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Abstract: In this work, we propose an algorithm for the detection, measurement and classification
of discontinuities in signals captured with noise. Our approach is based on the Harten’s subcell-
resolution approximation adapted to the presence of noise. This technique has several advantages
over other algorithms. The first is that there is a theory that allows us to ensure that discontinuities
will be detected as long as we choose a sufficiently small discretization parameter size. The second is
that we can consider different types of discretizations such as point values or cell-averages. In this
work, we will consider the latter, as it is better adapted to functions with small oscillations, such as
those caused by noise, and also allows us to find not only the discontinuities of the function, jumps
in functions or edges in images, but also those of the derivative, corners. This also constitutes an
advantage over classical procedures that only focus on jumps or edges. We present an application
related to heart rate measurements used in sport as a physical indicator. With our algorithm, we
are able to identify the different phases of exercise (rest, activation, effort and recovery) based on
heart rate measurements. This information can be used to determine the rotation timing of players
during a game, identifying when they are in a rest phase. Moreover, over time, we can obtain
information to monitor the athlete’s physical progression based on the slope size between zones.
Finally, we should mention that regions where heart rate measurements are abnormal indicate
a possible cardiac anomaly.

Keywords: corner and jump discontinuities; noise; ENO and subcell-resolution approximations;
heart rate measurements; phases of exercise

MSC: 65D15; 65205; 65T60

1. Introduction

Detecting discontinuities in functions plays a crucial role in various scientific, engi-
neering, and computational applications. A discontinuity, a sudden and abrupt change in
a function’s behavior, often signifies a significant transition or event. Understanding and
identifying these points of disruption are essential for several reasons. In signal processing,
identifying discontinuities helps separate meaningful information from noise. Detecting
sudden changes in signal characteristics can be critical for accurate analysis. Discontinu-
ity detection is fundamental in image processing for edge detection and segmentation.
Recognizing abrupt changes in pixel intensities aids in identifying object boundaries. In
mathematical analysis, recognizing points of discontinuity is crucial for understanding the
properties of a function. It provides insights into the behavior of a function across different
regions. In numerical methods, identifying discontinuities is vital for ensuring the stability
and accuracy of algorithms. Algorithms may need to adapt their behavior in the presence
of discontinuities. Understanding and detecting sudden changes in system behavior are
essential for effective control systems. Identifying discontinuities helps in modeling and
controlling dynamic systems. In data science, detecting abrupt changes in data sets is
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crucial for anomaly detection. Recognizing discontinuities aids in filtering out noise and
identifying meaningful patterns. In computer vision applications, such as object recogni-
tion, detecting edges and contours relies on discontinuity detection. Recognizing sudden
changes in visual data is fundamental for scene understanding. Discontinuity detection is
essential in optimization problems where objective functions may have abrupt changes.
Identifying these points helps optimization algorithms converge efficiently. In summary;,
the ability to detect and analyze discontinuities in functions is a fundamental aspect of
various scientific and technological domains. It enhances our capability to interpret data,
model systems, and develop algorithms that can adapt to different scenarios, ultimately
contributing to advancements across a diverse range of fields.

Some of these processes produce piecewise smooth data, that is functions with a small
number of discontinuities compared to the number of sampled data. Assume that the
input function is corrupted by an additive random noise f = f + 1, we would like to
find the discontinuities of the signal f. The noise disturbs the data thus the problem is
complex. It is difficult to distinguish the true discontinuities from the function and the false
discontinuities from the noise. The noise added to the signal appears as small oscillatory
deviations from the curve.

In this work, we present an algorithm designed for the detection, measurement,
and classification of signal discontinuities, particularly in the presence of noise. Our
approach is rooted in Harten’s subcell-resolution approximation [1,2], which has been
adapted to accommodate noisy signals.

For functions without noise, we can find other interesting approaches different from
the Harten SR-technique. For instance, several recent findings have demonstrated the
effectiveness of directional multiscale approaches, such as continuous curvelet and shearlet
transforms, in providing a robust theoretical foundation for understanding the geometry
of edge singularities [3]. These methods surpass the capabilities of traditional wavelet
transforms. Specifically, the continuous shearlet transform offers a precise geometric
characterization of edges in piecewise constant functions.

