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Abstract: In this work, the time-fractional Navier-Stokes equation is discussed using a calcula-
tional method, which is called the Sumudu-generalized Laplace transform decomposition method
(DGLTDM). The fractional derivatives are defined in the Caputo sense. The (DGLTDM) is a hybrid
of the Sumudu-generalized Laplace transform and the decomposition method. Three examples of
the time-fractional Navier-Stokes equation are studied to check the validity and demonstrate the
effectiveness of the current method. The results show that the suggested method succeeds remarkably
well in terms of proficiency and can be utilized to study more problems in the field of nonlinear
fractional differential equations (FDEs).

Keywords: double Sumudu transform; double Sumudu-generalized Laplace transform; inverse double
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1. Introduction

Fractional partial differential equations play an important role in applied mathe-
matics, as they have been suggested for and applied in several different areas of the
physical sciences and engineering such as in fluid dynamics, acoustics, electromagnetism,
visco-elasticity, electro-chemistry, etc. The authors in [1] discussed the multi-scale elastic
structures consisting of matrix medium and thin coatings or inclusions. There are some
approaches to solving the problem of the elastic deformation of thin-walled solids with a
complex shape that is analyzed based on linear and geometrically nonlinear models using
new classes of surfaces [2]. The researchers in [3] applied the variational method to solve
the time-fractal heat conduction problem in the playdate-block construction.

The Navier-Stokes equations are commonly utilized to explain the motion of fluids in
models related to weather, ocean currents, and water flow in a pipe. Also, Navier-Stokes
equations are vector equations. Newly, several researchers have generalized the classical
Navier-Stokes equation into a fractional formula depending on replacing the first-time
derivative with a fractional derivative of order 0 < § <1, as in [4-8].

Recently, several analytical and approximate techniques for solving time-fractional
Navier-Stokes equations have been developed, for example, the Adomian decomposi-
tion method [9], the g-homotopy analysis transform scheme [10], the modified Laplace
decomposition method [7], the Natural Homotopy Perturbation Method [11], a reliable
algorithm based on the new homotopy perturbation transform method [6], and a modified
reduced differential transform method [12]. In the paper [13], the authors discussed the
convergence properties of double Sumudu transformation and applied it to obtain the exact
solution of the Volterra integro-partial differential equation. The double Sumudu transform
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is connected with the Adomian decomposition method to obtain the analytical solution of
nonlinear fractional partial differential equations [14].

The double Sumudu-generalized Laplace decomposition method is a strong method
that has been used to develop the double Sumudu transform and generalized Laplace
transform [15,16].

This work aims to study the time-fractional Navier-Stokes equation in one and two di-
mensions using the double Sumudu-generalized Laplace transform decomposition method
and to determine the accuracy, efficiency, and simplicity of the suggested method.

INotations:

In this paper, we employ the following symbols:

(1) (SGLT) instead of “Sumudu-generalized Laplace transform”;

(2) (DST) instead of “double Sumudu transform”;

(3) (DSGLT) instead of “double Sumudu-generalized Laplace transform”;

(4) (DM) instead of “decomposition method”;

(5) (DSGLTDM)) instead of “double Sumudu-generalized Laplace transform decompo-
sition method”.

This article is organized as follows. In Section 2, some definitions regarding fractional
calculus and (SGLT) are given. In Section 3, the two main theorems are proved, which are
useful to study the time-fractional Navier-Stokes equation constructed using the (SGLT).
In Section 3.1, the (SGLTDM) is used to solve the one-dimensional time-fractional Navier—
Stokes model. In Section 3.2, the (SGLTDM) is applied to solve the two-dimensional coupled
time-fractional Navier-Stokes model. In Section 4 some numerical example are given. In
Section 5, conclusions are given.

2. Basic Definitions of Fractional Derivatives and Sumudu-Generalized
Laplace Transforms

In this part, some basic definitions of fractional calculus and (SGLT) are given, which
are helpful for this paper.

Definition 1 ([10]). A real function f(t), t > 0 is is called in the space C,, y € R if Ip is a real
number p(> u), so that f(t) = tP f1(t), where f1(t) € C[0, 00), and it is reportedly in the space
G,/ if and only if fim ¢ Cy,meN.

