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Abstract: In this paper, we present new existence theorems of mild solutions to Cauchy problem
for some fractional differential equations with delay. Our main tools to obtain our results are the
theory of analytic semigroups and compact semigroups, the Kuratowski measure of non-compactness,
and fixed point theorems, with the help of some estimations. Examples are also given to illustrate the
applicability of our results.
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1. Introduction

In this paper, we consider the following Cauchy problem for fractional differential equations with
delay in a Banach space X which could be an infinite dimensional space:

u(t) = ¢(t),t € [-@,0], @)

‘Dlu(t) = Au(t) + f(t,ur),t € [0, T),
S
where T, @ > 0,D%, g € (0,1), is the Liouville-Caputo fractional derivative of order g, A is the
infinitesimal generator of an analytic semigroup B(-) of uniformly bounded linear operator on X, f is
a given function, u; : [—®,0] — X is defined by

u(9) =u(t+9), 9¢€l[-w0],

and ¢ € C([—®,0], X).

As shown in [1-19] and the references therein, differential equations with delay or differential
equations of fractional order have appeared in many branches of science and technology. They have
received a lot of attention in all these years.

The paper is organized as follows. In Section 2, we first recall and give some basic facts or results
about semigroup theory and related tools which will be used in our investigation. Then, we study
the existence of mild solutions to the Cauchy Problem (1) and prove our main results. In Section 3,
we give some examples to to illustrate our abstract results.

2. Results and Proofs
Beta function: .
B(p,q) = / =11 — )7 1dt, p,q > 0.
0
Gamma function:

I'(p) :/ tr~le~tdt, p>o0.
0
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It is well known that

L(p)(g)
T(p+a)’
Throughout this paper, (X, ||.||) is a Banach space, C([a, b], X) denotes the space of the continuous
functions from [a, b] to X with the norm

B(p,q) = I(p+1)=pL(p).

[l fa,p) = max[|lx(£)]]-

tela,b]
Set
Co(X) == {x(t); x(t) € C(|-®@,T],X) and x(t) =0, —@ < t < 0}

with the norm
X = ma .
| ||c0 (X) = relo >T<|| @l

Definition 1. (cf., e.g., [19]) The Liouville-Caputo derivative of order q for a function f € C'[0, ) can be
written as

CD?f(t):r(ll_q)/Ot (tf_( )) ds,t > 0,0 < g < 1.

Since A : D(A) C X — X s the infinitesimal generator of an analytic semigroup B(t) of uniformly
bounded operators, we know from [20] that, there exists M > 1 such that ||B(¢)|| < M for all t > 0.
Moreover, B(t) is continuous in the uniform operator topology for all t > 0, i.e.,

hmHIB%t—i-iy (t)|| =0,Vt>0.

As in many papers on fractional differential equations, for x € X, we define two operators {®(t) };-
and {¥(t)}o by

®(f)x = /0°o 1g (O)B(H19)xdd, ¥ (£)x := q/ow 811 (8)B(119)xd8,0 < q < 1,

where
1 q-1 1
1q(8) = 519 T04(0 1),

1 Lacan_1T(ng+1) .
E; yr-lgan Tsm(wmq),

® € (0,00), and 7 is a probability density function defined on (0, o0) and satisfies

114(9) > 0 forall ® € (0, 00)

and . N )
#)do =1, / 017, (9)do = )
/0 1q(8) A 1q(9) Ta+a)
Clearly,
o) <M, [[¥@®)]| <X, t>0
- T(q) =

Lemma 1. ([10]) ®(t) and ¥ (t) are strongly continuous on X for t > 0.
Lemma 2. ([10]) ®(t) and ¥ (t) are norm-continuous on X for t > 0.

Based on the work in [8,10-12], the mild solution for the Problem (1) is defined as follows.
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Definition 2. A function u € C([—w®, T, X) satisfying the equation

¢(t),t € [-@,0],

u(t) = ¢ ()
& (1) (0) +/0 (t— )1~V (t —s) f(s,us)ds, t € [0, T),

is called a mild solution of the problem (1.1).
The following lemma is a generalization of Gronwall’s inequality.

Lemma 3. ([21]) Suppose b > 0,8 > 0 and a(t) is a nonnegative function locally integrable on
0 <t <T(T < +00), and suppose u(t) is nonnegative and locally integrable on 0 < t < T with

u(t) < a(t) + b/ot(t —5)PTu(s)ds

on this interval, then we have that

u(t) <a(t)+ /t 3y bl};ﬁg)) (t—s)"1a(s)]ds,0 < t < T.

