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1. Introduction

Signify A to be the class of all functions of the normalized form
fz)=z+) anz", (1)
n=2

normalized by the conditions f(0) = f'(0) — 1 = 0, that are analyticin D = {z : |z| < 1}.
Furthermore, Let us symbolize by S, the subclass of A, where the functions in S are analytic
as well as univalent in D. Let f be a function analytic and locally univalent in a given
simply connected domain. Then, we call f as a function with bounded boundary rotation if
its range has bounded boundary rotation. It is to be recalled at this moment that bounded
boundary rotation is defined as the total variation of the direction angle of the tangent to
the boundary curve underneath the complete circuit. Let f(z) map D onto a domain G.
If G is a Schlicht domain with a continuously differentiable boundary curve and 7ty (t)
denotes the angle of the tangent vector at the point f(e*) to the boundary curve with
respect to the positive real axis, then the boundary rotation of G is equal to 7 fom |du(t)]. If
G does not have a sufficiently smooth boundary curve, the boundary rotation is defined by
a limiting process.
Letk > 2and 0 < v < 1 and Py(v) be defined as

Pr(v) = {p: p analytic and normalized with p(0) =1}

de < k.

. 21
and such that for z = re' € D, it satisfies [ ‘%
0

The class Py (v) was investigated by Padmanabhan and Parvatham [1]; see the work
in [2] for recent work on bounded boundary rotation. For v = 0, P(v) = Py, studied
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in detail by Pinchuk [3], which will consist of functions p(z) that are analytic with the
normalization p(0) = 1. Therefore, a function p € Py will possess an integral form as

/ 1 — zett
1+ze”

Here p is a real-valued function with a bounded variation and satisfies

2

T
/ﬁmﬂzzmd/mmmghkzz
0 0

It is to be noted at this occurrence that P; is the class of analytic functions with a
positive real part in D, prominently known as the Carathéodory function class, and is
denoted by P.

For the prominent class Py, the lemma, which was established earlier in [3], is stated
now in the following lemma.

Lemma 1. Let p € Py. Then, there exist functions py € P and py € P such that

p@) = (5+3)nE@ - (53

Two of the subclasses of S are the starlike functions of order v denoted by S*(v) and
convex functions of order v, 0 < v < 1 denoted by C(v). Analytic characterizations of the
classes §*(v) and C(v) are given as below:

S*(v)={f€8:§)‘ﬁ<z}[;;)> >v,0§v<1}

and

zf "(Z)) }
Cv:{ GS:§R<1+ >v,0<v<1s.
W=y 7
We also observe that f € C(v) & zf'(z) € §*(v). We also have S*(v) C §*(0) = S¥,
C(v) CC(0) =Cand C(v) C S*(v) for 0 < v < 1. The classes $*(v) and C(v) were
introduced and investigated by Robertson [4] and then were analyzed in [5-7] and also
in [8].
Let Uy (v) and Vi (v) represent the class of analytic functions f(z) in D with f(0) =0,
£/(0) = 1, satisfying

zf'(z "(z

}((i)) € Pr(v) and 1+ J{/((>) €Pr(v),0<v <1,
respectively. The class Uy (v) extends the class S*(v) of class of starlike functions of order
v, introduced and studied by Robertson [4]. For v = 0, the class Uy (v) reduces to the
U (0) = Uy, the family of all functions of bounded radius rotation. Similarly, for v = 0,
Vi(v) reduces to the class Vi (0) = V, the family of all analytic functions of bounded
boundary rotation investigated in detail by Paatero [9]. If A, (k) = max|a,|, n > 2, itis
known (see, for details, Leach [10] and Thomas [11]) that for k > 2,

k k2 +2 K+ 8k

As(k) = 5 As(k) = e a(k) = o

It is obvious that every univalent function f belonging to the class S has an inverse
f~1, given by
(fof)z)=z(zeD)
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and
1

(fOfNw) =w (jw] <ro(h) ; ro(f) > 7).

