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Abstract: We construct a bound set that does not admit a Riesz spectrum containing a nonempty
periodic set for which the period is a rational multiple of a fixed constant. As a consequence, we
obtain a bounded set V with an arbitrarily small Lebesgue measure such that for any positive integer
N, the set of exponentials with frequencies in any union of cosets of NZ cannot be a frame for the
space of square integrable functions over V. These results are based on the proof technique of Olevskii
and Ulanovskii from 2008.
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1. Introduction and Main Results

One of the fundamental research topics in Fourier analysis is the theory of exponential
bases and frames. The elementary fact that {ezni”'x}nezd forms an orthogonal basis for
L?[— %, %]d has far-reaching implications in many areas of mathematics and engineering. For
instance, the celebrated Whittaker-Shannon-Kotel'nikov sampling theorem is an important
consequence of this fact (see e.g., [1]).

As a natural generalization of the functions {e27"*} _,;in L>[—1, 1]¢, one considers
the set of exponentials E(A):= {e?™*¥: A € A}, where A C R is a discrete set consisting
of the pure frequency components of exponentials (thus called the frequency set or spectrum),
in the Hilbert space L2(S) for a finite positive measure set S C RY. That is, for each
A € A, the map x — e?™N¥ restricted to the set S is considered as a function in L2(S).
Characterizing the properties of E(A) in the space L?(S), such as whether E(A) forms
an orthogonal/Riesz basis or a frame, has been an important problem in nonharmonic
Fourier analysis. The problem has a close connection to the theory of entire functions of the
exponential type in complex analysis through the celebrated work of Paley and Wiener [2].
For more details on this connection and for some historical background, we refer the reader
to the excellent book by Young [3]. Below, we give a short overview of some known results
on exponential bases and frames.

1.1. An Overview of Existing Work on Exponential Bases and Frames

Exponential orthogonal bases: For the case of orthogonal bases, Fuglede [4] posed a
famous conjecture (also called the spectral set conjecture) that states that if S C R is a finite
positive measure set, then there is an exponential orthogonal basis E(A) (with A C R?)
for L2(S) if and only if the set S tiles R? by translations along a discrete set T C R in the
sense that

Z xs(x+79) =1 forae xeRY (1)
yerl

where xs(x) = 1 for x € S and is 0 otherwise. The conjecture turned out to be false for
d > 3 but is still open for d = 1,2. Nevertheless, there are many special cases for which
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the conjecture is known to be true. For instance, the conjecture is true when I' is a lattice of
R?—in which case the set A C R? can be chosen to be the dual lattice of ' [4]—and also
when S C R? is a convex set of finite positive measure for all d € N [5]. In particular, it was
shown in [6] that there is no exponential orthogonal basis for L?(S) when S is the unit ball
of R? for d > 2, in contrast to the case d = 1, where the unit ball is simply S = [~1,1], and
E(%Z) is an orthogonal basis for L>[—1, 1]. For more details on Fuglede’s conjecture and its
recent progress, we refer the reader to [5] and the references therein.

Exponential Riesz bases: The relaxed case of Riesz bases is yet more challenging.
Certainly, relaxing the condition of orthogonal bases to Riesz bases allows for potentially
much more feasible sets S C RY. However, there are only several classes of sets S C R?
that are known to admit a Riesz spectrum, meaning that there exists an exponential Riesz
basis for L?(S). For instance, the class of convex symmetric polygons in R? [7], the class
of sets that are finite unions of intervals in R? [8,9], and the class of certain symmetric
convex polytopes in R? for all d > 1 [10]. Moreover, the existence of exponential Riesz
bases for disjoint intervals with hierarchical structure was proved in [11], and exponential
Riesz bases with restricted supports were treated in [12]. Recently, Kozma, Nitzan, and
Olevskii [13] constructed a bounded measurable set S C R such that no set of exponentials
can be a Riesz basis for L?(S).

In search of an analogue to Fuglede’s conjecture for Riesz bases, Grepstad and Lev [14]
considered the sets S C R? that satisfy for some discrete set T C R? and some k € N

Y xs(x+v) =k forae xeR"
yerl

Such aset S C R? is called a k-tile with respect to T; in particular, the set S satisfying (1) is
a 1-tile with respect to I'. It was shown in [14] that if S C R is a bounded k-tile set with
respect to a lattice I C R? and has measure zero boundary, then the set S admits a Riesz
spectrum A C R4, which is obtained using quasicrystals [15,16]. Later, Kolountzakis [17]
removed the measure zero boundary condition of S and showed that A can be chosen
to be a union of k translations of I'* (referred to as a (k, I'*)-structured spectrum), where
= (A )T Z4 is the dual lattice of T = AZ? with A € GL(d,R). The converse of this
statement was proved by Agora et al. [18], thus establishing the equivalence: given a
lattice T C RY, a bounded set S C R is a k-tile with respect to I if and only if it admits a
(k, I'*)-structured Riesz spectrum. They also showed that the boundedness of S is essential by
constructing an unbounded 2-tile set S C R with respect to Z that does not admit a (2, Z)-
structured Riesz spectrum. Nevertheless, for unbounded multi-tiles S C R? with respect
to a lattice I', Cabrelli and Carbajal [19] were able to provide a sufficient condition for S
to admit a structured Riesz spectrum. Recently, Cabrelli et al. [20] found a necessary and
sufficient condition for a multi-tile S C R of finite positive measure to admit a structured
Riesz spectrum, which is given in terms of the Bohr compactification of the tiling lattice I".

Exponential frames: Since frames allow for redundancy, it is relatively easier to obtain
exponential frames than exponential Riesz bases. For instance, the set of exponentials

{e¥rinx} 4 is an orthonormal basis for L2[—1, 119 and is thus a frame for L2(S) with

frame bounds A = B = 1 whenever S is a measurable subset of [f%, %]d .

Nitzan et al. [21] proved that if S C R? is a finite positive measure set, then there
exists an exponential frame E(A) (with A C R¥) for L?(S) with frame bounds c |S| and
C|S|, where 0 < ¢ < C < oo are absolute constants. The proof is based on a lemma from
Marcus et al. [22] that resolved the famous Kadison-Singer problem in the affirmative.

