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Abstract: In this article, we give the sharp bounds of probabilistic Kolmogorov (N, §)-widths and
probabilistic linear (N, §)-widths of the multivariate Sobolev space Wj! with common smoothness
on a S; norm equipped with the Gaussian measure y, where A C R? is a finite set. And we
obtain the sharp bounds of average width from the results of the probabilistic widths. These results
develop the theory of approximation of functions and play important roles in the research of related
approximation algorithms for Sobolev spaces.
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1. Introduction

The approximation theory of functions is a classical theory of basic mathematics and
computational mathematics, and width theory plays a very important role in approxi-
mation theory. With the gradual development of modern mathematics and science, the
system of width theory has also been improved, which has greatly promoted the research of
algorithms and computational complexity. Different types of widths correspond to different
calculation methods, and then result in different errors. The different definitions of algo-
rithm errors and costs lead to different computational models. The most common models
are the worst case setting, probabilistic setting, and average-case setting. Temlyakov [1]
calculated the bounds of approximation of functions with a bounded mixed derivative.
Maiorov [2—4] gave the definition of probabilistic Kolmogorov and linear (N, §)-widths
and obtained the sharp bounds of probabilistic Kolmogorov (N, ¢)-widths of Sobolev space
Wj in Ly by using discretization. Fang and Ye [5,6] estimated the exact order of linear
N-widths in the probabilistic setting and average-case setting of finite dimensional space.
Chen and Fang [7,8] discussed probabilistic Kolmogorov (N, §)-widths and probabilistic

linear (N, ¢)-widths of the multivariate Sobolev space MW} (T"l ) with a mixed derivative,
and they obtained the sharp bounds of p-average Kolmogorov and linear N-widths of
MWj (Td). Tan et al. [9] gave the definition of probabilistic Gel’fand (N, ¢)-width and
obtained the sharp bounds of probabilistic Gel’fand (N, J)-width of Sobolev space W} (T).
Liu et al. [10] gave the definition of p-average Gel’fand N-width and obtained the sharp
bounds of p-average Gel'fand N-widths of Sobolev space Wj(T) and MW} (’]I‘d). Dai and
Wang [11] obtained the sharp bounds of probabilistic linear (N, §)-widths and p-average
linear N-widths of finite dimensional space with a diagonal matrix. Wang [12,13] estimated
the sharp bounds of probabilistic linear (N, §)-widths and p-average linear N-widths of
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weighted Sobolev spaces on the ball and Sobolev spaces on compact two-point homoge-
neous spaces.

Let us recall some definitions of N-widths, which can be found from the book of
Pinkus [14].

Let W be a bounded subset of a normed linear space X with norm ||-||, and Fy be a
N-dimensional subspace of X. The following quantity is called the deviation of W to Fy:

E(W,Fy, X) := supe(x, Fy).
xeW

where e(x, Fy) = ir}__f |lx —y||. It shows how well the “worst” elements of W can be
yern

approximated by Fy. And the Kolmogorov N-width of W in X is defined as follows:

dy(W, X) :=inf E(W, Fy, X) = infsup inf |x —y]|. 1)
FN FN XEW-VEFN

where the leftmost infimum is taken over all N-dimensional linear subspaces of X.
Next, let T be a linear operator from X to X. The linear distance of the image TW from
the set W is defined as follows:

AW, T,X) = sup ||x — Tx]||.
xeW

and the linear N-width of W in X is defined as follows:

AN (W, X) = inf AW, Ty, X). ©)
N

where the infimum is taken over all linear operators Ty whose rank is at most N.
Now we give the definition of probabilistic (N, §)-widths and p-average N-widths
from the article of Maiorov [2—4].

Definition 1. Let W be a bounded subset of normed linear space (X, ||-||). Assume that W contains
a Borel field B consisting of open subsets of W and is equipped with a probability measure y, i.e.,
u is a o-additive nonnegative function on B , and satisfies the condition that u(W) = 1. For any
6 € (0,1], the probabilistic Kolmogorov (N, 8 )-width and probabilistic linear (N, §)-width of W in
X are defined as follows:

dn s (W, pt, X) = infdn (W\Gs, X). ®)
5

ANs(W, 1, X) == igf)\N(W\st, X). 4)
)

where Gy runs through all possible subsets in B, which satisfies the condition that u(Ggs) < 6.

Definition 2. Let W, X and u be the same to Definition 1. Given 0 < p < oo, the p-average
Kolmogorov N-width and p-average linear N-width are defined, respectively, by

(a) vr

ay' (W, n, X), = iFr;If (/W e(x, FN)pdy> , (5)
(a) : p r

)\N (W,]/l,X)p = lTr;\]f (/[/v ||x — TNXHXd]J) . (6)

It can be seen from the definition that N-widths are defined by the errors generated by
the “worst” elements of the functions class during the approximation process in the worst
case setting. For example, the classical Kolmogorov N-widths of functional classes are
defined by the optimal errors generated by the approximation of the “worst” element in the
set by a finite dimensional subspace. To satisfy the demands of practical applications and
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theoretical analysis, the concepts of N-widths in the probabilistic and average-case setting
are introduced. The sharp bounds of those widths are often used to solve the optimal
solution of numerical problems. Like classical N-widths, probabilistic (N, §)-widths reflect
the best approximation of functional classes. From the definitions, we know that it needs to
delete some functions with the “worst” properties before defining N-widths of functional
classes in the probabilistic setting, and these widths are still defined by the “worst” elements
of the remaining functions. Therefore, although the probabilistic (N, §)-widths can allow
the algorithm to generate “errors” within a given range, it does not reflect the overall
optimal approximation situation. The N-widths in the average-case setting are defined by
the integral of the errors under a given measure, which give the average approximation
degree of a function class under a given probability measure. They reflect the optimal
approximation degree of most elements in spaces, and more profoundly reflect the essential
characteristics of the structure of the functional classes.

Next, we will provide two asymptotic relationships. Let a(x) and b(x) be two positive
functions of x. If there is a positive constant ¢ > 0, such that a(x) < cb(x) for all x from the
domain of the functions a and b, then we write a(x) < b(x) or b(x) > a(x). If a(x) < b(x)
and a(x) > b(x), then we write a(x) = b(x).