One may look into [12] for details. It is pointed out at this moment that for an

univalent function f belonging to the class S and of the form (1), the inverse f~! may have
an analytic continuation to D, where

FH(w) = g(w) = w— ayw?® + (243 — a3)w® — (5a3 — 5a2a3 + ag)w* + - - - . )

Let A, denote the family of functions of the form (1) defined on D, for which the
function f € A and its inverse f~! = ¢ with Taylor series expansion as in (2), are univalent
in D. An univalent function f € § is known as bi-univalent in D if there exists another
univalent function ¢ € S where ¢(z) has an univalent extension of f ! to D. Let ¢ be the
class consisting of all bi-univalent functions in D. If

1+z

fi=1 : (z) = ilog(l—z) and f3(z) = —log(1 —z),

then it is to be noted that the functions f1(z), f2(z) and f3(z) are in the class ¢, and it is

z
also a bit of surprise to make a note that the familiar Koebe function =22 is not in
-z

the family of bi-univalent functions. Lewin [13] was the first one who investigated the
family of bi-univalent functions o and obtained a non-sharp bound |a;| < 1.51. Moreover,
Brannan and Clunie [14] and Brannan and Taha [15] focused on certain subclasses of
the bi-univalent function class ¢ and obtained the bounds for their initial coefficients.
The analysis of bi-univalent functions gained attention as fine as push, primarily because
of the exploration by Srivastava et al. [16]. Brannan and Taha [15] defined the classes S; (v)
and Cy(v) of bi-starlike functions of order v and bi-convex functions of order v. The bounds
on |a| (n = 2,3) for the classes S;(v) and Cy(v) (for details, see [15]) were established,
and were also identified as non-sharp ones.

Let > 0and 0 < v < 1. A function f € A represented in (1) is known as in the family
of Bazilevi¢ functions of order v and type  denoted by B(p, v) if there exist a function

¢(z) € S* such that
%<W> >v, z€D.
PP (2)

When ¢(z) = z, we will denote the class B(B, v) as the subclass Bl(,B v).
choices of the parameters, we have B(0,0) = 531(0,0) = S*, B(0,v) = B1(0,v) = S*(v),
and that B (1, v) is the subclass of A consisting of functions for which R(f’(z)) > v. This
is familiarly called as the class of functions where derivatives of the functions have positive
real parts of order v. When v = 0, the class 5(, 0) was studied by Singh [17] and also by
Obradovic [18,19]. One may also look up a recent work of Aouf et al. [20] for results on the
bi-Bazilevi¢ functions.

A function f € S in the open unit disk D is known as exponentially convex if e/(?)
maps D onto a convex domain ([21], Theorem 1). Let « be a nonzero complex number.
Then a function f € § is known as x-exponentially convex if the following condition is
satisfied:

For various

1!
f is a-exponentially convex < 3%(1 + ZJJZ,(S) +azf’ (z)) >0 zeD.

The family of all a-exponentially convex functions are denoted by & («).
Let0 < v < 1. A function f € A of the form (1) with a nonzero derivative on on D is
said to be in the class of the close-to-convex function of order v if there exists a function

¢ € §* such that /
")
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The family of all close-to-convex functions of order v are denoted by K(v). Further
details on K(v) or K function class may be found in the interesting works done in [22,23]
(see [24] also).

Let 0 < v < 1. A function f € A of the form (1) with non zero derivative on D is said
to be in the family of the quasi-convex function of order v if there exists a function y € C

such that (2 (2))
() >

The family of all quasi-convex functions of order v are denoted by Q*(v). Note that
every quasi-convex function is close-to-convex. A function is

feQ(v) & zf e K(v).
For details on quasi-convex functions, one may see the work of [25].

2. Preliminaries and Lemmas

For
P(z) =2+ Q7 + &2 + @zt + -, 3)

one may obtain
p(w) = w — gow® + (285 — g3)w’ — (583 — 5gags +g)w' + -+, @)
where ¢~ (w) = ¢(w). Also, for
x(z) =z4 2% + 3 eyt 4, (5)
one may obtain
E(w) = w — cow? + (2¢3 — c3)w® — (565 — 5eacs + cq)wt 4 -+, (6)

where x 1 (w) = &(w).

In order to prove our main theorems, we need few lemmas and stated now.

Lemma 2 ([2,26]). Let Q(z) = 1+ Oz + Mz? + W28 + -+ = 14+ Y2 Oyz", z € D be
such that Q(z) € Pi(v). Then,
O] <k(1—v),VneN={1,23---}. (7)
Lemma 3 ([12], Theorem 2.14, p. 44). Ifh(z) = z+ hpz? + - -+ =z + Yoo » hnz", z € D where
h € 8*, then
|hy) <n,¥Vn>2. 8)
Strict inequality holds for all n unless f is a rotation of the Koebe function a _Zz)z'
Lemma 4 ([27]). h(z) =z +hoz? + -+ =z + Y0, hyz", z € D where h € S*, then for 6§ € R,
1
3—46 fordo < 5
s — o3| < <4 fri<o<, ©)

46 —3 ford > 1.
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Lemma 5 ([15], Corollary, p. 45). Ifs(z) = z+ 82>+ -+ = 2+ Y00, 5p2", z € D, where s(z)
is a convex function, then
Isn] <1,V n>2