Kuratowski measure of noncompactness:
On each bounded subset B in the Banach space X, define

#(B) :=inf{d > 0; B canbe covered by a finite number of sets of diameter < d}.

Then, y(.) is called the Kuratowski measure of noncompactness on B.
Some basic properties of j(.) are given in the following Lemma.

Lemma 4. ([14,22]) Let X be a Banach space with norm ||.|| and B, C C X be bounded. Then

(1)  u(B) = 0ifand only if B is relatively compact;

(2)  u(B) = u(B) = u(coB),where toB is the closed convex hull of B;
(3) u(B) < u(C)when B C C;

4 u(B+C) < u(B)+p(C);

(5) u(BUC) < max{u(B),u(C)};

(6) u(B(0,r)) = 2r,where B(0,r) = {x € X|||x|| < r}, if dimX = +oo.

Lemma 5. ([23]) Let X a Banach space, Q : X — X be a completely continuous operator, if the set
A={x;, x€X, x=AQx, 0<A<1}
is bounded. Then Q has a fixed point.

Lemma 6. ([23]) Let X be a Banach space and T an operator on X. If there exists a positive integer n such that
T" is a contractive map, i.e., there exists a constant C(0 < C < 1) such that

IT"x— T < Cllx—yl, VxyeX,
then T" has a unique fixed point on X and it is also the unique fixed point of T.

Before we give the main theorems, we need the following lemma.
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Lemma 7. Leta,b > 0, > 0. Suppose that u(t) is nonnegative continuous function on 0 < t < T with

u(t) <a+b /Ot(t — )P max u(t)ds

0<7t<s

on this interval. Then

+oo n np
<a+a2 br(ﬁ)) TB’ 0<t<T.
n=

Proof. Write

o(t) := u(s).
(t) Orgsagt()

Then v(t) is a non-decreasing nonnegative continuous function on [0, T].
Given 0 < t < T. Then foranys,0 <s <t,

u(s) < a+b/os(s—r)/5_lv(r)dr

IN

"S
a+b/ P Lo(t —r)dr
Jo

IN

t
a+b/ P Yo(t —r)dr
0
t
= a—l—b/ (t —s)P~1o(s)ds.
0

Hence,

v(t) <a+ b/(:(t —5)P1u(s)ds.

By Lemma 3, we have

o(t) <a+a/ Z s)”ﬂfl]ds, 0<t<T,
n=1
Therefore,
& (br(g)" tﬂﬁ 2 (b1 ( /3 )" T"f
< .
u+a T(np) nﬁ a+a ; B vt €10, T]

The proof ends then. O

First we discuss the case f is not necessarily Lipschitz.

In this case, A needs to not only generate an analytic semigroup, but also needs to generate a
compact semigroup.

Our first main result is as follows, where the space X could be an infinite dimensional space.

Theorem 1. Let A be the infinitesimal generator of a compact analytic semigroup of uniformly bounded linear
operator, and f : [0,T] x C([—®,0],X) — X is continuous. If there are almost everywhere nonnegative
measurable functions 11 (t), I(t) on [0, T] such that

£t @)l < B (8) + R(B)ell-o0

forae.t €[0,T], ¢ € C([—®,0], X) where

sup/ (t— )11 (s)ds < 0o, Lo(t) € L®([0,T]),
tEOT

then for any ¢ € C([—w@,0], X), the Problem (1) has at least one mild solution on [—®, T).
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Proof. For every ¢ € C([—®,0]), we define

y(t) == ¢(t) (te[-a,0]), y(t):=2(t)¢(0) (t=0).

By Lemma 1, we see that y € C([—®, T], X).
Set

M; := sup / (t—s)1" i (s)ds, My :=|llle, Mz:= max_|ly(s)].
tEOT SE[*(D,T]

Let
u(t) :==x(t) +y(t), tel-oT.
Then, it is obvious that u satisfies Equation (2) if and only if xy = 0 and for ¢ € [0, T],

t
x(t) = /0 (t—s)T 1 (t —5)F(5,% +ys)-
We consider the operator P : Co(X) — Co(X) as follows:

0, te[-w,0],

(Px)(t) = ®)

/Ot(t—s)q_l‘{’(t —8)f(s,%s +ys)ds, te0,T].