2. Main Results

In this article, we will discuss probabilistic Kolmogorov and linear (N, §)-widths.
Then, we will estimate the sharp bounds of p-average Kolmogorov and linear N-widths by
using the results of probabilistic Kolmogorov and linear (N, §)-widths. First, we introduce

the concept of multivariate Sobolev space Wj' (’]Td) , where T = [0,2m).
Lets € R,y = (y,...,yq) ER, t = (ty,...,t5) € R, k= (ky,... k) € Z¢ C R4

d d
We write (y,t) = )glyfti, v = [Il il y+s=1+s...,ys+s).

Assume L, (Td> is a classical Lebesgue square integrable space. Forany x,y € L (’]Fd) ,
this space is a Hilbert space with the inner product

() = —— [«

(2n)"
Forx € L, (Td ) , the Fourier series of x is defined as follows:

1
(2m)*

Cr = J?(k) =

/w x(Bep(—t)dt,

where ey (t) := expi(k, t).
For any & = (ay,...,a5) € RY, we define the Wyel a-derivative for x € L (Td) as
follows:

X (8) 1= (D)) = Y (i) crer(t),

kezd
d d ; AV d o .7
where Z§ = {k = (k1,...,kg) €Z% : ki #0,i=1,.. .,d}, (ik)* = Hl |ki|" exp (i5sgna;).
j=

Given the finite subset A of R?, the multivariate Sobolev WZA (Td) with common
smoothness is defined by

w4 (Td) = {x € Lz(w)  x@ (1) e Lz(']I‘d>,oc € A,/Oznx(t)dt]- =0,j= 1,...,d}. @)
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From Equation (7), we need to give the definition of the common Weyl-derivative as
follows:

A (1) = (DAx) ()= Y (ik)Aerex(t), ®)

kezd

where (ik)A = Y (ik)". We can know that the Sobolev space Wj! (Td) is a Hilbert space
x€A

1
with the inner (x,y) 4 := <x(A),y(A)> and with the norm ||x||W2A = <x(A),x(A)>2.
Our results of the Sobolev space Wj! (’]I‘d) with common smoothness can be a general-

ization of the sharp bounds of N-widths in the probabilistic and average setting of Sobolev
spaces with smoothness. For example, if A = {a}, then Wj! (Td) = MWy3 (Td). Space

MWy T9) is a Sobolev space with a mixed derivative, and the related conclusions can be
found in papers [7,8].
We denote by A and B any two subsets of R?, and we denote that

A+B:={x+y:xcAyeB},A+n:={x+ny:xcAncR}
Let co(A) be the convex hull of a set A, N(A) := co(A) — R%, and IN(A) be the set of interior
points of N(A). Wewrite A). := {x eERL: (m,x)<lae A},r = (sup{(s,1):s € A9 }) ",

V= dim{x € A% :(x,1) = rfl}, Al = ﬁ (A+ ). In the research process of this article,

we always assume that 0 € IN(A) and r > 1/2.
Now, we give the definition of the space S; (’]I‘d ) :

Sq(T) 1= {x € L1 (T7) : {£(0) ez € 1y}
where [, is the infinite vector space with the norm for any a = {a,,},__.:

. g
(Z \“j|q> A<g<o

lall, = § \i==

sup ‘a]-
jEZ

,q =00

For any x € Sq{Td}, let [[x]|, ¢ == ‘{f(k)}kezg

Next, we equip a Gaussian measure for Wj! (Td ) . Let u be a Gaussian measure whose

. be the norm of S, (Td> .

mean value is 0 and whose correlation operator is C,, which has eigenfunctions e, (t) and
eigenvalues Ay = [k| F(p > 1), that is,

Cuer = Meey k € Z4 )

Let y1,...,yn be any orthogonal system of functions in Lp ('H‘d), oj = (Cuyj, ¥j)
j=1,...,n,and D be an arbitrary Borel subset of R”. Then, the Gaussian measure y on
the cylindrical subsets in the space Wj! (’]I‘d) :

= frems () (sak), ek ) ) €0}
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is given by ,
u(G) = - (27{(7]»)_% / exp < Xn: |uj’)clul <+ duy. (10)
j=1 /D =20

More results and research of Gaussian measures can be found in paper [15-17].
The aim of this paper is to determine the asymptotic order of probabilistic Kolmogorov
and linear (N, ¢)-widths as well as p-average Kolmogorov and linear N-widths of the

multivariate Sobolev space Wj! (Td) with common smoothness. The main results are as
follows:

Theorem 1. Assume that r > %, 1<g<oo,p>106¢€ (0, %], T = [0,2m). Let A be a finite

subset of R? and 0 € IN(A). Note dy 5 := dn 5 (WzA (Td), 1, Sg (']I‘d> ) Then,

+0/2-1/
dy s = (N_lln”N)r g q(ln”/"N) 1+ % ln((ls), 1<g<oo. (11)

)5 |
subset of R and 0 € IN(A). Note Ay 5 := AN s (WZA (’}I‘d), 1, Sq (Td> ) Then,

Theorem 2. Assume that r > %, 1<g<oo,p>16c¢€ (0 1} T = [0,2m). Let A be a finite

A = (N71n"N) HP/HM(

+0/2-1/ _1
Ans = (N’lln”N)r b q(ln”/qN) (1 YN 1n((15>> 2<g<co.  (13)

1n”/‘7N) 1+]1]1n((15>, 1<g<2 (12)

Theorem 3. Assume that r > % 1<g<o,p>146¢€ (0,%}, T = [0,27). Let A be a finite
subset of R and 0 € IN(A),0 < p < oo. Then,

400 () (), = (v e << o

Theorem 4. Assume that r > %, 1<g<oo,p>146¢€ (0, %], T = [0,27). Let A be a finite
subset of R and 0 € IN(A), 0 < p < co. Then,

A (4 () (1)), = (o)™ () 1 g <

3. Discretization

In order to prove Theorems 1 and 2, we use the discretization method, which is
based on the reduction of the calculation of the probabilistic widths of a given class to the
computation of the widths of a finite-dimensional set equipped with the standard Gaussian
measure. Before we use the discretization, we need the definitions, and cite some results on
the probabilistic widths of finite-dimensional spaces. Let I} be the m-dimensional normed
space of vectors x = (x1,- -+, X;;) € R™, with norm

i=1
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Consider in R™ the standard Gaussian measure, which is defined as

0(6) = (2m) % [ exp( =313 ). (16)

where G is any Borel subset in R™. Obviously, v(R™) = 1.
First, we introduce some results of probabilistic (N, §)-widths of finite space. These
results can be found from papers of Maiorov, Chen, Fang, and Ye [2-8].

