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Abstract: We survey some results and pose some open problems related to boundedness of
real-valued functions on balleans and coarse spaces. Special attention is paid to balleans on
groups. The boundedness of functions that respect the coarse structure of a ballean could be
considered as a coarse counterpart of pseudo-compactness.
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1. Introduction

In this paper, we consider various classes of real-valued functions (bornologous,
macro-uniform, eventually macro- uniform, boundedly oscillating, slowly oscilllating) that respect
the coarse structure of a ballean and study balleans on which every such function is bounded on
the complement of some bounded set. The boundedness of functions with respect to the coarse
structure of a ballean could be considered as a coarse counterpart of compactness (which is a very
important notion in Topology).

Balleans are sets endowed with the ball structure. Ball structures are bases of coarse structures.
Coarse structures play an important role in Geometric Theory of Groups (see ([1], Chapter 3)
and ([2], Chapter 4)), where groups G are studied as balleans endowed with the finitary ball
structure € = {Ep : F € [G]|<“} where Er = {(x,y) € G x G :y € {x} UFx} for a finite subset
F of G. The finitary ballean of a group G is a partial case of the x-ballean where « is an infinite
cardinal. The x-ballean of a group G consists of entourages Er = {(x,y) € Gx G:y € {x} UFx}
parametrized by subsets F C G of cardinality |F| < .

Various types of real-valued functions that respect the coarse structure, play an important role
in studying balleans and coarse spaces. In particular, macro-uniform maps are natural morphisms
between balleans; slowly oscillating functions are used to define the Higson compactification and
the Higson corona of a ballean, see [3,4], ([5], Chapter 8), [6], §2.9. Many properties of the coarse
structure of a ballean reflect in the topological properties of its Higson corona.

Section 2 is of preliminary character and contains the definitions of various types of
real-valued functions on balleans, as well as the corresponding notions of boundedness of balleans.

In Section 3, we study various real-valued functions on discrete balleans and show
(in Proposition 3) that a ballean X is discrete if and only if (iff) every real-valued function on X
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is slowly oscillating. Moreover, if no measurable cardinal exists, then ballean X is discrete iff
every real-valued function on X is boundedly oscillating iff every real-valued function on X is
eventially macro-uniform. In Proposition 4, we characterize discrete balleans on which every
slowly oscillating real-valued function is bounded on the complement of some bounded set
(such balleans are called so-bounded).

In Section 4, we put and discuss some open problems on the behavior of functional
boundedness under products.

In Section 5, we study the boundedness properties of x-balleans of groups. In Theorem 3, we
prove that the |G|-ballean of infinite group G of regular cardinality is not so-bounded, which meant
that G admitts a slowly oscillating function f : G — R, which is unbounded on the complement
G \ F of any subset F C G of cardinality |F| < |G|. For groups of singular cardinality, the situation
depends on the algebraic properties of the group. If a group G is free, then its |G|-ballean is
not so-bounded (see Theorem 4). On the other hand, the |G|-ballean of any Abelian group G of
singular cardinality is emu-bounded and hence so-bounded (see Theorem 7). Moreover, for any
cardinal ¥ < |G| of uncountable cofinality, the x-ballean of an Abelian group G is emu-bounded
and so-bounded. This implies that for any Abelian group G of cardinality continuum (for example,
G = R), the wi-ballean of G is so-bounded iff wy < ¢ (i.e., if the Continuum Hypothesis fails).

In Section 5, we also characterize groups whose finitary ballean is mu-bounded and show that
such groups are tightly related with Bergman and (almost) Shelah groups, studied by Bergman [7]
and Shelah [8].

In spite of the obtained results, many interesting problems related to the boundedness
of real-valued functions on coarse spaces remain open. Such problems are formulated in the
corresponding sections of the paper.

2. Preliminaries

A ballean is a pair (X, £x) consisting of a set X and a family Ex of subsets of the square X x X
satisfying the following three axioms:

1. Each E € £x contains the diagonal Ax = {(x,x) : x € X} of X.

2. forany E,F € Ex there exists D € Ex, such that E o F~! ¢ D, where
EoF:={(x,z):3y (x,y) €E, (y,z) € F}and F~!:= {(y,x) : (x,y) € F}.

3. UEx=XxX.

The family Ex is called the ball structure of the ballean (X, £x), and its elements are called
entourages. For each entourage E € £x and point x € X, we could consider the set E[x] := {y € X :
(x,y) € E}, called the ball of radius E, centered at x. For a subset A C X, the set E[A] := U,e E[4]
is called the E-neighborhood of A. Since E = [J,ex{x} x E[x], the entourage E can be recovered
from the family of balls E[x], x € X.

For a ballean (X, £x) and a subset Y C X, the ballean (Y, Ex[Y) is called a subballean of X
when endowed with the following ball structure:

Ex|Y = {(YXY)QE:EES)(}.

Any metric space (X, d) carries a natural ball structure {E; : ¢ > 0} consisting of the
entourages E; := {(x,y) € X x X : d(x,y) < €}.

A ballean (X, £x) is called a coarse space if for any entourage E € Ex, any subset F C E with
Ax C F belongs to £x. In this case, £ is called the coarse structure of X. For a coarse structure £,
a subfamily B C € is called a base of £ if each set E € £ is contained in some set B € B. It is easy
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to see that each base of a coarse structure is a ball structure. On the other hand, each ball structure
€ on a set X is a base of the unique coarse structure:

1€ ={ECXXxX:Ax CECFforsomeF € £}.

If the ball (or coarse) structure Ex is clear from the context, we shall write X instead of (X, £x).
More information on balleans and coarse spaces can be found in [1,5,6,9-11].

A subset B C X of a ballean (X, £x) is called bounded if B C E[x] for some E € £x and x € X.
A ballean X is bounded if X is a bounded set in (X, £x).