In [4], the authors expand upon previously known characterization results and demon-
strate that, even for piecewise smooth functions, the continuous shearlet transform can
identify the location and orientation of edge points, including corner points, by leveraging
its asymptotic decay at fine scales. The new proof introduces innovative technical construc-
tions to address this more challenging problem. These findings establish the theoretical
groundwork for extending the application of the shearlet framework to a broader range of
problems in image processing.

Certainly, various approaches have been introduced to approximate singularities in
functions affected by noise. In this context, we revisited some of these methods, delving into
their foundations and, more specifically, highlighting the motivation behind our approach
due to several of its distinctive features. In [5], an image-denoising algorithm reliant on
wavelets and multifractals for singularity detection was presented. The algorithm calculates
the pointwise singularity strength value, characterizing local singularity at each scale.
Through thresholding the singularity strength, wavelet coefficients are classified into edge-
related and regular coefficients, and irregular coefficients. The irregular coefficients undergo
denoising using an approximate minimum mean-squared error estimation method, while
the edge-related and regular wavelet coefficients are smoothed using the fuzzy-weighted
mean filter. This strategy aims to preserve edges and details during noise reduction. In [6],
cubic box spline wavelets are presented, which have compact support and avoid phase
shifts. It defines associated digital filters for the discrete dyadic wavelet transform, crucial
for detecting and measuring signal singularities. The approach distinguishes between
regular and irregular coefficients, enabling effective noise reduction while preserving edges
and details.

Many other approaches propose edge detector algorithms for image-processing ap-
plications [7-9]. These approaches are based in heuristic ideas exhibiting good numerical
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behaviors but lacking a theoretical framework. See also the review paper [10] for an
interesting application of edges detectors: fingerprint classification.

The Harten SR-approximation is supported by a nice theory [11] that ensures that we
are able to find the singularities taking the discretization parameter smaller than a critical
value depending only on the regularity of the function.

Our algorithm offers several advantages over the above methods. Firstly, it is under-
pinned by a theoretical foundation that ensures the detection of discontinuities, provided
the discretization size of the function is chosen to be sufficiently small. Secondly, our
approach allows for the consideration of various discretization types, including point
values or averages in cells. For this work, we opt for the latter, as it is better suited for
functions with minor oscillations, such as those induced by noise. Additionally, it enables
the identification of not only the function’s discontinuities, jumps in functions or edges in
images, but also those in its derivative, such as corners. This flexibility distinguishes our
algorithm from classical procedures that primarily focus on jumps or edges.

We showcase a practical application related to heart rate measurements in sports as a
physical indicator. Our algorithm proves effective in discerning different phases of exercise,
such as rest, activation, effort, and recovery, based on heart rate measurements. It facilitates
the determination of players’ rotation timing during a game by identifying rest phases.
Furthermore, over time, the algorithm provides monitoring and insights into an athlete’s
physical progression via based on the slope size between zones. Notably, our algorithm
can pinpoint regions where heart rate measurements exceed typical records, indicating a
potential cardiac anomaly. Finally, the detection is automatic and occurs in real time, two
fundamental aspects for the coach team.

The remainder of the paper is organized as follows. In Section 2, preliminary informa-
tion necessary to understand the algorithm is given. Next, the full detector mechanism is
presented, followed by an examination of some academic examples to check the algorithms.
Lastly, an application related to heart rate measurements applied in collective sport are
presented, and concluding remarks are provided.

2. The Cell-Average Framework and the ENO-SR Approximation
Let us consider a set of nested grids in [0, 1]:

xk = {x}‘}][":O, X = jhy e =27/ Jo, Ik = 2o,

where | is some fixed integer and we consider the discretization
1 k ok 1y
De: L10,1] = VE ff = (D) = o [ fix1<j<
-1

where L]0, 1] is the space of absolutely integrable functions in [0, 1].
We now define the sequence F]k in the k-th cell as:

k Lo Y k «_ B —Fa
i=1

1)

If F(x) is the antiderivative of f(x), then the sequence F]k corresponds to a point-value

discretization of F(x) in the k-th cell.
Now, we denote by Z;_; (x; F¥~1) an interpolation such that Z; _; (x;(_l; Fk1y = ij_l.