Because f is continuous, by using the Lebesgue dominated convergence theorem, it is easy to prove
that P : Co(X) — Co(X) is continuous. Set B, = {x; x € Co(X), [|x[[c,(x) <}, r > 0. Next, we will
show that P is a compact operator on B;.
Clearly, {(Px)(0) : x € B, } is compact.
For t € (0,T), let
O0<er<t, e >0, x€B,.

Then, we obtain

t€1

(Px)(t) = (t—s)11 /:o qon,(0)B((t —s)70) f (s, x5 + ys)ddds

t—eq

()i~ 1/0 g9, (9)B((t — $)79) £ (s, xs + ys)dDds

t (t—s)1~ 1/ qon(0)B((t —5)70)f (s, x5 + ys)ddds

+
\o\o\

+ /t_gl(“s)q 1/0 015 (8)B((t — 5)18) £ (s, x5 + ys)ddds.

q

Since (&7 ¢€2) is compact, and the set

{/(]t_€1(t D /:o 4014 (9)B((t —5)70 — €le2) f (5, x5 + ys)ddds; x € By}

is bounded, we see that the set

{B(eles) /Ot_gl (t—s)1-1 /8200 qon,(8)B((t —5)70 — eles) f (s, x5 +y)ddds : x € By}

is relatively compact in X. Lemma 4(1) tells us that

y({]]i%(sqsz) /Ot_El(t —s)1t /g:o q01,(9)B((t — )79 — e?sz)f(s, Xs + ys)ddds : x € B, }) = 0.
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Moreover, it is clear that
t—e [e)
/0 1(t — S)qfl / ql?;yq(ﬁ)IB%((t —9)19)f (s, xs + ys)ddds
&
t—e o0
= B(eley) / 1(t —5)11 / GO (0)B((t — )70 — elen) f (s, x5 + ys)d0ds.
0 JEY

Thus, we get

t—eq 00
P =) [ gng(9)B((t = 5)79) (s, + ys)dods : x € Br}) = 0.
. JE
On the other hand, it is easy to see that there exists a positive constant C such that
t—eq 1 €2
I =9 [~ qong(@)B((t —5)70) £(s, . + y:)dods]|
3
< c/ " q01,(8)d9, Vx € B,.

0

By Lemma 4(6), we have

‘u({/otfel(tfs)q—l /062 G917, ()B((t — 5)78) f (s, x5 + ys)ddds : x € B,})

This means that,

lim y({/ot*gl(t _ )il /082 g0, (0)B((t — 5)70) f(s, X« + ys)ddds : x € B,}) = 0.

61,82—>0+

Similarly, we can prove that

lim #({/ttsl(f —s)17! /: q0179(0)B((t —5)78)f (s, xs + ys)d0ds : x € B }) =0,

£1,60—0+

lim y({/t;l(t )1 /OEZ g9 (9)B((t — 5)99) £ (s, %, + y5)ddds : x € B,}) = 0.

e1,60—0+

By Lemma 4(4), we obtain

V({/Ot(tfs)‘?—l /Oooq&qq(ﬁ)]B((t7S)ql9)f(slxs+ys)dl9ds e B
y({/otfsl(t_s)q—l /082 G917, ()B((t — 5)78) f (s, x5 + ys)ddds : x € B,})

bl = [T g (OB((— s)18) (s, +y)d0ds s x € B))

t—eq

IN

=9 [ gl (OB 51001 (s, s+ y)dods x € B ).

Letting €1, — 0+, we get

ﬂ({/of(t—s)q—l/oc’o 901, (B)B((t — $)19) (5, % + ys)ddds : x € B,}) = 0.

Consequently, we see that {(Px)(t) : x € B,} is relatively compact in X forall t € [0, T].
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Clearly, fort € [0, T),

Mt _
[(Px)(£) — (Px)(0)[| < W/o (t=8)"H 1 f(s, x5 + ys) [1ds.

Thus, for 0 < t; < t, < T, we obtain
(Px)(t2) — (PO < [ (02 =T (2 = 5) = oy = )6, + ) s
b [ =7 = (= T = )+ ) s

/:(tz =) ¥ (k2 = )| f (s, x5 + ys) 1 ds.

_|_

This, together with Lemma 2, implies that P(B,) is equicontinuous on [0, T]. Obviously P(B;) is
bounded in Cy(X). By the Arzela-Ascoli theorem, we know that P is a compact operator. Hence,
P is completely continuous in Cp(X).

