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1. Introduction and Motivation

We say that a d x d integer matrix M is a dilation matrix if lim, .o M™" = 0, that is, all the
eigenvalues of M are greater than 1 in modulus. An M-refinable function (or distribution) ¢ satisfies the
refinement equation:

¢ =|detM| L a(k)p(M k), @

kezd

where a : Z? — C is called a refinement mask (or low-pass filter) for ¢. In the sequel, we assume that the
refinement mask a is finitely supported and normalized; i.e., a € Ip(Z?) and ¥, . a(k) = 1, where by
1(Z%) we denote the linear space of all sequences v : Z% — C of complex numbers on Z? and by
lo(Z%) we denote the linear space of all sequences v = {v(k)}, .z« € I(Z%) such that the cardinality
of {k € Z% : v(k) # 0} is finite. It is often convenient to use the (formal) Fourier seris 3 of a sequence
0 = {0(k) }yezd € lo(Z), which is defined to be:

3(¢) = Y o(k)e ¢, FeRY,

kezd

wherek - & := ki& 4 - - - +kg&4 fork = (ky,...,kg) and & = (¢,...,&;) in R, In terms of Fourier series,
the refinement Equation (1) can be also stated in the frequency domain as:

PMTE) =a(D)p(8), ae.eR?, ¢)

where for a function f € L;(RY), its Fourier transform f is defined to be f(Z) := Jga f(x)e*Cdx,
which can be naturally extended to functions in Ly (R?) or tempered distributions.
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Let a € Io(Z?) be a mask. For a nonnegative integer x € Ny := N U {0}, we say that a satisfies the
sum rules of order x + 1 with respect to a dilation matrix M (or a lattice MZ) if,

Y a(y+MKk)p(y +Mk) = Y a(Mk)p(Mk) Vv € Z% and Vp € IT¢, ©)
kezd kezd

where T1¢ denotes the set of all polynomials in R of (total) degree at most . Note that (3) depends
only on the lattice MZ? := {Mk : k € Z%}; that is, if two lattices MZ? and NZ“ generated by two
dilation matrices M and N are the same MZ4 = NZ4, then a satisfies the sum rules of order x + 1 with
respect to M if and only if a satisfies the sum rules of order « + 1 with respect to N.

To find the solution for (1) or (2), one starts with an initial function ¢y and employs iteratively the
subdivision scheme QZ’M%, n=1,2,---,where,

Qumf :=|detM| Y a(k)f(M- —k).

kezd

We say that the subdivision scheme Q" ¢y converges in L,(R?) if there exists a function
¢ € Lp(R?) such that: limy e [|Q"\,¢0 — ¢llp = 0. In such a case, ¢ satisfies (1). It was shown
in [1] that the subdivision scheme Q",,¢o converges in L, (R?) if and only if,

Y 985001}/ < et =100,

where Vv := v — v(- — e;) is the difference operator with e; being the jth coordinate unit vector in R?,
é is the Kronecker delta satisfying 6(0) = 1 and 6(k) = 0 for all k € Z?\{0}, and S, m : [(Z%) — I(Z%) is
the subdivision operator defined to be:

[Sym0](n) := | detM| keZZ:dv(k)a(n —Mk), neZ vel(Z%. 4

In this paper, we are interested in fundamental refinable functions associated with quincunx
interpolatory masks and quincunx dilation matrices in arbitrary dimensions. A function ¢ is said to be
fundamental if it is continuous and ¢ (k) = &(k),k € Z4. A dilation matrix M is said to be a quincunx
dilation matrix if | det M| = 2. For example, in dimension one (d = 1), M = 2 is the dyadic dilation
factor; in dimension d = 2, such dilation matrices include:

1 1

and in dimension d = 3, an example of quincunx dilation matrices is:

1 -1
MV2 =
[1 1

1 0 1
M=] -1 -1 1
0 -1 0

It is easy to show that the quincunx lattice Q4 := MZ generated by a quincunx dilation matrix M is:
Qp:=MZ = {B=(B1,...,Ba) €Z": |B1| + - + |Bal iseven}, ®)

which is independent of the quincunx dilation matrix M. In dimension one, the quincunx lattice is
simply the lattice of even integers; while in a higher dimension, it is also called the checkerboard lattice.
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One can show that if ¢ is a fundamental refinable function associated with a refinement mask a
and a quincunx dilation matrix M as in (1), then it is necessary that a is a quincunx interpolatory mask:

a() = 30(p), B €M ©

The subdivision scheme associated with a quincunx interpolatory mask and a quincunx dilation
matrix is called a quincunx interpolatory subdivision scheme. If the quincunx interpolatory subdivision
scheme Q" \\¢o converges to ¢ € L, (R%), then ¢ is called a quincunx fundamental refinable function.

Interplolatory subdivision schemes play a crucial role in computer-aided geometric design
(CAGD) [2], sampling theory, and wavelet/framelet analysis [3-10].

In dimension d = 1, Deslauriers and Dubuc [11] proposed a family of interpolatory subdivision
schemes associated with a family {a5,_1 : n € N} of quincunx interpolatory masks (with respect to
the dyadic dilation factor M = 2). Such a family is unique in the following sense:

(1) ap,-1 is a quincunx interpolatory mask: a,,,_1(2k) = %(5(k), k e Z.
(2) ap,-_1 is supported on [1 —2n,2n — 1] N Z.
(3) ap,—1 satisfies the sum rules of order 2n with respect to the dyadic dilation M = 2.