Strict inequality holds for all n unless f is a rotation of the function | defined by 1(z) = 1 i >
Lemma 6 ([28]). Ifs(z) = z+ 822+ -+ =z + Y00 , 542", z € D is a bi-convex function, then
foré € R,

2
1-06 o< =
foré < 3
1 2 4
— 05| < = S<o< 10
‘53 sz‘_ 3 for3_5_3, (10)
4
-1 =.
) foré > 3
Lemma 7 ([29]). If s(z) = z+ Y0 suz", z € D, where s(z) is a convex function, then for
JeR,
1-6 foré < 2
3/
‘53—(555‘ <<1 forggégé, (11)
3 3
6—1 foré> %

In the present exploration, we introduced novel subclasses, namely the class of
bi-Bazilevi¢ functions, bi-quasi-convex functions and a-exponentially bi-convex functions
associated with bounded boundary rotation. For the new subclasses of functions that are
being introduced, the authors obtain the first two initial coefficient bounds. Additionally,
for the newly defined subclasses of bi-univalent functions, the famous Fekete-Szego
coefficient bounds are also found.

3. Coefficient Bounds for Bg(k, v)

In this section, we introduce a new class of bi-Bazilevi¢ functions with bounded
boundary rotation of order v and type B of bi-univalent functions.

Definition 1. Let 0 <v < 1,k € [2,4] and B > 0. Additionally, let f € o given by (1) be such
that f'(z) # 0 on D. Then, f is known as a bi-Bazilevi¢ function with bounded boundary rotation
of order v if there exist two functions ¢ € S* and p € S* such that the following conditions hold
good:

! B—1
SO )

9F(z)

and . 51
w0 w)

pP(w)
with ¢ being the analytic continuation of f 1 to the open unit disk D. The family of all bi-Bazilevic
functions with bounded boundary rotation of order v and type B is denoted by Bg(k, v).

Remark 1.

(i)  When =1, we have Bg(k, v) = BL(k,v) = Kq(k,v), the family consisting of bi-close-to-convex
functions with bounded boundary rotation of order v.

(i)) When B =1and v = 0, one may obtain Bg(k,v) = BL(k,0) = K, (k), the family consisting
of bi-close-to-convex functions with bounded boundary rotation.
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las — (5a%| <

(iii) When k = 2, we have Bg(k, V) = Bg (2,v) = B{f(u), the family consisting of bi-Bazilevi¢
functions of order v and type B.
(iv) Ifk = 2 and v = 0, we have Bg(k,v) = 85(2,0) = By (B), the family consisting of

bi-Bazilevi¢ functions of type B.

(v) By selecting the value of k = 2 and p = 1, we have Bg(k,v) = BL(2,v) = Ky (v), the family

of bi-close-to-convex functions of order v.

Now, we attain the first two initial coefficient estimates and |az — 5a3| for the new class

B (k,v).

Theorem 1. Let 0 <v < 1,k € [2,4] and B > 0. If the function f € o given by (1) belong to the
class Bg(k, v), then

laz| < \/

2k(1—v)(2B+1) +4B(1+B)

(1+p)(2+B)
3B(1+B)+2k(1—v)(26+1)

7

lag| <

Further, if § € R, then

B(1+ B)(3 — 46) + 4Bk(1 — v)(1 — &) + 2k(1 — v)(1 — 6)

(1+p)(2+5B)

B(1+pB)(3—46)+4Bk(1 —v)(1—-8)+ (1 +B)k(1—v)

(1+p)(2+5)

B(1+B)+4Bk(1 —v)(1—=6) + (1 + B)k(1 —v)

(1+p)(2+p)

B(1+B)(40 —3) +4pk(1 —v)(6 —1)+ (1 + B)k(1 —v)

(1+p)(2+5)

B(1+4 B) (46 —3) +4pk(1 —v)(5 — 1) + 2k(1 —v) (5 — 1)

(1+p)(2+5)

(1+p)(2+5)

1-p
for(5<T,

1_
for 2ﬁ§5<

7

N =

1
for§§(5<l,

forl§(5<¥,

P+3

>
foré > >

(12)

(13)

(14)

Proof. Let g, ¢ and ¢ be represented, respectively, in the form (2)—(4). As the function

fe Bg(k,v), there exist functions p € Py(v) and g € Px(v) that are analytic with

and

satisfying

and

p(z) =14 Y ppuz" =1+ piz+paz® +p3z° -

n=1

9(z) =14+ quz + gz + - --

wg' (w)gP ! (w)

From (15) and (16), we attain

(2+ B)as = Bg3 + Pgaaz + p2 + fgap1 + a2p1 —

2f'(2) fP1(z)

(14 B)az = g2 + p1,

= 4(w).