The family By of all bounded subsets is called the bornology of the ballean (X, £x). If the
ballean X is unbounded, then the bornology By is an ideal of subsets of X. A family 7 of subsets
of a set X is called an ideal on X if 7 is closed under finite unions and taking subsets, and X ¢ Z.

A real-valued function f : X — R on a ballean X is called:

e bornologous if f(B) is bounded for each B € By;

o  macro-uniform (or a mu-function) if for every E € Ex there exists a real number C such that
diam f(E[x]) < C for every x € X;

o cventually macro-uniform (or an emu-function) if for every E € Ex there exists a bounded set
B € Bx and a real number C such that diam f(E[x]) < C for every x € X \ B;

o boundedly oscillating (or a bo-function) if there exists a real number C such that for every E € Ex
there is B € By such that diam f(E[x]) < C for each x € X\ B;

o slowly oscillating (or a so-function) if for every E € £x and € > 0, there exists B € By such that
diam f(E[x]) < e for each x € X \ B; and

e  constant at infinity if for every ¢ > 0 there exists a bounded set B € By such that
diam f(X \ B) < e.

Here, for a subset A of the real line, we put diam A = sup({0} U {|x —y| : x,y € A}). We say
that a ballean X is:

e  b-bounded if every bornologous function f : X — R is bounded;

o mu-bounded if every mu-function f : X — R is bounded;

o emu-bounded if for every emu-function f : X — R there exists B € By such that f is bounded
on X \ B;

e  bo-bounded if for every bo-function f : X — R there exists B € Bx such that f is bounded
on X\ B;

o so-bounded (or pseudobounded) if for every so-function f : X — R there exists B € Bx such that
f isbounded on X \ B.

For any ballean X, we would have the following implications:
b-bounded —— mu-bounded <— emu-bounded —— bo-bounded ——> so-bounded.

If a ballean X is unbounded and Ex has a linearly ordered base, then X is b-unbounded iff X is
mu-unbounded iff £x has a countable base.

We say that a ballean X is locally finite if Bx = [X]<“, equivalently, each ball in X is finite.
Here, for a set X and a cardinal x by [X]<*, we denote the family of subsets A C X of cardinality
|A| < k.

A locally finite ballean X is emu-bounded iff X is mu-bounded. If a locally finite ballean X is
bo-bounded (so-bounded), then every bo-function (so-function) on X is bounded.
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Example 1. Let «, i be infinite cardinals such that x < yu. We denote by S, the group of all
permutations of x and, for each F € [S¢|“F, put Er = {(x,y) € x xx 1 y € {x} U{f(x)}rer}-
Then the family {Er : F € [S,]<"} forms a base for some coarse structure £ on x. We denote the
ballean (x, £) by By, and observe that a subset B C « is bounded iff |B| < p.

We show that By, is emu-bounded (and hence mu-bounded).

First, we check that By, is mu-bounded. Given any unbounded function f : xk — R, we shall
prove that f is not macro-uniform. We choose a sequence (x,)ncw in k such that |f(x,41) —
f(xy)| > n and define a bijection h : ¥ — « by the rule h(xp,) = X241, h(X244+1) = X2, and
h(x) = xforallx € X\ {x; : n € w}. Then diam f(Ey;[xx]) > n, which means that f is not
macro-unifiorm.

Next, we show that the ballean By, is emu-bounded. Given an eventually macro-uniform
function f : k — R, we should find a set B C « of cardinality |B| < u such that the set f(x \ B)
is bounded. If 4 = w, then the eventually macro-uniform function f is macro-uniform and f is
bounded by the mu-boundedness of By ;. So, we assume that the cardinal y is uncountable.

To derive a contradiction, assume that for any subset B C « of cardinality |B| < y, the set
f(x \ B) is unbounded. By transfinite induction, for every ordinal # < p, we can construct a
sequence { Xy }new C Kk such that |f(xe 1) — f(Xaen)| > nand xan & {xg, : p < &, m € w}
for every n € w. Consider a permutation /1 € Si such that h(xu0n) = Xan+1, (X 2n41) = Xa2n
forall « < y and n € w. Since the sets {Xyn}new, ® < }, are pairwise disjoint, for any set
B C « of cardinality |B| < u there exists an ordinal « < y such that BN {xy s }new = @. Then
diam f(Epy [Xa2n]) > diam {f(xs20+1), f(Xa2n)} > 21, which means that f is not eventually
macro-uniform. But this contradicts the choice of f. This contradiction implies that for some set
B C « of cardinality |B| < yu the set f(x \ B) is bounded.

Let (X, &), (X', &") be balleans. A mapping f : X — X' is called macro-uniform if for every
E € & thereis E' € &' such that f(E[x]) C E'[f(x)] for all x € X. A bijection f : X — X’
is called an asymorphism if f, f~! are macro-uniform. The balleans (X, &), (X/,&’) are called
coarsely equivalent if there exists a large subset Y C X, Y’ C X such that the balleans (Y, £[Y) and
(Y’,E'1Y") are asymorphic. A subset Y is called large if X = E[Y] for some E € £.

It can be shown that all the notions of boundedness, as defined above, are stable under
coarse equivalences.

By a bornology on a set X, we understand any family 5 of subsets of X such that B = X
and B is closed under finite unions and taking subsets. In particular, for any infinite cardinal x,
the family
(X]<*:={ACX:|A|] <x}

is a bornology on X.

A bornology B on a set X is called tall if every infinite subset of X has an infinite bounded
subset. A bornology B is tall iff every bornologous function on X is bounded. Hence, a ballean X
is b-bounded iff its bornology Bx is tall.