Universality: In [23,24], Olevskii and Ulanovskii considered the interesting question
of universality. They discovered some frequency sets A C R? that have universal proper-
ties: namely, the so-called universal uniqueness/sampling/interpolation sets A C R for
Paley-Wiener spaces PW(S) with all sets S C R in a certain class. In our notation, this
corresponds to the set of exponentials E(A) being a complete sequence/frame/Riesz se-
quence in L*(S) for all sets S C R? in a certain class. For the convenience of the readers, we
include a short exposition on the relevant notions in Paley—Wiener spaces in Appendix A.
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It has been shown that universal complete sets of exponentials exist: for instance,
the system E(A) with A = {...,—6,—4,—2,1,3,5,...} is complete in L%(S) for every
measurable set S C [—3, 1] with [S| < 1. Furthermore, any set E(A) with A = {A,},ez
satisfying 0 < |A, —n| < 1/2/"l for all n € Z is complete in L?(S) whenever S C R is a
bounded measurable set with |S| < 1.

On the other hand, the existence of universal exponential frames and universal expo-
nential Riesz sequences depends on the topological properties of S. As a positive result,
it has been shown that there is a perturbation A of Z such that E(A) is a frame for L?(S)
whenever S C R is a compact set with |S| < 1; a different construction of such a set A C R
was given by Matei and Meyer [15,16] based on the theory of quasicrystals. Similarly, there
is a perturbation A of Z such that E(A) is a Riesz sequence in L?(S) whenever S C R is
an open set with |S| > 1. However, on the negative side, it has been shown that given any
0 < € < 2 and a separated set A C R with D™ (A) < 2, there is a measurable set S C [0, 2]
with |S| < € such that E(A) is not a frame for L?(S), indicating that the compactness of S in
the aforementioned result cannot be dropped. Similarly, it has been shown that given any
0 < € < 2 and a separated set A C R with D™ (A) > 0, there is a measurable set S C [0,2]
with |S| > 2 — € such that E(A) is not a Riesz sequence in L?(S), similarly indicating that
the restriction to open sets cannot be dropped.

For more details on the universality results, we refer the reader to Lectures 6 and 7 in
the excellent lecture book by Olevskii and Ulanovskii [25].

1.2. Contribution of the Paper
This paper is motivated by the following problem.

Problem 1. Is there a bounded/unbounded set S C R4 thqt does not admit a Riesz spectrum,
meaning that for every A C RY, the set of exponentials {e*™"'* : A € A} is not a Riesz basis for
L%(S)?

This problem was recently solved by Kozma, Nitzan, and Olevskii [13]. They con-
structed a bounded measurable set S C R such that no set of exponentials can be a Riesz
basis for L2(S).

In this paper, we take a different approach to construct a bounded subset of R that does
not admit a certain general type of Riesz spectrum. Through this, we offer diverse methods
for constructing sets that do not admit Riesz spectra. In particular, our approach enables
the design of specific spectra that we aim to exclude. To achieve this, we adapt the proof
technique of Olevskii and Ulanovskii [24], which also works in higher dimensions (see
Section 1 in [24]); thus, our results also extend to higher dimensions. However, for simplicity
of presentation, we will only consider the dimension-one case (d = 1).

Before presenting our results, note that for any bounded set S C R, there exist some

parameters ¢ > 0 and a € R such that %S +aC[- %, %] It is therefore enough to restrict

our attention to sets S C [— %, %] (see Lemma 1 below). Also, recall that a set S C R is said
to admit a Riesz spectrum A C R if the system E(A) is a Riesz basis for L(S).

Our first main result is as follows.

Theorem 1. Let 0 < a < 1and 0 < € < 1. There exists a measurable set S C [—3, 3] with
|S| > 1 — € satisfying the following property: if A C R contains arbitrarily long arithmetic
progressions with a fixed common difference belonging in «N, then E(A) is not a Riesz sequence in

L%(S). Moreover, such a set can be constructed explicitly as

S=[-3AN\V with V=[-130 (V2 Unez £+ (5 mm))- @

It should be noted that the set V C [—3, 1] is an open set containing 2Q N [-1, 1].
This set has a small Lebesgue measure |V| < € due to the exponentially decreasing length
of the intervals. It is worth comparing the set V with a fat Cantor set that is a closed,
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nowhere dense subset of [—%, %] with positive measure (see e.g., [26,27]), where a set is

called nowhere dense if its closure has an empty interior. In contrast to the fat Cantor sets,
the set V has a nonempty interior and is dense in [—3, 1] because it contains 2Q N [-1, 1].

To illustrate the dense set V. C [—1, 1], we truncate the infinite union U% ; in its
expression to the finite union over ¢ = 1,...,10. The corresponding sets for x = 1 and

_ 119 .
€ = 15, 3, 79 are shown in Figure 1.

1.0 1.0 4 o 1.0 —
0.8 0.8 1 0.8
0.6 0.6 4 0.6
0.4 0.4 0.4
0.2 0.2 4 0.2 4
0.0 0.0 0.0
7(’).4 76.2 0.0 OtZ 0?4 76.4 7[").2 0.0 0?2 0.‘4 70‘.4 70‘.2 OtO 0’.2 0.‘4

Figure 1. The characteristic function of the corresponding truncated set forx =1 and e = %, %, %

(from left to right).

To help the understanding of the readers, we provide two sets A C R: one which
meets and the other which does not meet the condition stated in Theorem 1.

Example 1.

(a) Let My < My < --- be an increasing sequence in N, and let P € N. Define the sequence
dy <dy <---bydy =0and d, =2 Zﬁ;ll M, P for k > 2. Clearly, we have dy1 —dj =
2MyP for all k € N. Consider the set

A==+ U {dk+P, dk+2P, ceey dk+MkP} C Z
k=1

where £ Ao := Ao U (—Ag) for any set Ay C R. This set contains arbitrarily long arithmetic
progressions with common difference P and has lower and upper Beurling densities given by
D~ (A) = 35 and D*(A) = §, respectively (see Section 2.3 for the definition of the Beurling
density).

(b) Let N € Nand let {0y }32, C (0,1) be a sequence of distinct irrational numbers between 0 and
1. Consider the set

A==+{J (Uk+Nk+ {0-100%, 1-100%, ..., (k—1)-1oo’<}) CR
k=1

that has a uniform Beurling density D(A) = . For each k € N, the set A contains exactly one

arithmetic progression with a common difference 100X in the positive domain (0, 00): namely, the
arithmetic progression oj+NKk, o +Nk-+100k, ..., 03+ Nk+(k—1)-100* of length k. Due to
the = mirror symmetry, the set A has another such arithmetic progression in the negative domain
(—00,0). Note that all of these arithmetic progressions have integer-valued common differences
and are distanced by some distinct irrational numbers, so none of them can be connected with
another to form a longer arithmetic progression. Hence, there is no number P € N for which the
set A contains arbitrarily long arithmetic progressions with common difference P. Such a set
A C R is not covered by the class of frequency sets considered in Theorem 1.