Definition 2 ([17-19]). The Caputo time-fractional derivative operator of order T > 0 is given by

m—1—10"u(x,0)
m—t j(] t (7) L d

T — —
Dfu(x,t) = {am”t PR m—1<t<m. (1)

Definition 3 ([20]). Let f be a function of two variables x and t , where x,t > 0. The Sumudu-
generalized Laplace transform of f is defined by

SxGi(f(x,t)) = F(uy,s) = ul/ / (& ﬁ flx, t)dtdx, 2)

where the symbol S, G; denoted the (SGLT), and the symbols #; and s denoted transforms
of the variables x and t in (SGLT), respectively. Double Sumudu-generalized Laplace
transform, which is defined by

- / / / HEE) £(x, y, Ddtdyds. 3)

Similarly, the (SGLT) for the second partial derivative with respect to x and ¢ is defined
as follows

SxSyGi(f(x,y,1)

Yo(ur,s)  Ya(0,5) 9¥(0,s)
L.G = - - .
x t[l/)xx} M% u% ox
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Y,(uq,s
SxGilpe] = % —s"¥(u1,0),
Y,(uq,s _
SxGt[pn] = %—s“ Y (u1,0) — s*¥¢(uy,0).
In general,
I"f(xt) Fy(u1,5)
A
LI oF1£(x,0)
—s* I; T Sx [ v . 4)

where 11, s are complex values. The inverse (SGLT) S;ll G USxG(f(x,1))] = f(x,t) is
defined as in [20] by the complex double integral formula

T—ico py—i 1
flx,t) = #/T /1 e S Gulf (x, )] ds du.
Y

(2mi)? Jrico Jy—ieo

3. Main Results
In the following theorem, we present the (SGLT) of the partial fractional Caputo derivatives

Theorem 1. The (SGLT) of the fractional partial derivatives Df 1 is denoted by

Byl - Yalns)  agn 1
Sth[Dtl[J}— 5 Sak;sﬂ—ks

ok—1
S, o>]
Proof. By utilizing the definition of (SGLT), we have

Sth tlp ” / / (&+ Dﬁlpdtdx

and with the help of Equation (1), we obtain
5:Gt | Df'y]

= / / (+ L )./(;t(tg)mﬁlamlgéﬁé)dgdtdx

L #tx R e s a"p(x, Q)
“owm o € (F(m_ )S/O /5 (tig)ﬁ—m-i-l agm dtdé)dx.

Leto=1f—
Sth[Dfl/J}
= b (g T [t s
-2 Oweuz(m;“ﬁ)/o” ) g [ o )dx
_ il Oweﬁ(r(ﬂf“@/jegam‘g’g 9 4 <n; mﬁ))
_ ull Owe*u“ﬁ (sa/oweiamlgéi’@dQ Sﬂfmdx,
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where
Lim —p) ):/mvm*ﬁflefgdv
gh—m 0 '
Sth[Dfl[J}
1 e x 9"(x,Q) 1 )
= 771 A e 1<Gt[ a0 Sﬁ—mdx’

by implementing Equation (4), we can obtain

sxct[pmzllwm_saf 1 [aklllf(x,O)H;

gB—m S = gm—k =% k-1

by rewriting the equation above, we obtain

n k7
SxGt [Dflp} = M gt Z Sﬂl_ksx |f) 1¢(x,0)‘|‘

k1
sP = ot

O

In the next theorem, we utilize the (SGLT) for fractional partial derivatives fo .

Theorem 2. The (SGLT) of the fractional partial derivatives fo 1 is achieved by

up d
Sth[foi,b} = ngdiul(ullfac(ulrs))

_ d
—uys* P E(”l‘f'(ullo))-
Proof. By utilizing the derivatives with respect to u; for Equation (2), one can obtain
a ; 4o s () o
a— (Sth |:Dt l/]:| ) diul /0 /O uf]@ 1 Dt lpdxdt,

duq
© 1 ® 1 _1
w,—=<t x B
= s mT D pdx ) dt;
/0 e ( 0o duq ule PR x> !

the derivative between the brackets can be calculated as follows:

© d 1 1, g (1 L\ —dxpB
0 du1?1€ tDrypdx = ./0 (“%xu%>e H D
| 1 B
= —xe "1 D;pdx
b Py
o 1 _1
— — ¢ w*DPyd ;
Jy e ol

by putting Equation (7) into Equation (6), we obtain

di(sth{DflpD - /Ooosae_%t/ooo%xe_ﬁfozpdxdt

1

00 © 1 _1
—/ s"‘e_%t/ —e “1fot/dedtl
0 0 uf

©)

)

(8)
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consequently Equation (8) becomes

d‘;l(sxct[pflpb - ul%(ul / / fot,bdxdt)
<u1/ / (# Dﬁlpdxdt> )

Hence,
ddm (Sth {Dflp}) = ul%Sth {fol[J} — L%cht [Dfl[)}, (10)

by managing the above equation, we will obtain the proof of Equation (5) as follows

uy d
e {foyb] = ;du (u1¥a(uy,8))

_ d
—ups” ﬁ+1d7ul(ullya(”1/0))'
The proof is complete. [

The double Sumudu-generalized Laplace transform of the partial derivatives Df P(x,y,t)
is given by

B
Sth |:a l/J(aJtC/;% t):| _ Ta(u;,ﬁuZIs) _ StxfﬁJrleSy[\F(x/y/ 0)]/ (11)

where  represents the order of the derivative.