A bornology B on X is called antitall if every unbounded subset of X contains an unbounded
subset Y such that all bounded subsets of Y are finite. A bornology B is antitall iff for every
unbounded subset Y of X there is a bornologous function on X such that f is unbounded on Y.

By Proposition 1 in [12], each bornology is the intersection of tall and antitall bornologies.
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3. Discrete Balleans

A ballean X is discrete if X is not bounded and for any E € £x there exists a bounded set
B C X such that E[x] = {x} forall x € X \ B. More information on discrete balleans can be found
in ([5], Chapter 3).

Example 2. Let X be a discrete ballean with bornology that coincides with the family [X]<% of at
most countable sets on an uncountable set X. The ballean X is mu-bounded, but each function
f : X = Ris slowly oscillating and hence eventually macro-uniform. So, X is not emu-bounded
and not so-bounded.

Since each macro-uniform function is eventually macro-uniform, each emu-bounded ballean
is mu-bounded. Example 2 shows that the converse implication does not hold, even for
discrete balleans.

Proposition 1. For a ballean X, the following statements are equivalent:

1. Every function f : X — R is macro-uniform.
2. Xisdiscrete and Bx = [X]<“.

Proof. (2) = (1) is evident. To verify (1) = (2), assume that each real-valued function on X is
macro-uniform. In this case, Bx = [X]<“. To derive a contradiction, assume that X is not discrete.
Then there exists E € Ex and a sequence (X, )ncw in X such that the subsets {E[x,] : n € w} are
pairwise disjoint and |E[x,]| > 1 for all n € w. Then the function f : X — R defined by f(x,) = n
and f(x) = 0for x ¢ {x, : n € w} is not macro-uniform, which contradicts our assumption. []

The following characterization can be easily derived from the definitions.

Proposition 2. For a discrete ballean X, the following conditions are equivalent:

X is b-bounded.
X is mu-bounded.
The bornology of X is tall.

A characterization of emu-bounded discrete balleans is more complicated and involves
countably complete ultrafilters.

A filter F on a set X is called countably-complete if for any countable subfamily C C F the
intersection () C belongs to the filter F.

A cardinal x is measurable if there exists a countably complete free ultrafilter I/ on «.
A measurable cardinal, if it exists, is not smaller than the first strongly inaccessible cardinal,
see ([13], Chapter 20). This implies that the existence of measurable cardinals cannot be proved in
Zermelo-Fraenkel set theory (ZFC).

Proposition 3. For a ballean X, the following statements are equivalent:

1. Every function f : X — R is slowly oscillating.
2. Every function f : X — {0,1} is slowly oscillating.
3. Xisdiscrete.

If any unbounded subset of X contains an unbounded set of non-measurable cardinality, then
conditions (1)—(3) are equivalent to:
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4. Every function f : X — R is boundedly oscillating.
5. Every function f : X — R is eventually macro-uniform.

In particular, conditions (1)—(5) are equivalent if no measurable cardinal exists.

Proof. The equivalence of conditions (1)-(3) has been proven in Theorem 3.3.1 of [5], and the
implications (1) = (4) = (5) are trivial. Now, assuming that any unbounded subset of X
contains an unbounded set of non-measurable cardinality, we shall prove that (5) = (3) (which is
equivalent to —(3) = —(5)). Assume that X is not discrete. Then there exists an entourage E € Ex
such that the set L = {x € X : E[x] # {x}} is unbounded. Using Zorn’s Lemma, find a maximal
subset M C L such that E[x] N E[y] = @ for any distinct elements x,y € M. The maximality of
M ensures that L C E~[E[M]], which implies that the set M is unbounded. By our assumption,
the unbounded set M contains an unbounded subset N C M of non-measurable cardinality |N|.
Using the Zorn’s Lemma, extend the free filter {N \ B : B € Bx} to any (free) ultrafilter /. Since
N € U and the cardinal | N| are not measurable, the ultrafilter { is not countably-complete, so there
exists a decreasing sequence of subsets {U, }new C U of N such that N, U, ¢ U. Consider the
function f : X — R assigning to each x € X the number:

if x € Uy \ Up4q £ € w;
f(x):{n if x n\ Uy forsomen € w

0 otherwise.

Assuming that f is eventually macro-uniform, we could find a bounded set B C X such
that C := sup, x\ g diam f(E[x]) < oco. Choose any number n € w with n > C. It follows from
U, \B=U,N(X\B) €U and N;eo Un & U that U, \ B & e Um and hence U, \ B ¢ Uy,
for some m € w. So, we can find a point x € Uy, \ B such that x ¢ U,,. It follows that x € Uy \ Uy
for some k € [n,m) and hence diam f(E[x]) > diam {f(x),0} = k > n > C, which contradicts
the definition of C. This contradiction shows that the function f is not eventually macro-uniform,
which means that condition (5) does not hold. [

Example 3. Let X be a set of measurable cardinality | X|. We define a coarse structure £ on X such
that (X, £) is not discrete but each function f : X — R is eventually macro-uniform. Write X as
the union X = Y U Z of two disjoint sets of the same cardinality and fix any bijection & : Y — Z.
LetI := {(x,h(x)) : x € Y} be the graph of the bijection h.

By the measurability of the cardinal |X| = |Y|, there exists a countably complete ultrafilter p
on Y. For any set P € p, consider the subset:

Bp = (Y\ P)Uh(Y\ P)

of X and the entourage:
Ep:= (Bp x Bp)UAxUTUT !

on X. Let £ be the coarse structure on X, generated by the base {Ep : P € p}. Itis easy to check
that the bornology of the coarse space (X, £) is generated by the base {Bp : P € p}. Using this fact
and looking at the definition of the basic entourages Ep, we can conclude that the ballean (X, £x)
is not discrete.

