, E) in the previous theorem is
called the direct sum of {(X), T, Ex) } \cp, denoted by (X, T,E) = @ (X), T, Ey).
AEA

It is obvious thatiy : X) -+ X = U X, andj, : Ex = E = U E, are embedding
AEA AEA

mappings for all A € A. Then

(irja) + (X, T, Ex) = (X, T, E)
is a continuous mapping.

Theorem 12. Let {(X), Ty, Ep)})ca be a family of interval-valued fuzzy topological spaces, X =
I1 X\ beaset, E= ]| E, be a parameter set and py : X — X, g, : E — E, be two projections

AEA AEA

mappings for VA € A. Define B : SS(Y, E) — [I] as follows:
ﬁ(G,E*) = \/{ /\TM(FM'EM) : (F,E) = m(Pﬂ‘i'q“z‘)l(F“z"E“i)}‘
j=1 j=1

Then B is a base of the topology TgR on (X, E), and (pa,qa) : (X,78,E) — (Xp,Ta, Ey) are
continuous mapping for VA € A.

Proof. We show that j is a base. Indeed,

B(X) = V{ N (Fu Ee) X = ﬂ<pai,qa,»>‘1<F“f'E“f)}

j=1 j=1

= \/{ ;\TM(XM/E%)} =1

j=1

is satisfied. Similarly, () is obtained.

ﬁ(P,E)Aﬁ(G,E) = V /\Tuc‘(Fucl Ea)

n 1
(FE)= D\(pap)” (B ey )

A ) V /\175 (Gs., Es,)
GE)= N(psas) " (GoEs)

j=1

IN >
<

o, (Ho,, Eo,) = B((F,E) N (G, E)).
AN N (Porday) (H(DA Ea, )=(F.E)N(GE)
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Hence S is a base.
Now we check that the projection mapping (p,q1) : (X,1,E) = (X), Ty, Ey) are
continuous mapping for VA € A. Indeed, for each (F), E)) € SS(X, Ey),

T((PA/ a2) " (B, EA)) > p ((P/\/ )" (B, EA))

n
= ./}T“i(F“i’E“i) : (p“i'q’xi)il(F’Xi’E“i) = (p)vq/\)il(l:/\/ EA)}
]:

> Ty (Fy, Ep)

is satisfied. O

Remark 2. In general, we cannot obtain an interval-valued fuzzy topology by utilizing T~ and T,
with T and T being fuzzy topologies. If T, T are two fuzzy topologies and (F,E) € SS(X, E),
T (F,E) <t (F,E), then T = [t~ ,T"] is an interval-valued fuzzy topology.

7. Conclusions

We introduce the interval-valued fuzzy set on the family of all soft sets over X. Later
we give interval-valued fuzzy topology (cotopology) on SS(X, E). We obtain that each
interval-valued fuzzy topology is a descending family of soft topologies. In addition
to, we study some topological structures such as interval-valued fuzzy neighborhood
system of a soft point, base and subbase of T and investigate some relationship between
them. Finally, we give some concepts such as direct sum, open mapping and continuous
mapping,consider relationships between them and illustrate it by examples.

The relations between soft topologies and crisp topologies explained in the paper [19,21]
may be used for the future research in this field. Also, the relations between fuzzy soft and
soft topologies might suggest a new lines of investigation related to our article.

Author Contributions: The authors contributed equally to this work. All authors have read and
agreed to the published version of the manuscript.

Funding: This research received no external funding.

Data Availability Statement: Not applicable.

Conflicts of Interest: The authors declare no conflict of interest.

References

1.  Zadeh, L.A. The concept of a lingusistic variable and its application to approximate reasoning. Inf. Sci. 1975, 9, 199-249. [CrossRef]

2. Chang, C.L. Fuzzy topological spaces. . Math. Anal. Appl. 1968, 24, 182-190. [CrossRef]

3. Chattopadhyay, K.C.; Hazra, R.N.; Samanta, S.K. Gradation of openness: Fuzzy topology. Fuzzy Sets Syst. 1992, 49, 237-242.
[CrossRef]

4.  Hazra, RN,; Samanta, S.K.; Chattopadhyay, K.C. Fuzzy topology redefined. Fuzzy Sets Syst. 1992, 45, 79-82. [CrossRef]

5. Sostak, A. On a fuzzy topological structure. Rend. Circ. Mat. Palermo Suppl. Ser. 111985, 11, 89-103.

6. Coker, D.; Demirci, M. An introduction to intuitionistic fuzzy topological spaces in Sostak’s sense. Busefal 1996, 67, 67-76.

