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Abstract: In the setting of Minkowski set-valued operations, we study generalizations of the
difference for (multidimensional) compact convex sets and for fuzzy sets on metric vector spaces,
extending the Hukuhara difference. The proposed difference always exists and allows defining
Pompeiu-Hausdorff distance for the space of compact convex sets in terms of a pseudo-norm, i.e., the
magnitude of the difference set. A computational procedure for two dimensional sets is outlined and
some examples of the new difference are given.
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1. Introduction

It is well-known that in interval and set-valued arithmetic, the standard addition A + B =
{a+Dbla € A, b € B} is not an invertible operation and in particular the algebraic difference A — B =
{a —bla € A, b € B} is such that A — A # 0. The interval case has been analyzed and solved by
several authors since the 1970s, in the setting of interval analysis. In particular, S. Markov proposed an
extended interval arithmetic, including a difference (inner difference —~) with the basic property that
A —~ A = 0and a division (inner division : ~) such that A := A =1 (see [1-4]).

The same problem applies to the general case of (nonempty) compact convex sets in R": finding a
difference operation as an inverse of Minkowski addition A + B of compact convex sets has been a
field of long interest; well-known and largely used examples are: the Hukuhara difference, proposed
in [5], but it exists only in specific cases; the geometric Pontryagin difference, proposed in [6], but it
may be the empty set; the Demyanov difference, introduced in the setting of subdifferential calculus
and nonsmooth analysis (see, e.g., [7-11]).

The Hukuhara difference has been recently generalized in [12], in the setting of fuzzy arithmetic,
with applications to differentiability of fuzzy-valued functions of a single variable (see [13-15]) and
multiple variables (see [16]).

Two other approaches have been proposed in the setting of set-valued analysis: in [17-20]) directed
sets are used; and in [21], the difference of A and B is expressed in terms of minimal pairs (A’, B') of
compact convex sets such that A + A’ = B + B’ (using the Radstrom embedding theorem [22,23]).

On the other hand, inversion of addition is important in set-valued and fuzzy arithmetic and
analysis, with many applications e.g., in solving equations and differential equations (for recent results
and other references to the fuzzy case, see e.g., [13,14,24-34]).

Extending the results in [12,14], we define a generalized difference for general compact convex
sets and we extend it to fuzzy sets with compact and convex a-cuts. The multidimensional fuzzy case
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has been addressed only occasionally and by very few papers in the literature; some basic results
on the gH-difference for multidimensional intervals (boxes) were obtained in [12] and recently used
by [35] in the study of fuzzy vector-valued functions.

The new proposed difference, as we will see, is not unique in the general case; but this is not
necessarily a negative aspect: we can add specific requirements to select particular difference sets
with additional properties, depending on the application at hand, or we can take the union (or the
convexified union) of the existing difference sets obtaining a set with the same properties.

For the convex case, efficient computational procedures are suggested and illustrated for convex
sets in R?. Some of the results contained in this paper have been presented at the 2016 Joint Mathematics
Meetings of the AMS Mathematical Association of America (January 6-9, 2016, Seattle, WA). Procedures
for the approximation of the new difference in R" are presented in [36].

The paper is organized as follows. Section 2 introduces some preliminary concepts for compact
convex sets and fuzzy sets. Section 3 introduces the new generalized difference for compact convex
sets and analyses some of its basic properties. Section 4 presents computational methods and examples
in two dimensions. In Section 5 we extend the new difference to the fuzzy case and in Section 6 we
conclude with an outline of possible applications.

2. The Space of Compact Convex Sets

Consider the metric vector space R", n > 1, of real vectors, equipped with standard addition
and scalar multiplication operations. Following Diamond and Kloeden (see [37], with applications
in [38,39]), denote by K (R") the space of nonempty compact convex sets of R”.

Given two subsets A, B € K¢(R") and k € R, Minkowski addition and scalar multiplication
are defined by A+ B = {a+bla € A,b € B} and kA = {ka|la € A} and it is well-known that
addition is associative and commutative and with neutral element {0}. The following properties are
well-known ([40]):

(AUB)+C (A+C)U(B+C)
(AnNB)+C C (A+C)Nn(B+0O)
AUBconvex = (ANB)+C=(A+C)Nn(B+C).

For brevity, we will indicate by 0 the neutral element {0}.