B(B+3)

a%-i—

BB-1)

2 2

—(1+B)az=—Bg2+q

(15)

(16)

(17)
(18)

(19)
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and
8+p—p* +3
—(2+B)as = —pg3 + Bgaa2 + 42 — fgaq1 — A2 — ’82 i a5+ W'z )g%- (20)
Then, from (17) and (19), we obtain p; = —g1. Adding (18), (20), and by using relation
p1 = —41, we obtain
2 1 2
2= 2o+ BULPIG tpata 1)

(1+p)(2+5)

Now, by triangle inequality and by using Lemmas 2 and 3 in (21), we obtain

2k(1—v)(2B+1) +4B(1+B)

1% < 22
N (N [CRa .
Upon simplification of Equation (22) gives (12). Again from (18), (20) and by using
relation p; = —g; and (21), we obtain
43 = 2P+ P)33 +4Bgop1 + pa(f +3) + 2(1 — ) 23)
21+ p)(2+p)

Now, by triangle inequality and by using Lemma 2 and Lemma 3 in (23), which
gives (13), for any 6 € R and by Equations (21) and (23), we have

2(1+ B)[83 — 0g3] + 4Pgap[1 — 0] + palB +3 = 20] +ga[1 — f— 2]

a3 — a3 = (24)
’ 2(1+p)(2+p)
Now, by triangle inequality and by using Lemma 2 and Lemma 3 in (24), we obtain
26(1 — 683 k(1 —v)|1— 6]+ k(1 — —26|+[1—p—26
i — g < 280+ B)lgs — 0531+ 8Bk~ V)1 —0] (L )[1B-+3 28] + 1 =~ 20]) -

21+p)2+p)

By applying Lemma 4 in (25), we obtain (14). The proof of Theorem 1 is now
completed. O

By selecting the value of B as f = 1, Theorem 1 reduces to the next coefficient bounds
for the class Ky (k,v), and is given now below as a corollary.

Corollary 1. Let 0 <v < land k € [2,4]. If f € o given by (1) be in the class Ky (k,v), then

4+3k(1—v)
< - N @7
laa| < 3 ,

laz] <14+k(1—v).
Further, if § € R, then
[(83—46)+3k(1—v)(1—-96)] fors <O,
[(B—40) +k(1—v)(3—26)] for0<s< %
‘013 —5a§’ <

[1+ k(1 —v)(3 = 2)] for%§5<1,

(40 —3)+k(1—v)(26 —1)] for1<s<2,

Wik Wk Wk W~k W=

[(40 —3)+3k(1—v)(6—1)] ford >2.
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Remark 2. Corollary 1 verifies the coefficient bounds of |az|, |as| and |az — pa3|, attained by
Prathviraj et al. [30].

By making a selection for k as k = 2, Theorem 1 reduces to the following coefficient
estimates for the class Bg (v), and is given now below as a corollary.

Corollary 2. Let 0 < v < 1land B > 0. If the function f € o given by (1) be in the class Bg(v),
then

1+B)(2+8) ’

|aa| < \/4(1 - V>((2ﬁ +1) +4p(1+ )
3p(1+p) +4(1-v)(2p+1)

sl < A pETp)
Further, if § € R, then
B(1+ B)(3—48) +8B(1 — v)(1—6) +4(1 —v)(1 — 4) fors< LB
(1+B)(2+pB) 27
B(1+B)(3— 46) +8B(1 —v)(1—8) +2(1+B)(1—v) 1-8 1
1P +P) frym =0y
B(1+B)+88(1—v)(1—6)+2(1+p)(1—v) 1
A+ pC+p) Jorg=est
B(1+ B) (46 —3) +8B(1— 1) (6 —1) +2(1+ B)(1 —v) B+3
1+p)(2+p) forl<d<=—,
B(1+B)(40—3) +8B(1—1)(6 —1) +4(1—v)(6 — 1) B+3
(1+B)2+B) fOMZT'

Let us make an assumption for ¢(z) as ¢(z) = z. For this choice of ¢, let us denote

the class Bg(k, v) by Bt [k, v]. In fact, the class Bt [k, v] will be consisting of functions of the
form (1) with f € o, and satisfying the conditions

(R;fﬁﬂnemm

and

(;ﬂfﬁﬂ@emw,

(w

with ¢ being the analytic continuation of f~! to the open unit disk D. For attaining

the bounds for the class Bg [k, v], the computation that may be akin to Theorem 1 has
to be worked again. However, it is affirmed at this instant as a theorem without the
details concerned.