Lemma 1 (Maiorov, Chen, and Fang [3,4,7]). Let m > N,1 < g < oocandd € (O, %} Then,

dy s (Rm,v, 1;”) = m"9712 [y +1In(1/6),m > 2N,1 < q < 2; 17)

dns (R0, 121)

<N V22<g<c0. 18
m/a\/m+1In(1/6) =1 (19

m~1/2 <

Lemma 2 (Maiorov, Fang, and Ye [2,5,6]). Let m > N,1 < g < ooandd € (O, %} Then,

mt 1712, fm 4+ 1n(1/6), 1 < g < 2;
ANS (Rm,v, l;”) = <mY14,/In(1/6),2 < g < o; (19)

In((m —mn)/d),q = oo.

Lemma 3 (Maiorov [3]). ForVé € (0, %} , there is a positive cg, such that

v({xeRm:||x||22co<ﬂ+\/ln(15> }) <. (20)

For2 < g <ooandanyé € (O, %} , there exists a positive constant ¢y, which depends only on the

v({xERm: B4 ch<m}1+wln(15> }) < 4. (21)

To establish the discretization theorem, we introduce some notations and lemmas. It
is convenient in many cases to split the Fourier series of a function into the sum of diadic
blocks. We associate every vector s = (s1,- -+ ,s4) € N¥ whose coordinates are natural
numbers with the set

q, such that

O, = {n = (n, -~ ,ng) €Z3: 27V < || < 2%, j = 1,...,d}.
And we let x4(t) be the “block” of the Fourier series for x(t), denoted by

O5(xt) :=xs(t) := ) caexp(i(n,t)). (22)

nekls

After introducing these necessary concepts, we have

Lemma 4 (Galeev [18]). Lets € N¥. Then, the trigonometric polynomial space span{e, (t) : n € O}
and R2*" are isomorphic under the following mapping:

x(0) = {xom ()}, vemt) = DL cnen(D),

nells,sgnn=sgnm
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wherem = (£1,...,+1) € R, t; = (m2%51jy,..., m22%j,) € RY, ji = 1,...,2% 1,0 =
1,...,d.

For natural numbers [ and k, we define

Sy = {seNd:1—1gsA,(s)<z,(s,1):k}; -
Fij = span{e,(t) : n € Os,s € Sk},

where S4(s) = sup{(s,a) :a € A}. We canknow k > d,and S;; = @ fork > .
Let Hsl,kH = Y |Os|. We can obtain that Hsl,kH = Zk‘Sllk‘. And we define A jx 1=
SGS[/k

ZSGS[,/C (5sx.
From ([7]), forany o« € A, n* =< 2(5#) Gp,

= 25al0),

~
~

4] =

Z 7 (sm)

aEA

)

aEA

From the definition of A/, we know

s, 1 k
$46) = Sagpu¢) = (5w~ 52 = (4 §)sat) - v
Therefore, for any x € Fjx, we have

1/q
HDAx

q
={ X [l
q's HEDS,SESZ,](
1/q

Z 25A(5)17|Cn|‘1

HEDS,SESZ,)(

1/q
- 2 2<<’+§)5A/(S)—?)Q|Cn|q>

HEDS,SGSZ/]{

1/q
xz(”‘z’)"‘z"( y |qu>

X

HEDS,SGSU(

ey _ke
—o(r+5)1—4 [l 5.

That is,

ki
HDAxH = 2 F x| . (25)

.5

We consider a mapping;:

Sil| en(t)
Il,k:Fl,k_>l|| ’ ,xH{<x, .
I \% /\n HGDS,SES”C

It is not difficult to see that I; ; is a isomorphic mapping. From Equation (9), we know that

oy = <CH%,%> =1.
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By |n| < 2(51) = 2k ([7]), we obtain

en(t)
el ot = [{ (< 50)
I ||ZJ\51,kII Mo/ S nensesie lils”‘”

— {(2711)"’ /Td |n|p/2x(t)en(t)dt}

— ||okp/2 5
= [[2te/220m)| 0
q

nGDs,SGSl,k quSI/k ||

= 2%/2|x

9,5

Therefore, from Equation (25), we have

A - nkp/2||pHA — n(r+p/2)1
[t (D) e = 272D = 2772 el ed
q
Let Ajy = Y. Jsx. Therefore,
SESl'k
en(t)
Anex]] o < x|, ¢ < ||{ DAx, 2 } ) 27
A, s < [lxllg,s { VS ner, sesyy zq||5’/k|| (27)

Based on the above description, we establish the discretization theorem. The following
theorems reflect the upper bounds of Theorems 1 and 2.

Theorem 5. Let r > 1/2,1 < g < o0, p > 1,6 € (O,%}, N € N, A satisfy the condition
of Theorem 1. Assume that the sequences of numbers { Ny} and {6} satisfy the condition
0 < Nix < [|Sixl|, Zip Nix < Nand Yy 615 < 6. Then

dy 5 (WZA (’]I‘d), 1S, (’]Td)) < gz*ﬂ’/ 2l e (Rllsz,kll )0, zJ,' St ) . (28)

S
Proof. From Definition 1, there would be a subspace L; of l[‘,| all such that dimL;; <

Nl,k and
S S
U({J/ € Z‘|1| g 33(% Ly, 11|7| [’k”> > le,k,(sl/k}> < Oy k- (29)

S
where dy,, 5, = AN, 6, (RHSl,kH,U, ll,l l,kH).

From Equation (27), there is a constant ¢; > 0 independent of / and k, such that

—A- - en(t) || Svll
e( A1k, D7AL Ly, Sp () ) < 2~ e/l {<DAx, >} L )" (30)
( Lk q( )) \% An HEDS,SGSU{ K

Consider the set

G = {x € Wi (1) s e Buux, DAL L1, S (T7) ) > a2 030/ Py 5, .
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From Equations (29) and (30), the definition of # and v,

< A(md) . A, en(t) (B )
o <u{frema(®) ({0 ) s,
s s
_ v({y c l,y k| 2€<y/Lz,k,l,l| l,k”) S le,kr‘sl,k}>

< ik

Let G = UGy, Fn = ZD’AIﬁlLl,k, where Fy is the direct sum of D’Alflel,k.
Lk Lk g ¢

Therefore,

uwG)=mpn <U Gl,k> <Y u(Ge) <Y 616 <6,
K K

Lk

and

dimFy = dim) D41 'L <Y dimD 1 'L < Y Ny < N.
Lk Lk Lk

Consequently, by Definition 1, we have
w452 _om o ()

< xew?(lqrr)d)\c . e(Az,kx, D*AIZ;(lLZ’k’ S, (Td>>

< Z sup e (Al,kx, D_All_k1 Lix, Sq ("H‘d> )
Lk xeW (T?)\G '

—(r+p/2)1
< ;{;2 (e )sz,kﬁz/k'

which completes the proof of Theorem 5. [

To estimate the upper bound of Theorem 1, we need the following lemmas.