Thus, we can obtain an approximation, f]k, to fjk using Equation (1):

Ffo= (FF =B M = (a6, ) = T (6, F0) e )
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From Fé‘j = F(x’ﬁj) = F(xj?*l) = F]kfl, it is obtained

fzcj—l = (ﬁZ—l - F]'k:ll)/hk and fz{] = (F]'kil — ﬁgj—l)/hk‘

Then, we can use an interpolation procedure for F to obtain a reconstruction for the
original function f. We continue recalling the ENO interpolation strategy.

2.1. ENO Interpolation Strategy

The fundamental concept behind the ENO approach involves expanding the region
of high accuracy by constructing piecewise polynomial interpolants that solely rely on
information from smooth regions of the interpolated function.

Let X = {x;} be an uniform mesh and = x;,1 — x;. Let H(x) € [0,1] and DH =
(H;)j, where H; = H(x;). Let Z(x; DH) be a polynomial interpolator of H(x) in X.

If we consider an interpolation of order r, we have

I(x; DH) = qj(x; DH)  for x € [xj_1,xj],

where g;(x; DH) is a polynomial of degree r — 1 such that g;(x;_1;DH) = H; 1 and
qi(xj; DH) = H;. The set of r nodes associated to the polynomial g;(x; DH) forms a stencil,
Sj, associated to the interval [x;_1, x;]. The nodes x;_; and x; have to be in ;.

The idea of the ENO interpolation is to construct a stencil ; using information of H(x)
only from smooth parts. These techniques aim to minimize inaccuracies in reconstruction,
particularly in regions with isolated singularities. Note that interpolation techniques
relying on a predetermined stencil selection result in polynomial interpolants, that are
merely first-order approximations to H(x) when their stencil crosses a singularity x,.
Consequently, the accuracy of the piecewise polynomial interpolant diminishes over a
substantial region around the singularity, with the extent of this effect depending on the
degree of the polynomial pieces (i.e., the number of points in the stencil).

For each interval [x; 1, x;], we consider all possible stencils of cardinality » > 2 that
include the nodes x; 1 and x;:

{x]‘77‘+11 sy xj}/ Tty {x]',l, ceey x]'+772}'

The task is to select, from all candidates, the one that meets our requirements. Let i(})
be the index corresponding to the second point of the selected stencil. Note that if r = 2,
Sj = {xj_1,x;} and no selection is necessary. Let us assume then that r > 2. The symbol
H(-,...,-) represents the divided differences of the function H. In [2], Harten describes
two possible procedures:

Note thatif j —r +2 < i(j) < j, then Xj-1, Xj €j,in both cases Algorithms 1 and 2.

Now, we recall the subcell resolution technique.

Algorithm 1: Hierarchical Selection
Take io(j) = j
for 1=0,...,¥r—3
if [H(xG )2 X)) | < TH(x )10+ Xy )1
i1(j) = i(j) -1
else
i1(j) = i(j)
end
end

i(j) = ir—2(j)-
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Algorithm 2: Non-Hierarchical Selection

Take i(j) such that
|H(Xi(j)—1/ -+ - Xi(j)r—2) | = min{[H(x; 1, ..., X1 2)|, j—r+2<1<j}

2.2. The Subcell Resolution Technique

Let us assume that H(x) is a continuous function with a corner at x4 € (x;_1, xj). Then,
the ENO interpolants satisfy

H(x) =gj-1(x) + O(K"), x € [xj_2,xj 1] (3)
H(x) =gj41(x) + O(K"), x € [x,xj11] 4)

The location of the corner, x4, can be recovered using the following function:
Gj(x) = gj41(x) — gj-1(x) (5)

Using Taylor expansion in regions of smoothness, it is not hard to prove that

G]‘(x]‘,l) X G](x]) =a(a— 1)[H/]§dh2 + O(l’la)
where x; = x; —ah, 0 < a < 1 and [H’],, denotes the jump of the derivative at x,.

Therefore, if h is sufficiently small, there is a root of G; in (x;j_1,x;) be such that
G;(0;) = 0. In general, we obtain

10j — x4] = O(K)

If the function is a piecewise polynomial with a corner in x,; then x4 = 6.

With this information we can obtain an approximation of full accuracy. The funda-
mental concept behind the SR technique is indeed straightforward: employ precise recon-
structions in the cells adjacent to a singularity to reconstruct the cell with the singularity.