Theorem 2. Let 0 <v < 1,k € [2,4] and B > 0. A function f € o given by (1) be in the class
Bt [k, v], then

2k(1—v)
==\ T e =
2k(1 —v)
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Further, if 6 € R, then
W foré < %ﬁ,
a3 — 623 < kg;;) rifas 32 (28)
B 220

Remark 3.

(i) By making a choice for B as p = 1 in Theorem 2, we have the class Bt [k, v] = Ny(k,v),
consisting of all functions f € o of the form (1) and satisfying the conditions

f'(2) € Pe(v)

and

§'(w) € Pr(v).

(i) By making a choice of B as p = 1 and k = 2 in Theorem 2, we have the class Bt k,v] = Hs(v),
consisting of all functions f € o of the form (1) and satisfying the conditions

R(f'(z)) >v

and

R(g' (w)) > v.

By making a selection for B as § = 1, Theorem 2 reduces to the following coefficient
estimates for the class Ng(k, v), and is given now below as a corollary.

Corollary 3. Let 0 < v < land k € [2,4]. A function f € o given by (1) is said to be in the class
Ny (k,v), then

k(1—v
< /02,
k(1—v
Further, if § € R, then
k(1—v)(1-9) 1-8
—a for(5<T,
k(1—v) 1-8 348
a3 — a3 < {8V <L -—
a3 2| < 3 for 5 <o< >
k(l—v?))(é—l) for(52342_ﬁ.

By making a selection for g and k as 8 = 1 and k = 2, Theorem 2 reduces to the
following coefficient estimates for the class H,(v), and is given now below as a corollary.

Corollary 4. Let 0 < v < 1. A function f € o given by (1) is said to be in the class Hq(v), then

2(1—-v
o < /2022,
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2(1—v
‘17!3| S ( )
Further, if 6 € R, then
20-v)1=9) ford <0,
3
a3 — 6a3]| < 2(1;”) fro<s<2,
20=v)@=1 550

Definition 2. Let 0 < v < 1,k € [2,4] and > 0. A function f € o given by (1) is said to be in
the class T, (k,v) if the following conditions holds good:

(19" <

C—

Here, g is the analytic continuation of f~" to the open unit disk D.

and

Theorem 3. Let 0 < v < 1,k € [2,4] and 5y > 0. If f given by (1) is in the class T, (k,v), then

2k(1—v)
<y =7 29
a2l <\ ST )
2k(1—v)
A 30
sl < ST 0
and 2k(1 = v)(1 = 4) 1
_1/ p— —17
—men . <
a3 — 63 < k(lﬂ_”) fr L <5 < 1E3, (1)
k(1= v)(5—1) 743
ey 0z

Proof. Let g be given in the form (2). Since f € T,/ (k,v), there exist functions p,q € Py(v)
that are analytic with

p(z) =1+ anz”:1+plz+pzzz+~--

n=1
and
9(z) =1+ qz+ 2>+
satisfying
(£2) s @
and

(59)" ~ g @)
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Hence, from (32) and (33), we obtain
nax = p1, (34)
-1
naz + wﬂ% = p2, (35)
—1nay = q1 (36)
and .
1(2a5 — a3) + 7’7(772_ )ﬂ% = q2. (37)

Then, from (34) and (36), we obtain p; + g1 = 0. Adding (35) and (37), we obtain

p2+q2
n(n+1) (38)

By using triangle inequality and Lemma 2 in (38), we obtain

2=

g < 2k(1 —v)

. 39
~ o+ 9
Hence, (39) gives (29). Now, again from (35), (37) and (38), we get

2n(n+1)

By using triangle inequality and Lemma 2 in (40) which gives (30), for any 6 € R and
by Equation (38) and (40), we have

p2ln +3 =261+ g2[1 — 17 — 26]

a3 — day = : (41)
? 210 +1)
By using triangle inequality and Lemma 2 in (41), we obtain
|a3—5a%|§k(l_v)[|17+3_25|+|1_77_25|]. 42)

2n(n +1)

Upon simplification of Equation (42) gives (31). The proof of Theorem 3 is now
completed. [

Remark 4. For n = 1, Theorem 3 verifies the coefficient bounds of |ay| and |as|, attained by
Prathviraj et al. [30].

4. Coefficient Bounds for Q} (k,v)

In this section, we introduce and obtain the initial bounds for the family of bi-quasi-convex
with bounded boundary rotation of order v, which we define now.

