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Abstract: The displacement problem of linear elastostatics in bounded and exterior domains with a
non-regular boundary datum a is considered. Precisely, if the elastic body is represented by a domain of
class CK (k > 2) of R and a € W>¥~1/4(3Q)), g € (1, +00), then it is proved that there exists a solution
which is of class C* in the interior and takes the boundary value in a well-defined sense. Moreover, it is
unique in a natural function class.
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1. Introduction

The displacement problem (classically known as the Dirichlet problem) in linear elastostatics consists of
finding solutions to the differential system [1]

divC[Vu] =0 inQ,
u=a onodQ. @
In (1) Q is a bounded domain of R3, standing for the reference configuration of a linearly elastic body
whose unknown displacement field # = u(x) (x € Q)) we are looking for, supposing it is assigned on
the boundary 0Q) through condition (1);. Concrete examples of displacement problems can be found,
for example, in [2], Chapter XIV. Using the components, (1) can be written as

ajCi]-hkakuh =0,

where 0; is the derivative with respect to x; and, hereafter, the summation over repeated indexes is
understood. We suppose that the elasticity tensor C = (Cjj), representing the material properties of
the body, is independent of the point (or, in other words, that the body is homogeneous). Recall that C
is a fourth-order tensor, that is, it is a linear map from Lin to Sym, where Lin is the linear space of all
second-order tensors and Sym is its subspace of symmetric tensors, such that C[W] = 0 for all skew
tensors W. We require that C is symmetric (or, in other words, that the body is hyperelastic), that is,

E-C[L]=L-C[E], VELE€ Lin. @)
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Furthermore, we require that it is strongly elliptic, that is,
(b®@c)-Clb®c] = biciCijbper >0, Vb,c#0. ®3)

Hereafter, we say that Q) is of class C (k > 2) if for every & € dQ) there is a neighborhood of & (on 9Q2)

which is the graph of a function of class CK. Moreover, W¥1(Q)), g € (1, +0), is the Sobolev space of all
k, . . 00

¢ € L (Q) such that lllwkaiay = l@llira) + [IViellLaq) < +oo; Wy 7(Q)) is the completion of CP(Q)
with respect to || q)HWk,q(Q) and W54 (Q),1/q9+1/q =1, is its dual space; Wk~1/94(9Q)) is the trace space
of Wk (Q)) and W—k-1/9'4'(5Q)) is its dual space.

If O is of class Ck (k > 2) and a € Wk’l/q'q(aﬂ), g € (1,400), then (1) has a unique solution
u € Wr(Q) and natural estimates hold (see [3-7]). This result also holds when the elastic body is
subjected to a body force, that is, if in place of (1); we consider the system

divC[Vu]=f inQ 4)

with f € C§(Q)).

As, in applications, the boundary data are often represented by singular fields, it is undoubtly
interesting to investigate problem (1) when a satisfies weaker regularity hypotheses.

Using the theory of layer integral equations (see [8], Chapters 2/3 and [2], Chapters IV /V) and the
Fredholm alternative (see Section 2), we prove (in Theorem 1) that if a € W2-k=1/q4 (0Q)), then (1) has a
solution, u, expressed by a simple layer potential and, thus, taking the boundary value in a well-defined
sense. Moreover, it is unique in a reasonable function class. The result also holds for exterior domains
(see Theorem 2).

To obtain these results, we recall some established facts about simple layer potentials associated to
the system (1);.

2. The Simple Layer Potentials
For every i € L'(9Q)), the field

olg)(x) = [ U(x-Dp(0)de, ©)

o

where U(x — y) is the fundamental solution to (1); (see, e.g., [9], Chapter III), defines the simple layer
potential with density . Recall that (see, e.g., [2,8]) v[¢] is an analytical solution of (1); in R3\ 9Q) and
inherits from U the following asymptotic behavior

o Vio[p](x) = O(x| "),
o finy=0= Violpl(x) =O(x>7).