Working with cell-average, via first primitive, we can detect jumps singularities.
With these approaches we can detect “weaker” singularities also, that is to say, we can
detect corners. In these cases, it becomes very important to isolate cells that are suspected
of harboring a singularity.

On the other hand, we know that when H(x) has a discontinuity in its m + 1st deriva-
tive at x; € (xj_1,;), it can be approximated (for sufficiently small /) by the unique root of
G](m) (z) = q](fi(z) - q](ﬂ(z) = 0. Thus, if (x;j_1, xj) is suspected of containing a singularity,
we check whether

G\"(xj-1) - G" (%)) <.

If this is the case, we conclude that there is a root of G](m) (z) in (xj_1, x;).

(m)

A careful analysis of the functions G j (x) for m = 0,1,2 can help to determine
whether a singularity lies at a suspicious grid point. This is the key point of our approach.
Since we are interested in jumps and corners, we consider the cell-average framework.

3. Detection of Singularities of Signals Captured with Noise

A function has a discontinuity of degree k at a point, if the k th-order left and right
derivatives at that point are different. Discontinuities are classified by their degrees and
measured by their sizes, that is, the difference of the derivatives.

As mentioned above, we work with signals perturbed with noise for which we assume
some conditions. For our algorithm, we need to know some bound ¢ of the introduced
noise. The knowing of noise bounds is not a significant restriction. In the classic detectors, it
is supposed that the noise is modeled by a Gaussian of which we know the mean y and the
variance . With this information, we can find bounds since Pr(f € [y — 20, u +20]) = 0.95.
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When we do not have any information of the noise (for example, a picture from
an airplane taken in heavy fog conditions), we can generate a decreasing succession of
parameters € in order to obtain the possible discontinuities. We keep the discontinuities
obtained in a such ¢, if the next parameter €1 knowledge of the detection mechanism
obtains a number limitless of discontinuities.

Tables 1 and 2 (which are constructed via Taylor expansions) reflect the behavior
of the functions G(™) near the different types of singularities. When we are considering
signals perturbed with noise, the problem is more difficult. The idea is to study how this
noise affects the divided differences. Notice, for example, that if || f; — f;|| < € then for the
divided differences of order 4 we have ||H[i;4] — H[i;4]|| < %h%‘

Table 1. Jump in f(x) ([H']x, #0) .

xq € (xj-1,%) Xq = %j
z Gi(z) Gi(z) Gi(2) Gi(z)
Xj-1 (a —1)h[H']x, [H']x, —h[H]y, [H']x,
X ah[H']x, [H']x, O(hF+2) [H'],
Xj41 (a+1)r[H'], [H']x, h[H']x, [H']x,

Table 2. Corner in f(x) ((H"]x, # 0).

xg € (xj-1,%j) Xq = Xj
- G/(2) G/ (z) G/(2) G/ (z)
Xj-1 (a —1)h[H"]x, [H"]x, —h[H"]x, [H"]x,
Xj ah[H"], [H"]x, O(hP*1) [H"]x,
X1 (a+1)h[H"]x, [H"x, h[H"]x, [H"]x,

Our strategy to detect singularities is based on Tables 1 and 2 and on the presence of
noise. It is summarized in Table 3.

In the initial phase, the ENO-SR method undergoes a meticulous adaptation to ac-
count for dynamic changes in divided differences, emphasizing decentering only in in-
stances where variations are not attributed to noise. This nuanced adjustment enhances the
method’s reliability in handling potential irregularities in the data.

Subsequently, a thorough examination of possible discontinuities is conducted, ana-
lyzing functions G, G’, and G” with a specific focus on scenarios where the discontinuity
is positioned at a node or within an interval. The insights derived from this analysis are
systematically cataloged in Tables 1 and 2, encapsulating essential constraints that guide
the formulation of the subsequent algorithm presented in Table 3.

While the algorithm imposes a notable number of constraints, numerical examples
reveal its exceptional resilience in accommodating substantial levels of noise. This adapt-
ability positions the algorithm as a robust solution, demonstrating superior performance
compared to similar methodologies in real-world scenarios.