Definition 3. Let 0 < v < 1and k € [2,4]. Let the function of the form (1) belong to the class o
such that f'(z) # 0 on D. Then, f is known as bi-quasi-convex with bounded boundary rotation of
order v if there exist functions x € C and ¢ € C satisfying

(2 (2))
PO
nd (wg' (w))
wg' (w
75,(71)) S Pk(l/).
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Here, g is the analytic continuation of f~' to D. Let Q%(k,v) denote the family of all
bi-quasi-convex functions with bounded boundary rotation of order v.

Remark 5.

(i) For the choice of k = 2, we get Q%(k,v) = Q% (2,v) = QX (v), the family of bi-quasi-convex
functions of order v.

(i) Fork = 2and v = 0, we get Qi (k,v) = Q%(2,0) = QF, the family of bi-quasi-convex
functions.

Next, we attain the initial coefficient bounds and the bound |az — éa3| for the class

Qi (k,v).

Theorem 4. Let 0 < v < land k € [2,4] and let f given by (1) be in the class Q}(k,v). Then

1+k(1—-v
] < /LY, )
1+k(1—v
las| < % (44)
Further, if § € R, then
1 1-—
( +M§( %) foré <0,
3(1—-46)+ M(3—29) 2
<5< =
9 foroso <z
L+ M(5 - 2) for%<5<1
a3 — éa3] < (9 | : (45)
1+M(26 -1 4
<)< —
9 for1 <6< 3
360—-1)+M(26-1) f é<§<2
9 4
(1 +M§((5— 1) foré>2,
where
M <k(1—v).

Proof. Let us consider the functions g, x and &, which are represented as in Equations (2),
(5) and (6). Since f € Qj(k,v), there exist functions p, g € Py (v) that are analytic with

p(z)zl—i—anz”:1+plz+pzzz+---

n=1
and
9(z) =1+ qz+ gz +- -
satisfying
(zf'(2))" _

BZCE p(z) (46)
and

(wg'(w))’

W) — g(aw). @)
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From (46) and (47), we obtain

4ay, = 2¢cp + p1, (48)
9az = 3c3 + 2cop1 + p2, (49)
—4ay = —2cy + p1 (50)
and
18a3 — 9a3 = 6¢5 — 3c3 — 2241 + qa. (51)
Then, from (48) and (50), we obtain p; + g1 = 0. Adding (49) and (51), we obtain
18a5 = 605 + 4cap1 + p2 + 4o- (52)
By applying triangle inequality now and using Lemmas 2 and 5 in (52), we obtain
14+k(1—
@ < LHEI=Y), 3)
3
Upon simplification of Equation (53) gives (43). Now, again from (49) and (51), we
obtain
9a3 = 3c3 + 2¢p1 + p2. (54)
By applying triangle inequality now and using Lemma 2 and Lemma 5 in (54), we
obtain
3laz] <1+k(1—v). (55)
Upon simplification of Equation (55) gives (44). For any § € R and by Equations (53)
and (55), we have
6[c3 — 6c3] + dcopy[1— 0 2466
25— b0 = [c3 — dc3] +4eap[L — 8] + p2[2 — 6] — 0g2 (56)
18
By applying triangle inequality now and using Lemma 2 in (56), we obtain
6lc3 — 8c3| + 4k(1 —v)[1 =8| + k(1 —v)[[2— 6] + [0
18
Now, by using Lemma 6 in (57), we obtain (57). This completes the proof of
Theorem 4. [

By making a selection for k as k = 2, Theorem 4 gives the coefficient estimates for the
class Q}(v), and is declared now as a corollary as below.

Corollary 5. Let 0 < v < 1. Ifa function f € o of the form (1) belongs to the class Q% (v), then

we have

1+2(1—-v)
<41 =\ 77
laa| < 3 ,

23] < 1—1—2(31—1/)'
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Further, if 6 € R, then

1 1-—
—( +N)( 9) ford <0,
3
3(1—6) + N(3—26) for0§§<g/
9 3
» 9 3
%= 0ml <y N(26 - 1) 4
+ i
-~ 7 < < —
9 for1 <6< 3
360—1)+N(26—1) for%<(5<2,
9 3
(1+N)(6-1) fors>2,
3
where
N <2(1-v).

For the special choices of v = 0 and k = 2, Theorem 4 will reduce to the following
coefficient estimates for the class Q;, and is detailed below as a corollary.

Corollary 6. If a function f € o of the form (1) belongs to the class Qy, then
laa| <1,

|€l3| S 1.
Further, if § € R, then
1-6 ford <O,

ﬂ for0§(5<§,

2
, E— for§§(5<1,
lag — daz| <

for1 <6<

SIFS

4
T for§<5<2,

6—1 foro >2.