Our second main result is the following.
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Theorem 2. Let0 < € < 1,andlet Ay, Ay, ... C Rbea family of separated sets with D+ (Ay) > 0
for all £ € N. One can construct a measurable set S = S(e, {A}% ) C [—%, 3] with [S| > 1—€
such that E(Ay) is not a Riesz sequence in L2(S) forall £ € N.

Let us present some interesting implications of our main results.

By convention, a discrete set A = {A, },cz C Rwith A, < A,41 is called periodic with
period t > 0 (or t-periodic) if there is a number N € Nsuch that A,y — A, =tforalln € Z.
Note that if A C R is a nonempty periodic set with period « - g € aQ, where P,Q € Nare
coprime numbers, then it must contain a translated copy of aPZ: that is, a PZ+d C A for
some d € R. As a result, we have the following corollary of Theorem 1.

Corollary 1. Forany0 <a <land0 <e <1,letS C [—%, %] be the set given by (2). Then for
any nonempty periodic set A C R with its period belonging in aQ4 =aQ N (0, c0), the system
E(A) is not a Riesz sequence in L?(S). Consequently, the set S does not admit a Riesz spectrum
containing a nonempty periodic set with its period belonging in aQ .

It is worth noting that the class of nonempty periodic sets with a rational period is
uncountable because of the flexibility in the placement of elements in each period; hence,
Corollary 1 cannot be deduced from Theorem 2.

As mentioned in Section 1.1, Agora et al. [18] constructed an unbounded 2-tile set
S C R with respect to Z that does not admit a Riesz spectrum of the form (Z+01) U (Z+07)
with 0, 07 € R. By a dilation, one could easily generalize this example to an unbounded
2-tile set W C R with respect to %Z for any fixed & > 0 that does not admit a Riesz spectrum
of the form (aZ+01) U (aZ+0,) with 07,07 € R. Note that such a form of Riesz spectrum
is a-periodic and thus not admitted by our set S given by (2) for any 0 < € < 1. In fact, our
set S has a much stronger property than W: namely, that S does not admit a periodic Riesz
spectrum with its period belonging in #Q, and moreover, the set S is bounded.

Since the set S is contained in [f%, %], it is particularly interesting to consider the
frequency sets consisting of integers () C Z. Noting that a periodic subset of Z is necessarily
N-periodic for some N € N, we immediately deduce the following result from Corollary 1.

Corollary 2. Let S C [—1, 1] be the set given by (2) with & = 1 and any 0 < € < 1. Then for any
nonempty periodic set QO C 7, the system E(Q) is not a Riesz sequence in L>(S).

Alternatively, one could construct suchaset S C [— %, %] from Theorem 2 by observing
that the family of all nonempty periodic integer sets is countable; indeed, the one and only
nonempty 1-periodic integer set is Z, the nonempty 2-periodic integer sets are 27, 2Z+1, Z,
and so on.

Further, it is easy to deduce the following result from Corollary 2 and Proposition 2

below by setting V := [}, 1]\Sand Q' := Z\ Q.

Corollary 3. Let S C [—3, 1] be the set given by (2) with « = 1 and any 0 < € < 1, and let
V := [—3, 2\S. Then for any proper periodic subset (' C Z, the system E(QY') is not a frame for
L2(V).

The significance of Corollary 3 is in the fact that for any N € N and any proper subset
I1C{0,...,N — 1}, the set of exponentials E ( Upe; (NZ+n)) is not a frame for L?(V) even
though the set V has a very small Lebesgue measure |V| < €. Note that E(Z) is a frame for
L?(V) with frame bounds A = B = 1 since it is an orthonormal basis for L?[0, 1].

2. Preliminaries
2.1. Sequences in Separable Hilbert Spaces

Definition 1. A sequence { f, },cz in a separable Hilbert space H is called
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* g Bessel sequence in ‘H (with a Bessel bound B) if there is a constant B > 0 such that

Y (f fu)P < BIFI? forall feH;

nez

*  aframe for H (with frame bounds A and B) if there are constants 0 < A < B < oo such that

AlfIP < Y Uffd? < BIfIP forall fe®;

nez

*  q Riesz sequence in ‘H (with Riesz bounds A and B) if there are constants 0 < A < B < o
such that

2
< Bllellf, forall ¢ ={ca}tnez € G2(Z);

Allellf, < || X enf

nez

*  a Riesz basis for H (with Riesz bounds A and B) if it is a complete Riesz sequence in H (with
Riesz bounds A and B);

*  an orthogonal basis for H if it is a complete sequence of nonzero elements in H such that
(fm, fn) = 0 whenever m # n;

e  an orthonormal basis for H if it is complete and (fi, fu) = Omn whenever m # n.

The associated bounds A and B are said to be optimal if they are the tightest constants satisfying
the respective inequality.

In general, an orthonormal basis is a Riesz basis with Riesz bounds A = B =1, but an
orthogonal basis is not necessarily norm-bounded below and thus is generally not a Riesz
basis (for instance, consider the sequence {%:}° ;, where {e,}_; is an orthonormal basis
for H). Nevertheless, exponential functions have a constant norm in L2(S) for any finite
measure set § C RY: namely, |2 () || 12(s) = |S|1/2 for all A € R?. Thus, an exponential

orthogonal basis is simply an exponential orthonormal basis scaled by a constant.

Proposition 1. Let H be a separable Hilbert space.

(a) Corollary 3.7.2 in [28]: Every subfamily of a Riesz basis is a Riesz sequence with the same
bounds (the optimal bounds may be tighter).

(b) Corollary 8.24in [29]: If { fu } ncz is a Bessel sequence in H with Bessel bound B, then || f;||*> < B
foralli € I. If {fu}ney is a Riesz sequence in H with bounds 0 < A < B < oo, then
A<|fil> < Bforalli€ I

(c) Lemma 3.6.9, Theorems 3.6.6, 5.4.1 and 7.1.1 in [28] (or see Theorems 7.13, 8.27 and 8.32
in [29]): Let {en},cz be an orthonormal basis for H and let { f,,} ez C H. The following
are equivalent.

*  {fu}nez is a Riesz basis for H;

*  {fu}ney is an exact frame (i.e., a frame that ceases to be a frame whenever a single element
is removed) for H;

*  {fu}nez is an unconditional basis of H with 0 < inf,cz || fu|| < sup,,cz ||full < oo;

*  There is a bijective bounded operator T : H — H such that Te, = f, foralln € Z.