A subtraction for two sets A, B € Kc(R") can be defined, according to standard Minkowski
operations,by A —B = A+ (—1)B = {a —bla € A,b € B} and, in general, even when the cancellation
law (A+C = B+ C) <= A = B is valid, addition/subtraction simplification is not valid,
ie, A—A#0and (A+B) — B # A.

For sets A, B € KCc(R") in a normed space (R", || - ||), the Pompeiu-Hausdorff distance is defined
as usual by

dp (A, B) = max{d.(A,B),d.(B,A)} (1)
where
d«(A,B) =sup inf ||a — || and d.(B, A) = sup inf |ja —b||. ()
acA bEB beB €A

We denote ||Al| = dy(A,0).
The metric space (K¢ (R"),dy) is complete and separable (see [37,38]).
As (R",(-,-)) is a (real) Hilbert space with internal product (-, -) and associated norm ||x|| =

(x,x) 7, we will denote by S"~! = {p|p € R",||p|| = 1} the unit sphere of R".
The support function of a compact convex set A € K¢ (R")iss4 : S*~! — R defined by

sa(x) = sup{(x,a) |a € A} forall x € S"! @

and the following properties are well-known (see [40]):
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Proposition 1. The support function is positively homogeneous: s (tx) = tsa(x) Vt > 0, and sub-additive:
sa(x+vy) <sa(x)+saly); we have

A={xeR"(p,x) <sa(p)forallp e R"} 4)

and A C B <= s4(p) < sg(p) forall p € R"; with respect to Minkowski operations, we have s o, p(x) =
sa(x) +sp(x), spa(x) = sa(tx) =tsa(x) Vt 2 0,5_4(x) = sa(—x).

We can consider the restriction of the support function on the unit sphere s : S"~! — R and
we have

A={x e R"(p,x) <sa(p)forall p € "1}, )
It is possible to see that ([37]))

dp(A, B) = sup{|sa(p) —sp(p)l;p € "'}, ©)

If A is a measure on R” such that A(S""1)) = [ A(dp) = 1, a distance is defined by

Sn—1
p(A,/B) = [[sa —spl| = / sa(p) —s(p)|A(dp). )
Sn—1
For the sets A € K(R"), we denote

[|A]] = max{x|x € A} =dy(A,0) 8)
Allp = p(A,0). ©)

The metric space (K¢ (R"), p) is complete and separable.

Definition 1. Foraset A € KCc(R"), the Steiner point is defined by

oa=n | psa(p)Acap) (10)
Sn—1

and o4 € A. We have that o5 = 04 + 0 and oy 4 = |A|o4 forall A,B € Kc(R"™) and forall A € R.

The usual properties of the distances d € {dy, p} apply, e.g., forall A,B,C,D € K¢ (R"):
Pl.  d(A+C,B+C)=d(A B);

P2.  d(A+C,B+D)<d(A B)+d(C,D);

P3.  d*(A,B) =d*(A—os,B—0p)+d*(ca,0B).

Various attempts to define a difference for compact convex sets, have been proposed in the
literature, following different approaches.

Definition 2. (Hukuhara difference) Given A, B € K¢ (R"), the Hukuhara difference (H-difference for short)
is the set C € KCc(R™), if it exists, such that ([5]):

AoyB=C < A=B+C. (11)

Proposition 2. VA, B € K¢(R") we have that A©y A = 0and (A + B) Oy B = A; if it exists, H-difference
is unique, but a necessary condition for A Oy B to exist is that A contains a translate {c} + B of B. Except for
special cases, A— B # A Qg B.
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The attempt to generalize the H-difference and in particular to define it such that it exists
(and possibly it is unique) for any pair of elements A, B € K¢(R") has been extensively studied
in the literature. The interval case n = 1 has been analyzed and solved by several authors since
the 1970s, in the setting of interval analysis. In particular, S. Markov proposed an interval extended
difference (inner difference) in [1,2,4,41]. The inner-difference, denoted with the symbol “—~", is
defined by first introducing the inner-sum of A and B

_ X if Xsolves (—A)+X =B
AT+ B_{ Y ifYsolves (—B)+Y=A (12)

and the following definition is given:

Definition 3. (Inner difference) Given A, B € K¢ (R"), the inner difference is the set C € K¢ (R"), if it exists,
defined by
A—"B=A+" (—B). (13)

An analogous definition has been proposed in [12,42], which includes the multidimensional real
intervals and the fuzzy case:

Definition 4. (generalized Hukuhara difference) Let A,B € K¢ (R"); the generalized Hukuhara difference
(gH-difference for short) of A and B is the set C € K¢ (R™) such that

ACgB=C { 0 (14)

or (ii) B=A—-C

It is possible that the gH-difference of A, B € K¢ (R"), as defined by (14), does not exist (see [12]
for examples). It is not difficult to see that A ©¢y B = A — B; in fact, A+~ (—B) = C means
(—A)+C = (—B)ie., case (ii) of (14), or (—(—B)) + C = A i.e, case (i) of (14). In case (ii) of (14) the
gH-difference is coincident with the H-difference. Thus the gH-difference, or the inner-difference, is a
generalization of the H-difference.

Some properties of O,y are the following (see [12]).

Proposition 3. The gH-difference Oy, if it exists, is unique and has the following properties:

(1) A©gy B =0ifand only if A = B;

(2)(a) (A+B)Ogu B = A; (b) AOgy (A—B) =B;

(3) A Ogp Bexists if and only if B Ogy A exists;and A Ogy B = —(B Ogy A);

(4) (AOgn B) = (BOgu A) = Cifand only if C = —C;and C = O ifand only if A = B;

(5) If BOgy A exists then at least one of the following equalities A+ (B Ogy A) = Bor B— (BOgy A) = A
holds true;

(6) If BOgy A exists, then (B + D) Ogyy (A + D) = BOgy A forall D € Kc(R").

We can express the gH-difference of compact convex sets A, B € ICc(R") by the use of the support
functions. Consider 4, B,C € K¢(R") with C = A Ogy B as defined in (14); let s4, s, sc and s_¢ be
the support functions of A, B, C, and —C respectively. In case (i) we have s4 = sp + s¢ and in case (ii)
we have sp =54 +s_q)c. So, Vp € Sr-1

_ [ sa(p) —sa(p) in case (i)
el = < s_p(p) —s_a(p) incase (ii) (15)

An interesting property relates A Ogy B to p(A, B) and dy (A, B) and to the Steiner points of A
and B.
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Proposition 4. ([12]) If C = A Ogp B exists, then ||A Ogp Bl|p = p(A, B) and ||A Ogy Bl|g = du (A, B).
It follows that ||A Ogy B|| = 0 <= A = B (for ||.||p and ||.||n). If o4, 0 and oc are the Steiner
points of A, B and C respectively, then oc = oa — 0. For x,y € R" we have (A + x) Ogy (B+y) =
AOgu B+ (x —y).

The following definition gives a well-known equivalence relation between pairs of compact convex
sets (see [17,18,21,23]). Observe first that for any A, B € K¢ (R") there always exist X, Y € Kc(R")
such that

A+Y=B+X. (16)

For example, Y = B+ C and X = A + C give the obvious identity A+ B+ C = B+ A+ C for all
C € Kc(R™). We will denote by KZ(IR") the Cartesian product space K¢ (R") x Kc(R").

Definition 5. For pairs (A, B) and (C, D) in KZ(R"), the following relation
(A,B) ~ (C,D) ifandonlyif A+ D =B+ C (17)
is an equivalence in K2 (IR"). Given (A, B), the corresponding equivalence class will be denoted by
[(A,B)]gn = {(C,D)|(A,B) ~ (C,D) with C,D € Kc(R")}. (18)
Consider the set of all pairs X, Y € K¢ (R") satisfying (16), i.e.,
[(A,B)gn = {(X,Y)|X,Y € Kc(R") such that A+ Y = B + X}. (19)

Proposition 5. For all A,B € Kc(R"), the equivalence class [(A, B)|gn is a nonempty, closed and convex
subset of KZ(R").

Remark 1. If (A, B’) € [(A, B)|gn, from A+ B’ = B+ A’, the Steiner points satisfy ca + 0pr = 04 p =
Oy Al = 0B + 0, it follows that
0p — 0B =0y —Opr. (20)

Proposition 6. Let A, B € Kc(R"); the gH-difference A Ogp B exists if and only if there exists C € K¢ (R")
such that (C,0) € [(A, B)]gn or (0,—C) € [(A, B)]gn.

