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memory with power-law fading and gamma distributed lag. This model is a generalization of
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1. Introduction

Fractional differential equations are equations that contain derivatives of non-integer orders.
There are many different types of such operators, among which the most famous are the fractional
derivatives that are proposed by Liouville and Riemann, Letnikov and Griinwald, Riesz, Hadamard,
Erdelyi and Kober, Caputo [1-6]. The fractional differential equations are a powerful tool to describe
power-law fading memory and spatial non-locality. Fractional derivatives of non-integer order
have a wide application in mechanics, physics, economics and other sciences. For example, see the
eight-volume encyclopedia on fractional calculus and its applications [7].

In this paper, we propose a generalization of the Harrod—Domar growth model [8-12], in which
the dynamics of national income is described by fractional differential equations with continuously
distributed time delay. The standard Harrod-Domar growth model has been proposed by Roy
Harrod [10] and Evsey Domar [11,12] in 1946-1947. A generalization of this model by taking into
account the exponentially distributed lag without memory was proposed by William Phillips [13,14]
in 1954. The Harrod—-Domar growth model with power-law memory was suggested by authors [15,16]
in 2016 (see also References [17-19]). The simultaneous consideration of the effects of memory and
time delay is important for the description of economic processes. As a starting point of this paper,
we take the Harrod-Domar model without memory and lag, which is described in the Allen’s book [8],
(pp. 64-65). For simplification, in this paper, we consider one-parameter power-law memory and
gamma distributed time delay. We use operators that are the composition of fractional differentiation
and continuously distributed translation (shift). We propose the fractional differential equations of
generalization of the Harrod-Domar growth model. We obtain solutions of these equations that
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describe the macroeconomic growth of national income with power-law fading memory and gamma
distributed time-delay. The asymptotic behavior of the solutions, which characterize the technological
growth rate of national income for the case of the Erlang distribution of delay time, is suggested.

2. Harrod-Domar Growth Model without Memory and Lag

The Harrod-Domar model with continuous time describes the dynamics of national income Y(#),
which is determined by the sum of the non-productive consumption C(t), the induced investment I(t)
and the autonomous investment A(t). The balance equation of this model has the form

Y(t) = C(t)+ I(t) + A(t) 1)

In the standard Harrod-Domar model of the growth without memory, the following assumptions
are used.

(a) In the Harrod-Domar model, the autonomous investment A(t) is considered as exogenous
variables, which is independent of national income Y(#).

(b) In the model without memory, the consumption C(¢) is a linear function of national income
that is described by the linear multiplier equation

C(t)y=cY(t )

where c is the marginal propensity to consume (0 < ¢ < 1).
(c) In the standard Harrod—-Domar model of the growth without memory, it is assumed that
induced investment I(t) is determined by the rate of the national income. This assumption is described

by the linear accelerator equation
I(t) = v YD (1) ®)

where v is the positive constant, which is called the investment coefficient indicating the power of
accelerator or the capital intensity of the national income, and Y()(t) = dY (t)/dt is the first-order
derivative of the function Y(f). Equation (3) means that the induced investment is a constant proportion
of the current rate of change of income.

Substitution of Equations (2) and (3) into (1) gives

Y(t) =cY(t)+ v YD (1) + A(t) &)
This equation can be written as
oY (1) =sY(t) — A(H) (5)

where s = 1 — c is the marginal propensity to save (0 <s < 1).

The economic dynamics, which is represented by Equation (5), can be qualitatively described in
the following form. If independent investments A(t) grow, for example, due to the sudden appearance
of large inventions, the multiplier gives rise to a corresponding increase in A(t)/(1 — ¢) output [8],
(p. 65), where c is the marginal propensity to consume (0 < ¢ < 1). The expansion of output
drives the accelerator and is accompanied by the appearance of other (induced) investments. In turn,
these additional investments increase (“multiply”) the products due to the economic multiplier, and a
new cycle begins. In general, the result is a progressive increase of national income.

An important characteristic of macroeconomic growth models is the technological growth rate [20],
(p. 49), which is also called the Harrod’s warranted rate of growth [8], of the endogenous variable
(for example, national income). The technological (warranted) growth rate describes the growth
rate in the case of the constant structure of the economy and the absence of external influences.
The constant structure means that the parameters of the model are constant (for example, s,v are
constants). The absence of external influences means the absence of exogenous variables (A(t) = 0).
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Mathematically the technological growth rate is described by the asymptotic behavior of the solution
of the homogeneous differential equation for the macroeconomic model.

In the standard Harrod—Domar model, the solution of Equation (5) with A(t) = 0 has the form
Y(#) = Y(0)exp(w t). Therefore, the technological growth rate of this standard model is described by
the value w = s/v.

Equation (5) defines the Harrod-Domar model without memory and lag, where the behavior of the
national income Y(f) is determined by the dynamics of the autonomous investment A(t). The solution
of Equation (5) depends on what is assumed about the change of autonomous expenditure over time.
The solution of Equation (5) and its analysis is given in References [8,9].

3. Harrod-Domar Growth Model with Memory

The standard Harrod-Domar model is described by first-order differential Equation (5), which is
based on the multiplier Equation (2) and the accelerator Equation (3). Equation (2) assumes that
the consumption C(t) changes instantly when income changes. The derivatives of the first order,
which are used in Equation (3), imply an instantaneous change of the investment I(t) when changing
the growth rate of the national income Y(t). Because of this, accelerator Equation (3) does not take
into account memory and lag. As a result, Equation (5) can be used only to describe an economy
in which all economic agents have an instantaneous amnesia. This restriction substantially narrows
the field of application of macroeconomic models to describe the real economic processes. In many
cases, economic agents can remember the history of changes of the national income and investment
and this fact influences the decision-making by economic agents. The Harrod—-Domar model with
one-parameter power-law memory has been proposed by authors of References [10-12] in 2016.