In fact, the interpolatory mask a5, _1 can be explicitly written as:

n—1 _ i .
i 1(E) = cos?(/2) Y (” ;“) sin”(§/2), ¢eR.

j=0

It is easily seen that such a family enjoys many agreeable properties: symmetry, real-value,
non-negativity (az,_1(¢) > 0), minimal support, and so on. Moreover, the family of Deslauriers and
Dubuc’s interpolatory masks a;,_1, n € N, is closely related to the family of Daubechies’ orthonormal
masks a%’ in the sense that |a/f}’ (&)|> = a2,_1(¢) and can be obtained by utilizing the Riesz factorization
technique [12].

On the one hand, in dimension d = 2, a very simple extension of the dyadic dilation is to consider
the dilation matrix M = 2I, = diag(2,2). For such a dilation matrix, Dynet al. [13] constructed the
so-called butterfly interpolatory subdivision scheme; Deslauriers et al. [14] obtained several continuous
fundamental refinable functions; Mongeau and Deslauriers [15] obtained several C! fundamental
refinable functions; using convolutions of box splines, Riemenschneider and Shen [16] constructed
a family of interpolatory subdivision schemes with symmetry; and Han and Jia [17] constructed
a family of optimal interpolatory subdivision schemes with many desirable properties.

On the other hand, in higher dimensions (d > 2), a more natural way of extending the dyadic
dilation factor with respect to the lattice of even integers is the quincunx dilation matrix. Han and Jia
in ([18], Theorem 3.3) constructed a family of quincunx interpolatory subdivision schemes associated
with a family,

{ann) : m,n € No,m +nodd},

of 2-dimensional unique quincunx interpolatory masks, which can be viewed as the generalization of
the family of Deslauriers and Dubuc’s interpolatory masks in dimension one to dimension two in the
following sense:

(1) a(y,n) Is a quincunx interpolatory mask; i.e., (6) holds with d=2.
(2)  a(,n) is supported on G, ,y := ([—m, m] x [—n,n]) N 72.
() a(y,pn) satisties the sum rules of order m + n + 1 with respect to the quincunx lattice Q; defined as

in (5) for d = 2.

The uniqueness of such a family a(,, ,) implies that a(,, ,, is minimally supported among all
the quincunx interpolatory masks which satisfies the sum rules of order m + n + 1. Moreover,
the mask 4, ,) is real-valued and full-axis symmetric (see (15)).
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A natural question is whether the above result is still true in higher dimensions 4 > 3. It should
be pointed out that the results in [18] are already highly nontrivial. Many of the results are tailored
for dimension two. It was not clear whether techniques in that paper can be carried over directly
to higher dimensions. In this paper, we develop new techniques that extend many results in [18] to
arbitrary dimensions and give a complete picture of the unique family of quincunx interpolatory
masks in arbitrary dimension d € N. That is, we prove the following main theorem.

Theorem 1. There exists a family,
{am:m=(my,...,my) € Ng, my+ -+ mgodd},

of d-dimensional masks that are unique in the following sense:

(1) am is a quincunx interpolatory mask; i.e., (6) holds.

(2)  am is supported on G 1= ([—my, mq] x - -+ x [—my, myg]) N Z.

(3) am satisfies the sum rules of order my + - - - + my + 1 with respect to the quincunx lattice Q; defined
as in (5).

In addition, am, is real-valued and full-axis symmetric.

Note that a (d — 1)-dimensional mask a : Z?~! — C can be regarded as a d-dimensional mask
by identifying Z?~! as a subset Z9~! x {0} in Z?. The above result not only provides a natural
generalization of the Deslauriers and Dubuc’s family of interpolatory masks to arbitrary dimensions,
but also shows the close connection between low-dimensional and high-dimensional quincunx
interpolatory masks: any such quincunx interpolatory mask am in R? can be regarded as a quincunx
interpolatory mask @y, g, ¢) in Rk for any k € Ny and (m,0,...,0) € Z4+k,

The remainder of this paper is devoted to proving the above theorem and is organized as follows.
In Section 2, we introduce some necessary lemmas and definitions in order to simply give the proof of
our main result. Some properties of the unique quincunx interpolatory masks in arbitrary dimensions
are discussed. In Section 3, we present the explicit form of the unique quincunx interpolatory masks
in dimension d = 2, thereby showing the nonnegativity property of such a family in dimension two.
Some remarks are given in the last section.

2. Quincunx Interpolatory Masks in Arbitrary Dimensions

In this section, we prove the main theorem, which relies essentially on multivariate polynomial
interpolation. Before proceeding further, we introduce some notation and definitions.
For = (p1,...,1q) € Ng and x = (xq,...,x4) € R?, we define,
|V|: |#1|++‘Vd‘r pli=pq!--py!, and xH ;:xgl]...xsd.
Elements in N¢ are ordered lexicographically so that v = (v1,...,v;) € N4 is not greater than
p=(p1,...,1g) € N&, denoted as v < y, if either |v| < |u| or |v| = lul,vi=pjforj=1,...,4—1and
vy < py forsome 1 < £ <d. Wesay thatv < pifv; < pjforj=1,...,d. We denote,

