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Abstract: In this paper, we provide a formal proof of the existence of a polynomial solution
of fixed degree for a second-order divided-difference equation of the hypergeometric type on
non-uniform lattices, generalizing therefore previous work proving existence of the polynomial
solution for second-order differential, difference or g-difference equation of hypergeometric type.
This is achieved by studying the properties of the mean operator and the divided-difference
operator as well as by defining explicitly, the right and the “left” inverse for the second operator.
The method constructed to provide this formal proof is likely to play an important role in the
characterization of orthogonal polynomials on non-uniform lattices and might also be used to
provide hypergeometric representation (when it does exist) of the second solution—non polynomial
solution—of a second-order divided-difference equation of hypergeometric type.

Keywords: second-order differential/difference/g-difference equation of hypergeometric type;
non-uniform lattices; divided-difference equations; polynomial solution

1. Introduction

Classical orthogonal polynomials of a continuous variable (P, ) are known to satisfy a second-order
differential equation of hypergeometric type

o(x) y"(x) + 7(x) y'(x) + Ay(x) =0, @

where ¢ is a polynomial of degree at most 2, 7 is a first degree polynomial and A is a constant with
respect to x.

In [1,2], it is shown that Equation (1) has a polynomial solution of exactly n degree for a specific
given constant A = A,,. This is achieved mainly by showing that :

- the nth derivative y("™) of any solution y of (1) satisfies an equation of the same type
(hypergeometric aspect), that is, an equation of the form

o(x) y"(x) + T(x) ¥ (x) + Any(x) =0, @
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where T;, is a first degree polynomial and A is a constant given by

-1

Tu(x) =T+ nd'(x), An:)\—i—nr'—i—%(f”. (3)

- Any solution of (2) can be written as the nth derivative of a solution of (1), provided that
A #0,j=1.n—1

The fact that the constant solution of (2) when A, = 0 is the nth derivative of a solution of (1)
leads to the existence of a polynomial solution of (1), of exactly n degree, when

nn=1)

A=Ay=-n7 — 5

This result proves not only the existence of a polynomial solution for Equation (1) but also
allows for establishing the Rodrigues formula expressing the polynomial solution in the term of the

nth derivative:
(o™ (x) p(x (”),

where B, is a constant and p is the weight function satisfying the Pearson equation

Py(x) =

It is worth mentioning that Hermite, Laguerre, Jacobi and Bessel polynomials are the polynomial
eigenfunctions of the second-order linear differential operation given in (1).

Using the same approach, similar results have been established in [3] (See also [4]) for the classical
orthogonal polynomials of a discrete variable satisfying instead a second-order difference equation of
hypergeometric type

7(x) AV (x) +7(x) Ay(x) + Ay y(x) = 0, @

where A and V are the forward and the backward operators defined by

Af(s) = f(s+1) = f(s), Vf(s) = f(s) = f(s = 1).

Furthermore, it should be noticed that Charlier, Krawtchuk, Meixner and Hahn polynomials are
the polynomial eigenfunctions of the second-order linear difference operation given in (4).
The same result can be established in the same way to for the classical orthogonal polynomials
of a g-discrete variable satisfying a second-order g-difference equation of hypergeometric type [5]
(See also [6,7])
o(x) Dgy(x) +7(x) Dgy(x) + A y(x) =0, (5)

where D; is the Hahn operator [8] defined by

D) = LS o, pyf0) = 00),

(7-1)x

provided that f/(0) exists. Orthogonal polynomials which are eigenfunctions of the second-order
g-difference operator given defined by (5) are [5]: Big g-Jacobi, Big g-Laguerre, Little g-Jacobi,
Little g-Laguerre (Wall), g-Laguerre, Alternative q-Charlier, Al-Salam—Carlitz I, Al-Salam—Carlitz II,
Stieltjes—Wigert, Discrete q-Hermite I, Discrete q—Hermite II, g-Hahn, g-Meixner, Quantum
g-Krawtchouk, g-Krawtchouk, Affine g-Krawtchouk, the g-Charlier and the g-Charlier II polynomials.
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Classical orthogonal polynomials on non-uniform lattices (including but not limited to
Askey-Wilson polynomials, Racah and g-Racah polynomials), are known to satisfy a second-order
divided-difference equation of the form [9,10] (see also [11])

A Vy(x(s)) ] | 9(x(s)) [Ay(x(s)) , Vy(x(s))
4>(x(s))Ax(s_%)[ Vx(s) ]+ 2 [ Ax(s) + Vx(s)