3.1. Analysis of the Sumudu-Generalized Laplace Decomposition Method

This subsection gives the main concept of the (SGLTDM) for the fractional partial
differential equation, to demonstrate the essential strategy of the Sumudu-generalized
Laplace Adomian decomposition method. The Navier-Stokes equation with time-fractional
is denoted by

Dflp(x,t) = D2u(x,t) + %Dxu(x, )+ f(x,t), xt>0,
m—1 < a<m, (12)

with the initial condition
P(x,0) = f1(x),

where D/3 = a is the fractional Caputo derivative, D2 = axz, D, = ax , and the right-
hand-side functlon f(x,t) is the source term. With a view to applying the (SGLTDM),
the following steps are needed.

Step 1: We multiply first Equation (12) by x, and we obtain

ﬁ

xD¥p = xD2p + Dy + xf(x,t), x,t > 0. (13)

Step 2: Applying the (SGLT) on both sides of Equation (13), we have

S.Gi[xD*y] = $,G; [xDxl,b + Dy + xf(x, t)} x,t> 0. (14)
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Using Theorem 2, we obtain

u d
sP duy

= S$.G [xDil,b + Dxtp + xf(x, t)];

_ d
— (1 ¥a(uy,s)) — ugs® ﬁHthl(ulT“(ul’O))

after an algebraic handling, we obtain

d _ o1 d
F (u1¥a(u1,s)) =s du (u1F1(u1,0))
Sﬂ 2
+5:G [xD2y + Do+ xf (x,1)] . (15)

Step 3: By employing the integral for both sides of Equation (15) from 0 to u; with
respect to 17, one can obtain

+1 1o (sP
Yo(uy,s) = s*PUE(ug,0) + / ( SyGil[xf(x,8)] ) duy
ui Jo u

1 [n/sP
[ (Ssxct [xDilp + ngu} ) du;. (16)
0 ui

ui .
Step 4: By utilizing the inverse (SGLT) for Equation (16), we obtain
1 (P 2
prt) = fi(x)+S,1G; ! u1/o u—lsxct[xD l/J—l—Dxl/J} diny
+s1Gt i/” S 8eGilxf(x,1)] ) du (17)
up s u1 Jo u xt f ’ 1|,

where the symbol S;;. 11 G; ! indicates the inverse (SGLT). The method (SGLTD M) designates
the solution as an infinite series, as

o]

P t) = Y Ym(xt); (18)

m=0

by placing Equation (18) into Equation (16), we obtain
) 1 i S/S
T vule) = A0 +S;C [ul/o <quGt[xf(x,t)]>du1]

: /Ou ( 5xGt i (JCD%lljm + Dxlpm>‘| )dul‘| . (19)

By using (SGLTDM), we present the iteration relations as:

+S ull Gs

Yo(x,t) = fi(x) + ;G ! Ul I (isxct [ (x, t)]) dul}, 20)

and the remaining terms can be acquired from the next formula

1 [mfsP
Puia(x,) = S5 G [m | (uleGt [(xD3m + va,bm)Ddul]. m>1 (1)

We consider that the inverse exists for all terms on the right-hand side of Equations (20)
and (21), respectively, where S, G; is the (SGLT) with respect to x, ¢, and the inverse (SGLT)
is given by S,jll G, ! with respect to uy, s.
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3.2. Analysis of the Double Sumudu-Generalized Laplace Transforms Decomposition Method

In this part of the paper, we present the fundamental concept of the (DSGLTDM) for the
time-fractional partial differential equation. To show the elementary plan of (DSGLTDM),
we consider in the following a general coupled system two-dimensional time-fractional
Navier-Stokes equations.

10
D?‘P"‘lPlPX"‘(PEL’y = Po(lPxerl/Jyy)—E%, x,y,t>0,

10
DE(P"‘IPG"X"‘q’(Py = PO(G"xx"'G”yy)_**pr x,y,t>0,

p oy
n—1 < p<n, (22)
subject to the conditions
Py 0) = Ailvy), ¢y 0) =8i(xy), (23)
where D = a :,c is the fractional Caputo derivative, p is pressure; in addition, if p is known,
then gy = p a and gy = — % 3—5 The approach requires applying the (DSGLT) for both sides
of Equation (22), and we obtain
Y(uq,us,s _
% — P (g, 1y,0) = =SSy Gt (Px + 9ty)
+5x5yGi (P (bex + lpyy)) - SxSyGt(%)/
D(uq,us,s _
% — "D (g, up,0) = —S5:Sy Gt (Yox + @@y)

+5xSyGt (P (@xx + @yy)) + SxSyGe(qa2).  (24)