Of = {ueNj:|ul=j} and Af:={neNJ: |u| <n} = UL,0;

as the ordered index subset in N for j, n € Ny. The cardinalities of (9? and A4 satisfy #(’)]’?l = (j Zﬁl)

and #A% = (";d). The polynomial space IT% can be written as 1% = span{x" : u € A4}.
Let,
7= Ul o{xu € R [u = j,u € N3}
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be a set of distinct points in R?. X2 is said to satisfy the node nonfiguration in R? if there exist n + 1
distinct lines Ly, ..., £, in R? such that {x, : |u| = n} lieson Ly, ..., {x, : |u| = j, u € N3} lies on
LN[Ljq1U- ULy, ..., and x(g ) lies on Lo\[£1 U - - - U L,]. Note that the cardinality #X? of X2 is
#X2 = (" ;2) A simple example of an X’ satisfying the node nonfiguration in R? is:

Xy =A% =Ulofu e Ny || =}

For node configuration in R4, we define it recursively as follows. Let,
d._ d. _ d
Xy = Uiof{xu € R < [u| = j, u € No}

be a set of distinct points in RY. X7 is said to satisfy the node configuration in R? if there exist n 4 1
distinct hyperplanes Hy, ..., H, in R? such that,

{xu:lul=jue N&Y ¢ HN\[Hj1U---UHu, j=0,...,n,
and each set of points,
{xu:lul=jue Ni} = Ui:o{xj,v vl =kve Ng_l}, j=0,...,m,

considered as a set of points in R?~! satisfies the node configuration in R?~1. Again, a simple example
of X¢ satisfying the node configuration in R? is:

X = N = Ul o{u e NG« [p| = j}-

The cardinality of such a X¢ in RY is #X4 = (”;gd). One can easily show that the property of node
configuration in R is invariant under linear transforms. That is, if A : RY — R? is an invertible linear
transform, then AX? := {Ax : x € X7} satisfies the node configuration in R if and only if X¢ satisfies
the node configuration in R,

Let X! := {xo,...,xn} be a set of n + 1 distinct points in R. Since hyperplanes in dimension one
are just points, the above definition of node configuration in R? for X7 can be also defined recursively
based on &;}. For convention, we assign X := @ the empty set.

For two index subsets X' and A in R? , we denote by:

(B") pexuen

a matrix A of size (#X') x (#A\). The vector (B")ge x;, is then the column vector of A indexed by y € A
while the vector (8#)g;,ca is the row vector of A indexed by g € X'

We have the following result (c.f. [19], Theorem 4) regarding the uniqueness of multivariate
polynomial interpolation associated with such a set X¢.

Lemma 1. Suppose that X? C R? satisfies the node configuration in R* and p € T1% is a polynomial.
If p vanishes on X, then p vanishes everywhere. Consequently, the square matrix,

(B") pexgment @)
is non-singular.

Proof. We prove the result by induction on the pair (d,n) € N x Nj.

(1) For d = 1, the set X! contains n + 1 distinct points in R and the matrix in (7) is simply the
Vandermonde matrix. The result obviously holds.
(2) Now suppose the statement holds for the pair (d’, 1) for any dimension d’ < d —1and n € N.
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(3) To prove the statement holds for the pair (d, n) for any n € Ny, we proceed by induction on #.

(3.1) The statement is obviously true forn =0 (X(‘)i is a singleton).

(3.2) Suppose the statement holds for n — 1 with n > 1.

(3.3) Let p € IT, be any polynomial that vanishes on X%. Then by the node configuration property
of XY, there exists an orthogonal transform A : RY — R¥ so that for all [u| = n, Ax,, = (to, t,);
for some ty € R, t, € R9"1. That is, the orthogonal transform turns the hyperplane #,,
containing {x, € X7 : |u| = n} perpendicular to the first coordinate axis. Hence,

{Axy i p e X ul =n} ={(to,ty) e R :v e A1}
is a set of points lies in a hyperplane perpendicular to the first coordinate. Note that the set
{ty:ve AT} = pi-l C Ri-1

has the same cardinality as {x, € X : |u| = n}. Since the node configuration property is
invariant under orthogonal transforms, we see that V,‘f_l satisfies the node configuration
in R?~1. Define q,(y) = p(A~'y) = p(x). Then, the polynomial

An (Y1, Y2, - Ya) |y, s,

is a polynomial of d — 1 variables, has a degree at most 1, and vanishes on the set
V-1 By the induction hypothesis in item (3.2), q.(to,y2,-.,yq) vanishes everywhere.
Consequently, we must have:

qn(]/1,]/2,- . -,yd) = (]/1 - tO)qnfl(ylxyZ/--w]/d)

for some d-variate polynomial q,,_1(y1, Y2, .- .,y4) of the total degree at most n — 1. Again,
by our induction hypothesis in item (3.2), q,,_1 vanishes everywhere. Consequently, q,, and
thus p vanishes everywhere.

The statement for (d, n) for any n € Ny has been proven.

Therefore, by induction, the statement holds for any integer pair (d,n) € N x Np.
Next, we show that the matrix (B*) Bexduend 18 non-singular. Suppose this is not the case. Then

there exist non-trivial coefficients ¢, p € AZ such that,

Yt =0.

peA]

However, it implies that the non-trivial polynomial p(x) = Zy cad cux! vanishes on X4 and
hence p vanishes everywhere. This a contradiction. Therefore, (B#) Bexduend MUSE be non-singular. O

Note that X9 = @, the statement in Lemma 1 also holds for any (d,n) € Ny x Ny. Next, we show
that for points on a rectangular grid in R?, they can be extended to be a set that satisfies the node
configuration in R?.