+Any(x(s)) =0, (6)

where ¥ and ¢ are polynomials of degree 1 and at most 2, respectively; A, is a constant depending on
n and on the leading coefficients of ¢ and ¢. The lattice x(s) is defined by [9,10]

) aqgtHagte if g#1,
x(s)—{ cys? +ess+cg  if g=1, @
is known as non-uniform lattice and fulfills various important properties.
Equation (6) can be transformed into equation [12]
P(x(s)) D3y (x(s)) + (x(s))SxDxy (x(s)) + Any (x(s)) =0, ®)

called divided-difference equation of the hypergeometric type by means of the two companion
operators Dy (called divided-difference operator) and Sy (called mean operator) defined as [9,10,12,13]

flx(s+35)) — flx(s—3)) Cfxs 1)+ fx(s = 1))
x(erz%)fx(s—%)z o Sef(x(s)) = : > 2 )

Dy f(x(s)) =

Using appropriate bases, computer algebra software has been used to solve divided-difference
Equation (8) for specific families of classical orthogonal polynomials on a non-uniform lattice. For some
special values of the parameter for the specific case of Askey-Wilson polynomials, non-polynomial
solution has been recovered together with the polynomial one [14] (see page 15, Equations (62) and (63)).
In addition, the operators D, and Sy have played a decisive role not only for establishing the functional
approach of the characterization theorem of classical orthogonal polynomials on non-uniform lattices,
but also for providing algorithmic solution to linear homogeneous divided-difference equations with
polynomial coefficients, allowing to solve explicitly [13] the first-order divided-difference equations
satisfied by the basic exponential function

1
2wgi
Day(x(s)) = T

y(x(s)),

and the second-order divided-difference equation satisfied by the basic trigonometric functions

1\ 2
D3y (x(s)) = - (ﬁ“’_qq) y(x(s)),

where w is a given constant.
The aim of this work is:

1. redto define the right and the “left” inverses of the operator Dy;

2. toprovide a formal proof of the existence of a polynomial solution of a preassigned degree of the
divided-difference equation of hypergeometric type (8), extending and generalising therefore—by
means of specialisation and limiting situations on the lattice x(s)—similar results obtained for
second-order differential, difference or g-difference equation of hypergeometric type.
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2. Preliminary Results: Known and New Properties

40f11

Since the main result of this paper is based on the operators D, and S, which are defined by using
the lattice x(s), we will provide in this section some known and basic properties of x(s), Dy and Sy. We

will also derive new properties such as the right and the “left” inverses of the operator Dy, required in

the next section.

2.1. Known Properties of the Lattice x(s)

Taking into account the notation

xu(s) = x(s + %),

the non-uniform lattice x(s) defined by Equation (7) satisfies

x(s+k)—x(s) = "Vxiqa(s),
x(s+k;+x(s) = aen(s)+ Be

fork=0,1, ..., with
0‘0211“1:“//30:0//31:/3/70:0/’)’1:1r

where the sequences (a), (Bx), (k) satisfy the following relations:

Npr1 — 200, +ap 1 = 0,
Brr1 — 2Bk +Pr—1 = 2Bag,
Vi1 — Vhk—1 = 2@,

and are given explicitly by [9,10]

ap, =1, ﬁn:ﬁnz, Yn =mn, fora =1,

and

g2 +q°2 Bl—w,) g2

T

7

yg=—, Bn=———2, 1= for o =
2 /ﬁ 1_“ ,f)/ % 7

2.2. Known Properties of the Operators Dy and Sy
The operators S, and D, fulfil the so-called Product rules I [13,14]:

Dy (f(x(s))g(x(s))) = Suf(x(s)) Dag(x(s)) + D f(x(s)) Sxg(x(s)),
Uz (x(s)) D f (x(s)) Drg(x(s)) + Sxf (x(s)) Sxg(x(s)),

Sx (f(x(s))g(x(5)))

where U is a polynomial of degree 2

Up(x(s)) = (a® = 1) x%(s) + 28 (« + 1) x(s) + 77z,

and 77, is a constant given by [14]

x2(0) +x2(1) (222 —1)

- x(0) x(1) — BT 0y 1 (1))

e = 402 202 o?

The operators Dy and Sy also satisfy the so-called Product Rules II [13,14]:

Dy Sy = &Sy Dy + Uz (x(s)) ]D)i; Si = Uy (x(s)) Sy Dy + a Un(x(s)) ID),ZC +1,

e («xa2+ n?