Proof. Consider A, B’ € K¢ (R") satisfying A+ B’ = B+ A’. If B = 0 we have A = B+ A’ so that
AOgu B = A" If A’ = 0 we have A + B’ = B so that A Oy B = B'. Vice versa, if A O4y B exists
according to (14), then one of the two equalities holds

(i) A = B+C,or
(i) B = A-C

In case (i), set B =0and A’ = C;in case (ii) set B = —Cand A’ =0. O

Definition 6. (Radstrom embedding difference) Let A, B € KCc(R™); the difference of A and B can be considered
as the equivalence class [(A, B)|ga, i.e.

A6 B=[(AB)gn (1)

The pairs (A, B) € K2(R") of compact convex sets are embedded into the group K2 (R"), _ of
the classes associated with the equivalence (17); K2 (IR"), _ is endowed with the addition [(A, B)]g» +
[(C,D)]gn = [(A+ C,B+ D)|gn, and the additive inverse of [(A, B)|gn is the class [(B, A)|gs. The
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difference is [(A, B)|gn — [(C,D)|gn = [(A—D,B — C)]gn and (A, A) ~ (0,0) for all A € Kc(R");
[(0,0)]gn = {(A, A)| forall A € Kc(R")} is the zero element in the quotient space K2 (R")/ ..

The Banach space D(R") of directed sets in R” has been introduced in [17,18]; K¢ (R") is
embedded into D(R") by a positively linear map J, : Kc(R") — D(R") (see [17,18] for details)
and the directed difference is defined as follows:

Definition 7. (Directed difference) Let A, B € Kc(R") and let ],(A), Ju(B) be the corresponding embedded
images of A and B. The directed difference of A and B is defined as the element

AOB= ]n(A) - ]n(B) € D(Rn)- (22)

From a general point of view, the embedded-based differences are important, but the visualization
of the resulting set appears to be difficult and not intuitive.

A second series of constructions is based on a geometric approach in the fields of Convex
Geometry, Mathematical Morphology and Set-Valued Analysis; they include Pontryagin-Minkowski
difference ([6,11,40,43]). It is possible that the corresponding differences result in the empty set.

Definition 8. Geometric (Pontryagin) difference: Let A,B € K¢ (R"); the geometric difference (also called
star difference) of A and B is the set, if not empty,

AZB={x|]x+BC A} (23)

We have A — A = 0, but it is possible that A “B= {0} with A # Band A “B may be empty; its
main properties are (see [40])

(A+B)-B = A

(ASB)+B C A

(AZB)+C C (A+C)—B

(AB)-C = A-(B+CQ)
A+B C C <« ACC-_B.

Definition 9. (Markov difference [41]): Let A, B € K¢ (R™); the inner difference can be obtained in terms of
geometric differences (here, A “B=0QorB-A=0Qare allowed) as

A—"B = A+ (-B) (24)
= (AZB)U(~(B~A)) (25)
where X+~ Y =7 < (X—-Z=YorY—-Z=X).

In the setting of Non-smooth Analysis and quasi-differential calculus, the following difference of
convex compact sets is constructed by using the support functions of A and B (see [7], Chapter III):

Definition 10. (Demyanov difference) Let A, B € K¢ (R"); the Demyanov difference C = A — Bis defined to
be the compact convex set C with support function

sc(p) = sup {(sa(p +u) —sa(u)) = (sp(p +u) —sp(u))}.

ueR?
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The Demyanov difference is properly defined for any pair of elements A, B € K¢ (R") and
(A+B)—B = A

A B+C = (A—B=C and A—C=B)
(A,B) ~ (A,B) = A—B=A—B.

Demyanov difference may result in a “big” set (with respect to A and B) and it is not continuous (as an
operator) in the Pompeiu-Hausdorff metric (see [39]).

3. A General Difference of Compact Convex Sets

Given A € Kc(R"), we can associate to A a family of compact intervals that characterize it.
For x € R", the support function s 4 : R" — R is defined by

sa(x) =max{(a,x)|a € A}. (26)
As a dual for the support function we can consider /4 : R — R defined by

l4(x) = min{(a,x) |a € A}. (27)
The following properties of [ 4 are similar to well-known properties of the support function s 4.

Proposition 7. The following properties of | 4 : R" — R defined by 1 4(x) = min{(a, x) |a € A} hold true:
(i) 1a(x) = — | A] x|, ¥x € RY;
(ii) Ip(x) = —sa(—x) and sp(x) = —14(—x);
(iii) [La(x) = La(y)| < ||A]l |x —y||,Vx,y € R" i.e., 14 is of Lipschitz type;
(iv) If A C B thenlg(x) > Ig(x) forall x € R";
(V) lo(aupy (x) < min{la(x),Ip(x)}, Vx € R".
(vi) (A, B) = sup{|la(x) — Ip(x)[;x € R"}.