Lemma 5 (Romanyuk [19]). Assume that the set A satisfies the condition of Theorem 1, then

Z 2(5,1) — Z”uU,Q(u) = {s € N7 . Sa (S) < u},
s€Q(u)

where u € R
From Lemma 5, we have

Lemma 6. Forany N € N, B > 0, N =< 2"u?, let

ISiclld <k <1LI<u,

Nl,k = \\C’Slfk’zu_‘_ﬁu_zﬁlﬁ_ﬁkJ/d S k S l/l > u, (31)

0, otherwise,

where |a] is the integer part of a. Then, we can choose c, such that Ny < ||Sx

s LN <N.
Ik

We assume that in Lemma 6, the constant > 0 satisfies 0 < f < min{2r +p —2,1/2}.
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To establish the discretization of the lower bound of Theorem 1, we also need the
following concepts. Let

Nx2§kv,5: {s eNd:(s,l) > é,SA(s) Sk—l—co},

where the constants ¢y and k are pending. Then,

k+co

S:{sENdII;<(S,1)< ,kSSA(S)Sk—i-Co}.

Therefore, |S| =< k%, ||S|| := ¥ |Os| = ¥ 2041 > |S]2% > k23 > 2N.
seS seS

Let Fs = span{e,(t) : n € Os,s € S}. Consider the mapping:

) S|l A, en(t)
15.F5*>ZH ,xr—>{<D X, .
i \% )\n nells,seS

Then for any x € Fs, by using the method of the proof of Equation (26), we can obtain

o))

Theorem 6. Letr > 1/2,1 < g<oco,p>1,6¢€ (0,%}, N € N, A satisfy the condition of
Theorem 1. Then

dw(w;‘ (']I‘d>,y, S, ('H‘d)) > 2/ 2k (R”SH,U, Z‘QSH) (33)

= 24 2K x|l - (32)
s

Proof. From Definition 1, there is a subspace Fj, such that dim F; < N and

u({x e Wi () N Fsre(x B,y (T9)) > ds}) <6, (34)

where dy 5 := dn s (WZA (']I‘d), 1, Sq (’]I‘d) )
LetG = {y e RISIF: e(y, ISDAFl,lluSH) > c£12(7+P/2)de,5}, where c3 > 0, such that

A\ _ o (rtp/2)k A, en(t) Ar I8l
e(x,Fl,Sq(’]I‘>) ) e({<D X 2 neDs,seS’ISD F AP 35)

Equation (35) can be obtained by Equation (32); therefore,

v(G)

—u ({x c Wi (’]I‘d) NFs: e<{<DAx, ‘i;()\i)>} ,ISDAF1,1,|15|> > c212<'+P/2)de,5}>
n nells,seS
< y({x c wjt (T"l) (Fs: e(x,Fl,Sq(Td)) > dN,(s}) < 4.

Due to dim IgDAF; = dim F; = N and Definition 1, we have

ans (BRI, 0,1°1) < E(RISNG, 15D R, 1))

= sup e (y, IsDAF, l[gSH)
yeRISING

< 20/ kg, (WZA (']I‘d> T ('H‘d ) ) :
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That is, dy s (WZA (Td), 1S (w)) s 2= (r+0/2kg, (Rusn,v, zi,'sl\), .

Theorem 7. Letr > 1/2,1 < g < o0, p >1,6 € (O,%}, N € N, A satisfy the condition

of Theorem 1. Assume that the sequences of numbers {Nj} and {é;;} satisfy the condition
0 < Ni < ||Sikll, Zix Nig < Nand Yy 61 < 6. Then,

As (WA (T9),1,5,(T7) ) < %z*”ﬁ/ 2 Ay <RHSuc R ) . (36)

ey . S . .
Proof. From Definition 1, there would be a linear operator Tj ; of l,|7| gl into itself, such
that Tai’lle,k < Nl,k and

Sikll .
v({y c lly | : Hy - Tl’kyHlHSI,k” > /\Nz,k,ﬁz,k}> <1 (37)
q

S
where /\Nl,k/‘sl,k = /\Nl,k/‘sl,k RHS”{H’U’ l‘|7‘ llk” >

From Equation (27), there is a constant c3 > 0 independent of / and k, such that

—A7-1
HAl’kx —D Il,k Tl,kAl,kaq P

en(t) en(t)
DAx,">} —le{<DAx,
{< \% /\” TZEDS,SESU{ ’ \% An HEDS,SGS”C

Consider the set

(38)

S C327(1’+‘0/2)l

1J|51,k||'

Py = {x c WA (Td) : HAL,{x - D*All;jTlrkAl,kaqs > c32(7+P/2>1ANLk,5,,k}.

From Equations (37) and (38), the definition of y and v,

u(Pre) < p <{x e ws' (Td) : Hll,kDAx - Tl,kll,kDAleHs,’kH > )LNI,k,(ﬁ,k})
q

S
= v({y € l¢|7| vell : Hy* Tl,kyHlHSI’kH > /\Nl,k'5z,k}>
q

< ik

LetP=UPTn=1L DI fkl T} k., where Ty is the direct sum of D’Alfkl T k- Therefore,
1k Lk § !

u(P) = H(U Pl,k) <Y u(Py) < IZk:f%,k <4
X )

Lk

and

rankTy = rank} DAL Ty < Y rankD 21 T < Y Njp < N.
Lk Lk Lk
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Consequently, by Definition 1, we have
AN (WZA (']I‘d>,;4, S; (Td)> < sup [lx — TNxHq/S
xeWg (TH\G

-1
< sup Z HAZ kX — Il,k Tl,kAl,kx
xeWf (T\G Lk

q.5

—A71-1
S Z sup HAl,kx —D Il,k Tl,kAl,ka
Lk xeW (TV)\G i

—(r+p/2)1
< %2 DI N, b

which completes the proof of Theorem 7. [

Theorem 8. Letr > 1/2,1 < g<oco,p>1,6¢€ (0,%}, N € N, A satisfy the condition of
Theorem 1. Then,