(10)
(11)

(12)

(13)

(14)

(15)

(16)
17)

(18)

(19)

(20)
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where I is the identity operator If(x) = f(x), and
Uy (x(s)) = (a®> = 1) x(s) + B (a +1).

2.3. An Appropriate Basis for the Operators Dy and Sy

Searching for a polynomial basis on which the action of the companion operators will give a
linear combination of at most two elements of the basis, Foupouagnigni et al. proved in [14] that the
polynomial F, defined by

Fy(x(s)) = Fu(x(s), x(e)), with F,(x(s),x(¢)) = - [x(s) — xj(e)], (21)
j=1

where ¢ is the unique solution (provided that the lattice x(s) is quadratic or g-quadratic: i.e.,
the constants c; in (7) satisfy c1c; # 0 or ¢4 # 0) in the variable ¢ of the equation x1(t) = x(t),
is the right basis for the operators Sy and D, because it satisfies the following properties

DyFa(x(s)) = 7nFu-1(x(s)), (22)
SyFi(x(s)) = ay Pn(x(s))+%Vxnﬂ(zx)lfn_l(x(s)), (23)

where the constants a;, and 1, are given in (14) and (15).

After reviewing some properties of the operators Dy, and Sy, we now state and prove the following
proposition providing the left and right inverse of the operator Dy, to be used in the next section to
complete the proof of the main theorem of this paper.

Proposition 1.
Let Fy be a linear operator defined on the basis (F,)n by

Fy E, = F”“, n >0, F0:=0. (24)
Tn+1

Then, F satisfies the following relations:
DyFy =1 FxDy =16, ), (25)

where 1L is the identity operator and J. ) is the Dirac delta distribution defined by

with ¢ is defined in (21).

Proof. For all positive integer 1, F, defined by (21) is a polynomial of degree exactly n. (F,) is therefore
a basis of C[x]. Letting f € C,[x], there exist fy, ..., fu € C[x] such that

f(x(s)) = i)wx(s».
2

We have ;
(Ox(e) ) = flx(e)) = ;ijj(X(e)) + fo = fo. (26)
i=
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D.Fyf(x(s)) = i)ijxeFj(x(s))
=

=0 '7j+1
n
= ) fiF(x(s)) = f(x(s)).
j=0
Hence, the first part of Relation (24) holds. Using (26), we have

FxDyf(x(s)) + (e, f) = FaDxf(x(s)) + fo
= ;)ijxDij(x(s)) + fo
j=

- 21 FrFeE (x(s)) + fo
L

N

= LG+ f
(x(5)).

|
- =

The second part of (25) is therefore satisfied. [

3. Existence of the Polynomial Solution of the Divided-Difference Equation of the
Hypergeometric Type

Having stated and proved required properties of the operators Dy and Sy, we will now state and

prove the main theorem of this paper.

Theorem 1. Let n be a nonnegative integer, y and ¢ be two polynomials of degree 1 and at most 2, respectively,
such that

VkeN, Nk Z:¢27k+l[]1ak§é0. (27)
Then, the divided-difference equation

P(x(s) Diy(x(s)) + P (x(s)) S:Dxy(x(s)) + Ano y(x(5)) = 0, (28)

with
Ano = =Yn (P2 Vn-1+ 1 &0-1) = = Vi1, (29)
where Y1 and ¢, are leading coefficients of polynomials  and ¢ respectively, has a polynomial solution of exactly

n degree.

The proof of Theorem 1 will be organized as follows: we split the proof in five lemmas which we
first state, prove, and then put these lemmas together in combination with Proposition 1 to deduce the
proof of this theorem.

Lemma 1.
If the function yg is a solution of (28), then the function y; = Dy yo satisfies

9 (x(s)) D3y(x(5)) + 9 (x(5)) SaDay(x(5)) + Aua y(x(s)) =0, (30)
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where

<P[1 (x(s)) = qub( (5)) +ala(x(s)) Dxtp + Un (x(s)) Sxip(x(s)),
W (x(s)) = Dagp(x(s)) + Un (x(5)) Dutp + aSxp(x(s)), (31)
=A

)L 1,0 +Dxlp

Proof. Assume that y satisfies (28). Applying the operator Dy to (28) in which y is replaced by v and
using the product rule I in (16) and (17), we obtain

Dxp(x(s)) SxDiyo (x(s)) + Sxp(x(s)) D3yo(x(s)) + Dxp(x(s)) STDxyo(x(s))
+8x1p(x(s)) DxSxDayo(x(s)) + Ano Dryo(x(s)) = 0.