Now we check that each function f : X — R is eventually macro-uniform. Given any set
P € p,we should find a bounded set B € Bx such that sup, . y g diam f (Ep[x]) < 0. Observe that
forany x € P =Y\ Bp we get Ep[x] = {x,h(x)} = Ep[h(x)]. This implies that diam f(Ep[x]) < oo
and hence P = U,c, Px where P, = {x € P : diam f(Ep[x]) < n} for n € w. Since the
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ultrafilter p is countably complete, there exists n € w such that P, € p. Then for the bounded
set B = Bp, and any x € X \ B we get diam f(Ep[x]) < n. Indeed, if x € Y, then x € Y\
Bp, = P, and hence diam f(Ep[x]) = diam {x,h(x)} < n by the definition of P,. If x € Z,
then x € Z\ Bp, = h(P,) and then h~!(x) € P, and Ep[x] = {x,h 1 (x)} = Ep[h~'(x)] and
diam f(Ep|[x]) = diam f(Ep[h~1(x)]) < n.

Given a ballean X, we denote by X* the set of all ultrafilters p on X such that each member of
p is unbounded in X. It is easy to see that the set X" is closed in the Stone-Cech extension X of X
endowed with the discrete topology.

Proposition 4. For a discrete ballean X, the following statements are equivalent:

X is emu-bounded.

X is bo-bounded.

X is so-bounded.

XF is finite and each ultrafilter p € X* is countably complete.

Gk =

each ultrafilter p € X* is countably complete.

Proof. The implication (3) = (4) is proven in Theorem 3.3.2 of [5], and (1) = (2) = (3)
are evident.

(4) = (1) Assume that X? is finite and each ultrafilter p € X' is countably complete.
To show that X is emu-bounded, take any eventually macro-uniform function f : X — R. Let
X! = {p1,..., pr} and observe that N\*_, p = {X\ B : B € Bx} where By is the bornology
of the ballean X. For every n € w consider the set X, = {x € X : |f(x)| < n} and observe
that X = U, e Xun. For every i < k, the countable completeness of the ultrafilter p; > U,cq Xn
yields a number n; € w such that X,;, € p;. Then for the number n = max;<j n;, we obtain
X, € N, pi = {X\ B : B € Bx}. Therefore, the complement B := X \ X, is bounded and
f(X\ B) = f(X,) C [—n,n]is bounded in the real line.

The implication (4) = (5) is trivial. To prove that (5) = (4), assume that the set X" is
infinite and hence contains a sequence (py)nec of pairwise distinct ultrafilters. Since X* is a closed
subspace of the compact Hausdorff space BX, we can replace (p,)necw by a suitable subsequence
and assume that the subspace {p, }ne. is discrete in X*. Fix any free ultrafilter I on the set w
and consider the ultrafilter p = lim,,_,;; pu, consisting of the sets U,,cy; P where U € U and
P, € py forall n € U. Since the set X* is closed in BX, the ultrafilter p belongs to the set X,
being an accumulation point of the set {p, : n € w} in BX. We claim that the ultrafilter p is not
countably complete. Using the discreteness of the subspace {py }new in X¥, in each ultrafilter p,
we can choose a set Py, so that the family (P,),e. is disjoint. Now observe that for every n € w
the set Qy = U,>, Pm belongs to the ultrafilter p but N,c,, Qn = @, witnessing that p is not
countably complete. [J

A discrete ballean X is called ultradiscrete if the family {X \ B : B € Bx} is an ultrafilter on X.
Proposition 4 implies the following characterization.

Corollary 1. For an ultradiscrete ballean X, the following statements are equivalent:

X is emu-bounded.

X is bo-bounded.

X is so-bounded.

The bornology Bx of X is o-additive.

=
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4. Products

In this section, we discuss the problem of preservation of various notions of boundedness by
products of balleans.

Theorem 1. The product X x Y of two mu-bounded balleans X, Y is mu-bounded.

Proof. Let f : X X Y — R be a mu-function. For each x € X, the function fy : Y — R, defined as
fx(y) = f(x,y), is a mu-function, so fy is bounded. It is easy to check that the functions : X — R,
s @ x — sup{|fx(y)| : ¥ € Y} is macro-uniform and hence bounded (as X is mu-bounded).
Then the function f is bounded, as well. O

Theorem 2. Let X, Y be balleans and Y is either bounded or locally finite. If X, Y are either emu-bounded
or bo-bounded or so-bounded, then the product X x Y has the same property.

Proof. We proved only the third statement. Assume that the balleans X, Y are so-bounded. Take
any so-function f : X X Y — R. Assume that Y is bounded, fix any yp € Y and consider the
so-function f,, : X — R, fy, : x = f(x,y0). Since X is so-bounded, there exists a bounded set
B C X such that f,, is bounded on X \ B. Since Y is bounded and f is slowly oscillating, we can
replace B by a larger bounded set, and assume that the number ¢ := sup, . x g diam f({x} x Y) is
finite. Then f is bounded on (X x Y) \ (B x Y).

Now assume that Y is locally finite. In this case, for every x € X the so-function fy : Y — R,
fx 1y~ f(x,y), is bounded. Then the functions : X = R, s : x — sup,cy | fx(y)], is well-defined
and slowly oscillating. Since X is so-bounded, there is B € Bx such s is bounded on X \ B. Then f
isbounded on (X x Y) \ (B x Y). By first case, there is a bounded subset C of Y such f is bounded
on(BxY)\(BxC). O

Question 1. Is the product of any two emu-bounded balleans emu-bounded?
Question 2. Is the product of any two bo-bounded balleans bo-bounded?
Question 3. Is the product of any two so-bounded balleans so-bounded?