Moreover, in this case, the optimal frame bounds coincide with the optimal Riesz bounds.

Proposition 2 (Proposition 5.4 in [30]). Let {e},c1 be an orthonormal basis of a separable
Hilbert space H, where 1 is a countable index set. Let P : H — M be the orthogonal projection
from H onto a closed subspace M. Let | C I and 0 < a < 1. The following are equivalent.

(i) {Pen}ne; C M isa frame for M with lower bound «;

(ii) {Pen}ycpy C M is a Bessel sequence with bound 1 — a;

(iil) {(Id —P)en}peny C Mt is a Riesz sequence with lower bound «.
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2.2. Exponential Systems

As already introduced in Section 1, we define the exponential system E(A) = {e2A("):
A € A} for a discrete set A C R (called a frequency set or a spectrum).

Lemma 1. Assume that E(A) is a Riesz basis for L?(S) with bounds 0 < A < B < oo, where

A C RY is a discrete set and S C R is a measurable set.

(a) Foranya € RY, the system E(A) is a Riesz basis for L?(S + a) with bounds A and B.

(b) Foranyb € RY, the system E(A + b) is a Riesz basis for L(S) with bounds A and B.

(c) Forany o > 0, the system \/o E(cA) is a Riesz basis for L>(1S) with bounds A and B;
equivalently, E(cAA) is a Riesz basis for L*(1S) with bounds é and .

A proof of Lemma 1 is given in Appendix B.

Remark 1. Lemma 1 remains valid if the term “Riesz basis” is replaced with one of the following:
“Riesz sequence”, “frame”, or “frame sequence” (and also “Bessel sequence”, in which case the lower
bound is simply neglected).

Theorem 3 (The Paley-Wiener stability theorem [2]). Let V C R be a bounded set of positive
measure and A = {A, } ez C R be a sequence of real numbers such that E(A) is a Riesz basis
for L2(V') (respectively, a frame for L>(V), a Riesz sequence in L*>(V)). There exists a constant
0 = 0(A, V) > 0 such that whenever N' = {\},},cz C R satisfies

AL — A <6, nez,

the set of exponentials E(A') is a Riesz basis for L>(V) (respectively, a frame for L>(V), a Riesz
sequence in L*(V)).

For a proof of Theorem 3, we refer the reader to p. 160 in [3] for the case where V is a
single interval and Section 2.3 in [8] for the general case. It is worth noting that the constant
= (A, V) depends on the Riesz bounds of the Riesz basis E(A) for L?(V), which are
determined once A and V are given. Also, it is pointed out in Section 2.3, Remark 2 in [8]
that the theorem also holds for frames and Riesz sequences.

2.3. Density of Frequency Sets

The lower and upper (Beurling) densities of a discrete set A C RY are defined respec-
tively by (see e.g., [31])

inf AN 0, d
Di(A)ZlimjnflnxeR” ,§X+[ r] )|
r—oo ;
SUPy crd |A N (x + [0[ }’]d)|
d .
r

and

DT (A) = limsup

r—roo

If D-(A) = DT (A), we say that A has a uniform (Beurling) density D(A) := D™ (A) =
D*(A). A discrete set A C R is called separated (or uniformly discrete) if its separation
constant A(A) := inf{|A — A/| : A # A’ € A} is positive. For a separated set A C R, we
will always label its elements in increasing order: thatis, A = {A,},cz with A, < A,44 for
alln € Z.

The following proposition is considered folklore. The corresponding statements for
Gabor systems of L2(R?) are well-known (see Theorem 1.1 in [32] and also Lemma 2.2
in [33]), and the following proposition can be proved similarly.

Proposition 3. Let A C RY be a discrete set, and let S C RY be a finite positive measure set that is
not necessarily bounded.

(i) IfE(A) is a Bessel sequence in L?(S), then D (A) < .
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(ii) If E(A) is a Riesz sequence in L?(S), then A is separated, i.e., A(A) > 0.
A proof of Proposition 3 is given in Appendix B.

Theorem 4 ([34,35]). Let A C R? be a discrete set, and let S C R? be a finite positive measure set.
(i) IfE(A) isa frame for L2(S), then |S| < D~ (A) < D*(A) < co.
(ii) IfE(A) is a Riesz sequence in L2(S), then A is separated and D+ (A) < |S|.

Corollary 4. Let A C R? be a discrete set, and let S C RY be a finite positive measure set. If E(A)
is a Riesz basis for L?(S), then A is separated and has a uniform Beurling density D(A) = |S|.

3. A Result of Olevskii and Ulanovskii

As our main results (Theorems 1 and 2) hinge on the proof technique of Olevskii and
Ulanovskii [24], we will briefly review the relevant result from [24].

Theorem 5 (Theorem 4 in [24]). Let 0 < € < 1, and let A C R be a separated set with
D*(A) > 0. One can construct a measurable set S = S(e, A) C [—3, Y] with |S| > 1 — € such
that E(A) is not a Riesz sequence in L2(S).

The proof of Theorem 5 relies on a technical lemma (Lemma 2 below) that is based
on the celebrated Szemerédi’s theorem [36] asserting that any integer set () C Z with a
positive upper Beurling density D™ (Q)) > 0 contains at least one arithmetic progression of
length M for all M € N. Here, an arithmetic progression of length M means a sequence of
the form
d, d+P, d+2P, ..., d+(M—-1)P  with d€Z and P e N.

As a side remark, we mention that the common difference P € N of the arithmetic
progression resulting from Szemerédi’s theorem can be restricted to a fairly sparse subset
of positive integers C C N. For instance, one can ensure that P is a multiple of any
prescribed number L € N by passing to a subset of () that is contained in LZ+u for
some u € {0,1,...,L — 1} and has a positive upper Beurling density. This allows us
to take C = LN, which clearly satisfies D*(C) = 1/L. Further, one can even choose
C ={19,29,39,...} for any q € N, which satisfies

b= |1 if g=1,
o if g>1.

More generally, one may choose C = {p(n) : n € N} for any polynomial p with rational
coefficients such that p(0) = 0 and p(n) € Z for n € Z\{0} (see [37] p. 733). On the other
hand, it was shown by (Theorem 7 in [38]) that C C N cannot be a lacunary sequence, i.e., a
sequence {a,}5_; satisfying liminf, ;e a,,41/a, > 1 (for instance, {2" : n = 0,1,2,...}).
Note that the aforementioned set C = {p(n) : n € N} can be sparse but not lacunary since
limy, 00 p(n +1)/p(n) = 1 for any polynomial p. We refer to Section 2 in [39] for a short
review of the possible choice of (deterministic) sets C C N and also for the situation for
which C is chosen randomly.