_ S
AN,(;(WZA (’]I‘d>, 1S, (Td)) > 2 (rHp/ k) (RHSH,@,ZJ ”). (39)
Proof. From Definition 1, there is a linear operator Ty, such that rankT; < N and
({x e Wi (T N Es: llx = Tux| s > Ans}) <0, (40)

where Ay 5 1= AN (WZA (Td), 1S, (’]Fd) )
Let P = {y e RIS ly - KDALY
, such that

Jlsi = C412(V+p/2)k/\w,5}, where ¢; > 0
q

1% = Tix|lgs
(41)

= C42—(1’+p/2)k

f) _ en(t)
DAy, ol >} — IsTiDAT 1{<DAx, d >}
{< \/E nells,seS S \% An nells,seS

Equation (41) can be obtained by Equation (32). Let

sl
l‘i

en(t) A1 A, en(t)
M, = {<DAx, n >} — IsTyDA1 D%,
: H VAn nels,ses i VA nels,ses

Therefore,

sl
lq

v(P)

_ y({x e wj (Td) NFs: My > c;lz(w/z)k/\N,(s})

< y({x € WZA (’]I‘d) ﬂFS Slx— Tleq,S > dN,(g}) <é.
Due to rankIgDAT; = rankT; = N and Definition 1, we have

/\N,(S(]RHSH,U,Z{QSH) < /\(RHSH\G ITDAL;, leH)

= sup Hy—ISTlD Ig y’
yeRISING

< 2002k (Wi (T9), 0,8, (T7) ).

HSH
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That is, AN,,S(w;‘ (Td>,y, S, (w)) > 2=/ Dk A (Rusn,vllgsn) .

4. Proof of Main Results

Now we prove Theorem 1 by using Theorems 5 and 6 and Lemma 1, and prove
Theorem 2 by using Theorems 7 and 8 and Lemma 2. And then, we prove Theorems 3 and 4
by using results of Theorems 1 and 2. Assume that N  satisfies the condition of Lemma 5
and assume that N € N satisfies the condition N =< 2"u”. Let

ONj /N, d<k<Ll>u
o = .
0, otherwise

Therefore, )0, < 4.
Lk
Proof of Theorem 1. From Theorem 5, Lemma 1, for 1 < q < 2, we have

n (W (1), 1,5 (T7) ) < 270/ Ddy g, (Rnsl,k I,0,1)1% I)
Lk

< Z Z 2*(r+p/2)lHsl,kHl/qfl/z\/Hsl,kH+ln(1/(5l’k)

I>u d<k<l
1/q—1/2(HSlk

< Z Z 2_(r+P/2)lHSl,k

I>ud<k<I

<L L 2 sy T2 (sl (/N VR 41! 2(1/9))
I>ud<k<l

_ Z Z 27(r+p/2)l||sl,k||1/q

I>ud<k<Il

Y Y 2 sy AN AN
I>ud<k<I ’

+ Z Z 2*(r+p/2)lHsl,kHl/qfl/Z In(1/5)
I>ud<k<l
=L+ L+ 15

1/2 + 11‘11/2(1/&,]{))

First, we calculate I;:

L = Z Z 2—(r+p/2)l||sl,kH1/¢7 < 22—(r+p/2)l Z ’Sl,k
I>u d

I>ud<k<l <k<l

1/‘72](/!1‘

Split term for ), |Sllk|1/q2k/ﬁ:

d<k<lI
1/q~k 1/9~k 1/q9~k
Yo (Sl 2=} s 2 Y Sl 2,

d<k<I d<k<l d<k<lI
where Y is carried out over k for |S;x| < I%, and Y is carried out over k for |S; ;| > I”.
Therefore,

Z /’Sl’kyl/qzk/q Slv/q Z 19k/q <<lv/q21/q;
d<k<l d<k<l

and

Z //‘Slk‘l/qzk/q: Z //’Slkyl/qfl|slk|2k/qSlv/qfv Z (s 1)/q  [o/apl/4,

d<k<l d<k<l S (s)<I
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Therefore,
Y |Sie] V2K < 122l (42)
d<k<I
So, we obtain
I = 227(7+p/271/q)llv/q‘ (43)
I>u

Due to 0 < < min{2r +p —2,1/2}, we have

I] — 227(r+p/271/q)llv/q
I>u

— o~ (r+p/2-1/q)uy0/q

>r+p/2—1/q<

< (N’llnvN lnv/qN>.

Secondly, we calculate I:

12 —_ E Z 27(7+p/2)l||Sl,k||1/q71/2N1/2N17k1/2
I>ud<k<I ’

< Z Z 2—(r+p/2)l|slk|1/q*l/22k/qfk/zN1/2|Slk|71/227(u+/3u—2ﬁl+ﬁk)/2
I>ud<k<I ' '
_ _ _ 1/9-1 —_1/2—
— N1/2p-u/2 ﬁu/ZZZ (r+p/2)I+Bl Y ISl 9=1(1/4-1/2—B/2)k
I>u d<k<l

By using the method of the proof of Equation (42), we can obtain

Y ISk

d<k<I

V4=1k(1/q+1/2-B/2)  [o/q-0pl(1/q+1/2-/2)

Therefore,

12 — N1/22—u/2—ﬁu/2 Z 2—(r+p/2)l+ﬁllv/q—vzl(l/q+l/2—ﬁ/2).
I>u

Dueto 0 < B < min{2r +p —2,1/2}, we have
L < N1/29—u/2—=pu/2—(r+p/2)u+putu(1/q+1/2—p/2) o/ q—v
« 2U/2,0/2~(r+p/2=1/Qu—u, /g~
« 2 U/2=0/2—(r+p/2-1/q)u 0/q

r+p/2-1/q (

< (N’llnvN) In?/ ﬂN).

Finally, we calculate Is:

L=Y Y 270/l V172, fin(1/6)

I>ud<k<I

< \/In(1/8) Yo 27002 Y (5,471 2k k2,

I>u d<k<I

By using the method of the proof of Equation (42), we can obtain

Z |Sllk|1/q*1/22k/q—k/2 < [v/9-v/291(1/9-1/2)
d<k<lI
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Therefore,

13 < /11'1(1/5) Z 2—(r+p/2—1/q)l—l/210/q—v/2

I>u
< 2~ rbp/2=1/ qpu—u/2y0/9=0/2, [1n(1/5)

< (N’Hn”N) HP/Z_W(

ln”/”’N> 1/N1n(1/6).
Summarily, if 1 < g <2,
dy 5 (w{* (’]I‘d),y, S, (’]Td)> <L+L+1

< (NfllnvN)V-‘rP/Z—l/q <lnv/qN) \/1 4 1/N1n(1/(5).