Let us consider the Harrod—Domar model with memory. In the case, the equation of investment
accelerator with memory is written in the form

I(t) = o /Ot M(t — ) YO (1)dr ©)

where M(t — 7) is the memory function or the weighting function (the probability density function) that
describes the lag. For M(t — T) = 6(t — T) Equation (6) gives Equation (5) of the standard accelerator
without memory and lag. Substituting the expression for the investment I(t), which is given by
Equation (6), into balance Equation (1), and Expression (2), we obtain the integro-differential equation

v /(: M(t—1) Y (1)dT = sY () — A(t) (7)

For M(t—t) = 6(t—1) Equation (7) gives Equation (5) that describes the standard
Harrod-Domar model without memory and lag.

Equation (7) determines the dynamics of the national income within the framework of the
Harrod-Domar macroeconomic model of growth with memory (and the time delay). If the parameter
s, v is given, then the dynamics of national income Y(f) is determined by the behavior of the
autonomous investment A(t).

If the function M(7) describes memory with power-law fading, i.e., the memory function is
described by the expression

M(t—T7) = M (t—T) = r(nl—a)“ e o
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then the equation of the accelerator with memory [18,19] has the form I(t) = v (Dg 0 +Y) (t).In general,

the capital intensity depends on the parameter of memory fading, i.e., v = v(a). For the Equation (8),
the Harrod—Domar model with power-law memory is described by the fractional differential equation

v (DEoyY) () = sY(t) — A(t) €)

where (Déo +Y) (t) is the Caputo fractional derivative of the order « > 0 that is defined [4], (p. 92),
by the equation

(DEo+ Y)(t) = (M?i“ * Y(n)) (t) = F<nl_“> /Ot(t — )"y (1)dr (10)

where * is the Laplace convolution, n = [&] + 1 for non-integer values of « and n = « for integer values
of , I'(w) is the gamma function and ¢ > 0. Here we assume that the function Y(7) has integer-order
derivatives up to (n — 1)-th order, which are absolutely continuous functions on the interval [0, ].

By analogy in physics, in which sub-diffusion (0 < a < 1) and super-diffusion (1 < a < 2) have
been described [21], we can say that the fading parameter 0 < a < 1 corresponds to sub-growth and
the parameter 1 < & < 2 corresponds to super-growth. This interpretation is based on the results of our
works [17,18]. In macroeconomic models, the parameter 0 < & < 1 leads to a slowdown (inhibition) of
economic growth [17,18,22,23]. The fading parameter 1 < a < 2 leads to an increase in the economic
growth and to growth instead of decline [17,18,22,23].

The question arises as to how we can decide the value of fractional order for processes with
fading memory. For this purpose, we can use the criteria of the existence of power-law memory
for economic processes, which are proposed in Reference [24]. The use of these criteria allows us
to apply the fractional calculus to construct dynamic models of economic processes and to define
the parameters of memory fading, which are interpreted as the orders of fractional derivatives and
integrals [24]. The parameter of memory fading can also be defined by statistical methods [25-31] of
analyzing long-range time dependence in time series based on economic data.

Note that the Harrod—-Domar model with one-parameter power-law memory has been suggested
in References [15,16]. The solutions of the fractional differential Equation (9) and its properties are
also described in References [17,18,22]. We proved [17,18,22] that the technological growth rates of
macroeconomic models with one-parametric memory do not coincide with the growth rates w = s/v
of standard Harrod—Domar model. The technological growth rate with memory is equal to the value
Wef f(lX) := w!/*, where a > 0 characterizes power-law fading of memory. In References [17,18] we
demonstrate that the account of memory effects can significantly change the technological growth
rates. The principles of changing of technological growth rates by power-law memory have been
suggested in References [17,22]. The technological growth rates may both increase and decrease in
comparison with the standard Harrod-Domar model, which does not take into account the memory
effects. The accounting of the memory can give a new type of behavior for the same parameters of
the macroeconomic model. The memory with the fading parameter « < 1 leads to a slowdown in the
growth and decline of the economy. In other words, the effect of fading memory with a < 1 leads to
inhibition of economic growth and decline. The memory with the parameter a < 1 leads to stagnation
of the economy. The memory with the fading parameter & > 1 leads to an improvement in economic
dynamics, such as a slowdown in the rate of decline, a replacement of the economic decline by its
growth, and an increase in the rate of economic growth.

4. Operators to Take into Account Distributed Delay and Power-Law Memory

The first time in the economics the continuously distributed lag (time delay) has been considered
by Phillips [13,14] in 1954. In the growth Phillips models [8,13,14], the continuously distributed
lags were proposed in the exponential form. The operators with continuously distributed lag were
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described by R.G.D. Allen [8,9] in 1956. The continuously (exponentially) distributed lags are described
in Section 1.9 of Reference [8], (pp. 23-29), Section 5.8 of Reference [8], (pp. 166-170), and Reference [9],
(pp. 88-94). The exponential distribution is the continuous analogue of the geometric distribution,
and its basic property is memoryless. These operators are often used to describe economic processes
with time delay [8].

The translation (shift) operator T+ is defined [1], (pp. 95-96), by the expression

(TY)(#) =Y(t—7) (11)

where T > 0 is the delay time. Using Equation (11), the accelerator with fixed time delay is described
by the equation I(t) = o(T;Y)(t) = v Y (t — 7).
The operator of the continuously distributed delay time can be defined by the equation

(TwY) (t) :/ Mz (t) T (f)dt = / Mz (7) Y(t — 1)dt (12)
0 0
where the function M(7) is called weighting function if the condition
Mr(r) 20, [~ Mp(r)dr =1 (13)
0

holds of all > 0. Here we assume that Y (f) and Mr(t) are piecewise continuous functions on R and
the integral [;° Mr(7) |Y(t — T)| dT converges.