Set A := {x; x € Cy(X),x = APx,0 < A < 1}. Take x € A. Then for each t € [0, T],

x(t) = A/O.t(t —8)T YW (t —5)f(s, x5 + ys)ds.

Thus
M Mt
x(t < 7M+7/ t— )T Mo [||xs || —o,00 + [[s |l —,01]ds
I < FeyMt oy [ 6= Ml l-on + 9l o)
MM1 M t 4 MM2 ¢ .
< —+—MM/ b s)11ds 4 /tfsq el
I'(q) T(g) 23 O( ) T(q) O( ) s”[ @,0]
MM, MM, M3 T1 A4A42d/t .
_ t —s)77" max ||x(7)||ds,
Mg © T g T b el
Write
Ci — MM;  MM;M; T7 _ MM,
' T(g) T(q) q° 72 T
Then

t
lx(®)|| < C1+ C2/ (t — )11 max ||x(7)||ds.
0 0<7<s
By Lemma 7, we have

(= (CI(p)" T
O N (R

<oo, 0<t<T.

Therefore, the set A is bounded. By virtue of Lemma 5, we see that P has a fixed point x(¢). Thus,
u(t) = x(t) + y(t) is a mild solution of the Problem (1). [

Remark 1. If the semigroup B(t) (generated by A) satisfies that there exists a @ > 0 such that B(t) is compact
forall t € (0,@), then we can see from the proof above that the theorem still holds.

Remark 2. The mild solution in this case is usually not unique.

Remark 3. Suppose that g : X — X is not Lipschitz continuous, i.e., there does not exist a positive constant C
such that

18(x) —gW)Il < Cllx —yll, Vx,y € X,
but there exists a positive constant M such that ||g(x)|| < M||x||, Vx € X (therefore g is bounded on X). Set
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0
flt,9) = cr(txo+ea(Dg( | gls)ds).

Let xg € X be a fixed element, and ¢;(t)(i = 1,2) be continuous functions on [0, T], and ¢ € C([—®,0], X).
Then f satisfies the condition of this theorem, but f is usually not Lipschitz continuous.

Next we discuss the case when f is Lipschitz continuous.
In this case, A needs only to generate an analytic semigroup.
Our second main result is as follows.

Theorem 2. Let A be the infinitesimal generator of an analytic semigroup of uniformly bounded linear operator,
and f : [0, T] x C([—®,0], X) — X be continuous. If f satisfies the Lipschitz condition, i.e., there exists a
constant L > 0 such that

1£(t, @1) = f(£ @2)| < Lllor = 92ll—00), VE€[0,T], ¢i € C([-@,0],X), i=1,2,
then for any ¢ € C(|—w,0], X), the problem (1) has a unique mild solution on [—c, T|.

Proof. As in the proof of last theorem, for every ¢ € C([—®,0]), we define y(t), u(t) and the operator
P : Cy(X) — Co(X). Then we know that y € C([—@, T|, X), u satisfies Equation (2) if and only if
xo = 0and fort € [0, T],

t
x(t) = [ (=) (= 5) £, x + 1),
and P : Cy(X) — Cy(X) is continuous.
Forany t € [0,T],x, % € Co(X),

1P © = O < [ (= 2L L~ %l g

I'(q)
ML t
Qe F— ) 1gsllx — %
< F(q)/o( s)Tds||x — Xl cy(x)
ML

= ——#B(g,1)||x — % .
e TIODIPEE

[P0 = PN < [ =9 ¥ = )L P2 — (PRl pds
< s L max (Px)(r) — (P2) () s
< () B@ D) [ (6= o)1 s gy,

Write s = t7. Then we have
t 1
/(t—s)q_lsqu - /(t—n)q—l(n)qm
0 0

1

= t2‘7/ (1—s)71s%ds
0

t*1B(g,q +1).

Hence ML
1(P*x) () — (P2x) (1) < (Wi))ztqu(q, 1)B(q,9+[x — 2l cyx)-
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We can deduce by induction that

1(P"x) () — (P"%) (1) < (?@L) t”qHB gk +1)|x = Fle, 1=1,23

In fact, suppose that this inequality holds for n = m, that is, for any ¢ € [0, T],

-1
1P (£) — (P72) (1)) < (?f;) tquB 2. kg +1)]x — ey

Then, by the similar argument as above, we obtain

I(P™ ) (¢ )— (P"12)(1)]

ML t

< MLy kg4 [ s 2

< (F(q) H (9. kg +1) | (# =) s"ds |l x — Ty (x)
ML m m =

< (5ry) A +1”I"[B(q,kqﬂ)II%XIIc;O(x)
(9) Pl

Thus we have proved that

||<P"x><t>—<P"f><t>||<<If\f;) t"qHB 0.kg+1)x — 2y x) 1 = 1,2,3, e

Therefore
= MLTq =l
[P"x — P"%[|cyx) < (77 () HB 7,kg +1)[lx — %, x)
MLT )
= ((nq+)1) lx = Zllcyx)y n=123, ...