Lemma 2 (Lemma 5.1 in [24]). Let A C R be a separated set with D+ (A) > 0. Forany M € N
and § > 0, there exist constants ¢ = ¢(M,5,A) € N, d = d(M,5,A) € R and an increasing
sequence s(—M) < s(—M+1) < ... < s(M) in A such that

|s(j) —cj—d| <6 for j=—M,..., M. (3)

Moreover, the constant ¢ = ¢(M, 6, A) € N can be chosen to be a multiple of any prescribed number
LeN
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As Lemma 2 will be used in the proof of Theorem 2, we include a short proof of
Lemma 2 in Appendix B for self-contained nature of the paper.

4. Proof of Theorem 1

Before proving Theorem 1, we note that Theorem 2 is an extension of Theorem 5 from a
single set A C R to a countable family of sets Ay, Ay, ... C R. We first consider a particular
choice of sets A1 =aZ, Ap =2aZ, A3=23uaZ,--- for any fixed 0 < a < 1, from which a
desired set for Theorem 1 will be acquired.

Proposition 4. Let 0 < a < 1and Ay =aZ, Ny =2aZ, N3 =3&Z,- - -; that is, Ay = laZ for
¢ € N. Given any 0 < € < 1, one can construct a measurable set S C [—1, I with |S| > 1—¢
such that E(Ay) is not a Riesz sequence in L2(S) for all £ € N.

Proof. Fixany 0 < € < 1and choose an integer R > - sothat0 < € < Xz, We claim that

foreach0 <7 < % there exists a set V;; C [—%, %] with |V} | < 7 satisfying the following

property: for each ¢ € N, there is a finitely supported sequence b(7) = {b]w,e) Yiez
satisfying
o2
b("%f) eZmth]x dx < RIL b(ﬂ/f) 2' 4
~/[—%,%]\VU ‘]é J = 2 ng i | (4)
If this claim is proved, one could take V := U, V, jor and S := [~ 1,31\V. Indeed, we have

(V| < X321 [Veyorl < Xf2y 5¢ = € so that S| > 1 —e. Also, it holds for any k, ¢ € N that

/ } Z b(e/Zk,Z) p2milajx 2dx < / ’ Z b(e/Zk,f) 2milajx de
Sliez J =230\, iz ]

) k
< Rﬁ2|b;e/2,ﬁ)|2'

JEL

By fixing any ¢ € N and letting k — oo, we conclude that E({aZ) is not a Riesz sequence in
L%(S).
4
To prove claim (4), fix any 0 < 7 < B2 For each ¢ € N, let atne/2') = {E](-W/z )}jeZ €
05(Z) be the sequence given by

~(a/2") 21 if 7=0
A —JV

) = , (5)

2Z+1 1 . TTine . .
\/Wasm(zﬂl) if j#0,

which is the Fourier coefficient of the 1-periodic function

20 for x e [ 8
Praje(¥) =4 ¥ " sl (6)
" 0 f L)\ [, e
or x € [~3,3)\[~ g5 i)
0o oo
that is, ﬁqa/zfi(x) = Ljez, 5](-'70‘/2 ) €27l for almost every x € [—1, 1]. Note that Hﬁ(”"‘/zé) lle,
= ||]5,7a/2/(x)||L2[7%%] = 1. Choose a number M = M(na/2%) € N satisfying
~(a/2%) |2 1, ey _
LmmT <) =
lji[>M
so that B
O (w2 2 i 1
Z|aj "> 1-F >1-7> ¢ (7)

=
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Now, the set A, comes into play. We write Ay = faZ = {sy(j) : j € Z} with
pilay. j):j
s¢(j) :==Llaj forall je Z.
For x € [—1, 1], we define
M
£ 2!
f’?"l/zi,l\g( Z 77"‘/ ) o2ise(j)x ®)
j=—M
and observe that
~ T
fqzx/Zf,Aﬁ( ) P,],X/zz Zucx = E ’7“/ meaqx' )

li|>M

Settin V(E) == nsupp# .. (fax) for £ € N, we obtain
& Vi 272 PP Pyas2

2
/[_% %]\V ’fmx/Z/M )’ dx

4
< ‘ ~(na/2") 2mﬁvqx dx = ’I“/Z )2
<[ T x )
ljl>M ljl>M
) M ‘
Ui Ui Fna/27) 2
< 3 < R Z |a a; I°.
]‘77
Note from (6) thatsupp [ (fax) = m Umez, (m—|—[ %, é]) = Upez (2 + [_4;7, MLZI])’
which 1mpl1es ]V \ < 7. Indeed, the set [=3, 3] NUpez(m + [— 7% 157]) = [— %7, 757
is of length /. 2”1’ and the dllated set § Upez (m+[— %, 7)) = Unez (% + -5 75))
restricted to [—3, 1] has a Lebesgue measure 2;11 as well, so the set V(Z) -1, %] N
Umez (3 + [— 451,7251 42#]) with 0 < « < 1 has a Lebesgue measure of at most 2“1,
which is strictly less than 2'77 Finally, define V;, := U7, V,y), which clearly satisfies

Vyl < 2 1|V |<Zz 1% 1. Then for each £ € N,

y Fna/2') 2ris (j)x 2

d :/ ra 2
*= Jepany a0

M
3 2 a/2%) 2
S/[,l 10 | Fasatn, ()| dx < R Z E ](7] )|
272 U ]':_

which establishes claim (4). This completes the proof. O

Remark 2 (The construction of S for Ay =aZ, Ay =2a7, A3 =3aZ,- - -). In the proof above,
the set S is constructed as follows. Given any 0 < € < 1, choose an integer R > 1% so that
0<e< R ThesetS C [—1,%]isthen given by S := [—3, s\V with V := U 1Ve ok, where
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Vy = U;°=1V,7(€) and
vy = (=5, ) Nsupp g o (fa)
= (540 & (Unez (m+ =35 257)) 10y
= b 30 (Unez (8 + ot )
forany 0 <y < ; and ¢ € N.
In short,
S:=[-%3\V with
V= Uy Ve = Uil Uiy V(/)zk
— =31 (UR URy Unez (8 + [~ g8 5057))) .
=[4,310 (U1 Unez (8 + [~ g 575m1)) ).

where the set V satisfies |V | < €, and thus |S| > 1 — €. Note that the two sets S given in (2) and
(11) are identical up to a countable set. Since a measure zero set is negligible in integration, these
sets can be used interchangeably.