Remark 6. It can be visible at this point that for the family of bi-quasi-convex functions, the first
two initial coefficient bounds are same as for a quasi-convex function. Since the coefficients are
unpredictable, it may be interesting to verify whether all coefficients of bi-quasi-convex functions
behave in the same way as the first two coefficients.

Let us make an assumption now as x(z) = z. Moreover, for the above assumption,
let us denote the class Qj (k,v) by Fy[k,v]. In fact, the class F [k, v] will be consisting of
functions of the f € ¢ of the form (1) and satisfying the conditions

f1(z) +2f"(z) € Pe(v)

and

§'(w) +wg" (w) € Pi(v)
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with ¢ being the analytic continuation of f~! to the open unit disk D.

However, for attaining the bounds for the class F[k, v], the computation that may
be akin to Theorem 4 has to be worked again. However, it is affirmed at this instant as a
theorem without the details concerned.

Theorem 5. Let 0 < v < 1,k € [2,4]. If a function f € o given by (1) is in the class Fy[k,v],
then
k(1—v)
3
k(1—v)

lag| <

laz| <

and
k(1 —v)(1-9)
9
k(1—v)
9

k(1—v)(6—1)
9

foré <0,

|ag — daj| < for0<é<2,

foré > 2.

By selecting the value of k as k = 2 in Theorem 5, we have the class F,[2,v] = Fy[v],
which consists of all functions of the form (1) belonging to the class f € ¢ and satisfying
the conditions

R(f'(z) +zf"(z)) >v
and

R( (w) +wg" (w)) > v.

The following corollary that is stated now gives the coefficient estimates for the class
Fo[v], and is as below.

Corollary 7. Let 0 < v < 1. A function f € o given by (1) be in the class Fy[v], then

2(1—v)

laz] < 3 ,

2(1—v)

laz| <

and
2(1 —v)(1—9)
9
2(1—v)
9
2(1—-v)(6—1)
9

foré <0,

las — 5u§| <

for0 < <2,

foré > 2.
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Remark 7. Instead of applying Lemma 6, if we use Lemma 7, the inequality (45) becomes
1 1-
a+M(@-9) M;( %) foré <0,
3(1—6)+ M(3—29) for0§5<g,
9 3
3+M(93—2(5) for§§(5<1,
|ag — da3| < (58)
26—1 4
3+M(95 ) f01’1S5§§,
0—1 26 -1 4
-DIMEBY L4,
(1+M§((5—1) fors =2,
where
M <k(1-—v).
Example 1. Let the function f be given by
3 3
f(z) :z+%, x(z) =z—%.
Then, we have
3 3
glw) =w—"=, F(w) =w+ -

These functions belong to the class Qj(k,v).

5. Coefficient Bounds for £%(k,v)

In this section, we introduce and obtain the initial bounds for the family of a-
exponentially-bi-convex functions with bounded boundary rotation of order v, which
we define now.

Definition 4. Let 0 <v < 1,k € [2,4] and « € C\ {0}. Let f € o be of the form (1) such that
f'(z) # 0on D. Then, f is known as a-exponentially-bi-convex function with bounded boundary
rotation of order v if the following conditions holds good:

zf"(z) /
1+ i2) +azf'(z) € Pe(v)

and
wg" (w)
§'(w)
Here,g is the analytic continuation of f =1 to the open unit disk D. We denote the family of all
a-exponentially-bi-convex functions with bounded boundary rotation of order v by E5 (k,v).

1+

+awg' (w) € Pr(v).

Remark 8.

(i) Ifa=1,E%K,v) reducesto EX(k,v) = EL(k,v) = Es(k,v), the family of exponentially-bi-convex
functions with bounded boundary rotation of order v.

(i) Ifa = Land v = 0, EX(k,v) reduces to EX(k,v) = EL(k,0) = E;(k), the family of
exponentially-bi-convex functions with bounded boundary rotation.

(iii) If k = 2, EX(k,v) reduces to E(k,v) = EX(2,v) = EX(v), the family consisting of
a-exponentially-bi-convex functions of order v.
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(iv) When o = 1and k = 2, E¥(k,v) reduces to EX(k,v) = EL(2,v) = &, (v), the family of
exponentially-bi-convex functions of order v.

Next, we attain the initial coefficient bounds and |az — éa3| for the class £%(k, v).