Now, using the differentiation property of the (DST), we have

Y(up,up,5) = sPHUR (ug,up) — SﬁSxSyGt(lplpx + oty)
+5P5:S, G (o (xx + Pyy)) — 5P SxSyGe(q1),
@(uy,up,s) = s PTGy (ug,u0) — PSS, Gi(pox + 9oy)
+5P5:SyGt (00 (@xx + Pyy)) + 5°5:5,Gi(q2). (25)

By involving the inverse (DSGLT) for Equation (25), we obtain

Pyt = SIS G (PR () ) — S0 G (P84S, Gr (i + i) )

5081 G (558Gt (po (Y + i) ) = St Sl Gt [5P5:8, Ge(q)]
@(x/}/,t) = Sulls 1G (zx /3+1G1(u1,u2)) Sulls 1G (S‘Bsxs Gt ‘/J€0x+§0§0y )
50,15 G (5525, Gt (po (s + pyy)) ) + Su' 53, G [P5454Gra2) . (26)

The DM presumes that the functional solutions to ¥(x,y,t) and ¢(x,y,t) are given by
the following infinite series

(x,y,1) Z Pu(x,y,1), @y, t) =) eu(x,y,t). (27)

n=0

In addition, the nonlinear terms ¥4, ¢y, Py, and @@, are specified by

Ypx =Y Auw 9y = ) Bu 9z =) Cu, 99y = ) D. (28)
n=0 n=0 n=0 n=0
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By placing Equation (27) into Equation (25), we obtain
Yo pu(xyt) = flxy)—S,'S, Gt <sﬁsxsyct ( Y (An+ Bn)>>
m=0 n=0
“FSJllS;ZlG;l <SﬁsxsyGt (Po < Z Ypxx + Z anyy) ))
n=0 n=0
—S,15,1G; [sﬁsxsyct(ql)] ) (29)
and
Y, on(oyt) = &i(oy) —5,'S, G (Sﬁsxsyct ( Y (Cut Dn)))
m=0 n=0
+S;115;21 Gs_l <5ﬁsxSyGt (PO ( Z Pnxx + (Pnyy> ) )
n=0 n=0
+852,82, G [#8:8,Gi(g2) |- (30)
Using (DSGLTDM), we present the recursive relations as:
uo(x,y,t) = fi(x,y) — s,;js;jc;l [sﬂsxSyGt(ch)}
w(xyt) = gi(xy)+ 5555 Gt[sP5:8,Gi(g2) . (31)
and the remaining elements ¢, ;1 and ¢,11,7 > 0 are denoted by
Yupr(xyt) = —S5.15,1G; ! (sﬁSxSyGt(An + Bn))
+5,15,1G; 1 (sﬁsxsyct (00 ($rxx + Wuyy)) ) (32)
and
Pur(xy ) = —8u'8.1G (P8:8,Gi(Ca + D))
+5i Si G (558Gt (0o (v + Puuy)) ). (33)

The inverse (DSGLT) is denoted by s;lls;; G, ! with respect to 1y, up, s. We presume
that the inverse (DSGLT), with respect to uy, 1y and s exist for Equations (31)—(33).

4. Numerical Examples

In this section, two problems on fractional homogeneous and non-homogeneous time-
fractional Navier-Stokes equations are solved to verify the ability and dependability of our
method (SGLTDM) and (DSGLTDM).

Example 1. Consider the following homogeneous one-dimensional motion of a dense fluid in a tube
with the condition provided by
pyy_ 9  vO
Diy = 00z + 9 (xDyyp), x,t>0 (34)
and the initial condition
P(x,0) =1—x% (35)
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The fractional derivative model is used to illustrate the time derivative term, and
Equation (34) can be written in the following form

v 0

l/J K+ fa—(xDxllJ) x, t>0, (36)
where K = — % ; multiplying the above equation by x, we have
B 0
xDy¢p = Kx + Ua(xDxl/J), x, t>0. (37)

By taking the (SGLT) for both sides of Equation (37), we arrive at
d
SxGt[xDf ] = Sy G¢[Kx] + S5x Gy [vax(xDxlp)]; (38)

on using the differentiation property of the Sumudu transform and Theorem 2, we can obtain

d d
Tm(“lTa(u1,5)) = Swlﬁ(ulﬂ(ullo))
B
+Ks* A 4 2 G, [va(xDxlp)]. (39)
1 dx

Utilizing the Sumudu transform for the initial condition and substituting it into Equation (39),
we have

d

d—ul(ul‘I’,X(ul,s)) = (1 - 6u%)s”‘+1 + Ks* 1P

5 602 (xD)] 40
+u71 x t[”ax(x xl/’)]r (40)

by taking the integral for both sides of Equation (40) from 0 to 17 with respect to 1; and
dividing the results by 11, we obtain