If 2 < g < oo, from Theorem 5, Lemma 1, and the definition of Nj;, we have

b (9 (1), (1)) < F 6 5, (150, 0
Lk

< Z Z 2_(r+p/2)lHSl,kHl/qu;gln\/Hsl,kH+1n(1/5l,k)

I>u d<k<l

<Y X 2 Al ISR (sl + 02 (17,0 )
I>ud<k<l

I>u d<k<l

SRR VRS
I>ud<k<I ’

+ Y, Y a2l | VINY2N]
I>ud<k<l ’ ’

_|_IZd§<12*(r+p/2)lHsllkHl/qu;(l/Z In(1/6)
>Suad<k<

= Ill + 12/ + 13/.

First, we calculate I;":

W= F T 2 e N

I>u d<k<lI
<Y Y 27(r+p/2)l|slk|1/q+l/22k(1/q+l/2)|Slk|71/227(u+/3u72/31+ﬁk)/2
I>u d<k<l ’ '
o _ 1/ N
/22 Y g (e LB Y | |19k +1/2-6/2),
I>u d<k<lI

By using the method of the proof of Equation (42), we can obtain
Z ‘ Sik ‘ 1/'12k(1/¢7+1/2—ﬁ/2) < 19/991(1/9+1/2-p/2)
A<k<l
Therefore,

11/ — p—u/2—=pu/2 Z o= (r+p/2)l+plv/q51(1/9+1/2-p/2)

I>u
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Due to 0 < f < min{2r + p —2,1/2}, we obtain
11/ < o—u/2=pu/2o—(r+p/2)utpu 0/ qou(1/9+1/2-p/2)
— p—(r+p/2=1/q)u v/q

)r+p/27l/q(

< (NfllnvN lnv/qN>.

Secondly, we calculate I':

L' = E Z 2*(r+p/2)lHsl,kH1/7N1/2Nl}1

I>ud<k<I
< N1/2 2 Z 27(r+p/2)l‘sl’k‘1/q2k/q|Sl,k’712—(u+/3u72ﬁl+‘8k)
I>ud<k<I
_ p—u—pup1/2 Z o—(r+p/2)I+2pl Z |Slk|l/q712k(1/qfﬁ).

I>u d<k<l

By using the method of the proof of Equation (42), we can obtain
Y [5yu]!1712008) ¢ ol 0/
d<k<l
Therefore,
12/ — p—u—pupy1/2 Z 2—(r+p/2)l+2ﬁllv/q—vzl(l/q—ﬁ)‘
I>u
Due to 0 < B < min{2r + p —2,1/2}, we obtain
12/ < 2—u—,3u2—(r+p/2)u+2/3uuv/q—v2u(1/q—/3)N1/2

< 2—(r+p/2—1/q)u—uuv/q—vzu/2uv/2

_ (Nflln”N) r+p/2-1/q <lnv/qN)2*”/2u*U/2

)r+p/271/q (

< (N*llnvN 1n”/”7N) N-1/2

)r+p/271/q (

< (N_llnvN lnv/qN).

Finally, we calculate I5':

B =Y Y 2705 | YING 2 fIn(1/6)

IS d<k<l
IS d<k<l

— 2 W/2-Bu/2, fin(1/6) Y 2 e/ DB Y g |MAT 20k g-p/2),
\/71>u a<k<l

By using the method of the proof of Equation (42), we can obtain

Z |Sl,k|l/!1*1/22k(l/q*/5/2) < [9/9-0/291(1/9-B/2),
d<k<l

Therefore,

13/ — 2711/27[31{/2 /11’1(1/(5) Z 27(r+p/2)l+ﬁllv/q7v/221(1/q*l3/2)_

I>u
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Due to 0 < f < min{2r + p —2,1/2}, we obtain
Iy « 2~ 4/2=Bu/2g~(r+p/2u+pugo/q—v/2pu(1/q-p/2) /ln(l/é)
< 2= (r+p/2=1/q)u—u/2,0/q~ v/zm
_ (N‘lln”N) r+0/2-1/q (lnv/qN>2—u/2u—v/2 /ln(l/é)
< (N_llnvN)Hp/zfl/q( v/qN) /1/N1n (1/4).

Summarily, if 2 < g < oo,

dN,é(w;‘ (Td),y, S, (Td)) <L +L +15
)r+p/271/q(

< (NN In”/IN)/1+1/N1n(1/9).

Thatis,if 1 < g < o0

Ay s (WZA (Td)/ 1S, (Td)) < (NfllnvN) r+p/2-1/4 (1nv/q N) \/1 +1/NIn(1/6).

Now we begin to prove the lower bound of Theorem 1. If 1 < g < oo, from Theorem 6
and Lemma 1, we have

dn s (Wﬁ“ (Td),y,sq (']I‘d>) > 2o/ 2k, (R”S“,U,Z,QS“)

> 27 /2K | VIT2 S|+ In(1/6)

> 27 ORISR (512 fin(1/2))

S 2—(r+p/2)k|5|1/q2k/‘7 n 2—(r+p/2)k|S|1/‘I*1/22k/‘7_k/2 In(1/96)
> 0~ (r+0/2)k|g /19K /g (1 +|s| 7122k ln(l/é))
s p—(rp/2-1/q)ko/q (1 4 kv/2pk/2 ln(l/é))

)r+p/27l/q(

> (NN In"/IN)/1/N1n(1/3).

That is,

s (WE (1), 1,8,(T9)) = (N’lln”N)Hp/z_l/q (1n/7N) V1+1/NIn(1/6),1< q < oo,

which completes the proof of Theorem 1. [
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Proof of Theorem 2. First, we prove the upper bound of Theorem 2. From Lemma 2, if
1<g<2,Ans (Rm, v, l[,”) and dy 5 (Rm, v, l,;”) have the same sharp bounds. So, we only
need to prove the upper bound if 2 < g < co. From Theorem 7 and Lemma 2, we obtain

Mo (WE(T), 1,55 (1)) < 20402y, s, (Rnsakn o,1] Sz,k||>
1k

<Y Y 2—<V+P/2>l<usl,ky|“q+ 1n(1/5,,k)>

I>ud<k<I

I>u d<k<I

< Z Z 2_(r+p/2)l”51,kH1/q
I>u d<k<I

LT 2N
I>u d<k<l '

+ Y Y 272 fin(1/5)
I>u d<k<I

="+ L+ 1.
It is obvious to see that I;”" = I;. Therefore,

>r+p/27l/q (

L’ < (N—llnvN 1n”/‘7N).