Theorem 6. Let 0 <v <1,k € [2,4]and « € C\ {0}. Let f given by (1) be in the class E§ (k,v),

then
k(1—v
ol < /LY, 9
2 _ _
03] < ||+ |a]k(1 61/) +3k(1 v). (60)
Further, if 6 € R, then
2 _ _ _
la]® + |alk(1 —v) +3k(1 —v)(1—9) ford < g,
6 3
2
v o2l < ) 1K1 —v)(a +1) 2523 @
a3 — ba3| < - for3 <<, (61)
2 _ _ _
|a|” + |a|k(1 —v) +3k(1 —v)(0 —1) fors > 3
6 4
Proof. Since f € EX(k,v), there exist functions p, g € Py(v) that are analytic with
p(z) =1+ piz+pz+---,
9(z) =14+ quz + gz +- -
and satisfying
')
1+ +azf' (z) = p(z (62)
f(z) fi(z) = p(2)
and " (w)
wg' (w ,
1+ +awg' (w) = g(w). (63)
¢ (w) g (w) = q(w)
From (62) and (63), we attain
2a +a = pq, (64)
6a3 + 4aay = 2arp1 + pa, (65)
—2a)+a =q (66)
and
1243 — 6az — 4aay = —2a2q1 + . (67)

Then, from (64) and (66), we obtain p; + g1 = 2a. Adding (65) and (67), we obtain
1203 = 2a2(p1 — q1) + p2 + 2. (68)
Now, by using (64) and (66) in (68), we obtain
411% = p2 + . (69)
Hence, by using triangle inequality and Lemma 2 in (69), we obtain

2|az? < k(1 —v). (70)
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Upon simplification of Equation (70) gives (59). Again from (65), (67) and by using (69),
we obtain
6az = &> — apy +2p2 + qo. (71)

Hence, by using triangle inequality and Lemma 2 in (71), we obtain
6las| < |a|® + |alk(1 —v) + 3k(1 —v). (72)

Upon simplification of Equation (72) gives (60). For any ¢ € R and by Equations (69)
and (71), we have

202 — 2apy + pa(4 —35) +q2(2 — 36)

a3 — da3 = o ) (73)

Hence, by using triangle inequality and Lemma 2 in (73), we obtain

20a|? + 2|alk(1 — v) + k(1 — v)[|4 — 35| + |2 — 35]
12

|lag — da3| < . (74)

Upon simplification of Equation (74) at once implies (61). The proof of Theorem 6 is
thus completed. O

Remark 9. It is interesting to observe that the coefficient bound of |ay| is independent of «.

For the special choice of @ = 1, Theorem 6 gives the following coefficient estimates for
the class &, (k, v) and is stated as a corollary below.

Corollary 8. Let 0 < v < land k € [2,4]. Let f given by (1) be in the class E;(k,v). Then,

(1-v)k
<
|a|— 2 4
1+4+4k(1—v
jas| < é )
an 14 k(1 —v)(1+3(1 - 8)) 2
+k(1—v)(1+3(1—
G for(5<§,
1+ 2k(1—v) 2 3
as —éad| < { 2T H) Z < =
|laz — éa3| < . for3 <8<,
14+ k(1—v)(143(5—1)) 3
> =,
G for(5_4

For the special selection of k = 2, Theorem 6 reduces to the next coefficient bounds for
the class £ (v), and is stated as a corollary as follows.

Corollary 9. Let 0 < v < land a € C\ {0}. Let f € EF(v) be given as in (1). Then, we have

the estimates
laz] < V1—v,

l|? + |&|2(1 — v) +6(1 —v)

laz| < 5
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and )
la]® + |a]2(1 —v) + 6(1 —v)(1—9) foré < g/
6 3
2
gn — 62 < 4 1alf+2(1 —v) (|| +1) 2 _ 3
|as 7 < 3 f0r3_(5<4,
la|? + |a]2(1 —v) +6(1 —v)(6 — 1) 3
> —.
G foré > 1

6. Concluding Remarks and Observations

In this investigation, the authors have introduced four new subclasses of ¢, the class
of bi-univalent functions of order v with bounded boundary rotation. The first two initial
upper bounds |a;| and |a3| for the Taylor-Maclaurin’s coefficients for the classes Bg(k, v),
Q (k,v) and EF(k,v) are established. Looking at the initial coefficients, it is indeed easy to
see that there is an unpredictability in the nature of coefficients and one cannot predict the
next coefficients from the existing one. Also, Fekete-Szego coefficient bounds for the classes
Bg(k, v), Q% (k,v) and EX(k,v) are moreover established. Motivating observations on the
foremost consequences as well as improvements of the previous bounds were also specified.
For the selection of v = 0, interested researchers can also obtain additional consequences
and corollaries, and those details are omitted here.
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