Lemma 2. Let,
Gm = [—my,mq] X -+ X [=my, my) NZ%, m= (my,...,my) € Ng (8)
with |m| being odd. Define:

GO = {B € Gm:|Bliseven} and G} :={B € Gm:|B|isodd}. 9)
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Then, g% and g}n can be both extended to two sets y,% and 37%1, respectively, such that they both satisfy
the node configuration in R with #)9, = #YL = (‘m{';d). Consequently, the matrices,

(B )ﬁeg Qiuend, and (B! )ﬁeg VOIS

are both of full row rank.

Proof. We prove the result for G.,. The proof of the result for G, is similar.
First, we extend Gn, to a larger set g}ﬁ. Letm:= (myq,...,mg_1,mg+1) € Ng and define,

O = [—ml,ml] X oee X [—md—l,md—i—l]ﬂZd. (10)
Obviously, we have G C Gy, Define |m| + 1 hyperplanes:

M= {(x1,. 0 xg) €RT x4+ 4 xg = |m| =27},
My = {(xn, %) €RY 2 xg 4o+ xg = —(Im[ = 2))},

forj=0,..., |m|2_1, as well as sets of nodes

Xaj i= G N HS; = {B € G : [B| = |m| - 2j}

and,
Xoj11 = Gm ﬂH‘zin ={B€Gm: Bl =—(Iml—2j)}.
It is easy to show that:

GL = u|m| o[OmNHjl, Xoj=GhNHS, and X511 D G NHS .

Moreover, #X5; = #(’)2 J and #Xpj 41 = #04. .. Now define,

2j+1°
y}n = XoUXlLJ"-UX‘m‘,

which extends Q,ln.

We next show that ygq satisfies the node configuration in R, In fact, from the above definitions,
X; lies on the hyperplane H; and does not intersect with any other hyperplane #; fork =0, ..., |m|
and k # j. Moreover, for each X;, one can simply use some linear transforms A; : X; — (’)]‘.i so that

A]-X]- = (9;’. In fact, define for j =0, .. ., “"'%1, the linear transforms Azj, A2j+1 ‘R — R as,
Agjx = —(x—m) and Aypx=1m+x, x€ RY.

Then, we have AjH; = {x € R? : [x| = j} and A O}i for j = 0,...,|m|. Note that when
regarded as a set in RY~1, the index set (’)}i satisfies the node configuration in R?~1, Since each transform
A; is an affine transform, it preserves the node configuration of the set X; in R¥-1. Consequently, by the
definition of node configuration in R?, we conclude that y,% satisfies the node configuration in R4,

A similar approach can be applied to GJ, in order to obtain JJ O GY. The corresponding
hyperplanes in this cases are:

ng+1 = {(xl,...,xd)GRd sxp g
,HLZij = {(x1,...,xd)eRd CXp A+ Xy

Im| —1-2j},
—(Im|+1-2/)},

forj=0,..., |m|2_1, and )9 := U;:ng with X; := Gg N H; for Gy, defined as in (10).
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The fact that the two matrices (B#) ‘ and (") are of full row rank follows

e Ad e Ad
ﬁegﬂ,,yeA‘m ﬁeg%,yeA‘m‘

from Lemma 1. We are done. O

The matrices (B*) peghinend, and (pH) pegnent, in Lemma 2 have more columns than rows.

Hence, the columns of these two matrices are linearly dependent. The following lemma provides
a more precise description of the linear dependence of the columns of these two matrices.

Lemma 3. Let Gm, GO, and G, be defined as in (8) and (9) for odd |m|. Define,
Am:={p e Nd:y<2m= (2my,...,2my) and |u| < |ml}. (11)
Then the matrices,
(ﬁy)ﬁeg%;yeAm and (‘By)ﬁeg}n;yeAm (12)
are both of full row rank.

Proof. Note that the index set Ay = A‘|’lm| N{u € Ng : 4 < 2m}. By Lemma 2, the matrices
(B") Begr e Af . T = 0,1, are both of full row rank. Consider the index set:

A‘fm‘\Am ={u=(u,...,1q) €NE:|ul < Iml[, j > 2m; for some j € {1,...,d}}.

We next conclude the result by claiming that each of the columns (8" )gegz ., for p € A“im‘ \Am is
a linear combination of columns (B#)gegr., for 4 € Am, T = 0,1, respectively.

In fact, for each p € A“im‘ \Am, using long division of polynomials, x* with x = (x1,...,x;) € R4
can be represented as:

My my
=al(x) T] =)+ +di0) T (i) +pula), (13)
j=—m j=—ma

where g} (x),..., qg (x) are polynomials of d variables and p,(x) is a linear combination of x” with
v € Am. Obviously, we have p,(0) = 0. Now, the claim follows from g/ = p,(B) for any
Be G, t=0,1. O

We denote the full-axis symmetry group & by:
£ := {E.:= diag(ey,..., eq4) 1€ = (e1,...,€4) € {+1,—-1}7}. (14)
We say that a sequence {a(B) : B € Z7} is full-axis symmetric if it satisfies,
a(Ep) = a(B) VE. € EandVp € Z°. (15)
One can easily show that G, defined in (9) is full-axis symmetric for T = 0,1; i.e., foreach T = 0,1,
EGn =0m VE €E.

By considering the symmetry property of the set GJ,, we can further reduce the dependence of
columns and rows of matrices in (12).

Lemma 4. Let G, G2, and G\, be defined as in (8) and (9) for odd |m|. Define,

Gt ={pegn:Bp=0}, Gut:={Beqn:p=0} (16)
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and,
A= {2 e N§: p < m, [2p] < [ml}. (17)

Then the matrices,

and (18)

wmﬁegﬂr;yeAg (W)/seg}n'*;yeAOm

are square matrices and are both non-singular.