We are now ready to prove Theorem 1.

Proof of Theorem 1. Let A C R be a set containing arbitrarily long arithmetic progressions
with a fixed common difference Pa for some P € N. To prove that E(A) is not a Riesz
sequence in L2(S), it suffices to show that theset V;; C [—1, 1] givenby (10) for 0 < n < 22

and ¢ € N (with a fixed integer R > ) satisfies the following property: there is a fmltely

supported sequence b7 = {b /\7 )} rea With

2
b (A Zm/\x dx < R A b(’?r/\) 2' (12)
/[§ 3\Vy /\;\ 2 AE\ o]
Indeed, since S := [—3, 3]\ Up2; V. /or (see Remark 2), it then holds for any k € N that
/ ’ Y b (e/25,A) 27'[1)\x < / Y b/(\e/Zk'A) P2iAx zdx
AEA [*’ ’]\Ve/zk AEA
(12) /25.A) 2
< Rys Y by
AEA

which implies that E(A) is not a Riesz sequence in L?(S).
P
To prove claim (12), consider the sequence alne/2") = {E](-W/Z )}jeZ € 05(Z), the func-
tion p,, /or, and the number M = M(ya/2P) € N taken, respectively, from (5)~(7) with
¢ = P. By the assumption, the set A C R contains an arithmetic progression of length
2M+1 with common difference Pa, which can be expressed as

sa(j):==Paj+d,  j=-M,....M
for some d € Z. Similarly to (8) and (9), we define

M . .
2 ’7“/2 2T for x e R

and observe that
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fA(x) _ ﬁmx/ZP(P“x) p2midx Z ﬁ](nuc/zp) eZm’(Pacj+d)x forall x € R.
lil>M
Recalling that V,](P) :=[—3, 5] Nsupp Pyas2r (Pax) (see Remark 2), we have

‘ r 2
./[_1 P | fa(x)]"dx

272 n
1/2
< / Z a{na/zp)ezm(m]’+d)x2dx: Z ’a(na/zp)’2
— Sl =T =]
ljI>M ljil>M
< le < Rzlp

where the inequality (7) for £ = P is used in the last step. Since V;, := U7?; V,;K), we have

2dx:/[

/ ‘ AZ/I: E(U“/ZP) 2isA (j)x
=330\, !

j=—M

~ 2
x)|"dx
G

NI=
NI

_ ) .
N |fa(x)] dx < R 55

which establishes claim (12). O

5. Proof of Theorem 2

We will now prove Theorem 2, which generalizes Proposition 4 from Aj =aZ, Ay =2aZ,
A3z =3aZ,--- to arbitrary separated sets A, Ay, ... C R with positive upper Beurling densi-
ties. The proof is similar to the proof of Proposition 4, but since an arbitrary separated set is
in general non-periodic, we need the additional step of extracting an approximate arithmetic
progression from each set A, with the help of Lemma 2.

Proof of Theorem 2. Fixany0 < € < 1and choose an integer R > ﬁ sothat0 < e < %
We claim that for each 0 < 1 < 2!, there exists a set V;, C [}, 1] with |V;| < 7
satisfying the following property: for each ¢ € N, there is a finitely supported sequence

A = (pIAY ) with

/[_%r%]\vﬂ

To prove claim (13), fixany 0 < 7 < 221, For each £ € N, let aln/2) = {a](.ﬂ/zy)}jez be

. 2
Z b/(\’?r/\é‘) eZm/\x dx < R’72 Z |b§L’7,A[)|2' (13)
/\GA/ /\EA[/

an /1-sequence with unit £,-norm ||a(7/ 21) ¢, = 1 such that

/2t ji o
Py (%) = %u](,” ) 2l gatisfies py/ot(x) =0 for ﬁ <lx|<i (19
je

Since the sequence a(/ 2 € ¢1(Z) is not finitely supported, there is a number
¢ ¢ ,
M = M(y/2") € Nwith 0 < Yjl>M \a](”/z )| < 2777 Note that since |a]('7/2 )| < ||a(’7/2c)||£2 =1

forall j € Z, we have
/2012 /2t
Z |a](.'7 )| Z }a](” )|<2?7(

ljl>M [jI>M
so that
A g2 1 1
Y " > 15 219 > ¢ (15)

=M

We then choose a small parameter 0 < § = §(7/2%) < 1 satisfying
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n/2!
281 el

sin(716/2) <

¢ .
so thatyM |aj('77/2 )| et — 1| =y M |a (1/2) | -2sin(76/2) < 5. Note that all the
terms up to this point depend only on the parameters 7 and ¢: in fact, only on the value
n/ 2¢,

Now, the set Ay comes into play. Applying Lemma 2 to the set A, with the parameters

M and & chosen above, we deduce that there exist constants ¢ = ¢(17/2/,A;) € N and

d = d(n/2%,As) € R and an increasing sequence Sysata, (—M) < SU/Z[/A[(—M +1) <
- < Syt p, (M) in Ay satisfying

|5, /200, () —cj—d| <6 for j=—M,...,M.

For x € [—%, %], we define

(n/2¢
Forata, (x 2 a; r exp 2711577/2//\ (j)x)

and observe that

’fq/Zf,Aé (X) - pq/ﬂ (CX) eZm'dx’

| ¢
< ’]‘—ZM a](U/Z )(EXp (27-[1'577/2[,/\@ (]) ) p27i(cj+d) ) ’7/2 ) p2mi(cj+d)x

\J|>M
L 2 : N (n/2)
< Y |aj ’~’exp (27rz(s”/2/,Aé(])—c] )—1‘+ ) |a ’
j=—M lil>M
hehemsy
Setting V,;g) :=[—3, ] Nsupp Pyt (c(/2%, Ay)x), we have

(n/2%) 2
/[_1 I\ ‘fv/ZIA[ ’ dx < 77 < R11 2 | ( )‘ ]
221\ Vy ey

Similarly to the proof of Proposition 4, we have |V | < 2[, and therefore, the set V;, :=
Uy, V,,( ) satisfies |Vyy| < 7. It then holds for each £ € N that

M y 2
Z a](,ﬂ/2)exp (27771.5,7/2[,/\6(].)30‘ dx = /[

11
272

2
W |fyr2ta, ()| dx

(n/2°
= -1 l}\v(f) |f77/2£1\4 |dx < R’7 Z ! (n )|
2:21\Vy =M

which proves claim (13).
Finally, based on the established claim (13), we define V := U2V, sk and S =
[—3,3]\V. Clearly, we have |V| < Y2, |V, )| < L) & = eso that |S| > 1 —e. Also, it
holds for any k, £ € N that
/' ’ Y bgf/zk’A”) 27N 2
AEA