For more results on products of balleans, see [14]. Now, we give some partial answers to
Questions 1-3.
For any bornology B on a set X ¢ B, consider the cardinal characteristics:

add(B) = min{|A| : A C B, UA¢ B},
=min{|A|:ACX, A¢ B},
=min{|A|: ACB, UA=X},

=min{|A|: ACB, VBe B3JAc€ A (BCA)}

(
non(53
cov(B
(

)
)
)
cof(B)

It is known (and easy to see) that:
add(B) < min{cov(B),non(B)} < max{cov(B),non(B)} < cof(B).

Proposition 5. Let X,Y be two balleans with cof(Bx) < non(By). If X and Y are emu-bounded
(bo-bounded or so-bounded, respectively), then so is the product X x Y.
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Proof. We shall present a proof only for the case of emu-boundedness. The other two cases can
be considered by analogy. Assume that the balleans X, Y are emu-bounded. If the ballean X
is bounded, then the product X x Y is emu-bounded by Theorem 2. So we assume that X is
unbounded. By the definition of the cardinal ¥ = cof(Byx), the bornology Bx of X has a base
B C By of cardinality |B| = «.

To prove that the product X x Y is emu-bounded, take any emu-function f : X x Y — R.
Fix any point yo € Y. Since the function f,, : X — R, f,, : x = f(x, o), is emu-bounded, for any
entourage E € £y there exists a bounded set B € B such that:

cp:= sup diam f({x} x E[yo])
xeX\Bg

is finite. We claim that for some B € B and m € N, the union
Upm = U{Elyo] : E € &y, BE = B, cg <m}

equals Y. To derive a contradiction, assume that for every B € B and m € N the union Ug ,, does
not contain some point yg,, € Y. Since w < x < non(By), thesetV = {yp,, : B€ B, m € N} is
bounded in Y and hence is contained in the ball E[y,] for some E € Ey. Then for the set B = Bg
and any number m € N with m > cg, we get yg , € E[yo] C U, which contradicts the choice of
YB,m- This contradiction shows that Up ,, = Y for some B € Band m € N.

Then diam f({x} x Y) < 2m for each x € X \ B. Since X is emu-bounded, there exists
D € Bx such that the number ¢ := sup,.x\p |f(x,40)| is finite. Replacing D by BU D, we can
assume that B C D. Then |f(x,y)| < ¢+ 2m for all (x,y) € (X\ D) x Y. By Theorem 2, the
ballean D x Y is emu-bounded, which implies that the function f is bounded on the complement
D x Y\ D x C for some bounded set C € By. Now we see that f is bounded on X x Y\ D x C,
witnessing that the ballean X x Y is emu-bounded. [

Proposition 6. Let X,Y be two so-bounded balleans. If cov(Bx) < add(By), then the product X x Y
is so-bounded.

Proof. By the definition of the cardinal x = cov(Byx), there exists a subfamily {Bg }xex C Bx with
Usex Ba € X.

To show that the ballean X x Y is so-bounded, take any so-function f : X x Y — R.
Fix any point xg € X, and for every &« € «x find an entourage E, on X such that B, C
Ex[xo]. Then X = Uyex Ea[x0]. Since f is slowly oscillating, there exists C, € By such that
Sup,cy\c, diam f(Exlxo] x {y}) < 1. Since add(By) > cov(Bx) = «, the set C = Uy Ca
is bounded in Y. If y € Y\ C, then diam f(E[xo] x {y}) < 1 for every a € x and hence
diam f(X x {y}) < 2.

Since Y is so-bounded, there exists a bounded set D € By such that sup, cy\ p | f(x0,¥)| < 1.
Replacing D by C U D, we can assume that C C D. Then |f(x,y)| < 1+ diam f(X x {y}) <
1+2=3forallx € Xand y € Y\ D. Therefore, f is bounded on the set (X x Y) \ (X x D).

By Theorem 2, X x D is so-bounded, so there exists a bounded set B C X such that f is
bounded on the set (X x D) \ (B x D). Summing up, we conclude that f is bounded on the
complement of the bounded set B x D. [

Proposition 7. Let X, Y be two balleans such that cov(Byx) < add(By) and the bornology By is tall.
If X and Y are emu-bounded (respectively, bo-bounded), then so is the product X x Y.
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Proof. We shall provide a detailed proof only for the case of emu-boundedness. The case of
bo-boundedness can be considered by analogy. So assume that the balleans X, Y are emu-bounded.
By the definition of the cardinal x = cov(Byx), there exists a subfamily {By}sex C Bx with
Usex Bx € X.

To show that the ballean X x Y is emu-bounded, take any emu-function f : X x ¥ — R. Fix
any point xg € X, and for every « € « find an entourage E, on X such that B, C E,[xo]. Since f is
eventually macro-uniform, there exists C, € By such that:

co := sup diam f(Ex[xo] X {y})
yEY\Ca

is finite. For every m € Nlet K, = {a € x : ¢, < m}. We claim that for some m € N the union
Un = Ugek,, Ea[xo] coincides with X. In the opposite case, for every m € N, we can choose a
point x,, € X \ Uy,. Since the bornology By is tall, there exists an increasing number sequence
(M) ke such that the set {x;, }re. is bounded and hence is contained in By C E4[xg] for some
« € k. Then, for any k € w with my > c,, we have x;,, € Eq [x0] C U, , which contradicts the
choice of x;,, . This contradiction shows that U;, = X for some m € N.

Since add(By) > cov(Bx) = k > |Ky|, the set C = ek, Ca is bounded in Y. If y € Y\ C
then diam f (Eq[xo] X {y}) < ca < m forevery a € K, and hence diam f(X x {y}) = diam (U, x
{y}) < 2m.

Since Y is emu-bounded, there exists a bounded set D € By such that the number

¢:= sup |f(xo,y)]
yeY\D

is finite. Replacing the set D by C U D, we can assume that C C D. Then |f(x,y)| < ¢+
diam f(X x {y}) < c+2mforallx € X and y € Y\ D. Therefore, f is bounded on the set
(X xY)\ (X x D).