Yo(uy,s) = (1 - 2u2) sl Kt F1HP
1 [ s’g 8

Now, the inverse (SGLT) of Equation (41) is given by

. Ktf
P(x,t) = 1—x +71"(,B+1)
1 [usP 0
+8,1G57 Ln/o stct{ o (xDxtp)}dul}, (42)

and we assume an infinite series solution of the unknown function ¢ (x, t) is denoted by
Equation (18). By substituting Equation (18) into Equation (42), we obtain:

oo Kth
) = 1—-22 4t
11| Lo 0
+8;16; uT./o s G mZ:; = (Do) | || (43)
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The zeroth component ¢ is recommended by the Adomian method, which always
includes the initial condition and the source term, both of which are considered to be
known. Therefore, we place

l/J =1- x2 + Kitﬁ
o T(p+1)
The remaining components ¢, 1, m > 0 are given by using the relation
g1 msP 0
¢mﬂxﬂ:%ﬁ%ﬂm4 @”&@PqummDm@; (44)

by substituting m = 0, into Equation (44), we obtain

U U

up B
Pr(x,t) = SfG;{l‘A (SsghPixﬂxwﬂ>dm}

U
_ _551165—1 [ull/o ]{4vs“+ﬁ+1}d4 _ _SLZle—l {47;5"“"’5“]
(x,8) = — 4oth
Pr(xt) = TB+1)

In the same way, atm =1,

u [ B
o(x,t) = S;ngl[l‘A <Slﬁﬁh[v;1(xDx¢ﬁ}>du{

uq u
1 uy gP
e e s” — Q.
e L”A uﬁ%Gmwm} 0;
similarly, at m = 2, we obtain
¥3(x,t) = 0.
Thus, the solution of Equation (34) can be expressed as
K — 4o)tP
4 =1- 24 K40

The error between the exact and approximation solution of example 1 is given in Table 1 below.

Table 1. Comparison between the exact and approximation solutions.

Exact The Method Error The Method Error
p=1 B =095 B = 0.99
—2.0000 —2.0616 0.0616 —2.0126 0.0126
—2.0100 —2.0716 0.0616 —2.0226 0.0126
—2.0400 —2.1016 0.0616 —2.0526 0.0126
—2.0900 —2.1516 0.0616 —2.1026 0.0126
—2.1600 —2.2216 0.0616 —-2.1726 0.0126
—2.2500 —2.3116 0.0616 —2.2626 0.0126
—2.3600 —2.4216 0.0616 —2.3726 0.0126
—2.4900 —2.5516 0.0616 —2.5026 0.0126
—2.6400 —2.7016 0.0616 —2.6526 0.0126
—2.8100 —2.8716 0.0616 —2.8226 0.0126
—3.0000 —3.0616 0.0616 —3.0126 0.0126

Figure 1 presents a comparison between the exact solution and the obtained numerical
solution of Equation (34); att =1and B = 1, we obtain the exact solution, and by taking
different values of B such as (8 = 0.95, B = 0.99), we obtain the approximate solutions.
Figure 2 shows the plot of function ¢ (x, t) in three dimensions.
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24

¢ exact (beta =1)
beta = 0.95
beta = 0.99

2.2

24

Figure 1. Comparison between the exact and numerical solutions.

Figure 2. The surface of the function (x, f).
Example 2. The non-homogenous time-fractional Navier—Stokes equation with the initial condi-
tion is 1
Dfy = D2y + _Dxp e 4, x>0, (45)
¥(x,0) = 2. (46)
Applying the (SGLT) on both sides of Equation (45) and the Sumudu transform to the
initial condition, Equation (46), we obtain
at+l+p ggat+l1+p

v , = 2 2 . a+1 2 285 _
o (11, 9) uys" ™ 4 2ug 15 15

+= —15th [vaa—x(xDxtp)] duy. (47)
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From the formula for the geometric series, the terms 2 1 — and 4" t S P can be written

in the form of

2 2 tX+1+,B 1
1-—s

attep_1 [s‘“‘”ﬁ ST g3 TE }
1-s

212 {Sa+1+ﬁ+Sa+2+ﬁ+sa+3+ﬁ+m}

Operating with the (SGLT) inverse on both sides of Equation (47) gives

) ) B 1B+l 1B+2
pent) = +x[F(5+1)+F(ﬁ+2)+F(ﬁ+3)+ }

th th+1 th+2
4[ " + .. }
r(p+1) T(p+2) T(p+3)

1 6P 9
+8,16;! L{l /0 s Gt{ax(wxlp)]dul} (48)

U

By using the above-mentioned method, if we assume an infinite series solution of the
form in Equation (18), we have

0 _ ) ) I 1p+1 1B+2
Lopnlnt) = atx [F(ﬁ+1)+F(ﬁ+2)+ fpi3) }
tb tp+1 1B+2
- [F(ﬁ+1)+ TB+2) T(B+3) }

+S5,.1G!