The effects of the time delay (lag) are caused by finite speeds of processes, i.e., the change of
one variable does not lead to instant changes of another variable. This allows us to state that the lag
(time delay) cannot be interpreted as a memory. As a result, the key property of processes with time
delay is memoryless.

For simultaneous and joint consideration of the distributed lag and power-law memory, we can
use a composition of a fractional derivative (D§Y)(f) and the translation operator Tys. The fractional
derivative with continuously distributed lag can be defined [32] by the expression

(DFY) (1) = (Tu(DFY)(®) = [~ Mr(x) (DFY)(t = )dr (14

where (D Y)(t) is the fractional derivative of the order @ € R of the function Y (¢) with respect to time
t, and the weighting function Mr(7) satisfies the condition of non-negativity and the normalization
conditions Equation (13). Here we assume that (DY) (t) and Mr(t) are piecewise continuous functions
on R and the integral [;~ Mr(7) [(D§Y)(t — T)| d converges. In Equation (14) the Caputo fractional
derivative Déto can be used. This derivative is defined [4], (p. 92), by the expression

t
(DY) (8) = r(nl_a) | /to(t _ o)y ) (p)dr (15)
where & > 0 is the order of the derivative, n := [a] + 1 for non-integer values of « and n = « for
integer values of «, I'(«) is the gamma function, T € [fy, t]. Equation (15) assumes that the function
Y(7) € AClty, ], ie., Y(7) has integer-order derivatives up to (n — 1)-th order, which are absolutely
continuous functions on the interval [, t].

For ty) = —oo, Equation (15) defines the Caputo fractional derivative (Df‘: +Y) (t) of Liouville type,
where T € (—oo,t]. Using this derivative, we can define fractional differentiation with a continuously
distributed lag

(DY) () = (Tw(DE 1) (1) = [~ Mi(x) (D&, Y)(t -~ Dyt (16)
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In Equation (16) we assume that Y(7) € AC(—oo,t], Mr(t) and (D?H_Y) (t) are piecewise
continuous functions on R and the integral [;° Mr(7) ’ (Dé +Y) (t— T)‘ dt converges.

For ty = 0, we can assume that (Déo +Y) (t) =0 fort < Osince T € [ty,t] in Equation (15). In this
case, we should use upper limit t > 0 insteat of infinity in Equation (16) such that

(DcosY) (1) = (Tw(DEg, ) (1) = /Ot Mr(7) (DEg, Y) (t = T)d (17)

Let us define the fractional differential operator with the continuously distributed lag, which is
distributed by the gamma distribution, in the form

. t
(D3, Y) () = (M}« (DEg, V) () = | M}"(¥) (DY) (= T) d (18)
Here the weighting function M7(7) is described by the probability density function of the

gamma distribution

Al Tafl

Mr(1) = M} (7) = { r@

exp(=A 1) T>0

19
0 T<0 19)

where the parameters 2 > 0 and A > 0 describe the shape and rate, respectively. The parameter
8 = 1/ A that described the scale is used in econometrics to take into account waiting times. If 2 = 1,
the Function (19) describes the exponential distribution. If 2 = m € N, then Function (19) describes the
Erlang distribution.

In economic models with continuous time, the most popular continuously distributions of time
delay are described by the exponential and gamma distributions. Exponential distribution describes
the time of receipt of the order for the enterprise, the waiting time for an insurance event, the time
between visits by shop, the service life of components of complex products. In economics, the gamma
distribution is applied to take into account waiting times. The gamma distributions are used to
describe economic processes, in which there is a sharp increase in the average duration of time delays,
including delays in payments and delays orders in queues. This distribution is also used to take
into account an increase in the likelihood of risk events and insurance events. Since the exponential
distribution is a special case of the gamma distribution when the shape parameter is equal to one,
we consider the gamma distribution in this paper. In the general case, the delay time T > 0 can be
considered as a random variable, which is distributed by any other probability law (distribution) on
positive semiaxis [32], if this law describes a time delay in economic processes.

The Caputo fractional derivative with gamma distributed lag is written by the equation

(s ) () = [ MF(0) (DR, V) (=) d = (M« (Mgt =YY (1) o)

where * is the Laplace convolution. Using the associativity of the Laplace convolution, we get
(M (Mg ™) ) (1) = (Mygr = Y ) (1) 21)

where M7 % (t) = (M’%’” * Mﬁz"‘) (t). This allows us to represent Operators (20) in the form
(s ) (1) = (T (D20 ) ) () = [ Mgz (6= oY) (1) de (22)

where 1 — 1 < a < nand M2~ %(t — 7) is defined by the equation M7 ~*(t) = (M%“ * M};z"‘) (t).
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To get an explicit expression of the function M%}gf*“(t), we can use Equation 2.3.6 of
Reference [33], (p. 324), in the form

t
/0 (t— 1) P exp(—A 1)dT = lm PR (B a4 B —AL) (23)
where Re(a) > 0, Re(B) > 0. In Equation (23), we use the function F; 1(a;b;z) that is defined [4],
(pp. 29-30), by the equation

=) a k
®(a;¢;z) = Fp(a;¢;z) = ka (24)

where a4, z € C such that ¢ # 0,—1,—2,.... Series (24) is absolutely convergent for all z € C.
Equation (23) allows us to obtain the representation of the kernel M%L" “%(t) in the form

AT (a)

M/\,u;n—zx £ =
TRL (1) Fla+n—a)

R (@ a4+ n — a; —At) (25)
Expression (25) defines the kernel of Operator (22).
It should be noted that the memory kernel, which is given by Equation (25), may also be
represented through the three parameter Mittag—Leffler function [34-38] that is defined as

I(y+k) zk
Z;1“ [(ak+pB) k

where Re(a) > 0, Re(f) > 0, v > 0. This function has been proposed by Prabhakar in Reference [34].
Using Equation 5.1.18 of Reference [35], (p. 99), in the form Fy;(a;¢;z) = I'(c)Ef.(z), we get the
representation of the memory kernel (25) in the form

M%/Igzlia(t) _ta+n - 1E1u+n lX( At)

Note that the three parameter Mittag—Leffler functions have different applications (for example,
see References [38-44]).