In essence, the journey from refining the ENO-SR method to algorithm formulation
involves meticulous consideration of divided differences, a comprehensive analysis of
discontinuities, and the systematic integration of constraints, resulting in a good alternative.
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Table 3. Algorithm to detect singularities. Cell-average framework.

ave := (|G'(xj-1)| +[G'(x))| + |G’ (xj11)]) /3
nn =20
if (A singularity can exist at x;, adapted stencil selection)
i (G(3y-)Gi(x1) < —6A(3)" and Gix)] + Be < hmin((G) (5| G (51))
and (85 < min(G/(xj_1), G!'(x;)) ormax(G/(xj:1), G//(x)))) < ~85))
and |G ( ]+1)‘ +86 +8 7 < |GH( ]+1)|
and |G (xj-1)| —|—8€ +8 < |G”(x] 1)|) then
there is a corner at X;
nn =1
elseif (Gj(xj;1)Gj(xj_1) < —16€?
and |G;(x;)|(ave + 47 +4e) < hmm(|G](x] )l \G (xj41)|)
and (45 < min(G}(xj-1), G)(x;), G}(x;11)) or — 4 > max(G/(xj 1), G/(x}), G}(x;11))))

/
i
and [G;(xj41)] +4e+4€ < |G/(x]+1

(
)|
)|) then

and|G(] 1)\+4e+4€<|G 1
there is a jump at x;
nn =1
endif
endif
if (nn #1and A singularity can exist at (xj_1,x;) adapted stencil selection)
then

if (G)(x)Gj(xj-1) < —16(f)? and min(|G](x;-1)],|G](x;)]) > h* + 85

and ((8f; < min(G/(xj_1), G/ (x)), G/ (xj+1)) or —8f = max(G/(xj_1), G/ (x;), G/ (xj+1))))

and [G}(x))| + 85 + 855 < |G} (x;)]
and|G]’- i 1)|+8€+8 < |G“( xj_1)|) then
there is a corner 1r1( Xi_1, ])
elseif (Gj(x))Gj(xj-1) < —4€® and min(|G;(xj-1)|,G;(xj11)]) = h*ave + 4e + 4eh
and ((4e < min(G}(x;1), G/(x)), G(xj.1)) or —4e > max(G)(x; 1), G}(x)), G(xj:1)))
and [G; (x])| +4e—|—4eh < \G’(x])|
and|G )\+4e+4eh<|G(x] 1)|) then
there is a jump in (x;_1, x])
endif
endif

4. Numerical Experiments

In this section, we introduce some plots of modified signals by random noise. Our
algorithm detects real singularities containing significant noise. Our scheme detects only
true discontinuities. When the noise used is excessively large (for which the true discon-
tinuities and those taken place by the noise have the same characteristics) our algorithm
does not detect anything. Nevertheless, we can see in our examples that we can consider

very large noises, more than the classical detectors.

In our experiments, we use the cell-average framework and the idea of decreasing
sequence to detect the discontinuities. Afterward, we check the measure of discontinuity
and then discern the true singularities if the size is big enough with respect the noise.

We consider both a jump and a corner. In Figure 1, we plot the signals and in Figure 2,
their perturbations adding random noise. We use 64 points, and the noise size is less than
0.4 and 0.01, respectively. These sizes are the biggest that we can consider, since a greater
noise size value implies that the algorithm does not detect the discontinuities. We observe
that the noise size to detect jumps is bigger than that considered in the literature that we
have included. Moreover, we are able to find discontinuities in the derivatives (corners).

In Table 4, we can observe good resolution of the detector. The algorithm can detect

the true singularities even with significant noise present.
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Figure 1. (Left) jump, (right) corner.

Figure 2. (Left) jump with noise, (right) corner with noise.

Table 4. n = 64, Cell-average framework.

Figure 1 Left  Figure 1 Right Figure 2 Left Figure 2 Right
cell (35,36) (35,36) (35,36) (35,36)
location 0.547 0.547 0.499 0.510

size 1.0 1.0 1.0 1.1
type jump corner jump corner

5. Application to the Detection of Heart Rate According to the Different Phases during
Physical Exercise: Rest, Activation, Effort And Recovery

In this section, we apply our algorithm to the signals provided by heart rate monitoring
devices placed on athletes. We discuss first the importance of monitoring the heart rate, how
these signals are obtained and how the information extracted by applying our algorithm to
them can be useful for the coaching staff of handball teams.