( Z Ymx(x, 1) )]dull; (49)

1 sﬁ
/ th
upJo

the first few terms of the (SGLTDM) are given by

_ ) ) e 1p+1 B2
Yo = x +x[F(ﬁ+1)+F(ﬁ+2)+F(ﬁ+3)+ }
4 tﬂ N t,B-‘rl N tﬂ-‘rZ N :|
[r<ﬁ+1> rp+2) T(Era) )

and

a1 (1, 1) = ;16,1 {1 /0"1 Sﬁsxct{aa (X (x, t))}dul]

U U

Hence, at m = 0, we obtain

up gb P}
lpl = S;lleil |:1/0 leth|:ax(xl/J0x(x,t)):|dM1:|

U

B+1
uy of + t
= S,'G;! e / "2 5.Gr |4+ 4x ﬁ“g HER2D) | duy
upJo U + (ﬁ+3)+
_ S;lle—l {4Sa+ﬁ+1+4{sa+1+2ﬁ+sa+2+2/3+sa+3+2ﬁ+WH

_ 4t‘B A tZﬁ t2ﬁ+1 t2ﬁ+2
Y= T(a+1) + [r(25+1) * T(28+2) + T (2 +3) + ]
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In the same manner,

u gb
o - [ Zne e
1 ﬁ
_ L / 15th[0]du1}
Y2 = 0
and
lp3:0/ lp4:0,....

So, our required solutions are given below

P(x,t) =o+ 1+ 9o+

2 9 th tB+1 h+2
pont) = ”[rwﬂ)*r(ﬁw)*r(msﬁ }

t'B tﬁ+1 tﬁ+2
—4[ i + . }

rg+1) " Tg+2) T T(ET3)
4P 128 12B+1 (2B+2
TS +4{1‘(2ﬁ+1) T Tepro Ttp+3) T }

When we set f = 1 in Equation (45), we obtain the exact solution of the non-time-
fractional Navier—Stokes equation as follows

¥(x,t) = x%.

The error between the exact and approximation solutions to example two is given in
Table 2 below.

Table 2. Comparison between the exact and approximation solutions.

Exact The Method Error The Method Error
p=1 B = 0.95 B = 0.99

2.3333 2.5599 0.2266 2.4077 0.0744
2.3600 2.5869 0.2269 2.4345 0.0745
2.4400 2.6679 0.2279 2.5148 0.0748
2.5733 2.8029 0.2295 2.6487 0.0754
2.7600 2.9918 0.2318 2.8361 0.0761
3.0000 3.2348 0.2348 3.0771 0.0771
3.2933 3.5317 0.2384 3.3716 0.0783
3.6400 3.8827 0.2427 3.7197 0.0797
4.0400 4.2876 0.2476 41214 0.0814
4.4933 4.7465 0.2532 4.5766 0.0832
5.0000 5.2594 0.2594 5.0853 0.0853

Figure 3 presents a comparison between the exact and numerical solutions of Equation (45).
The exact solution is obtained when t = 1 and = 1, and we obtain the numerical solutions
by taking different values of B such as (8 = 0.95, B = 0.99). Figure 4 shows the surface of
function ¢(x, t) in three dimensions.
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55
¢ exact (beta =1)
beta = 0.95

51 beta=0.99 [
4.5 *

4 €3

- *
35
%
3r *
%
*
25 *
* *
P L L L L L L L L L )

0 0.1 02 03 04 05 06 07 08 09 1
X

Figure 3. Comparison between the exact and numerical solutions.

1
0.5
0
0.5

Example 3. Consider a time-fractional order two-dimensional Navier—Stokes equation with [21,22]

Figure 4. The surface of the function (x, f).

D+ ¢gx+ oy = po(Yxx +Yyy) +4q, x,y,t>0,
;X(P + Py + PPy = pO((Pxx + q)yy) -4, xy,t>0,
n—1 < a<mn, (50)

subject to the condition

$(x,y,0) = —sin(x +y), ¢(x,y,0) =sin(x +y);
by using the (DSGLT) on both sides of Equation (50), we obtain

SxSyGt [DEY + ipx + oy = po (Prx + Pyy) + 4]
SxSyGt[ L+ ox + @y = PO(GDxx + (Pyy) - ‘7]'
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and using the differentiation property of the double Sumudu transform, we have

W - Sa7ﬁ+1w(u1/ us, 0) = _SxSyGt (l/Jl/Jx + qol,by)

+5x5yGt (00 (xx + ¥yy) ) + SxSyGi(q),
¢ 7 7 —
% - Slx ﬁ+1q>(u1/u2/ 0) = _SxSyGt (l/J(Px + (Pq)y)

+SxSyGt(PO(fox + (Pyy)) + SxSyGt(q). (51)
Replacing the initial condition and arranging Equation (51), we have