Proof. First, we show that #(G% ") = #(G ") = #AY,. Recalling the definition of Ar, in (11), we have,

m|—1

A% :Amﬁ{yeNg:yjevenforjzo,...,d}:U].:T{ZVGN(‘%:|y\ =j,u<m}

and,
Im|=1
grt=uip {B eNd:|Bl=2j+T1,0<B<m}, T=0,1.

Forj=2k+1with0 <2k+1< |m‘2_1, we have,

#2u e NG : |yl =2k + 1L, u<m} =#{BcNI:|B| =2k+1,8<m}
=#{BeN{:[B] =|m|— (2k+1),p < m}.

Note that:
{BEN:|Bl=2k+1,B<m} =Gy Nty

and,
{BeN{:|Bl=|m| - (2k+1),B<m}=Gu" N Hjm— (k41

m| -1

where the hyperplane #; := {x € R? : |x| = j}. Similarly, for j = 2k with 0 < 2k < ™=, we have,

#{2u € N§ : |u| =2k, u <m} =#{B € N : |p| =2k, < m}
=#{BeN: || =|m|—2k B < m}.
Note that,
{BENf:[Bl =2k B<m}=Gnt NHy

and,
{BEN{:|Bl=Im|—2kB<m}=Gu" NHm

In view of,

m|—1 m-1
0o+ _ 0, 1, 1,
Gt =U2 G NHxyl and Gy = U, 5 (G N Hokral,

we conclude that #G5 7 = #A% fort =0, 1.
Next, we show that the matrices (B#) Beghipend T = 0,1, are non-singular. We use contradiction
and shall prove the result for T = 1 only. The proof for T = 0 is similar. Suppose that there exists

a sequence (cg) g q1+ of complex numbers in C with cg # 0 for some f € Gar" such that,

Be

Y gt =0 VueAd.
pedm’

By the symmetry of G}, and that G&™ = GL N Ng, we have:

Gm ={EeP : p€ Gy Ec € €} = Upee{EP: P € Gr' }-
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We extend the coefficient set {cg : B € Gutlto {cs : B € Gi,} by defining,

ke 1
b= #{E:p : Ee Eg}C‘BJr’ p=(P1,---/Pa) € G,

where B+ := (|B1],...,|Bal) € G&". Now consider the linear combination Ygegy Cppt forall p €
Am={p=(p1,...,1na) € NI : |u| <|m|, u < 2m}. On the one hand, if u € AY,, then,

L b= T gpraeg® = L LT a8l =06 L e =0

Begh BeGh E.€f geglt BeGmT

On the other hand, if 4 = (p1,...,43) € Am\AY, then there exists jo € {1,...,d} such that i
is odd. By the symmetry of the lattice G}, we have,

#E
T2BH = — g B
13629:%1 o’ ﬁggn HEP Ece) PP
=) Y cp(EpP)
Egeg}geg}ﬁ*
= Y L aER'+ Y ) cplEp)” (19)
ESGE,EJ'O:l ,Beg}n’* ESG(S‘,S]'O:fl ,Beg}n'*
- ¥ | T ogEp - Ty
Ec€ejy=1 \ peglt pegkt
=0.

Consequently, the rows of (B#) BEGL neA,, are linearly dependent, in contradiction of the result in

Lemma 3. Therefore, (B#) peglt ueng, MUSt be non-singular. We are done. [

Recall in Theorem 1 that am, : Z¢ — C with m = (my,...,my) € Nf)l is supposed to be a mask
defined on a lattice G := [—my, m1]x, [—mg, my] N Z* and satisfies the sum rules of order |m| + 1
with respect to the quincunx lattice Q4 := {B € Z* : | | even}. Now we are ready to prove our main
result in Theorem 1.

Proof of Theorem 1. Let G), and G, be the even lattice and odd lattice as defined in (9). We first
construct a quincunx interpolatory mask am supported on Gm.
By Lemmas 3 and 4, we can choose an index subset A C Ng so that,

AL CACAm, #A=4#GL,
and the square matrix,
(;By)/aeg}n;yeA

is non-singular, where A?n, Anm are defined as in (17), (11), respectively. Then we can uniquely solve
the following system of linear equations for {cg : B € Gl

1
Y cppl=50(n), peEA (20)
Begh
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Note that {cg : B € gL} must be full-axis symmetric: cg, p=cpforall g € Gl and forall E; € £.
In fact, by E.G/, = G}, and (20), we have for each E; € &,

%(5@!): Y. cep(EP) = Y cpp(EP) = ) cppple.

Epelh BeGn BEG

Hence, we obtain for each E; € &,

1 1
Y. cepbt = FO(pel = 36(u), peA. (21)
BEGh,

Comparing (20) and (21), we see that {cg : p € G, } must be full-axis symmetric.

Define,
cp ,3 S Q}n,
am(B) = { 36(B) B <€ Gl
0 B & Gm.

Then obviously am is a quincunx interpolatory mask supported on Gy,. Note that am(E¢f) =
am(B) = 35(B) forall B € GY,. Together with the symmetry property of {am(B) : B € GL }, we conclude
that ap, is full-axis symmetric:

am(EeB) = am(B) VB € Z? and VE, € .