By Theorem 2, the ballean X x D is emu-bounded, so there exists a bounded set B C X such
that f is bounded on the set (X x D) \ (B x D). Summing up, we conclude that f is bounded on
(X xY)\ (B x D), witnessing that X x Y is emu-bounded. [

5. Group Balleans

A bornology B on a group G is called a group bornology if for any sets A,B € B the set
AB~!={ab~!:a € A, b € B} belongs to B.

Each group bornology B on a group G induces the coarse structure £g, generated by the base
{Ep : B € B} consisting of the entourages Eg = {(x,y) € G x G:y € {x} UBx} where B € B.

It is easy to see that for any infinite cardinal x and any group G, the family

[G]<*:={BC G:|B| <«x}

is a group bornology on G. It induces the coarse structure £|gj<x on G. The ballean (G, &|¢j<x)
will be called the x-ballean of G. The w-ballean of G is called the finitary ballean of G. It should be
mentioned that the finitary balleans of finitely generated groups G have been intensively studied
in Geometrical Group Theory, see [2, Chapter 4], Chapter 4. For properties of the x-balleans of
groups, see [15-17].

Theorem 3. For any infinite reqular cardinal x, the x-ballean of any group G of cardinality |G| = « is
not so-bounded.
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Proof. Since « is regular, the coarse structure &)<« has a linearly ordered base. By Proposition 3.1
of [18], the x-ballean (G, £g)<~) is not so-bounded. [

Example 3.3 from [19] shows that the finitary ballean of any infinite free group F(X) is
not so-bounded.

Theorem 4. For any infinite cardinal k and set X of cardinality |X| > « the «k-ballean of the free group
G = F(X) is not so-bounded.

Proof. We partition X = |J,en X» so that |X,| = |X| for each n € N, and define a function
h:XU{e}uX! — Rbyh(e) = 0and h(x) = h(x~!) = n forany x € X,, n € N. Then we
define a mapping f : G — R, assigning to each word w € G = F(X) the number h(a) where a is
the last letter in the irreducible representation of w. It is easy to see that f is unbounded on the
complement G \ B of any set B € [G]<*.

To show that f is slowly oscillating, we take an arbitrary subset B € [G]<* and denote by
S the subgroup of G generated by all letters which appear in the (irreducible) words from B.
Ifwe G\Sandy € S, then f(yw) = f(w), so diam f(Sw) = 0. O

Following [20], we define group G to be k-normal if every subset F € [G]<" is contained in a
normal subgroup H € [G]<* of G.

Theorem 5. Let « be a cardinal of uncountable cofinality and G be a group of cardinality |G| > «. If the
group G is x-normal, then the x-ballean of G is emu-bounded.

Proof. Given any emu-function f : G — R, we should prove that f is bounded on the complement
G \ B of some set B € [G]<*. First, we prove two claims.

Claim 1. There exists a normal subgroup H C G of cardinality x such that:

sup diam f(Hx) < .
xeG\H

Proof. Since G is a x*-normal group of cardinality |G| > «, there exists a normal subgroup
Hp C G of cardinality |Hy| = «. By transfinite induction of length w;, we shall construct an
increasing sequence (Hy)xcw, of normal subgroups of cardinality x such that for any ordinal
& < wy the supremum sup, ¢\, diam f(Hyx) is finite.

Assume that, for some non-zero ordinal &« < w;, we have constructed an increasing sequence
(Hp)p<a of normal subgroups of cardinality x in G such that for any ordinal g with g +1 < a the
supremum sup,c x| diam f(Hpx) is finite. If a is a limit ordinal, put Hy = Upg<, Hp-

If & = B+ 1is a successor ordinal, then write the group Hpg as the union Hg = Ujecf(x) I'i of an
increasing sequence (T';);c () Of sets of cardinality |T;| < x. Since f is eventually macro-uniform,
for every i € cf(x) there exists a set B; € [G]~" such that ¢; := sup,\ 5, diam f(I';x) is finite.
Since G is x* -normal, the set Hg U Uiecf(x) Bi is contained in a normal subgroup H, of cardinality
|Hy| = x. Since the cardinal cf(x) is uncountable and regular, there exists ¢ € N such that
the set O = {i € cf(x) : ¢; < c} is unbounded in cf(x). Then Hg = UjcqI; and for any
x € X\ Hy = X\ Hgy1:

diam f(Hgx) = sup diam f(I';x) < supc; < c.
i€Q) i€eQ)
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Claim 2. The function f is bounded on the set G \ H.

Proof. To derive a contradiction, assume that f is unbounded on G \ H and choose a sequence
(gn)ncw in G\ H such that the set {f(gx) : € w} is unbounded. We put K = {g,g," : 1 € w}
and choose B € [G]<* such that the number

C:= sup diam f(Kx)
xeX\B

is finite. By Claim 1, the supremum

c:= sup diam f(Hx)
xeG\H

is finite. Since |[H| = x > |B| = |g,'B|, there exists x € H\ g,'B. Then gox ¢ B and
£ (gn8o ' (g0%)) — f(g0x)| < diam f(Kx) < C for each n > 0. Since H is normal, g,x € g,H =
Hg;, and then

[f(gn)| = f(gn) — f(gnx) + f(gnx) — f(g0x) + f(gox)| <
< [f(gn) — f(gnx)| + [ f(gnx) — f(g0x)| + | f(0x)
< diam f(Hgn) + C+ |f(g0x)| < ¢+ C+ |f(gox)]

<

for every n, which contradicts the choice of (g, )necw. This contradiction shows that f is bounded
onG\H. O

Fix any element ¢ € G\ H and observe that ¢H C G\ H, and hence the set f(¢H) C f(G\ H)
is bounded in the real line (according to Claim 2). Consequently, the supremum

c¢:= sup |f(x)|
xeG\H

is finite.
Since f is eventually macro-uniform, there exists a set B € [G]<" such that the number

c’:= sup |f(gx) = f(x)]

xeG\B

is finite. Now take any x € H \ B and observe that

f()] < If(gx) = fF)| + 1f(gx)| < "+,
witnessing that f is bounded on H \ B and, consequently, boundedon G\ B = (G\ H)U(H\B). O

A subset A of a group G is defined to be x-large if G = FA for some F € [G]<*. In the proof of
Theorem 7, we shall need the following result, proven in [20].