If p € WK=1-1/44(3Q)), then
||v[ll’]||wk/q(g) < C||‘I’||wkflfl/»1/q(an) (6)

with ¢ independent of ¢, and the following limit exists

lim o[9](¢ —el(Z)) = S[]({) @)

e—0*

for almost all § € d() and axis I in a ball tangent to dQ) at ¢.
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The map
S : WH1-144(90) — wk-1/91(90)) 8)

defined by (7) and representing the trace of the simple layer potential with density , is continuous, so that

||S[‘P]||wk—1/q,q(ag) < C||'/’Hwk—1—l/q»i(an)/ )

for some constant ¢ depending only on k,q, and (). Moreover, S can be extended to a linear and

continuous operator
S Wk 90 — w14 (90,

which coincides with the adjoint of S and defines the trace of the simple layer with density ¢ <
Wi-k=1/44' (300):

oyl = [ Ulx-0p()der. (10)

[@)

In (10) and hereafter, we use the notation |. a*Q f¢ to denote the duality pairing <, > between f and ¢;
that is, the value of the functional f belonging to (for instance) W57 (3Q)) at ¢ € w(’j'q(aﬂ).

By (6), one obtains

[o[¥] Hw2—k,q’(0) < C||¢||wl—k—l/q’,q’(a())' (11)

In the next section, we will prove the existence of a solution to (1) with singular boundary values by
making use of the Fredholm alternative—we recall for the sake of completeness—applied to a suitable
functional equation translating the boundary value problem (1).

If B and D are two Banach spaces and B’, D’ are their dual spaces, a linear and continuous
map T : B — D is said to be Fredholmian if its range is closed and dimKernT = dimKern 7’ € Ny,
where 7' : D’ — B’ is the adjoint of T. The classical Fredholm alternative (see [10], Chapter 5) assures us

that the equation
a = T[u]

has a solution if and only if
(¢',a) =0, V¢ € KernT'.

Moreover, the equation
a/ — rJ-'/ [u/]

has a solution if and only if
(d',¢) =0, V¢ €KernT.

3. Existence and Uniqueness of Solutions to (1) with Singular Data

We are in a position to prove the following existence and uniqueness theorem for the displacement
problem (1) with non-regular boundary data. To this end, we need the following result (Theorem 1 in [11]).

Lemma 1. Let Q bea bounded domain of class C (k > 2). The operator S is Fredholmian and Kern S = Kern S’ = 0.

Theorem 1. Let Q) be a bounded domain of class C (k > 2). If a € W2~*=1/44(3Q)), q € (1, +00), then, (1) has
a solution u expressed by a simple layer potential with density € W1=k=1/94(9Q)). It satisfies the estimate

”uHWZ—kﬂ(Q) < CH“HwZ—k—l/W(aQ)/ (12)
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and is unique in the class of all u € W2~%4(Q) such that

* *
P = -C[Vz]n, 13
Jug=[ a-cvn (13)
for all ¢ € C(QY), where n denotes the unit normal to 9Q) (exterior with respect to Q) and z is the solution of

divC[Vz] =¢ inQ, (14)
z=0 onodQ.

Proof. In order to prove the existence of a solution to (1) in the form of a simple layer potential u = v[¢],

we have to require that the boundary condition (1), is met. Thus, in terms of the operator S’, we have to

analyse the functional equation

S'[¢] = a. (15)

By virtue of Lemma 1, (15) has a solution € W1=%=1/24(3Q)) and the field u = v[¢] is a solution
to (1) which is C* in () and satisfies (1) in the sense of (15). Let a; be a regular sequence on dQ) which
converges to a strongly in W>=%=1/44(3Q)). Let v[4p;] be the solution of (1) with datum a;:

diVC[V?J[l[Jj]] =0 inQ,
v[¢;] = a; onadQ. (16)

By (11) v[;] converges to v[¢p] strongly in W27k4(Q)). Let consider the scalar product of (14); and
v[tpj] and the scalar product of (16); and z. Taking into account the boundary conditions (14); and (16),,
then integrating by parts twice gives