As a result, the Caputo fractional derivative with gamma distributed lag is represented [32] by
the equation

(D%Z‘E‘HY>( )= F(;\jrl;(a)“) /Ot(t — T)"_”“_lFl,l(a;u +n—a;—A(t— T))Y(”>(T) dr (26)

wheren —1 < a <n.

Expression (26) allows us to consider the proposed integro-differential operator of Equation (26)
as a generalized operator with memory kernel given by the confluent hypergeometric function or three
parameter Mittag—Leffler function. Operator (26) can be used to describe processes with power-law
memory and gamma distributed lag.

5. Fractional Differential Equation for Growth Model with Memory and Lag

Assuming that induced investment I(f) depends on the power-law memory and continuously
distributed time delay, which is distributed by the gamma distribution, we can use the accelerator
equation with memory and lag in the form

1) = o (DY&s, Y) (1) (27)

where D’T\ C‘z‘) o s the integro-differential operator that is defined by Equation (26).
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Substitution of Equations (2) and (27) into (1) gives the macroeconomic growth model with
memory and lag. The Harrod-Domar model with power-law memory and lag, which is distributed by
gamma distribution, is described by the fractional differential equation

o (DY) (1) = sY (1) — A(H) 28)

where D%f?:f‘(") , is the fractional derivative of order 0 < a < 2 (1 = [a] + 1), where the gamma distributed

delay time has the shape parameter a > 0 and the rate A > 0. For the Erlang distribution, the shape
parameter is integer number (2 = m € N).

For simplification, we rewrite Equation (28) in the form
(D;;ggg) (t) = wY(t) + F(t) (29)

where w = s/vand F(t) = —v 1A(t).
The general solution of the nonhomogeneous Equation (29) has the form

Y(t) = Yo(t) + Yr(t), (30)

where Y (t) is the solution of the homogeneous equation.
Aa; —
(Dyes,Y) (1) =

The function Yr(t) is a particular solution of the nonhomogeneous equation. This particular
solution has the form

S
>y (1) G1)

Ye(t) = /Ot Gult — 7] E(t)dt = — %/Ot Gult — 7] A(T)dT (32)
where G, [t — 7] is the fractional analog of the Green function [4], (pp. 281, 295). Equation (32) yields
a solution Yg(t) for nonhomogeneous Equation (29) with zero initial conditions, Y)(0) = 0 for
j=0,...(n—1).

Let us obtain the solution for the homogeneous fractional differential Equation (31). The Laplace
transform of Equation (31) has the form

P n—1 . .
— [ s*Ly)(s) = Y s* YW (0) | = w(LY)(s (33)
(SH)(( e - X <>> (£Y)(5)
where w = s/v. Then we get
n—1 Adgr—j—1 . n—1 g—j—1 .
LY)(s) = YD) =Y ———2Y0)(0 34
( )(S) j:O /\”S‘X _w(s_‘_)\)a ( ) ]‘:0 S% —“M(S—i-)t)u ( ) ( )

where ji = w A%, Let us define the special function S ; [i, A|t] in the form

y oo t(S(k-‘,—l)—zxk—'y—l
ST Al = —
ws (AL k:zoykﬂrw(kﬂ) “ak— )

Fl,l(é(k+1)/§(k+1) *l’ék*’)’, */\t) (35)
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where F 1(a; b; z) is the confluent hypergeometric Kummer Function (24). Using Equation 5.1.18 of
Reference [35], (p. 99), in the form Fy 1 (a; ¢;z) = I'(c)E{ .(2), the Function (35) can be represented as an
infinite series with three parameter Mittag-Leffler functions in the form

(k+1) (6(k+1)—ak—y—1pd(k+1)
s (At = ZP‘ ) o) ek B} skes1)—ak—n (ZAE)

Note that the infinite series with three parameter Mittag—Leffler functions, and, therefore, the series
with the confluent hypergeometric functions in Equation (35), are convergent [45,46].

The S-function SZ s (1, A|t] allows us to represent solutions of the fractional differential equations
with derivatives of nofl—integer order with gamma distributed lag. In the S-function in Equation (35),
the parameter § > 0 is interpreted as the shape of the gamma distribution, the parameter A > 0 is
interpreted as the rate of the gamma distribution, and the parameter a > 0 is interpreted as a parameter
of memory fading.

Using the inverse Laplace transform (see Equation 5.4.9 of Reference [47]) in the form

(E‘l ( G j_ab)c)) (s) = r(cl_a)tc_“_ll-"l,l(c;c —a,—bt) (36)

where Re(c — a) > 0, we can proof [32] that the Laplace transform of the S-function (35) has the form

L (Sla[ﬂrAWﬂ)(S):: sw-;;zi+,xy5 (37)

Note that we can use Equation 5.1.6 of Reference [35], (p. 98), (or Equation 3 of Reference [42],
(p. 316), and Equation 2.5 in Reference [34], (p. 8)), in the form

wy—p
({1 ELp 1)) @) = Gy
where Re(s) > 0, Re() > 0 and |s|* > |A|, instead of Equation (36) to get the
representation of S-function though three parameter Mittag—Leffler functions instead of the confluent
hypergeometric functions.
Equation (37) allows us to represent the solution of the homogenous fractional differential equation
in the form

Z S8 w A7, A YW (0) (38)

where si,;f 71[w )\_“,)\‘t] is defined by Equation (35), 2 > 0 and A > 0 are the shape and rate
parameters of the gamma distribution, respectively. The asymptotic behavior of solution (38) of the
homogeneous fractional differential equation is considered in Section 6. For 0 < a < 1, the solution
can be written in the form

YO( kizlwfk /\ak (ocha)kEak(‘X+a)k+1( /\t) Y(O)

where Ezlﬁ()tt"‘) is the three parameter Mittag-Leffler function [35]. Note that the solution of the
homogeneous fractional differential equation that describes economic growth with memory in absence
of time delay (lag) is expressed thought the two parameter Mittag—Leffler function, where the argument
depends on w t* [17,18,22], instead of the rate parameter A > 0 of gamma distribution.