7. Samanta, S.K.; Mondal, TK. Intuitionistic gradation of openness: Intuitionistic fuzzy topology. Busefal 1997, 73, 8-17.

8.  Samanta, S.K,; Mondal, T.K. On intuitionistic gradation of openness. Fuzzy Sets Syst. 2002, 131, 323-336.

9.  Shi, D.L,; Baek, ]J.I.; Cheong, M.; Han, S.H.; Hur, K. Ordinary interval-valued fuzzifying topological spaces. Ann. Fuzzy Math.
Inform. 2023, 25, 175-203.

10. Molodtsov, D. Soft set theory-first results. Comput. Math. Appl. 1999, 37, 19-31. [CrossRef]

11.  Maji, PK,; Biswas, R.; Roy, A.R. Soft set theory. Comput. Math. Appl. 2013, 45, 555-562. [CrossRef]

12.  Shabir, M.; Naz, M. On soft topological spaces. Comput. Math. Appl. 2011, 61, 1786-1799. [CrossRef]

13. Aras, C.G.; Bayramov, S. On the Tietze extension theorem in soft topological spaces. Proc. Inst. Math. Mech. Nat. Acad. Sci. Azer.
2017, 43, 105-115.

14. Bayramov, S.; Gunduz, C. Soft locally compact spaces and soft paracompact spaces. J. Math. System Sci. 2013, 3, 122-130.

15. Cagman, N.; Enginoglu, S. Soft topology. Comput. Math. Appl. 2011, 62, 351-358.

16. Das, S.; Samanta, S.K. Soft metric. Ann. Fuzzy Math. Inform. 2013, 6, 77-94.

17.  Hussain, S.; Ahmad, B. Some properties of soft topological spaces. Comput. Math. Appl. 2011, 62, 4058-4067. [CrossRef]


http://doi.org/10.1016/0020-0255(75)90036-5
http://dx.doi.org/10.1016/0022-247X(68)90057-7
http://dx.doi.org/10.1016/0165-0114(92)90329-3
http://dx.doi.org/10.1016/0165-0114(92)90093-J
http://dx.doi.org/10.1016/S0898-1221(99)00056-5
http://dx.doi.org/10.1016/S0898-1221(03)00016-6
http://dx.doi.org/10.1016/j.camwa.2011.02.006
http://dx.doi.org/10.1016/j.camwa.2011.09.051

Axioms 2023, 12, 692 20 of 20

18.

19.
20.
21.
22.

23.

24.
25.

Ko¢inac, L.D.R.; Al-Shami, T.M.; Cetkin, V. Selection principles in the context of soft sets: Menger spaces. Soft Comput. 2021, 25,
12693-12702. [CrossRef]

Matejdes, M. Methodological remarks on soft topology. Soft Comput. 2021, 25, 4149-4156. [CrossRef]

Min, W.K. A note on soft topological spaces. Comput. Math. Appl. 2011, 62, 3524-3528. [CrossRef]

Alcantud, J.C.R. An operational characterization of soft topologies by crisp topologies. Mathematics 2021, 9, 1656. [CrossRef]
Al-shami, T.M.; Ko¢inac, L.D.R. The equivalence between the enriched and extended soft topologies. Appl. Comput. Math. 2019,
18, 149-162.

Aras, C.G.; Bayramov, S.; Veliyeva, K. Introduction to fuzzy topology on soft sets. Trans. Nat. Acad. Sci. Azerb. Ser. Phys. Tech.
Math. Sci. Math. 2021, 41, 1-13.

Bayramov, S.; Gunduz, C. Mappings on intuitionistic fuzzy topology of soft sets. Filomat 2021, 35, 4341-4351. [CrossRef]
Moore, R.E.; Kearfott, R.B.; Cloud, M.]. Introduction to Interval Analysis; SIAM: Philadelphia, PA, USA, 2009.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1007/s00500-021-06069-6
http://dx.doi.org/10.1007/s00500-021-05587-7
http://dx.doi.org/10.1016/j.camwa.2011.08.068
http://dx.doi.org/10.3390/math9141656
http://dx.doi.org/10.2298/FIL2113341B

	Introduction
	Preliminaries
	Introduction to Interval-Valued Topology on Soft Sets
	Interval-Valued Neighborhood Structures
	Mappings
	Direct Sum
	Conclusions
	References