’ Z bge/zk,Az) P2iAxX de

B /[ 2’2]\V€/2k AEA,

3
< R(5) L AP
)\EA@

N
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By fixing any ¢ € N and letting k — oo, we conclude that E(Ay) is not a Riesz sequence in
L3(S). O

Remark 3 (The construction of S for arbitrary separated sets Ay, Ap, ... C R). In the proof

above, the set S for arbitrary separated sets A1, Ay, ... C R is constructed as follows. Given any

0 < € < 1, choose an integer R > 11: sothat 0 < € < % The set S C [—%,%] is then given by

S:=[-3 N\VwithV := U2 Ve jor, where
Vy = U?’:lVﬂ(w and
Vi = =1 Y nsuppp, o (c(n/2°, Ag)x) = [-4,

c [-3

1
] N (C(ﬂ/zf,Ag) supp pr]/Z‘*’)

N—

i i
] N (UMGZ (C(iy/gné,l\() + [_4{(}7/2[’/\()42&/ 4-C(17/2€,A()~2[:|)>
for any 0<;7<% and ¢ € N.

N|—

Here, c(17/2¢, Ay) is a positive integer that depends on the value 17/2 and the set A,. In short,

S:=[-%3\V with

Vi= Uy Ve = Ul Uiy Ve(f)zk
=[-3,3]N (Uliozl Uia m supp Pe/zk%)
cl-1, 3N

[} [e} m _ € €
(Uk:l Ué:1 UmEZ (c(e/2k+€,A4) + [ 4.C(€/zk+é,A[)_2k+€/ 4-c(e/2k+é,Aé)»2k+é] ))

6. Conclusions

In this paper, we constructed a bounded subset of R that does not admit a certain
general type of Riesz spectrum. Specifically, we constructed a set S C [—3, 1] that does not
admit a Riesz spectrum containing a nonempty periodic set with its period belonging in
«Q for any fixed constant « > 0, where Q. denotes the set of all positive rational numbers.
In particular, this led toaset V C [— %, %] with an arbitrarily small Lebesgue measure such
that for any N € N and any proper subset I of {0,..., N — 1}, the set of exponentials e>k*
with k € U,c;(NZ+n) is not a frame for L?(V). The obtained results have immediate
consequences in sampling theory and frame theory and have potential applicability in
practical problems such as OFDM (orthogonal frequency division multiplexing) based
communications that involve the design of exponential bases.

Funding: This work was supported by the National Research Foundation of Korea (NRF) grant
funded by the Korean government (MSIT) (RS-2023-00275360).
Data Availability Statement: Data are contained within the article.

Conflicts of Interest: The author declares no conflicts of interest.

Appendix A. Related Notions in Paley—Wiener Spaces
The Fourier transform is defined densely on L2(R%) by

F(f) = flw) = / F(x) ™ dx for fe LY(RY) N LA(RY).

This is a nonstandard but equivalent definition of the Fourier transform that has no negative
sign in the exponent; this definition is employed only to justify relation (A1). Alternatively,
as in [23,24] one could use the standard definition of the Fourier transform, which has
negative sign in the exponent, and define the Paley-Wiener space PW (S) to be the image of
L?(S) under the Fourier transform. It is easily seen that F : L2(RY) — L2(R%) is a unitary



Axioms 2024, 13, 36

15 of 19

operator satisfying 72 = Z, where Z : L>(RY) — L*(R?) is the reflection operator defined
by Zf(x) = f(—x), and thus, F* =1d,» (re)- The Paley—Wiener space over a measurable set

S C R% is defined by
PW(S) := {f € L*(R") :supp f € S} = F1[L*(S)]

equipped with the norm || f{|pw(s) := [Ifll;2(re) = ||]?HL2(S), where L2(S) is embedded

into L?(R?) by the trivial extension. Denoting the Fourier transform of f € PW(S) by
F e LZ(S), we see that for almost all x € RY,

fx) = (F7'F)(x) =/P(w)e*2m'x-w dw = (F, ()

. 12(s) (A1)

Moreover, if the set S C R has a finite measure, then f is continuous, and thus, (A1) holds
for all x € R,

Definition A1. Let S C RY be a measurable set. A discrete set A C R is called

*  auniqueness set (a set of uniqueness) for PW(S) if the only function f € PW(S) satisfying
f(A) =0forall A € Ais the trivial function f = 0;

* asampling set (a set of sampling) for PW(S) if there are constants 0 < A < B < o
such that

AllflBws) < AZ/:\\f(/\)f < B fl3ws forall fePW(S);

e  aninterpolating set (a set of interpolation) for PW(S) if for each {c)}rea € €2(A) there
exists a function f € PW(S) satisfying f(A) = c, forall A € A.

It follows immediately from (A1) that
e Aisauniqueness set for PW(S) if and only if E(A) is complete in L?(S);
e Aisasampling set for PW(S) if and only if E(A) is a frame for L2(S).

Also, we have the following characterization of interpolation sets for PW(S) (see
p- 129, Theorem 3 in [3]):

e Aisaninterpolating set for PW(S) if and only if there is a constant A > 0 such that

AHC”%Z < H Z CAe27ri/\'('>
nez

2
HLZ(S) for all {CA}/\EA S Ez(/\),

meaning that the lower Riesz inequality of E(A) for L?(S) holds.

Combining with the Bessel inequality (which corresponds to the upper Riesz inequal-
ity), we obtain a more convenient statement:

e IfE(A) is a Bessel sequence in L?(S), then A is an interpolating set for PW(S) if and

only if E(A) is a Riesz sequence in L?(S).

In fact, this statement can be proved by elementary functional analytic arguments.
Indeed, if E(A) is Bessel, i.e., if the synthesis operator T : £,(A) — L?(S) defined by
T({ci}ren) = Laea 1 €2™() is a bounded linear operator (equivalently, the analysis
operator T* : L2(S) — £>(A) defined by T*F = {(F, €2ni/\'(')>L2(S)})\€A is a bounded linear
operator), then T is bounded below (that is, the lower Riesz inequality holds) if and only if
T is injective and has closed range, if and only if T* has dense and closed range, i.e., T* is
surjective, which means that E(A) is an interpolating set for PW(S) by (A1).