Let us obtain the particular solution of Equation (29). This particular solution has the form
Equation (32), where G, [t — 7] is the fractional analog of the Green function [4], (pp. 281, 295).
Equation (32) yields a solution Yr(t) for nonhomogeneous Equation (29) with zero initial conditions,
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Y (0) =0forj=0,...(n —1). The Laplace transform of Equation (29) with conditions Y()(0) = 0

has the form
/\IZ

e (E)() = @(£Y)(5) + (LF)() 39)
Equation (39) gives .
(£V)(5) = e (EP)) (o)
Using the transformations
a © / aa \K
A sﬁiff()swa S sa/<s1+A>“7w =y ﬁ = kgo(wéfw) )
where Jage
’M <1 (42)
we get
(£¥)(s) = — T Fir oS (LR) = —5(LR6) — L Fo i (LF)6) N
~5(LRE) - L ﬁ(mx ) -

Using Equation 5.4.8 of Reference [47], (p. 238), of the inverse Laplace transform in the form

(E‘l ( G j_ab)c)> (s) = I“(cl— ) £ 1F 1 (c;c — a, —bt) (44)

wherea = a(k+1),c =a (k+1), b = A, we obtain the expression

Gult—1]= —Lé(t—m)
o (45)
(k+1)(
where —(k+1)(a —a) ¢ N.
Using the special function SZ/ s [, Alt] with = a, v = &, we get the representation
1 1.,
Gult — 1] = —aé(t—r)+asw [, At — 7] (46)

As a result, we get the expression

Ye(t) = —— /s 1, At — 7] A(T)dt

that describes the particular solution Yr(t) of the nonhomogeneous Equation (29) for gamma
distribution of delay time.

Remark. For the Erlang distribution, the shape parameter is integer number (a = m € N) and we have

m kym—k m —k ok
(£Y)(s) = Z( Y )Am = LR = Z( " )W(mxs) t

k=0 w( k=0
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where y = w A~% and we used the binomial expansion

s+M)" =Y ( " )mw (48)
k=0 k
Using the special function SZ, 5 1 A‘t] , we can write
[ m
ww@=2(k> L (S 1,2 |0) (5)(£F)Gs) (49)
k=0

Therefore the fractional Green function for the Erlang distribution of lag has the form

GWﬂ=§<?>ﬁ@%WAtﬂ

_ m. m A pmk+1)—ak—k—1 . (50)
= kgojg()( ] ) yk+1r(m(k+1)—ock—k) Flll(m(k—l—l),m(k—kl)
—ak—k —At—1))

where y = w A™% = A7%/v. Using the three parameter Mittag—Leffler function, we obtain the
particular solution Yr(#) of nonhomogeneous Equation (29) for the Erlang distribution of delay time in
the form

/ ZZ( > — tm(k-i—l) ak—k— 1E1 r(:(JI;i)l) akfk(_)‘a_ﬂr)) A(T)dT

where A(t) is the exogenous variable that describes autonomous investment.

6. Technological Growth Rate of National Income

Let us consider the technological (warranted) growth rate of national income for the case of the
Erlang distribution of the delay time. For this purpose, we consider the asymptotic behavior of the
solution of the homogeneous fractional differential equation. This solution is represented through the
special function SZ, s (1, Alt] or the confluent hypergeometric Kummer function Fy 1 (a;c;z) = ®(a;c; z).
The asymptotic behavior of ®(a;c;z) = F;1(a;¢; z) at infinity z — —oo has [4], (p. 29), the form

.. — r(c) —l7TlZ —a
D(a;c;z) = m@ 1+0 (51)
Using z = —At < 0, then t — oo means z — —oo and we obtain

Fi1(0(k+1);0(k+1) —ak —,—At)

52
_ r(&(rk(tla)k:af)ﬂ) (Af) 00D gmimo(e+1) (1+O(%)) (52)
As a result, we get
S(k+1) p—ak—y-1  _;
S1a Al = = & Aty e (1+0(1)) 3)
= e (1 0T

at infinity (t — c0).
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Note that to get an asymptotic expression of the function SZ 5 (1, A|t], we can use the representation

f,(;(JI:l)l)fakfy(_M) instead of the representation

by the confluent hypergeometric function F(é(k+1);6(k+1) —ak —y,—At). To analyze the
asymptotic behavior of the obtained solutions, we also can use asymptotic expression the three
parameter Mittag-Leffler function (for example, see [39], Theorem 7 of Reference [42], Equation 31 of
References [44] and Theorem 2.1 in Reference [45], (pp. 75-76)).

In Solution (38), we use the function S, ,’ 71[#,/\’:%}, where 4 = w A7% Then using the

though the three parameter Mittag-Leffler functions E

asymptotic Expression (53) of the function SZ, 5 [1, Alt], we get the asymptotic behavior of the function

sﬁ,;f’l (1, /'\’t] , at infinity (f — o0) in the form

ST AT Al = — Y L —ima(14.0( 1 54
wa @A |]__,§)wk+1f(—a(k+l)+j+1)e (+ <t)> &9

For the Erlang distribution the shape parameter is integer 2 = m € N, and we have

N . o 0 (_1)m/\7mt711(k+1)+]' < (1>)
Sam @ AT AH] = gwk+1r(—a(k+1)+j+1) HHOL o

where we use e~ = (—1)". Note that three parameter Mittag-Leffler functions in the long time
limit lead to a series, which can be considered as two-parameter Mittag—Leffler function [44]. For our
case, this function has a negative first parameter [48] in the form