Now, we calculate I,":

L' < Z E 27(r+p/2)l(N/Nl,k)1/2

I>ud<k<I
< N1/2 227(1’+p/2)l 2 |Slk|71/227(u+/3u72/51+[3k)/2
I>u i<k<l
< N1/2p-u/2-pu/2 227(7+p/2)l+ﬁl Z |Sl,k|fl/227ﬁk/2.

I>u d<k<l

By using the method of the proof of Equation (42), we can obtain

Y. ISk

d<k<I

~1/29—pk/2 o |=0/29=Pl/2,

Therefore,

12// < N1/227u/27/3u/2 Z27(1’4‘(7/2)14’[31170/227,3]/2
I>u
< N1/227u/27/5u/227(r+p/2)u+‘8uufv/227‘8u/2

< 2u/2uv/227u/227(r+p/2)uufv/2
— o~ (r+p/2-1/q)up—u/q,,—v/q,0/q

)7+p/271/q(

< (N—llnvN 1n”/qN) N-1/a,
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Next, we calculate I3":

L' = Z Z 2—(rt+p/2)l In(1/6)

I>ud<k<I

< 27 (r+e/2u, [In(1/5)

< (NfllnvN) r+p/2-1/q (mv/qN) N-1/4 /ln(l/é).

Summarily, if 1 < g < oo,
AN (w;‘ (Td), 1S, (’I[“”)) <L"+L"+1"

< (NfllnvN> r+p/2-1/q (lnv/qN) (1 + N-V/a ln(l/&)) .

Finally, we prove the lower bound of Theorem 2. From Lemma 2, we only need to
prove the lower bound of Theorem 2 if 2 < g < co. From Theorem 8 and Lemma 2, we have

AN (WzA (Td), 1 Sg (Td) ) > 2—(’+P/2)k)\N,§ (RHSH, 0, lgSH)

> 2<r+p/z>k(|s||“q + ln(1/5)>

o= (r+p/2)k| g1/ a9k/q 4 o=(r+p/2)k /1n(1
> K + (1/6)

> 2~ (r+p/2=1/q)ko/q (1 + 27K ag=v/q 1n(1/5))

> (N"1n°N) el (n*/7N) (1 + N ln(1/5)>.
That is, if we note Ay 5 := An s (WZA (Td), 1, Sq (T"l) ) , then

A = (N71n"N) e /2_w(

lnz’/”N> 1—0—11]1n<(15>, 1<g<2;

+o/2-1/ 1
Ang = (N‘lln”N)r b q(lnv/w) (1 F N ln<1>>, 2< g < oo,
’ o
which completes the proof of Theorem 2. [

Proof of Theorem 3. We consider the decreasing sequence of sets {G, «}}._,, such that

#(G,y—x) < 27K for each k and G; = Wj! (’]I‘d). Then, W3! ('}I‘d> = U (G,x\Gy+1). From
k=0

Theorem 1, there would be a subspace Fy, such that dim Fyy < N and

()16 () < s () 5 ()
)r+p/271/q (

< (N_llnvN

< (N_llnvN)rer/Z—l/q (ln”/qN)\/m.

"IN ) /1 +1/NIn(2+1)

Therefore, from Definition 2 :
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(40 (02 () 5(1)),)" = g (o)

[00)

< k;) /G e e(x, F, Sy (1))

[e9)

B ) s () a

< i ((N_llnvN)r+p/2l/q (lnv/qN) M) pﬂ(Gz—k)
k=0
< (N—lanN> (r+0/2-1/9)p (lnvp/qN) i (\/m)zﬂz_k

k=0

(r+p/2-1/9)p (

< (N’llnvN> I/ qN).

Due to the astringency of Y. vk + 227, we have
k=0

Y (w;\ (w)/ 1, Sq(Td>>p < (N,llnvN>r+p/z—1/q(lnv/qN>, 1<q< o

Next, we prove the lower bound of Theorem 3. We consider the set

G = {x W (1) e, 5 (1)) > gewasa (W (1), 55 (1)) |

Then, 31(G) > 1. If not, we have
()0 (), = sl () < s ()50,

So, we obtain contradictions. Therefore,

/W;(Td)e(x,FN,Sq(’I[‘d»pdy > /Ge(x,FN,Sq (']pi))pdy

> [ (Ganan(Wh (7)., (1)) )

(r+p/2—1/q)p(

> 2*P(N*11n”N) ln””/qN>(1 +1/Nn2)"’2.

That s, dy (W4 (T9), 1,5, (’er))p > (NTIn?N) 2T (071N, 1 < g < oo,

Finally, we obtain
d1(\7) (W{‘ (']I‘d)"u, Sy (’]I‘d))p -~ (NfllnvN) r+0/2-1/q (lnv/qN), 1<q< .

O
Proof of Theorem 4. We consider the decreasing sequence of sets {G, «},-,, such that

#(Gy—«) < 27 for each k and G; = W3 (Td>. Then, Wj! (Td) = fj (G4 \Gytk1).
k=0

From Theorem 2, there would be a linear operator Ty from Sq (’]I‘d ) into itself, such that
rankTy < N and
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(9 ()1Go0 T (%)) s (W2 ()53 (1))
{ (N—llnvN)7+P/2—1/t7 (lnv/qN) \/1 + l/Nln(ZkH),l <gqg<2;
<

(N1n"N) r+p/2_1/q(1nv/ IN) (14 NVIVEFT),2< g < .

Therefore, from Definition 2,

(/\Z(\?) (W4 (1), 5, (Td)),,)p < ./&mo It — T s
< é /G 6 /\(w;‘ (qrd)\cz,k,l, T, Sq (Td))p du
<<§AN,2“ (Wi (1), T, 8 (Td))py(cz,k)

{(Nllnv )(r+p/2 1/q)p ( ”/qN)< ) k1< q<2;
<

(N‘lln”N)( +p/2-1/q9)p ( vp/qN)( ) 27k o< g < co.