The real-value property of an, is obvious.
Next, we show that an, satisfies the sum rules of order |m| 4+ 1 with respect to the quincunx

lattice 94, which is equivalent to:

Y am(B)p' = Y am(B)B" Vi€ Al

BeGn BEGh
Note that by our definition of {ag : € GY}, we have,
1
Y am(B)B' = 30(n) Vi€ Afy.
BEGH

Moreover, by our construction, we already have, ¥ 5.g1 am(B)B! = $o(u) forallp € A D AY,.
Hence, we only need to show that,

géam@ﬂwzo VyeA@AA. (22)

We prove it by considering,
A‘|7lm|\/\ = (Afm\\/\m) U (Am\A)

as the union of two index sets. For u = (pi1,...,g) € Am\A, there must exist y; odd in view of
A% C A. By the full-axis symmetry property of am and similar to (19), we must have,
Zﬁeg}n am(B)B* = 0. For u € A’fm‘\/\m, by (13), we have,

Y am(B)B' = Y. am(B)pu(B),

Begh, BeGL

which must be 0 since p, (x) is a linear combination of xV with v € Am,. Hence (22) holds.



Axioms 2017, 6, 20 12 of 19

Consequently, am is a quincunx interpolatory mask supported on G, and satisfying the sum rules
of order |m| + 1 with respect to the quincunx lattice Q.

We finally show the uniqueness of ay,. Suppose there is another quincunx interpolatory
mask b : Z% — C supported on Gy, and satisfying the sum rules of order |m| 4 1 with respect
to the quincunx lattice Q4. Then, we have,

Y. (am(B) = B(BNF" =0, Vi € Afy 2 A,
BETm

By the non-singularity of (B)gc g1 e o, We must have am () = b(B) forall p € GL.. Consequently,
am = b. We are done. [

In view of the proof of Theorem 1, we can have a more generalized result as follows.

Theorem 2. Let Gm, GO, and G, be defined as in (8) and (9) for odd |m|, and A, Am be defined
as in (17), (11), respectively. Suppose the sequences (y,) yen,,, T = 0,1 of complex numbers in C satisfy,

Y =0 Vi€ Am\Aj,.
Then the system of linear equations,

Z cﬁﬁ” = yﬁ, U E Am,
BEGH

has a unique solution (cg)gegy for T = 0,1. Moreover, {cg : p € Gp} is full-axis symmetric for T = 0, 1.
In particular, if y;, u € Am, are of real value, then CE B € G~ are of real value for T =0, 1.

Proof. By Lemmas 3 and 4, the matrices (ﬁy)ﬁeg%;ﬂe A, T = 0,1, are both of full row rank.
Choose any index set A), € AT C A, so that #AT = #GT and the square matrix (B*) BEGT HEAT
is non-singular, respectively, for T = 0, 1. Then the following system of linear equations:

Y Pl =i HEAT,
BEGH

has a unique solution (cg) pegr, for T = 0,1. Similar to the proof of Theorem 1, such a sequence
(CE) pegy, is full-axis symmetric, which implies,

ZCWV:OZy; 1E Am\AT, (23)
BEGR,

In particular, if y;, 4 € Am are of real value, then obviously the solutions (CE) pegr, are of real value.
The proof of uniqueness is similar to the proof of uniqueness in Theorem 1. O

3. Explicit Form of the Bivariate Quincunx Interpolatory Masks

In dimension d = 1, the unique quincunx interpolatory mask am with m = 2n+1 is the
Deslaruier-Dubuc interpolatory mask, which has the explicit form ([20,21]):

am (é) =

41 st =T
22(n+1)n!(n+1)!/_1 (1= £t = cos™(¢/2) Z( )szj(g/z)'
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In dimension d = 2, Han and Jia [1] show that the quincunx interpolatory masks an, in Theorem 1
form = (2n,1) and m = (2n — 1,2) are given by:

cos &1
A(on,1)(81,62) = (2;1)'1)'/ (1—2)""1(1 - tcos&)dt

22npl(n —1)! J 1

cos §1 .
Ban12)(E1,82) = oot [ (1= )21 - 1)1~ teos )2 + 1 (1~ ) sin? ol

22nnint |4

In this paper, we give the explicit form of the full family am of Theorem 1 in dimension d = 2.

Theorem 3. Let n,ky € Ny satisfy n > 2kg. Then the unique quincunx interpolatory mask am in
Theorem 1 with d = 2 is explicitly given as follows:

(1) Ifm=(2n+1—2ko,2k), then,

am(81,82) = (2(n+1 o)l ! /C°S§1(1 — 1) o

2(n+1— kg)nl(n +1-— kO

_1/2 (24)
X Z ( ) (1 — tcos &)? ko)) ( ; / ) (1 — £2) sin® &dt.
@ Ifm=(2n+1— (2ko +1),2ko + 1), then,
(2(n — ko)) tko! coséy 2\n—2ko—1
i (81/82) = S Rohn 1 ko) TR
o o m—1-k ko +1/2 o )
x Y < , 0)(1 — tcos &)tk ])H< 0 >( — 1) sin¥ &dt.
j=0 ko —j j

(3) Ifm = (my, my) with my + my odd and my < my, then,

a(ml mz (‘:1/ gZ) (m2 ml ((:2/ écl)
with Zi(m,m ) being determined by items (1) or (2).
Moreover, we have am (&1, &) = 0 forall & = (&1,&) € R2.