. . k
_ [eS) (_1)m/\7;nt7¢x(k+l)+] . (_1)rn/\7mt] g . o0 M
kgo W T(—a(k+1)+j+1) — T(+1) (=)7A=e kgo T(—ak+j+1)
71 Tn/\—;«n ] _ . _
= LR = (C1)"ATE i (7 w)
which by further asymptotic expansion can give the power-law behavior.
As a result, using Equation (55) we obtain
O o) 0 e
N S ey (1+0(e2)) (56)

Using Equation (56), the asymptotic behavior of Solution (38) can be described by the equation
& Bq ymp y q

1) m et
wI(—a+j+1)

_ ¥ () 2t
Y(t) ];) Y0)(0) (1+o(t 2 +J)) (57)

Equation (57) describes the asymptotic behavior national income (for ¢ — co) that is represented
by Solution (38) with a = m € N. We see that this behavior has the power-law form with the power
—a + j, where j is a smallest values from {0,...,n — 1} at which Y()(0) # 0. This power defines
the technological growth rate in the framework of the Harrod-Domar model with power-law fading
memory and lag, which is distributed by the Erlang distribution. We see that the asymptotic behavior
of the national income with memory and distributed lag has the power-law type of growth instead of
the exponential growth for processes with memory in absence of lag [17,18], where the technological
growth rate is defined by the expression w,fs(a) = w!'/%. We can assume that the distributed lag
suppresses the memory effects.



Axioms 2019, 8,9 13 of 15

7. Conclusions

The standard Harrod-Domar growth model [8-12] describes the behavior of national income in
the absence of distributed lag and memory. A generalization of this model by taking into account the
exponentially distributed lag without memory was proposed by Phillips [13,14]. The Harrod-Domar
growth model with power-law memory was suggested by authors in References [15-18]. In this paper,
we proposed a generalization of Harrod—Domar growth model by taking into account one-parameter
power-law memory and gamma distributed time delay (lag). We obtain the fractional differential
equation of this generalized model, where we use fractional derivatives with distributed lag to take
into account the memory and lag in the economic accelerator. The solution, which describes the
behavior of national income, has been proposed. The asymptotic behavior of national income with
memory and distributed lag demonstrates the power-law type of growth instead of the exponential
growth for processes with memory in the absence of time delay. The technological growth rate
with memory [17,18] is equal to the value w,fr(a) = w!/*
parameter. The memory effects can significantly accelerate the growth rate of the economy [17,18,22,23].
The appearance of a time delay does not accelerate growth due to memory effects. We can assume
that the continuously distributed lag suppresses the influence of memory effects. Accounting for the
memory effect in processes with distributed lag does not lead to an increase in the growth rate by
power-law memory, as it happens in processes without delay [17,18,22,23].

We assume that this model can be used to economic growth modeling by using a generalization
of methods applied in References [49-55].

, where « > 0 is a memory fading

Author Contributions: V.E.T.: Contributed by the ideas, analysis and writing the manuscript in mathematical
part. V.V.T.: Contributed by the ideas, analysis and writing the manuscript in economical and mathematical part.

Funding: This research received no external funding.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Samko, S.G.; Kilbas, A.A.; Marichev, O.I. Fractional Integrals and Derivatives Theory and Applications;
Gordon and Breach: New York, NY, USA, 1993; p. 1006. ISBN 9782881248641.

2. Kiryakova, V. Generalized Fractional Calculus and Applications; Longman and John Wiley: New York, NY, USA,
1994; p. 360. ISBN 9780582219779.

3. Podlubny, I. Fractional Differential Equations; Academic Press: San Diego, CA, USA, 1998; p. 340.

4.  Kilbas, A.A,; Srivastava, HM.; Trujillo, J.J. Theory and Applications of Fractional Differential Equations; Elsevier:
Amsterdam, The Netherlands, 2006; p. 540. ISBN 9780444518323.

5. Diethelm, K. The Analysis of Fractional Differential Equations: An Application-Oriented Exposition Using
Differential Operators of Caputo Type; Springer: Berlin, Germany, 2010; p. 247. [CrossRef]

6.  Abbas, S.; Benchohra, M.; N'Guérékata, G.M. Topics in Fractional Differential Equations; Springer: New York,
NY, USA, 2012. [CrossRef]

7. Handbook of Fractional Calculus with Applications; Tenreiro Machado, J.A. (Ed.) De Gruyter: Berlin, Germany,
2019; Volume 1-8.

8. Allen, R.G.D. Mathematical Economics, 2nd ed.; Macmillan: London, UK, 1960; p. 812. [CrossRef]

9. Allen, R.G.D. Macro-Economic Theory: A Mathematical Treatment; Macmillan: London, UK, 1968; p. 420.
ISBN 978-033304112.

10. Harrod, R. An Essay in dynamic theory. Econ. J. 1939, 49, 14-33. [CrossRef]

11. Domar, E.D. Capital expansion, rate of growth and employment. Econometrica 1946, 14, 137-147. [CrossRef]

12. Domar, E.D. Expansion and employment. Am. Econ. Rev. 1947, 37, 34-55.

13. Phillips, A.W. Stabilisation policy in a closed economy. Econ. . 1954, 64, 290-323. [CrossRef]

14.  A. W. H. Phillips Collected Works in Contemporary Perspective; Leeson, R. (Ed.) Cambridge University Press:
Cambridge, UK, 2000; p. 515. ISBN 9780521571357

15. Tarasova, V.V.; Tarasov, V.E. Hereditary generalization of Harrod-Domar model and memory effects.
J. Econ. Entrep. 2016, 10-2, 72-78.


http://dx.doi.org/10.1007/978-3-642-14574-2
http://dx.doi.org/10.1007/978-1-4614-4036-9
http://dx.doi.org/10.1007/978-1-349-81547-0
http://dx.doi.org/10.2307/2225181
http://dx.doi.org/10.2307/1905364
http://dx.doi.org/10.2307/2226835

Axioms 2019, 8,9 14 of 15

16.