Using the product rules I in (20) to replace S and D,Sy in the previous equation, we have
91 (x(5)) D3yo(x(s)) + 91 (x(5)) S2D%yo (x(5)) + Aut Dxyo(x(s)) = 0,

where ¢!l (x(s)), 9[U(x(s)) and A, 1 are defined by (31). Therefore, y; = Dyyo is a solution of
Equation (30). O

Lemma 2.
If the function vy is a solution of (28), then the function yy = DKy is a solution of the equation

91 (x(s)) D3y(x(s)) + 9 (x(5)) S:Day(x(s)) + Aujy(x(s)) = 0, (32)

where the polynomials ¢!¥, ¥ and the constant Ay satisfy

9+ (x(s)) = sxqﬂk] (x(s)) + a Un(x(s)) Dayp™ + Uy (x(5)) S (x(5)),
Pl (x(s)) = Dyl (x(5)) + Uy (x(5)) Do + & St (x(s)), (33)
Ank+1 = Ang + DX¢ g

with the following initial values: PI° := ¢, Pl .= .

Proof. Lemma 1 assures the validity of the result for k = 1.
Let k be a positive integer. Assume that y is solution of Equation (32). Applying the operator Dy
to (32) in which v is replaced by y, and using the Product Rules I, we obtain

¢ (x(5)) SxD2yx(x(5)) + Sxpll (x(5)) D3y (x(5)) + Dapl (x(5)) S2Dye (x(s))
+Sx¢ 9 (x(5)) DaSxDxyi(x(5)) + Ay Dayi(x(s)) = 0.

Using the products rule II to replace S2 and I;Sy in the previous equation, we have
Pl (x(0)) DRyi(x()) + 91 (x()) SDRYe(x(5)) + Anjes Dati(x(s)) = 0,
where ¢ (x(s)), g+l (x(s)) and A, ;1 are defined by (33). Thus, yj,; = Dy yy satisfies
¥ (x()) D3yiyr (x(5)) + I (x()) SaDayies1 (x()) + Angsr Yis (x(s)) = 0.
O

Lemma 3.
If a given function yq satisfies (30) with Ay, o # 0O, then there exists a function yq satisfying (28) such that

y1 = Dxyo. (34)
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Proof. Let y; be a solution of (30) with A, o # 0. If there would exist a solution vy of (28) such that
y1 = Dy v, then from (28) we can express vy as:

1

vo(x(s)) = T [9(x(s)) Dxy1 (x(s)) + 9 (x(s)) Sxya (x(s))] - (35)

Now, it remains to verify that the function vy defined in terms of y; by (35) satisfies Equation (28) with
Dyvg = 1. (36)
By applying D, to (35) and using product rules L, IT and the fact that y; is solution of (30), we get

Ao Dxvo(x(s)) = Dy [p(x(s)) Dy (x(s)) + (x(s)) Sxya (x(s))]
= ¢M(x(s) D2y (x(5)) + M (x(5)) SeDayr (x()) + (A1 — Auo) y1 (x(s))
= —Aumoyi(x(s)).

Therefore, Dyvy = y; since A, o # 0.
We prove that v is solution of (28) by replacing y; in the Equation (35) by Dyvg. O

Lemma 4.
For any positive integer n, the coefficients A, i defined by relation (33) satisfy

An,k = An,O - Ak,O/ 0<k<n, (37)
Anp # 0, for 0 <k<mn-—1,and(nk)# (0,0), (38)

where
Ano = —Yn(P2Yn—1 + P1oy_1).

Proof. If we denote by ¢ (x(s)) = ¢l Fy(x(s)) + o1 Fy (x(s)) + ¢ and 9¥ (x(s)) = 9 Fy (x(s)) +

1p[[)k] , then from (33), we have the following system of recurrence equation

£"+” ) 47£k} + ay(a?—1) ngk] + ay (a® —1) llﬂgk}/
ng] = 7 4’%“ +k(“2 -1)m ngk] + o lllgk},
/\n,k+1 = An,k + llfg ]

Using relations
%3 :Zocz—l, Yo =2u,

derived from Equations (12) and (13), the previous system of equations becomes

g;f? - (2zx2k—1)4>£"]+2zx(a§—1)tp£"1,
2 daglis et
/\n,k+1 = /\n,k+lp£]'