Theorem 6 (Protasov, Slobodianiuk). Let « be a singular cardinal and let G be a x-normal group of
cardinality x. For every finite partition of G, at least one cell of the partition is x-large.

Theorem 7. Let « be a singular cardinal and let G be a group of cardinality |G| = . If the group G is
x-normal, then the x-ballean of G is emu-bounded.
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Proof. Assuming that the x-ballean of G is not emu-bounded, we can find an emu-function
f : G — Nsuch that f(G \ B) is unbounded for every |B| € [G]<*. This property of f implies that
for any m € N the preimage f ! ([m, o)) has cardinality .

Claim 3. There exists a number sequence (1;);c., such that ng = 0, nj, 1 —n; > iforall i € w and for
everym € wandr € {0,1,2,3} the set

Xinr 1= U f_l([”4k+rf Nykiri1))
k=m

has cardinality | Xy, »| = «.

Proof. Separately, we shall consider two cases.

1. Theset W = {n € w: |[f1([n,n+1))| = «} is infinite. In this case let {1, };c, C w be any
increasing number sequence such that ng = 0, n;.1 —n; > iand [n;41,1n;) "W # @ foralli € w.
It is clear that the sequence (1;);¢,, has the required property.

2. The set W is finite. Put g = 0 and find a number n; € N with W C [ng, n1). The definition
of W implies that for any m > n; the preimage f~!([ny,m)) has cardinality < x. Taking into
account that f~1([n1,00)) = U=y, f~*([11,m)) has cardinality x, we conclude that the cardinal «
has countable cofinality. So, we can find a strictly increasing sequence of cardinals (k;);c., with
sup;c,, ki = k. Since f1([n1,0)) = Uysp f1([n1,m)) has cardinality , there exists a number
1y > ny + 1such that |[f~1([n1,12))| > 1. Proceeding by induction, for every i € N we can find a
number ;.1 > n; +i such that |[f~'([n;,n;,1))| > «;. It is easy to see that the sequence (1;) ;e
has the required property. O

Since G = |U>_, X0, we can apply Theorem 6 and find a number r € {0,1,2,3} such that the
set Xp,, is x-large in G and hence G = FX, for some set F € [G]<" containing the unit e of G.

Since the function f is eventually macro-uniform, there exists a set B € [G]<" such that
Sup,cq\p diam f(Fx) < m for some number m € N. Let g € {0,1,2,3} be a unique number
with |g —r| = 2. Since |X;,4| = x > |FB|, there exists an element y € X;,; \ FB. Taking into
account that y € G\ FB = FXy, \ FB = F(Xy, \ B), we see that y € Fx for some x € Xy, \ B.
The choice of B ensures that diam f(Fx) < m and hence |f(y) — f(x)| < diam f(Fx) < m.
It follows from x € Xo, = U o f~* ([Maksr Nakrr11)) that f(x) € [ngi1y, najsry1) for somei € w.
On the other hand, y € Xug = Ui, f~* ([1ak+q, Nak4g+1)) yields a number j > m such that
f(y) € [n4j14,M4j1441)- Now, we arrive at a contradiction with |f(y) — f(x)| < m, considering
the following four cases.

Ifi <j,thendi+r+1<4(j—1)+1+r<4j—-3+g+|r—q| =4j+q—1and hence

fY) = najag > najga+ (& +9—1) 2 ngispa + (dm+9—1) > f(x) +m.
Ifj<ithen4j+q+1<4(i—-1)4+1+q<4i—-3+r+|r—q| =4i+r—1and hence
f(x) = naipy > ngip+ (Gi+r—1) 2 ngjig + (4 +743) > f(y) +m.
Ifi =jand r < g, then

fy) > ngjg >ngjg 1+ @A +q-1) =ngj 1+ @4j+q-1) > f(x) +m.
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Ifi =jand g < r, then
f(x) = naipy > ngip 1+ Gi+r—1) =ngg + (@4 +r—1) > f(y) +m.
O

Theorem 8. Let G be a group. If the k-ballean of each subgroup H of G with |H| = « is emu-bounded,
then the x-ballean of G is emu-bounded.

Proof. Assuming that the x-ballean of G is not emu-bounded, we can find an emu-function
f: G — N, which is unbounded on each subset G \ B, |B| < «. This property of f implies that for
every m € N the set f~!([m, o) has cardinality > x and hence contains a subset X, of cardinality
|Xin| = x. Then the set U,,c., Xm generates a subgroup H C G of cardinality |H| = « such that
f(H \ B) is unbounded for any B € [H]<*. Now we see that the restriction f[H witnesses that H
is not emu-bounded. O

Remark 1. By Theorems 3, 4, 5, 7 and 8, for an uncountable cardinal x, the x-ballean of an Abelian
group G is emu-bounded iff either « is singular or « is regular and |G| > «. In this case, the
emu-boundedness is equivalent to the so-boundedness. If « is regular and G is an Abelian group
of cardinality |G| > «, then the x-ballean of G is emu-bounded but the x-ballean of every subgroup
H, |H| = « is not emu-bounded.