So P™ is a contractive map on Cy(X) for a positive integer ny. Thus by Lemma 6, we know that P
has a unique fixed point x(t) on Cy(X), thatis, u(t) = x(t) + y(t) is the unique mild solution of the
Problem (1). O

Remark 4. A similar result holds for the following first-order differential equation in the case f is
Lipschitz continuous

{ W) L Au(t) = f(u(t), t>t W

M(to) = up,
For details, please refer to [20], p. 183-185.
Remark 5. If we want to get the unique mild solution, we can do as follows. Set Q := P"0(P™ as in the proof

':(0 O/ '(l+1 Qxl 1 0/1/2/3/""" .

Then u;(t) = x;(t) + y(t) converges uniformly to the unique mild solution of the equation.

3. Examples

It is known that there are many concrete fractional differential equations from anomalous diffusion
on fractals (e.g., some amorphous semiconductors or strongly porous materials), which are concrete
models of the abstract Cauchy Problem (1). We refer the reader to [2,16] and references therein.
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Moreover, from [2,16] and references therein, we see that the following Example 1 with the delay effect
models some type of anomalous dynamical behaviors of anomalous transport processes.

Example 1. Let
X = {u(x); u(x) € L?[0, 7t], u(x) is a real function}

and define its natural norm and inner product respectively, for u,v € X, by

llulx = (/Onu(x)zdx)%, <u,v>= /Onu(x)v(x)dx.

Consider the following Cauchy problem for fractional partial differential equations with finite delay:

‘Dlu(t,x) = Au(t,x) + f(t,us),t € [0, T],x € [0, ] (5)
u(t,x) = ¢(t,x),t € [~@,0],

where g € (0,1), T, @ > 0 are constants.
Let the operator A : D(A) C X — X be define by

o%u

D(A):={veX:v €X,0(0)=0(n) =0}, Au= =

It is well known (cf., e.g., [18]) that—A has a discrete spectrum with eigenvalues of the form n*>,n € N,
and corresponding normalized eigenfunctions given by

2
zy =] =sin(nx), n=12---
7T

Moreover, A generates a compact analytic semigroup B(t)(t > 0) on X, and

+o0
B(t)u = Ze_”zt <U,zn > zp.
n=1
It is not difficult to verify that
IB(t)|| < et forallt > 0.

Hence, we take M = 1. Thus, when f satisfies the conditions in Remark 3 and ¢ is a continuous function, we
see by Theorem 1, the Problem (5) has at least one mild solution.

Remark 6. For the special case A=0,

{ D i):fit uE) te[0,T), Q

u(t) = ¢(t), @,0],

where g € (0,1), T, @ > 0 are constants, f satisfies the condition in Remark 3, and ¢ is a continuous
function. Then the Problem (6) has at least one mild solution.

Example 2. Consider the following problem

@)

‘Dlu(t) = Au(t) + f(t,ut),t € [0, T),
u(t) = ¢(t),t € [-®,0],
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where X is a Banach space, g € (0,1), T, @ > 0 are constants, A is the infinitesimal generator of an analytic
semigroup of uniformly bounded linear operator on a Banach space X,

0
fltio) =aitxo+ealt) [ o()ds,

xo € X is a fixed element, c;(t)(i = 1,2) are continuous functions on [0, T], and ¢ € C([—w@,0], X).
It is easy to verify that f satisfies the condition of Theorem 2. So the Problem (3) has a unique mild solution.

Remark 7. For the special case A=0,

),t€10,T),

‘Dlu(t) = f(t,ur
{ Pt € [~a,0, ®

() ),

where q € (0,1), T, @ > 0 are constants, f(t, ) = c1(t)xg + ca(t fow ¢(s)ds, xo € X a Banach space is a

fixed element, c;(t)(i = 1,2) are continuous functions on [0, T], ¢ € C(|—®,0], X). So the Problem (8) has a
unique mild solution.
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