Solving this system of recurrence equations with the initial values <p£0] = ¢, lpgo] = 1, we obtain for
the g-quadratic lattice

PO C et O D S U VA e (39)
nk (7 — 1)2qq" nTa =492+ 5\ qg—q49)y1|-

Using the definition of A, o which of course coincides with the one of A, x for k = 0, we derive (37)
from (39).
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Solving the following the equation
Auk =0,

in terms of the unknown k keeping in mind (27), gives a unique solution k = n. Thus, relation
(38) is satisfied. It can easily be proved in the same way that relation (38) is satisfied for the
quadratic lattice. [

Lemma 5.
Let n be a fixed positive integer and let k be an integer such that 0 < k < n. Then, if y; is a solution of
Equation (32), then there exists yq solution of Equation (28) such that

yr = D yp.

Proof. Let k be a nonnegative integer with k < n. Assume that y; satisfies (32). Then, we obtain that
there exists a function y;_1 solution of the equation obtained by replacing k in (32) by k — 1, namely,

¢ (x(5)) DIy (x(s)) + IV (x(5)) SeDay (x(5)) + An -1y (x(s)) =0, (40)
such that

Yk = Dy yp—1.

This is achieved using the fact that A, x_; # 0 thanks to Lemma 4, and also using Lemma 3 but with
the functions yp and y; replaced, respectively, by the functions y;_1 and y; while Equation (28) is
replaced by Equation (40). In addition, Equation (30) is replaced by the Equation (32). O

The proof is completed by repeating the same process for vy 1, yx—2, ..., y1 and using
Lemmas 3 and 4.

Proof of Theorem 1. Since, for k = n, A, = Ay, = 0 thanks to (37), Equation (32) admits a constant
solution, namely Fy(x(s)) = 1. We therefore deduce from Lemma 5 that there exists a function vy
solution of (28) such that

Fo(x(s)) = D vo(x(s))- (41)

Next, we apply the operator F, on both members of the previous equation and deduce by applying
the second relation of Equation (25) of Proposition 1 that

Fy Fo(x(s)) = FxDy DY Moo (x(s)) = Dy too(x(s)) — DY oo(x(s)) ls= -

Hence,
DY~ og(x(s)) = Fx Fo(x(s)) 4+ Cu1 Fo(x(s)),

where C;, 1 = DgilvO(x(S» |s=e -
By applying again the operator IFy on both members of the previous equation and using the
second relation of Equation (25), we get

DY ~?vg(x(s)) = F5 Fo(x(s)) + Cy—1 Fx Fo(x(s)) + Cu—2 Fo(x(s)),

where C, 5 = D" 2y(x(s)) |s=e - Repeating the same process, we express vy as

o n—1 4 j _ Fn(x(s)) n—1 ‘ j
vo(x(s)) = Fy Fo(x(s)) + ) CiFx Fo(x(s)) = == + ), CjFi Fo(x(s)),
j=0 [Ty =0

I=1

where C; = ]D;cvo(x(s)) |s—¢ . Therefore, vy(x(s)) is a polynomial of degree exactly n in x(s). [
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4. Conclusions and Perspectives

In this work, we have derived the right and the “left” inverse of the operator D, and used the
properties of the inverse operators, as well as those of the operators D, and Sy, to provide a formal
proof that the divided-difference equation of hypergeometric type (28) has a polynomial solution of
degree exactly n.

The novelty of our work is the formal proof of the existence of this polynomial solution, confirming
therefore the fact that, in [14], by solving divided-difference (8) on a case by case basis and using most
appropriate polynomial basis for each case, we have obtained for each family of classical orthogonal
polynomials on non-uniform lattice, a hypergeometric or g-hypergeometric solution which happens to
be a polynomial because of the form of one of the upper parameters obtained in the hypergeometric
(or g-hypergeometric) representation of the obtained solution.

Finding hypergeometric representation of the non polynomial solution of (8) is not obvious
and this was obtained unexpectedly for the Askey-Wilson polynomials when the parameters fulfill
b=a q%, d=a q% [14] (see page 15, Equations (62) and (63)). The method developed here might help to
understand when and why such a hypergeometric representation exists for non-polynomial solutions.

As an additional potential application of our paper, the right and the “left” inverse of the operator
D, are likely to play important role in the study of the properties of orthogonal polynomials on the
non-uniform latices, and on the search of the solutions of divided-difference equations on non-uniform
lattices, as well as on the hypergeometric representation (when they exist) of the second-solution—non
polynomial solution—of Equation (28).
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