The statement above is often useful because E(A) is necessarily a Bessel sequence
in L2(S) whenever A C R? is separated and S C R“ is bounded (p. 135, Theorem 4
in [3]). Note that A C R? is necessarily separated if E(A) is a Riesz sequence in L*(S) (see
Proposition 3).
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Appendix B. Proof of Some Auxiliary Results

Proof of Lemma 1. To prove (a), note that for any a € R4,
T_a[E(A)] _ {627ti/\~(x+a) = A} _ {627(1’)\~a eZm‘/\‘x = A}

Since the phase factor ¢2** € C for A € A does not affect the Riesz basis property and
the Riesz bounds, it follows that T_,[E(A)] is a Riesz basis for L?(S) with bounds A and B.
Consequently, E(A) is a Riesz basis for L?(S + a) with bounds A and B.

For (b) and (c), note that the modulation F(x) + e*™'*F(x) is a unitary operator
on L%(S) and that the dilation F(x) + /0F(cx) is also a unitary operator from L?(S)
onto Lz(%S). It is easily seen from Proposition 1(c) that if U : H; — H» is a unitary
operator between two Hilbert spaces H; and H; and if {f, },cz is a Riesz basis for H;,
then {Ufy } ez is a Riesz basis for H,. Parts (b) and (c) follow immediately from this
statement. [J

Proof of Proposition 3. For simplicity, we will only consider the case d = 1.
(i) Assume that D (A) = co. This means that there is a real-valued sequence 1 < r; <
7y < - -+ — oo such that

sup, g |A N [x, x+7,]]|
n

>n forall n e N.

Then for each n € N, there exists some x,, € R satisfying

|A O [xy, X0 414]| S

n

For each k € N, we partition the interval [x,, x,+7,] into k subintervals of equal length

I namely, the intervals [x,, x,+%], ..., [xa+ (k_kl LT +74]. Then at least one of the

subintervals, which we denote by I, ,, must satisfy

‘A M In,k

>, (A2)
| In,k|

where | I, ;| = 7. Letting k — oo, we see that

su AN |x,x+r
fmsup P A0 foxrll
r—0 r

Define the function g : R — C by g(x) = [S|71/2 xs(x) for x € R. Then 18]l 2m) =
18]l 12(s) = 1and g(0) = [ g(x)dx = |S|1/2. Since g € L1(R), its Fourier transform g is
continuous on R and therefore there exists 0 < § < 3 such that |g(w)| > 3|S|'/2 for all
w € [—%,%]. For eachn € N, we setk, := [%] > 2so thatk, —1 < < k; and thus
% < m < ,Z—’; < 6. It then follows from (A2) that

|Am1n,kn| > n'|In,kn| > 7’1'1% > n'%-

For each n € N, we denote the center of the interval I, by ¢, € Rand let f, € L(S)
be defined by f,(x) := e?™¥ ¢(x) for x € S. Then

gl 2 Y (g ) g [
AEA AeAND, k,

= ¥ 3N > (nd)

AEAﬂIn,kn

(A3)
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where we used the fact that c,—A € [— %, %} forall A € AN,y since I, isan interval
of length = < 6. While || fu||;2(s) = lI8ll2(s) = 1 for all n € N, the right-hand side of
(A3) tends to infinity as n — co. Hence, we conclude that E(A) is not a Bessel sequence
in L2(S) if D*(A) = co.

(ii) Suppose to the contrary that E(A) is a Riesz sequence in L?(S) with Riesz bounds A
and B, but the set A C R is not separated. Then there are two sequences {A,}?’ ; and
{A 30, in A such that [A, — A};| — 0 as n — co. Note that S C R is a finite measure set,
and for each x € S, we have |ezm’\”" — ezm%x| < 2 and e27iMx — Q2TIMX 5 () ag 1 — oo,
Thus, we have lim,_.« f S |62m7‘"x — Q2miAyx |2 dx = 0 by the dominated convergence
theorem. For A € A, let 6, € ¢(A) be the Kronecker delta sequence supported at A;
thatis, 6, (1) = 1if A’ = A and is 0 otherwise. Then, since E(A) is a Riesz sequence in
L%(S), we have

—

18, — S 2,00

< 1 ||ezniAn(~) _627Ti)\§,(~)H22 _1 ’eZHi)\nx _ i |2 gy 0,
12(8) — A Jg

= A

yielding a contradiction.
O

Proof of Lemma 2. Let A = {A,},ez with A, < A, for all n, and fix any § > 0.
Choose a sufficiently large number N € N so that & < T := min{A(A),25}, where
A(A) = inf{|]A —A/| : A # A" € A} is the separation constant of A (see Section 2.3).
Consider the perturbation A C %7 of A, obtained by rounding each element of A to
the nearest point in %Z (if A € A is exactly the midpoint of % and k%l, then we choose
%). Since A(A) > %, all elements in A are rounded to distinct points in %Z, i.e., the set
A= {An}uez C %Z has no repeated elements. Clearly, there is a 1:1 correspondence
between A, and A,, and we have Ay — /N\n| < ﬁ < 5 <éforalln e Z.

We claim that for any M € N, there exist constants c € N, d € %Z and an increasing
sequence 3(—M) < 3(—M+1) < ... <5(M) in A C %Z satisfying

§(j)=cj+d for j=—-M,..., M.

Once this claim is proved, it follows that the sequence {s(j) }]Ai _m C A corresponding to

{5(j) ]Ai _u C A, satisfies the condition (3) as desired.

To prove the claim, consider the partition of NA (C Z) based on residue mod-
ulo N: that is, consider the sets NA N NZ, NA N (NZ+1),...,NAN (NZ+N-1). Since
D*(A) = D*(A) > 0, at least one of these N sets must have a positive upper density,
ie, DY (NAN (NZ+u)) > 0 for some u € {0,...,N —1}. Then, Szemerédi’s theorem
implies that for any M € N, the set NA N (NZ+u) contains an arithmetic progression of
length 2M+1: thatis, {coj +do:j = —M,...,M} C NAN (NZ+u) for some ¢y € N and
do € Z. This means that there is an increasing sequence s(—M) < s(—M+1) < ... < 5(M)
in A satisfying

Ng(]) =coj+dg for j=—-M,...,M.

Since the numbers cpj +dy, j = —M, ..., M are in NZ+u, it is clear that cp € NN and
dp € NZ+u. Thus, setting ¢ := %co € Nand d := %do € Z+y C %Z, we have
5(j) =cj+dforj=—M,..., M, as claimed.

Finally, one can easily force the constant c € N to be a multiple of any prescribed
number L € N. This is achieved by considering the partition of NA (C Z) based on residue
modulo LN instead of modulo N. O
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