(u1 + Mz)S’H_l
Plns) =~z oyagrry S SSGH et on)

+505:5y Gi (00 (Yxx + Pyy)) — 57525y Gi(q)
u + u Sﬂl-‘rl
Blvzs) = (u(% : 1) (235 +1) 915,61 (s +994)

+5P5:S,Gi (o (Pxx + @yy) ) — 59525, G (q). (52)

Now, applying the inverse (DSGLT) for both sides of Equation (52), we obtain

Pyt = —sin(x+y) = SSIGT(PS:8,Gr(yy + o))
52,152,657 (5545, Gt (0o (9 + ¥)) ) )
_qtf
I
¢o(x,y,t) = sin(x+y)— SbfllS;zngl (s/ngSyGt (pox + gogoy))
5,18, G 1 (5528, Gi (po (9 + ) )
__atf
SEESAE (53)

The zeroth components 1y and vy are proposed by they Adomian method, and they
constantly include the initial condition and the source term, both of which are supposed to
be recognized. Consequently, we set

g qtP o qtP
Yo = —sin(x+y) + TEL1) Po = sin(x +vy) — TEL1)

The remaining elements 1,11, 4,11, n > 0 are given as follows
Yuy1 = =SS, 1G5 (sﬁsxsyct(An + Bn))
+SL71151721G;1 ((SﬁSxSyGt (PO (lpnxx + lpnyy))))/ (54)
and

Puit = =S8 G (95:5,Gi(Ca + D)
+5P5:8y Gt (0o (@nrx + Puyy))- (55)
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The few components of the Adomian polynomials Ay, B, C,, and D;, are given as follows

@)
NS
I

Ao = Yoyoxr, A1 = PoP1x + P1ox,
Ay = Yooy + P1P1x + Yooy,
Az = Yoz + P1ox + P2P1x + P3thox,

By = ooy, B1= @op1y + @190y,
By = @opay + @191y + @290y,
By = (POIPSy + (PllIJZy + (P21/)ly + (P31P0y/

Co = Wopoxr, C1=Popix+ P1@ox,

PoPox + P1P1x + P2@oy,

G = Po@3x + P1¢2x + P2@1x + P390y

Do = ¢@opoy, D1 = @op1y+ 100y,
Dy = @op2y + @191y + 9290y,
D3 = g@ogsy + @192y + @291y + @390y-

Setting n = 0 into Equations (54) and (55), we obtain

/2]

and

similarly, atn =1,

P2 =

?1

7517115;21 Gs—l (sﬁSxSyGt((lPOlﬁlx + P1¢ox + popry + (pllpoy)))

= =2

—ui1 = =SS 1Gs! (sﬁSxSyGt(Ao + BO))
+S;115L721 G§1 ( (Sﬁsxsyct (PO (¢Oxx + l/JOyy) ) ) )/
Sin Siy G (5518, Gr (o (2in(x + 1)))0)

a+pB+1
5-15-1G1 [ gp, M+ )
w8 ("O(u§+1)(ug+1)
potP
Ir(g+1)

2

sin(x +y)

— -5, 151Gt (sﬁsxsyct(co + DO))

+SﬁsxSyGt (PO ((POxx + (POW))

= s;ls;le! (sﬁSxSyGt(—pOQ sin(x + y))))

potP
rg+1)

sin(x +y);

55,152, G: ! (5P54S, G (po (Y100 + 1) )

S!S Gt <sﬁsxsyct (

—4p3 sin(x + y)tP
r(g+1)

a+2B+1

(uf +1) (43 +1)

(2po)2 sin(x + y)tzﬁ

rep+1)

(56)

(57)

(58)

(59)
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and
g = —5.'S.'G! (S‘BSxSyGt (Yop1x + Y1905 + PoPry + (qu’Oy))
+Su115 Gs (SﬁSxSyGt (00 (p12x + 4’1yy)))

4p sin(x + y)tP
_ Ig, 1 B £o Y
Suy Su, Gs (S SxSyGt< TB+1)

L +u2)sa+2[3+l
— glglg-l(y4 > (11
SR ("°<u%+1><u5+1>

(200)* sin(x + y)128
T(26 +1).