/Q olg]- ¢ = /Q o[p;] - divC[Vz] = /m a;-C[Vz]n — /Q Voly,] - C[Vz] 17)
and
0= /Qz.divc[w[zpjn - —/()VZ'C[VZJ[IIJj]]. (18)
As C is symmetric, from (17) and (18), we obtain
/thp].]-qb - /BQ a;-C[Vzln, (19)
By the trace theorem and well-known estimates for the solutions of system (14), we obtain
"/E)Q aj . C[VZ]?I S ||a]‘HW2—k—1/q,q(aQ) HC[VZ]?IHWk,],]/q//q/(ao) ‘ (20)
< ||“j”w27k*1/w(an) H4’||wk72/q/(0)
Hence, by letting j — +co in (19) we obtain (13) and (12) by a duality argument. [J
We can also consider the problem
divC[Vu] =0 inQ,
u=a onod), (21)

lim u(x) =0,
|x| =00
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where Q) in now an exterior domain of R3, that is, O = R3 \@, with ) a bounded domain (see,
e.g., [12-14]). This problem is very intriguing in applications, where one has to consider, for example,
the deformations of an elastic body with some holes (defects).

With a proof analogous to the above one for bounded domains, we obtain the following result.

Theorem 2. Let Q be an exterior domain of class C¥ (k > 2). If a € W>*"1/44(9Q)), with q € (1, +c0),
then (21) has a solution u expressed by a simple layer potential with density ¢ € W'—5=1/44(9Q)). It satisfies
the estimate

||”||W27qu(Q) < C||“||w2fk71/qfq(an)/ (22)

and is unique in the class of all u € leo Zk’q (Q)) such that

* *
P =— -C[Vz]n, 23
Jug=—[ a-Civan 23)
forall ¢ € CP(QY), where n denotes the unit normal to 9Q) (exterior with respect to Q') and z is the solution of

divC[Vz] =¢ inQ,
z=0 ondQ), (24)
lim z(x)=0.

[x] =00

Proof. First of all, we observe that Lemma 1 also holds for exterior domains (Theorem 1 in [11]). Thus,
we can apply the Fredholm alternative again, obtaining a solution  to (15) and the corresponding solution
u = v[] to (21). Then, with the analogous meaning of a; and v[tp]-}, in place of (17) and (18), we get

/OOBR 7’[‘/’;’] P =— /ao aj-C[Vz]n + /83R v[ll’j] . C[Vz]er

™ Jors, Vo[- C[Vz]

(25)

and

0= [, = ClVelglex— [ Vz-C[Vely,)] (26)

where By is a ball of sufficiently large radius R containing () and ey is the unit normal to its boundary
0Bg. By virtue of (2), we obtain

/ngR v[t[)]-] P =- /BQ aj- C[Vz]n+ /83R U[‘/’j] -C[Vz]er

—/BBR z- C[Vo[p,]lex.

27)

Taking into account the asymptotic behavior of v[¢] and z, we obtain the thesis by first letting
R — 4o00,and then j — 400. O

4. Conclusions

In this paper, existence and uniqueness theorems for the displacement problem of linear elastostatics
with singular data are proved for three-dimensional bounded and exterior domains of class C¥ (k > 2).
The difficulty of the problem lies in defining the attainability of the boundary datum, which belongs to a
space of non-regular fields (namely, W>~*~1/44(3Q)), g € (1, +c0)). The proofs of the theorems make use
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of the theory of layer integral equations, of the existence and uniqueness results for regular data and of the
analysis of the trace operator associated to the simple layer potentials.

As far as the two-dimensional case is concerned, the situation is more involved (also for regular
data) because of the behavior of the fundamental solution (U(x —y) = O(In(|x — y|)). As pointed out
in [15] (see also [16]), in this case, the search for a solution in the form of a simple layer potential v[¢]
could not lead to existence and uniqueness for degenerate-scale problems. To overcome this difficulty,
one may search for the solution in the form of a sum v[¢] + ¢, with ¢ constant and [,, ¢ = 0 [15].
This could be the starting point for further research into existence and uniqueness with singular data in
two-dimensional domains.
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