Proof. (i) The proof of (i) is obvious since — ||a]| [|x|| < (a,x) < ||a| ||x||,Va € A.

(ii) follows from the remark that if (ap, x) > (a,x),¥a € A, x € R" then (a9, —x) < (a, —x),Va €
A, x € R" and consequently, min{(a, x) |a € A} = —max{(a, —x) |[a € A}.

(iii) follows from (ii) and the Lipschitz property of s4. Indeed, |l4(x) —1a(y)| = |sa(—y) —
sa(=0)| < 1A] Jx -y

(iv)If A C Bthen {(a,x) |a € A} C {(a,x)|a € B} and then I4(x) > Ig(x).

(v) Since A, B C co(A U B), from (iv) the required conclusion follows.

(vi) follows easily from (ii) and from Equation (6). O

Proposition 8. The dual support function is positive homogeneous and super additive i.e.,
(i) 14 (tx) =tlx(x),Vt >0, Vx € RY;
(i) Ia(x+y) > 1a(x) +1a(y), Vx,y € R"

Proof. (i) For t > 0 we have
Ia(tx) = —sa(—tx) = —tsp(—x) = tl4(x).
(ii) If x,y € R" then

Ia(x+y) = —sa(—x—y) > —sa(—x) —sa(~y) = La(x) +1a(y).
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The homogeneity property of function /4 : S"~! — R allows considering its restriction to the
unit sphere. The fundamental property of the support function s 4 is to uniquely be associated with
the set A € K¢ (R"). We can get a similar property for [ 4.

Proposition 9. For every continuous super additive homogeneous function I, there exists a unique non-empty
compact convex set A such that

A = {xeR'{xp)

, (p) Vp e R"}
= {xeR"[(x,p)

>
>1(p)Vpe S}

Proof. We can write
A={xeR"|=(x,p) < -l(p) Vp e R"} = {x e R"[(x,—p) <s(—p) Vp ER"}.

and the proposition follows from the similar property of the support function. [

We define for each p € R", the compact intervals

Ia(p) = [La(p),sa(p)]. (28)

We will show in what follows that the family of intervals I, = {I4(p)|p € R"} characterizes
(uniquely) any given set A € K (R").

Proposition 10. Let A, B € K¢c(R"); then
ACB <= Ix(p) CIg(p)forallp € R" (29)

and, consequently,
A=B <= I4(p) = Ig(p) forall p € R". (30)

Proof. Consider p € R" and the intervals I4(p) = [la(p),sa(p)] and Ig(p) = [Ig(p),sg(p)] associated
with A and B respectively; we know that A C B is equivalent to [4(p) > Ig(p) and sa(p) < sp(p),

ie,tola(p) CIg(p). O

Lemma 1. Let A € Kc(R"). Then, the interval-valued function I : R" — K¢ (R) is continuous and has
the following properties:

1. La(p) = AMla(p) = La(Ap) forall p € R" and all A € R (homogeneity);

2. Ia(p+9q) CIa(p) +14(q) forall p,q € R" (sub additivity).

Proof. Since both /4 and s,4 are continuous, and since continuity of interval valued functions in the
Pompeiu-Hausdorff distance is the same as continuity of the functions giving the endpoint of the
function, the continuity of 14 follows. If A > 0 then

La(p) = [ha(p),saa(p)] = [la(Ap),sa(Ap)] = Ala(p),sa(p)] = La(Ap).

Also,
La(=p) = [la(=p),sa(=p)] = [=sa(p), —1a(p)] = —1a(p)-

Finally combining these results we obtain homogeneity for any A € R. The super-additivity of /4,
combined with the sub-additivity of s4, leads to

Ia(p) +1a(q) Cla(p+q) <salp+q) <salp) +sa(q)

which implies Ix(p +q) C Ia(p) + 1a(q). O
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Homogeneity with respect to all the variables is a plus compared with the classical theories
involving only the support function.

Corollary 1. Let A, B € Kc(R"); then,

() Lays(p) = La(p) + Is(p), Vp € R".
(ii) Forany A,y € Rand forall p € R”

Doasus(p) = AMla(p) + ulp(p).