In a similar manner, at n = 2, we have

Y3 = —S,.'S,'G! (S’3 SxSyGe((Yotx + P11z + Patpox + Pothay + P11y + ¢z¢0y)))
+5,18,,1 Gy (SﬂsxsyGi (o (Y2xx + ¢2yy))>f

ol —8pj sin(x + y) 2P

r2g+1)
_ e-lo-1p--1 5 (11 + up)s* +2PH1
= Su; Sup Gs <_8p0 (12 +1) (u5+1)
1 2
—8pgsin(x +y)PF  (2p0)° sin(x +y)t*
rGp+1) T(3a +1),

and by the same way,
o (200)° sin(x + y) 3P
= T3 +1)

In similar manner, we have

(=200)"sin(x + )" (~2p0)" sin(x + y)t"

T(np+1) vz T(np+1) V22

Pn = —
So, our required solutions to Equation (50) are given below

Yoy t) = YotPr+at... Py
e(x,y,t) = @o+e1+@a+....+¢n

[e0]

_ —200)"t"P qtP
lp(x/ylt) - SIH x+y ng‘b 11,3+1 I*(‘B+1)

_ 2 (—2po)" " qtP
p(x,y,t) = sin(x+y) ; T(np 1) +F(,B+1);

substituting = 1 and g = 0 into the above equation, we obtain the exact solution to
the classical Navier-Stokes equation for the velocity as:

P(x,y,t) = —sin(x+y)e !
o(x,y,t) = sin(x+y)e 20",

The error between the exact and approximation solutions to example two is given in
Tables 3 and 4 below.
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Table 3. Comparison between the exact and approximation solutions for ¥ (x, t).

Exact The Method Error The Method Error
p=1 B = 0.95 B =0.99
0 0 0 0 0

0.1000 0.1145 0.0145 0.1028 0.0028
0.2000 0.2212 0.0212 0.2041 0.0041
0.3000 0.3252 0.0252 0.3049 0.0049
0.4000 0.4274 0.0274 0.4054 0.0054
0.5000 0.5283 0.0283 0.5056 0.0056
0.6000 0.6282 0.0282 0.6056 0.0056
0.7000 0.7272 0.0272 0.7055 0.0055
0.8000 0.8256 0.0256 0.8052 0.0052
0.9000 0.9233 0.0233 0.9047 0.0047
1.0000 1.0205 0.0205 1.0042 0.0042

Table 4. Comparison between the exact and approximation solutions for ¢(x, t).

Exact The Method Error The Method Error
p=1 B =0.95 B =0.99
0 0 0 0 0

0.1000 0.1145 0.0145 0.1028 0.0028
0.2000 0.2212 0.0212 0.2041 0.0041
0.3000 0.3252 0.0252 0.3049 0.0049
0.4000 0.4274 0.0274 0.4054 0.0054
0.5000 0.5283 0.0283 0.5056 0.0056
0.6000 0.6282 0.0282 0.6056 0.0056
0.7000 0.7272 0.0272 0.7055 0.0055
0.8000 0.8256 0.0256 0.8052 0.0052
0.9000 0.9233 0.0233 0.9047 0.0047
1.0000 1.0205 0.0205 1.0042 0.0042

The comparison between the exact and numerical solutions for Equation (50) is
shown in Figures 5 and 6. We obtain exact solution at § = 1; and the different val-
ues of § such as (B = 0.95, B = 0.99) show the approximate solution. The surfaces in
Figures 7 and 8 show the exact solution of the functions ¢(x,y,t) = — sin(x + y)e 20! and
@(x,y,t) = sin(x + y)e 20! at x = 0, respectively.

121

exact (beta =1)
beta = 0.95
1k beta = 0.99

+~ 0.6 [

0.4

0.2

0 I I I I I I I I I |
0 0.1 02 03 04 05 06 07 08 09 1

X

Figure 5. The comparison between the exact and numerical solutions for i(x, y, t).
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£ exact (beta =1)
beta = 0.95
1k beta = 0.99

0.8

~ 0.6

04

0 I I I I I I I I I |
0 0.1 02 03 04 05 06 07 08 09 1

X

Figure 6. The comparison between the exact and numerical solutions for ¢(x, y, t).

0
0.2
04
0.6
08

0
-0.1
0.2
0.3
0.4
-0.5
Py 06

10
/(1 0 o7
s 5 0.8
0 o

Figure 7. The surface shows the function ¢(x,y,t) = — sin(x + y)e 2",
0.12
015
01
0.1
0.08
0.05 0.06
0.04
0
10
//1 0 0.02
5
5
0
0 o

Figure 8. The surface shows the function ¢(x,y,t) = sin(x + y)e ™20t
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5. Conclusions

In this article, strong techniques, which are called (SGLTDM) and (DSGLTDM), are
implemented to obtain the solution time-fractional Navier-Stokes equations. The obtained
results are fascinating and agree with the exact solutions. The action and effectiveness
of the introduced method are examined by utilizing some numerical examples. Thus, it
can be concluded that the (SGLTDM) and (DSGLTDM) are very active in finding exact, as
well as numerical, solutions for fractional partial differential equations. Moreover, the pro-
posed method is very efficient in analyzing nonlinear systems without any categorization.
The outcome shows that the present method has higher accuracy compared to the existing
method in the literature. Numerical simulation was utilized to draw the exact and approx-
imate solutions. In the future, we will use our method to develop modeling horizons in
our domain.
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