Before we proceed to the proof of Theorem 3, let us introduce some notation and lemmas to
simplify our proof. Define,

c L (2(1’1"‘1 —ko))'ko‘ d L (Z(I’l—ko))'ko‘ (26)
T Q2 kot (n 1 — ko)’ 0T 20—kl (n — 1 — ko)

and,
k
Snko(y) = } (” - k?’) (1 — ty)2tko—1) (ko _jl/2> (1—2)i(1— ),
(27)

Ko /m—1—k (ko +1/2 , -
hn,ko(t/]/) = Z < kO _]' 0) (1 . ty)z(ko ])+1( 0 ] >(1 _ t2)](1 _ yZ)J.
=0

Then, by letting x = cos ¢ and y = cos ¢y, the masks an, in (24) and (25) can be written as:
CVl,kO ffl(l - tz)nizkogl’l,kg (t/y)dt lf m = (27[ + 1 - 2k0/ 2k0)/

am(G1,82) = (28)
Ay [ 5 (1= 12)1 =20y, o (ty)dt ifm= (2n 41— (2ko +1),2ko + 1).
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First, consider the sum rule definition in (3). In the case of the quincunx dilation matrix in
dimension d = 2, a mask a satisfies the sum rules of order x 4 1 with respect to a quincunx dilation
matrix M (| det M| = 2), equivalent to:

a'”‘a(gll 62)

=0 Vu <« 29

G1=mC=m

The following lemma shows that our masks a, in (28) indeed satisfy the sum rules of order at
least 21 + 1 with respect to the quincunx dilation matrix.

Lemma 5. Let am be defined as in (28). Define:

Qm(xr]/> = lm (glr 52) with x = cos 1, = cos &a.

Then, we have,

alﬂ'Qm(x/y)
“axayn e =0 Vp[<n (30)
It follows that,
M am (&1, 8)
1 2 (;‘1:7.[!62:71

that is, am satisfies the sum rules of order 2n + 1.

Proof. Note that Qm(x,y) is the linear combination of terms of the form:

. rx ‘ .
P(x,y) = (1- y2)]/ (1= £2)" 41 (1 — ty)* Ydt
-1
with & = 2kg for my = 2kg and « = 2kg + 1 for my = 2ky + 1. Using the Leibniz rule, one can
easily check that,
a‘mP(x, y)

ox g =0 Viul <n

x=—-1y=-1
Hence (30) holds. That is, at x = y = —1, Qm(x,y) is a polynomial of the form:
Om(xy)= ), c(l+x)"(1+y)"™

V1+1vp>n

Thus, at 1 = 7, = 71, we have,

am(Z1,62) = o((1+cos§1)! (1 + cos §2)"2) = o((&1 — M) (G2 — m)™2), 1+ =n.

It follows that,
M am (21, 6)

=0 V| <2n.
agillacgz |I’l|

C1=T,Go=T

We are done. [

Second, consider the interpolatory condition in (6). In dimension d = 2, the mask a being a
quincunx interpolatory mask is equivalent to:

A&, O)+aE+mh+n) =1, (&,&6) R (32)
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We have the following lemma concerning @m (1, &2) + am (& + 7, &2 + 7).

Lemma 6. Let am be defined as in (28). Then the function:

im (&1, &) +am(E + &+ 7), (E1,8) € R?

is independent of the variable &».

Proof. Itis easy to show that for m = (2n + 1 — 2k, 2k(), we have:

1
(@1, 82) + (&1 + 70,82+ 70) = gy [ (1= )" Pg, (1)l 3)

and form = (2n+1 — (2kg + 1), 2kg + 1), we have:

1
An(@1,62) + (@1 + 7,8+ 1) = dugy [ (1= B 20 Uy (1)t (34)

with x = cos {1,y = cos ¢». Hence, we only need to show that the right-hand sides of (33) and (34) are
independent of the variable y. We next prove (33). The proof for (34) is analogous.
One can show that,

U o, Tm+1)T(0+1/2)
/71(1 )t = I(m+3/2+40) 7

where the I function is defined by T'(x) = [~ t*~!e~'dt and we have,

n I'(n+1) B n—1/2 - (21— 1)1
(k):r(k+l)l"(n—k+1)’ f(1/2+n)—ﬁ( . )n!_\/gzn_

Recalling the definition of g, x, (t,¥) in (27), the right-hand side of (33) is the linear combination

of terms of the form:

/1 (1 _ t2)n72k0+j(1 _ ty)2(k07j)dt
-1

ko—j

72 2@( ko—]))/ (1— R)r-2kotiplgy
-1

_kOZ] zz( 0—1))>< T(n—2ko+j+1)T(¢{+1/2)
T(n—2kg+j+1+(+1/2)

_koi 2(ko—j— e( 2(ko — ) )XF(n—2k0+j+1)r(k0_]'_g+1/2)
/ 2(kg —j— 1) T(n—ko—{+3/2) :

Moreover,

(n—ko) (k0—1/2)< 2(ko — j) ) L T(n—2ko+j+ )T (ky— j— £+1/2)
ko —j j 2(ko —j—¢) T(n—ko—0+3/2)

. (n—k())! ko—f ko) % F(ko+1/2)1—'(1/2)
k! j l I(n+1—ko—0+1/2)T(4+1/2)
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Thus,
1
Gly) = [ (1= 8" g,y (ty)at

ko ko) fn— ko (ko —1/2\ [ 2(ko— )

_];)E)(ko—j)( j )(2(ko—f—€))

T(n—2ko+j+1)T(ko—j—£+1/2) ,
T(n—ko—(+3/2)

By changing the order of j and ¢ in the above, we obtain,

=B () () ()

I'(n—2ko+j+1)T(kg—j—C+1/2) ,
T(n—ko—£+3/2)

BEe )

J

y (ko +1/2)T(1/2) 2k =) (1 — 2]
T(n4+1—ky—£+1/2)T((+1/2)

(n—ko)! &, (ko (ko +1/2)T(1/2)
k! 2(£)r<n+1k0£+1/2)r(£+1/2)

y 2(ko—j— F)(l yZ)J‘.

y 2(ko—{— ])(1 yZ)i

(=0
ko—* . ' '
% Z (koj g)yz(kofl)(l_yz)f
i=0

(n—ko)! & (ko T(ko+1/2)T(1/2)
 ko! Z(é)F(n+1—k0—€+1/2)1"(£+1/2)’

=0
which is a constant independent of y. We are done. [
Now, we are ready to prove Theorem 3.