Within the realm of sports and the monitoring of physical activity, tracking heart rate
has emerged as a vital tool for both athletes and fitness enthusiasts. This fundamental metric
offers valuable insights into an individual’s physiological response to exercise, providing
a glimpse into the body’s performance and overall well-being. Heart rate, measured in
beats per minute (bpm), serves as an indicator of how effectively the cardiovascular system
is operating and adapting during physical exertion. In the high-speed and physically
challenging domain of handball, the monitoring of heart rate assumes a pivotal role in
evaluating and enhancing performance.
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To measure heart rate, dedicated devices like heart rate monitors, smartwatches,
and chest straps are commonly used. Chest straps, specifically, are often equipped with
electrodes that detect the electrical activity of the heart. They operate based on electrocar-
diography (ECG or EKG) principles, providing accurate and real-time heart rate data. This
technology is widely used in fitness monitoring, sports training and medical applications.
Our data were obtained using chest straps.

Advancements in wearable technology have enabled healthcare professionals and
researchers to conveniently evaluate diverse health and fitness parameters. Portable devices,
specifically designed for convenient heart rate variability recordings, have been developed,
see [12]. Measurements of heart rate variability obtained through portable devices show
a minimal level of absolute error, as indicated by [13]. Despite this slight variance, it
is considered acceptable, given the improved practicality and compliance of heart rate
variability measurements in real-world settings, see the review paper [14] for more details.

Next, we introduce a couple of examples that demonstrate the use of this algorithm
during a match. The information obtained can be used by the coach for player rota-
tions. Additionally, heart rate is an important indicator acting as an alert for potential
cardiac anomalies.

In Figure 3, we observe the detection of the different phases of exercise during a
match. Moreover, with this detection, we can estimate the slopes between the different
zones. The size of the slope is related to the physical form of the player. We can examine
previously captured data to determine the physical evolution.

X 52658
X 26009 Y 187
f o viss w‘ ?fig” 7 X 99156
x 19586 || fif \,;ﬂ. M \ X 60992 y1g X82313 | X997
A A1 JRALLEN oy Y 178 o
A xa| | T | ] i |
‘ Y 169 \‘H\H" . W)
IU “ TN m‘"‘ hw‘| . “I‘
W ‘ ‘ ‘ ‘ \ \
‘ | !lW | ] “\ \‘ | ‘ | |
‘ ‘ 1 ‘ fl | | ‘ |
o [ L . -
\ \ | M\‘J \‘ I \
| x27519 ” (AR ' x 84234 :
fxaes I i |V i REEY Nam
. | $ I I ; ‘
= 1| | x 1108 | M'M | | WUW I M\i‘l“k"
! X 17881 H“ | j s By 5 VCM \| ARRAT L iy
W, I\\1121 I‘!i" i W h Y 121 uf | vy
Vo s R T
/lllwh w'“[ 1 l"‘ NJ( \,‘H‘pﬂ ﬁh ‘ | T
| \
\ \ \ | |
2 4 6 8 10

Figure 3. Heart rate during a handball game. Detection of the different zones.

In Figure 4, we observe a heart rate that is excessively high due to a lack of rest.
The coach called a timeout to provide rest, but the heart rate did not decrease sufficiently.

Upon resuming the exercise, the heart rate spiked. This led to the detection of a minor
cardiac anomaly in the athlete.



Axioms 2024, 13, 63

10 of 11

References

A |
L

| | L
| uﬂ “' f
’W\ |

\
|
1

"
\,'|’““‘*.,J-u’l\l W‘r

| 1 | | |
2 4 6 8 10

Figure 4. Heart rate during a handball game. Detection of a cardiac anomaly.

6. Conclusions

In this work, we introduced a discontinuity detector for signals with noise. Both
corners and jumps can be detected, and their sizes measured. The algorithm is an adaptation
of Harten’s ENO-subcell resolution approach to the presence of noise. After testing the
algorithm, it was applied to the detection of different phases of exercise during a handball
match. This monitoring can assist in player rotations by indicating when a player has
reached their recovery zone. Additionally, over time, the measurement of slopes separating
different zones provides information on the evolution of the athlete’s physical condition.
Finally, it is worth emphasizing that monitoring heart rate during exercise can help detect
cardiac anomalies.

Another application we are interested in investigating involves combining our detector
with some new approximations of piecewise functions in several dimensions that we have
developed in recent works [15-18].
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