Due to the astringency of OXO‘, 27k (\/ k + 2) and Z 27k (1 +Vvk+ 1) p, we have
k=0 k=0

A9 (0 ()5 (7)), = (5 ™ ). 1 g <o

Next, we prove the lower bound of Theorem 4. We consider the set

G = {x Wi (1) : = Twrllys > gawaza (W5 (1), 105, (1)) }.

Then, #(G) > 1. If not, we have

(W ()i (M), = e e Tl = 34 ()5 (),

So, we obtain contradictions. Therefore,
I = Tl sdn > | flx = Tl
A (md A\
>>/<;(1/2AN'1/2(W2 (1), 1,55 (1)) ) "t
+0/2—1/
27 (N1n°N) e q)p(lnvp/qN) (1+1/NIn2)P/21<g<2
>

277 (N“IIn"N) (Hp/z_l/”)p(lnvr’/ W) (14N V1vVin2) 2 < g < .

./I;\/z"‘(’]l'd )

That is, Ag\‘;) (Wﬁq (Td),]/l, Sq (Td>)p > (N—llnvN>r+P/2—1/fi (lnv/qN), 1< g < oo.

Finally, we obtain

)éf,’) (W{‘ (']I‘d),‘u, S, (Td))p - (N_llnvN>r+p/z—1/q (lnv/qN), 1<q< oo
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In summary, the proof of main results are completed.

5. Summary

In this article, we have obtained the sharp bounds of Kolmogorov and linear N-widths
in the probabilistic and average setting of the Sobolev space Wj' (']I‘d) in the S;-norm.
In the process of calculating, we use discretization. Discretization means that we can
transform function space into finite-dimensional space. It can reduce the calculation of
the probabilistic (N, §)-widths. The sharp bounds of the p-average N-widths should be
obtained by the sharp bounds of the probabilistic (N, §)-widths. These results can be used
to the research of algorithms and computational complexity. And these results may play
important roles of the research of approximation theory of Sobolev spaces.

On the other hand, other related theories have not yet been studied. For example, we
can study the sharp bounds of probabilistic Gel'fand (N, §)-widths and p-average Gel'fand

N-widths of W{‘ (Td) in the S;-norm and Ls-norm. The above issues can be studied later.

Author Contributions: Resources, H.L.; Writing—original draft, Y.L.; Writing—review and editing, X.L.
All authors have read and agreed to the published version of the manuscript.

Funding: Capacity building for scientific and technological innovation services — basic scientific
research business fees: 110052971921/102.

Data Availability Statement: Not applicable.

Conflicts of Interest: The authors declare no conflict of interest.

References

1.  Temlyakov, V.N. Approximation of functions with bounded mixed derivative. Trudy Mat. Inst. Steklov. 1986, 178, 112.

2. Maiorov, V.E. Linear widths of function spaces equipped with the Gaussian measure. J. Approx. Theory 1994, 77, 74-88. [CrossRef]

3. Maiorov, V.E. Kolmogorov’s (1, §)-widths of the spacces of the smooth functions. Russ. Acad. Sci. Sb. Math. 1994, 79, 265-279.

4. Maiorov, V.E.; Wasilkowski, G.W. Probabilistic and average linear widths in Leo-norm with respect to r-fold Wiener measure.
J. Approx. Theory 1996, 84, 31-40. [CrossRef]

5. Fang, G.; Ye, P. Probabilistic and average linear widths of Sobolev spaces with Gaussian measure. J. Complex. 2003, 19, 73-84.

6. Fang, G.; Ye, P. Probabilistic and average linear widths of Sobolev spaces with Gaussian measure in Lo-norm. Constr. Approx.
2004, 20, 159-172.

7. Chen, G.; Fang, G. Probabilistic and average widths of multivariate Sobolev spaces with mixed derivative equipped with Gaussian
measure. J. Complex. 2004, 6, 858-875.

8.  Chen, G.; Fang, G. Linear widths of multivariate function spaces equipped with Gaussian measure. J. Approx. Theory 2005, 132, 77-96.

9. Tan, X,; Wang, Y;; Sun, L,; Shao, X.; Chen, G. Gel’'fand-N-width in probabilistic setting. ]. Inequalities Appl. 2020, 143, 1-14. [CrossRef]

10. Liu, Y; Li, H,; Li, X. Gel’fand widths of Sobolev classes of functions in the average setting. Ann. Funct. Anal. 2023, 142, 14-31.

11.  Dai, F; Wang, H. Linear n-widths of diagonal matrices in the average and probabilistic settings. J. Funct. Anal. 2012, 262, 4103—4119.
[CrossRef]

12. Wang, H. Probabilistic and average linear widths of Sobolev spaces on compact two-point homogeneous spaces equipped with a
Gaussian measure. Constr. Approx. 2014, 39, 485-516. [CrossRef]

13.  Wang, H. Probabilistic and average linear widths of weighted Sobolev spaces on the ball equipped with a Gaussian measure.
J. Approx. Theory 2019, 241, 11-32. [CrossRef]

14.  Pinkus, A. n-Widths in Approximation Theory; Springer: Berlin, Germany, 1985.

15.  Sun, Y. Average error bounds of best approximation in a Banach space with Gaussian measure. East . Approx. 1995, 11, 74-104.

16. Guo, H.H. Gaussian measure in Banach space. In Lecture Notes in Mathematics; Springer: Berlin, Germany, 1975; Volume 463.

17.  Bogachev, V.I. Gaussian measure. In Mathematics Surveys and Monographs; American Mathematical Society: Providence, RI, USA,
1998; Volume 62.

18. Galeev, E.M. Kolmogorov widths of classes of periodic functions of many variables V~V;;‘ and Ifl;’,‘ in the space L. Izo. Akad. Nauk.
SSSR Seriya Mat. 1985, 49, 916-934.

19. Romanyuk, A.S. On estimate of the Kolmogorov widths of the classes B;/q in the space L;. Ukr. Math. ]. 2001, 53, 1189-1196.

[CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://doi.org/10.1006/jath.1994.1035
http://dx.doi.org/10.1006/jath.1996.0003
http://dx.doi.org/10.1186/s13660-020-02409-6
http://dx.doi.org/10.1016/j.jfa.2012.02.010
http://dx.doi.org/10.1007/s00365-014-9231-9
http://dx.doi.org/10.1016/j.jat.2018.12.006
http://dx.doi.org/10.1023/A:1013389518117

	Introduction
	Main Results
	Discretization
	Proof of Main Results
	Summary
	References