Proof of Theorem 3. Obviously, by the definition, @m is nonnegative. We will show that a, with
m = (mq,my) satisfies the following properties:

(1) am is a quincunx interpolatory mask.
(2) am is supported on [—my, my]| x [—my, mo] N Z2.
(3) am satisfies the sum rules of order 2(n + 1) with respect to the quincunx lattice Q5.

Item (2) can be checked directly. We first prove item (1). By Lemma 6, we see that,

1
nko */ n Zkognko(t y) and Hﬂ/ko = /71(1_tz)nilizkohnlko(t'y)dt

are both independent of y. Consequently, by (32), (33), and (34), we see that an, is interpolatory is
equivalent to:
Cn kg Gn,kg =1 and dn,koHn,ko =1 (35)

for any integer pair (1, ko) with n > 2kg > 0. We prove (35) by induction on n.

It is straightforward to show that (35) holds when n = 1 (kg must be 0) for both ¢, x, G, x, and
Ay ko H o, since it reduces to the case m = (21 + 1,0) for 1-dimensional interpolatory mask a5, 11 and
the case m = (2n —1,1) in [18].

Suppose that (35) holds for (ng, ko) with any ny < n and ko satisfying ny > 2kg. We next show
that (35) holds for n + 1.
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Note that by the independency of G, x, and H,, x, with respect to y, we have (by substitutingy = 1),

n—k 1 B
Cnko Gy = Cn,k0< ko 0) /4(1 — 12)"=2ko(1 — f)Zkogt,

n—1-—k 1 L
dn,koHn,kO = dn,kg( kO 0) Ll (1 _ tZ)n 1 2k0(1 _ t)2k0+1dt_

Using integration by parts, it is easy to show that,

1 1
Qg = /_ (=22t and B, = /_ 1=y pFitigy

satisfy,

ko+1/2 ko
ikt = o ko +Buk, and  Buiiky = Ak T mﬁn,kofl-

Consequently, by our induction hypothesis, we have,

n—ko ko+1/2
Cn+1,k0+1Gn+1,ko+l =Cn+1ky+1 < ) <n—2k0a"’k0 + :Bn,ko

ko+1
—k
_Cntlkotl ko+1/2 o (Zﬁ?) n—ko N

Cn,ko n— 2k0 (}’l;oko) n,ko kO n,ko

nfko

Cnt1ko+1 (k0+1) (n —-1- ko)

+ X “1_ X dn,k ,Bn,k
dn,kg (n 110 k()) 0 ko 0
—k —k
_ Cntlkotl ko +1/2 (Zﬁ%) Crnt1ko+1 (Zﬁ%)

Cr ko n — 2k (”;OkO) Ay ko (ﬂ*iofko)
_ko—l—lxko-i-l/zxn—Zko (k0+1)(n—k0+1/2)xi’l—k0
Cn+1 7 n—2kg " ko+1 (n+1)(n—ko) ko +1
_ko+1/2 n—k0+1/2_1
 on+1 n+1 a

and,
n— ko k()
A1,k Hin1,k :dn+1,k0< ko ) (“n,ko + n_%mﬁn,koq)
A1k n — ko
_W X Cn,ko( ko )D‘n,ko
—ko
dosigy (i) ko n—ko
+ =X ——— X Xdk—l( );3 ko—1
—k _ n,ko _ n,Ko
dn/k0,1 (207%) n 2k0 +1 k(] 1
—k
_dntik N dny1k, y "&") ko
—k _

Cﬂ,ko di’l,ko—l (207.(1)) n 2k0 + 1

_n-l—l—ko ko n—+1-—2kg ko

nbl ol ko n+l1-2k
n+1-—ky ko
= :].
n+1 n+1

Therefore, by induction, we conclude that (35) holds for any integer pair (n, ko) with n > 2ky > 0
and hence item (1) holds.
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It remains to show that item (3) holds. That is am satisfies the sum rules of order 2(n + 1).
By Lemma 5, we see that am, satisfies the sum rules of order 2n + 1; that is,

Y am(B)Br = Y am(B)B' V|u| <2n.
|8] odd |B| even

Noting that am is full-axis symmetric, we have Y4 (44 am(B)B* = 0 for any || odd.
Together with that an, is interpolatory, we conclude that,

Y, am(B)B = Y am(B)B* V|u| <2n+1.
|8 odd |B| even

We are done. [

4. Conclusions

We show that there exists a family of unique quincunx interpolatory masks in arbitrary dimensions.
Such a family of masks is real-valued and full-axis symmetric. We present the explicit form of the family
of two-dimensional quincunx interpolatory masks which also show their nonnegativity property in
the frequency domain. It remains open for the explicit form of such a family in dimension d > 3.
We conjecture that such an explicit form exists and the nonnegativity property holds as well.
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