17.

18.

19.

20.
21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

Tarasova, V.V.; Tarasov, V.E. Memory effects in hereditary Harrod-Domar model. Probl. Mod. Sci. Educ. 2016,
32,38-44. [CrossRef]

Tarasov, V.E.; Tarasova, V.V. Macroeconomic models with long dynamic memory: Fractional calculus
approach. Appl. Math. Comput. 2018, 338, 466—486. [CrossRef]

Tarasova, V.V,; Tarasov, V.E. Concept of dynamic memory in economics. Commun. Nonlinear Sci. Numer. Simul.
2018, 55, 127-145. [CrossRef]

Tarasova, V.V.; Tarasov, V.E. Accelerator and multiplier for macroeconomic processes with memory. IRA-Int.
J. Manag. Soc. Sci. 2017, 9, 86-125. [CrossRef]

Granberg, A.G. Dynamic Models of National Economy; Ekonomika: Moscow, Russia, 1985; p. 240.

Metzler, R.; Klafter, J. The random walk’s guide to anomalous diffusion: A fractional dynamics approach.
Phys. Rep. 2000, 339, 1-77. [CrossRef]

Tarasov, V.E. Economic models with power-law memory. In Handbook of Fractional Calculus with Applications;
Volume 8: Applications in Engineering, Life and Social Sciences, Part B; De Gruyter: Berlin, Germany, 2019;
Chapter 1; ISBN 978-3-11-057092-2.

Tarasov, V.E. Self-organization with memory. Commun. Nonlinear Sci. Numer. Simul. 2019, 72, 240-271.
[CrossRef]

Tarasov, V.E.; Tarasova, V.V. Criterion of existence of power-law memory for economic processes. Entropy
2018, 6, 414. [CrossRef]

Beran, ]. Statistics for Long-Memory Processes; Capman and Hall: New York, NY, USA, 1994; p. 315.
ISBN 0-412-04901-5.

Palma, W. Long-Memory Time Series: Theory and Methods; Wiley-InterScience: Hoboken, NJ, USA, 2007; p. 304.
ISBN 978-0-470-11402-5. [CrossRef]

Beran, J.; Feng, Y.; Ghosh, S.; Kulik, R. Long-Memory Processes: Probabilistic Properties and Statistical Methods;
Springer: Berlin/Heidelberg, Germany; New York, NY, USA, 2013; p. 884. [CrossRef]

Time Series with Long Memory (Advanced Texts in Econometrics); Robinson, PM. (Ed.) Oxford University Press:
Oxford, UK, 2003; p. 392. ISBN 978-0199257300.

Long Memory in Economics; Teyssiere, G.; Kirman, A.P. (Eds.) Springer: Berlin/Heidelberg, Germany, 2007;
p- 390. [CrossRef]

Granger, C.WJ.; Joyeux, R. An introduction to long memory time series models and fractional differencing.
J. Time Ser. Anal. 1980, 1, 15-39. [CrossRef]

Granger, C.W.J. Essays in Econometrics Collected Papers of Clive, W.]. Granger. Volume II: Causality, Integration and
Cointegration, and Long Memory; Ghysels, E., Swanson, N.R., Watson, M.W., Eds.; Cambridge University
Press: Cambridge, UK, 2001; p. 398.

Tarasov, V.E.; Tarasova, S.S. Fractional and integer derivatives with continuously distributed lag.
Commun. Nonlinear Sci. Numer. Simul. 2019, 70, 125-169. [CrossRef]

Prudnikov, A.P; Brychkov, Y.A.; Marichev, O.L Integrals and Series, 15th ed.; Volume 1. Elementary Functions;
Taylor & Francis: London, UK, 2002; p. 798. ISBN 2-88124-089-5.

Prabhakar, T.R. A singular integral equation with a generalized Mittag-Leffler function in the kernel.
Yokohama Math. |. 1971, 19, 7-15.

Gorenflo, R; Kilbas, A.A; Mainardi, F.; Rogosin, S.V. Mittag-Leffler Functions, Related Topics and Applications;
Springer: Berlin, Germany, 2014; p. 443. [CrossRef]

Kilbas, A.A.; Saigo, M.; Saxena, R.K. Solution of Volterra integro-differential equations with generalized
Mittag-Leffler function in the kernels. |. Integral Equ. Appl. 2002, 14, 377-396. [CrossRef]

Saxena, R.K.; Saigo, M. Certain properties of fractional calculus operators associated with generalized
Mittag-Leffler function. Fract. Calc. Appl. Anal. 2005, 8, 141-154.

Capelas de Oliveira, E.; Mainardi, F; Vaz, ., Jr. Models based on Mittag-Leffler functions for anomalous
relaxation in dielectrics. Eur. Phys. ]. Spec. Top. 2011, 193, 161-171. [CrossRef]

Mainardi, F; Garrappa, R. On complete monotonicity of the Prabhakar function and non-Debye relaxation
in dielectrics. J. Comput. Phys. 2015, 293, 70-80. [CrossRef]