Remark 2. By Theorems 3 and 5, the w1-ballean of the group R is emu-bounded iff CH holds. On the
other hand, by Theorem 4, the w--ballean of the free group F(R) is not emu-bounded in ZFC.

Question 4. Is the wi-ballean of the permutation group S, emu-bounded in ZFC?
By analogy with Theorem 3.1 of [19], the following theorem can be proven.

Theorem 9. If G is an uncountable w1-normal group, then the finitary ballean of G is bo-bounded and
so-bounded, and every so-function on G is constant at infinity.

Question 5. Assume that the finitary ballean of a group G is so-bounded. Is every so-function on G
constant at infinity?

Question 6. Is the so-boundedness of the finitary ballean of a group equivalent to its bo-boundedness?

Finally, we shall discuss the mu-boundedness of finitary balleans on groups. Since the fintary
ballean of any group is locally finite, each emu-function is a mu-function. Consequently, the
finitary ballean of any group is mu-bounded iff it is emu-bounded.

Definition 1. A group G is defined to be:

e n-Shelah for some n € N if for each subset A C G of cardinality |A| = |G| we have A" = G;

e  Shelah if it is n-Shelah for some n € N;

e almost Shelah if for each subset A C G of cardinality |A| = |G| there exists n € N such that
A" = G;

e Jonsson if each subsemigroup A C G of cardinality |A| = |G| coincides with G;

e Kurosh if each subgroup A C G of cardinality |A| = |G| coincides with G;
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e  Bergman if G cannot be written as the union a strictly increasing sequence (Xp )new Of subsets such
that X, = X, ' and X2 C X111 foralln € w.

For any group G, the following implications hold:
finite <= 1-Shelah =——=> Shelah =——> almost Shelah ——> J6énsson ——> Kurosh.

In [8], Shelah constructed a ZFC-example of an uncountable Jénsson group and a CH-example
of an infinite 6640-Shelah group. More precisely, for every cardinal x with k™ = 2¥, there exists a
6640-Shelah group of cardinality k™ = 2*. In [7], Bergman proved that the permutation group Sx of
any set X is Bergman. Later it was shown [21-23] that many automorphism groups (of sufficiently
homogeneous structures) are Bergman.

Theorem 10. For a group G the following conditions are equivalent:

1. The finitary ballean of G is mu-bounded.
2. The finitary ballean of G is emu-bounded.
The group G is Bergman.

The conditions (1)—(3) follow from:

4. G is almost Shelah and cf(|G|) > w.

Proof. The equivalence (1) < (2) follows from the local finiteness of the finitary ballean on G.
(1) = (3). Assume that the group G fails to be Bergman. Then G = |J,,¢, X, for some strictly
increasing sequence of subsets of G such that X, = X;;! and X2 C X, forall n € w. We lose no
generality assuming that Xy = @.
We claim that the function ¢ : G — N C R assigning to each x € X the unique number n € N
such that x € X, \ X,,_1 is macro-uniform. It follows from X2 C X, that

p(gx) <1+ max{p(g), ¢(x)} < @(x) + (1+ ¢(g))

for every g, x. Then ¢(x) = ¢(g7'gx) < @(gx) + (1 + ¢(g~")) and hence ¢(gx) > ¢(x) — (1 +
@(g~1). Therefore,

p(x) = (1+o(g™") < (gx) < 9(x) + (14 ¢(3)),

which implies that the map ¢ is macro-uniform. Since the sequence (X, )nc is strictly increasing,
the map ¢ is unbounded, so the finitary ballean of G is not mu-bounded.

(3) = (1) Assume that G admits an unbounded macro-uniform function ¢ : G — R. We lose
no generality assuming that ¢(e¢) = 0 where e is the unit of the group G. Then for every finite
set F C G there exists a number np € N such that ¢(Fx) C [—np,ng| + ¢(x) for every x € G.
For every n € Nlet X, = {g € G : nyy .1y < n} and observe that (Xy)eq is an increasing
sequence such that X, = X,,* and U,c., X» = G. For every n € wlet Y, = X2" and observe that
Yo=Yy land Yy - Y, = X2'X2 = X2 X2 = Y.

Assuming that G is Bergman, we conclude that G = Y, = X2" for some 1 € w.

By induction, we shall prove that ¢(XX) C [—nk, nk] for k € w. For k = 0, we have ¢(XY) =

¢({e}) = {0} = [-n0,n0]. Assume that for some k € w we have proven that ¢(X¥) C [—nk, nk].
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Taking into account that for every ¢ € X, and x € G we have ¢(gx) C ¢(x) + [—1ng), 1] C
¢(x) + [—n,n], we conclude that ¢(X,x) C ¢(x) + [—n, n] and hence,

P(XN™) = (X - X§) C @(X5) + [=n,n] C [=nk,nk] + [=n,n] C [=n(k+1),n(k+1)].

Then ¢(G) = ¢(X2") C [~n2",1n2"], which means that the function ¢ is bounded.

Finally, we prove that (4) = (3). Assume that G is almost Shelah and cf(|G|) > w. Assume
that G = U, e Xi for some increasing sequence of subsets such that X;, = X;; Land X, - X, C
X, 41 for all n € w. By induction we can show that X%k C X4k forevery k € w.

Since cf(|G|) > w, there exists n € w such that |X,| = |G|. Since G is almost Shelah,
G = X,%m C Xy4+m for some m € w and hence X, 1, = G, which contradicts the choice of the
sequence (Xy)kew- U

Corollary 2. The finitary ballean of the permutation group Sx of any set X is mu-bounded.
Question 7. Is every so-function on a Bergman group (in particular, on the group Sx) constant at infinity?
Problem 1. Find the largest n for which every n-Shelah group is finite.

Remark 3. Answering the problem [24], Yves Cornulier proved that each 3-Shelah group is finite.
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