Giusti, A.; Colombaro, I. Prabhakar-like fractional viscoelasticity. Commun. Nonlinear Sci. Numer. Simul. 2018,
56, 138-143. [CrossRef]


http://dx.doi.org/10.20861/2304-2338-2016-74-002
http://dx.doi.org/10.1016/j.amc.2018.06.018
http://dx.doi.org/10.1016/j.cnsns.2017.06.032
http://dx.doi.org/10.21013/jmss.v9.v3.p1
http://dx.doi.org/10.1016/S0370-1573(00)00070-3
http://dx.doi.org/10.1016/j.cnsns.2018.12.018
http://dx.doi.org/10.3390/e20060414
http://dx.doi.org/10.1002/97804701314
http://dx.doi.org/10.1007/978-3-642-35512-7
http://dx.doi.org/10.1007/978-3-540-34625-8
http://dx.doi.org/10.1111/j.1467-9892.1980.tb00297.x
http://dx.doi.org/10.1016/j.cnsns.2018.10.014
http://dx.doi.org/10.1007/978-3-662-43930-2
http://dx.doi.org/10.1216/jiea/1181074929
http://dx.doi.org/10.1140/epjst/e2011-01388-0
http://dx.doi.org/10.1016/j.jcp.2014.08.006
http://dx.doi.org/10.1016/j.cnsns.2017.08.002

Axioms 2019, 8,9 15 of 15

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

Tomovski, Z.; Pogany, T.K.; Srivastava, H.M. Laplace type integral expressions for a certain three-parameter
family of generalized Mittag-Leffler functions with applications involving complete monotonicity.
J. Frankl. Inst. 2014, 351, 5437-5454. [CrossRef]

Garra, R.; Garrappa, R. The Prabhakar or three parameter Mittag—Leffler function: Theory and application.
Commun. Nonlinear Sci. Numer. Simul. 2018, 56, 314-329. [CrossRef]

Sandev, T.; Tomovski, Z.; Dubbeldam, ]J.L.A. Generalized Langevin equation with a three parameter
Mittag-Leffler noise. Phys. A Stat. Mech. Appl. 2011, 390, 3627-3636. [CrossRef]

Sandev, T.; Metzler, R.; Tomovski, Z. Correlation functions for the fractional generalized Langevin equation
in the presence of internal and external noise. J. Math. Phys. 2014, 55, 023301. [CrossRef]

Paneva-Konovska, J. Convergence of series in three parametric Mittag-Leffler functions. Math. Slov. 2014, 64,
73-84. [CrossRef]

Paneva-Konovska, J. From Bessel to Multi-Index Mittag—Leffler Functions; Enumerable Families, Series in them
and Convergence; World Scientific: Singapore, 2016; p. 228. [CrossRef]

Bateman, H. Tables of Integral Transforms; Volumes, I, McGraw-Hill: New York, NY, USA, 1954;
ISBN 07-019549-8. Available online: https://authors.library.caltech.edu/43489/1/Volume%?201.pdf
(accessed on 9 January 2019).

Hanneken, ].W.; Narahari Achar, B.N.; Puzio, R.; Vaught, D.M. Properties of the Mittag-Leffler function for
negative alpha. Phys. Scr. 2009, 2009, 014037. [CrossRef]

Tejado, I.; Valerio, D.; Valerio, N. Fractional calculus in economic growth modelling. The Spanish case.
In CONTROLO2014—Proceedings of the 11th Portuguese Conference on Automatic Control; Volume 321 of the
Series Lecture Notes in Electrical Engineering; Moreira, A.P., Matos, A., Veiga, G., Eds.; Springer: Cham,
Switzerland, 2015; pp. 449-458. [CrossRef]

Tejado, I.; Valerio, D.; Valerio, N. Fractional calculus in economic growth modeling. The Portuguese case.
In Proceedings of the 2014 International Conference on Fractional Differentiation and its Applications
(FDA’14), Catania, Italy, 23-25 June 2014. [CrossRef]

Tejado, L; Valerio, D.; Perez, E.; Valerio, N. Fractional calculus in economic growth modelling: The Spanish
and Portuguese cases. Int. |. Dyn. Control. 2015, 5, 208-222. [CrossRef]

Tejado, I.; Valerio, D.; Perez, E.; Valerio, N. Fractional calculus in economic growth modelling: The economies
of France and Italy. In Proceedings of the International Conference on Fractional Differentiation and
its Applications, Novi Sad, Serbia, 18-20 July 2016; Spasic, D.T., Grahovac, N., Zigic, M., Rapaic, M.,
Atanackovic, T.M., Eds.; Novi Sad: Novi Sad, Serbia, 2016; pp. 113-123.

Tejado, I.; Perez, E.; Valerio, D. Fractional calculus in economic growth modelling of the group of seven.
SSRN Electron. J. 2018. [CrossRef]

Tejado, I.; Perez, E.; Valerio, D. Economic growth in the European Union modelled with fractional derivatives:
First results. Bull. Pol. Acad. Sci. Tech. Sci. 2018, 66, 455-465. [CrossRef]

Luo, D.; Wang, ].R.; Feckan, M. Applying fractional calculus to analyze economic growth modelling. J. Appl.
Math. Stat. Inform. 2018, 14, 25-36. [CrossRef]

® © 2019 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).


http://dx.doi.org/10.1016/j.jfranklin.2014.09.007
http://dx.doi.org/10.1016/j.cnsns.2017.08.018
http://dx.doi.org/10.1016/j.physa.2011.05.039
http://dx.doi.org/10.1063/1.4863478
http://dx.doi.org/10.2478/s12175-013-0188-0
http://dx.doi.org/10.1142/q0026
https://authors.library.caltech.edu/43489/1/Volume%201.pdf
http://dx.doi.org/10.1088/0031-8949/2009/T136/014037
http://dx.doi.org/10.1007/978-3-319-10380-8_43
http://dx.doi.org/10.1109/ICFDA.2014.6967427
http://dx.doi.org/10.1007/s40435-015-0219-5
http://dx.doi.org/10.2139/ssrn.3271391
http://dx.doi.org/10.24425/124262
http://dx.doi.org/10.2478/jamsi-2018-0003
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction 
	Harrod–Domar Growth Model without Memory and Lag 
	Harrod–Domar Growth Model with Memory 
	Operators to Take into Account Distributed Delay and Power-Law Memory 
	Fractional Differential Equation for Growth Model with Memory and Lag 
	Technological Growth Rate of National Income 
	Conclusions 
	References