Proof. (i) We have I415(p) = [la+(p),sa+5(p)] = [la(p) +15(p),sa(p) +s8(p)] = La(p) + Ig(p)-
(ii) follows from (i) and homogeneity. [

The fundamental property of the support interval is

Theorem 1. The family of intervals {I(p)| p € S" '} such that I is a continuous, homogeneous and
sub-additive interval-valued function, uniquely determines the compact convex set

A={xeR"(x,p) €I(p)Vp S} (31)

Proof. Let I(p) = [I(p),s(p)] for p € S"~1; given I homogeneous and sub-additive, we obtain that
the functions I(p), s(p) are continuous and positively homogeneous. Also, ! is super-additive and s is
sub-additive Then ! determines a compact convex set A = {x € R"|(x,p) > I(p) Vp € S* 1} and s
determines the compact convex set A’ = {x € R"| (x, p) < s(p) Vp € S"'}. Since I is homogeneous
it follows that I(—p) = —I(p) i.e., [I[(=p),s(—=p)] = [-s(p), —1(p)] thatis I(p) = —s(—p). Then we
can easily see that (x, p) > I(p) is equivalent with (x, —p) < —I(p) =s(—p),Vp €S" 1) ie, A=A
We conclude
A=A =AnA ={xcR"|(x,p) € [l(p),s(p)] Vpe S}

O
The following gH-differences for intervals are well defined Vp € S"~!
Ing(p) = Ia(p)O¢n Ip(p) and
Iga(p) = Ip(p) Ogn Ia(p) = —1ap(p)
and we have
ap(p) = [Lip(p) Iis(p)] vpes (32)
with

Lig(p) = min{la(p) —Ip(p),salp) —s(p)}
Lig(p) = max{la(p) —Is(p),salp) —ss(p)}

In midpoint notation, we can write

s(p) = (Talp) = To(p)i[Talp) ~Ta(p)]) , ¥p € 8" (33)
ie.,
Lap(p) = Talp)—Ts(p)
Iap(p) = [Ia(p) —Ts(p)|
where Ty (p) = Wfs/*(p) and I4(p) = M are the midpoint and the radius of interval I4(p)

(similarly for Tz(p) and Tg(p)).
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We will use the interval-valued function I4 g defined above throughout the paper. Its first property
is given by the following result.

Lemma 2. Forany A, B € Kc(R") and for all p € R", the following inclusions are true

Ia(p) C Ig(p) + Las(p) (34)
C Ia(p) — Iap(p) = La(p) + Ip a(p).

Proof. Let p € R” be fixed; from the definition of gH-difference between real intervals, we have that
one of the two cases (a) Ix(p) = Ig(p) + Iap(p) or (b) Ig(p) = Ia(p) — Ias(p) is true. In case (a),
we obtain I4(p) — Iag(p) = Ig(p) + Iap(p) — Ia,g(p) and from 0 € I4 g(p) — I4,5(p) we conclude
that for all B € Ig(p) also B+ 0 = B € Io(p) — Lag(p) and Ig(p) C Ia(p) — La,B(p); we conclude that
in case (a), we have

La(p) = Is(p) + 1a,8(p)

DY Is(p) € 1a(p) — 1
() S 1a(p) = Lap(p)-

With a similar reasoning, we can see that if (b) is true, then we deduce I4(p) C Iz(p) + L4 5(p) and

() Ig(p) = Ia(p) — 1a,8(p)
Ia(p) € Ig(p) + 1a,8(p)-

From (a) and (b) we conclude the proof. [

Lemma 3. Forany A, B € Kc(R") we have

dn(A,B) = sup{|I;,(p)|;p € 8"}
= sup{|Lip(p)|;p €871,
Proof. The proof is immediate. [
Lemma 4. Let p € R" and consider the set
Kap(p) = {x € R"| (x,p) € Lug(p)}; 35)

forany p € R" the set K4 g(p) is closed and convex.

Proof. K4 p(p) is closed because each I4 5(p) is closed. To show that K4 g(p) is convex, let x’, x”/ € R"
be such that (x', p), (x”, p) € Io5(p) (and x’,x” € K4 g(p) ); then, forall A € [0,1] we have I, ;(p) <
(1 =M)x"+ Ax",p) < Iy g(p); it follows that (1 — A) (x', p) + A (x”,p) € I4p(p) and (1 Z A)x'+
Ax" e KA,B(P)- ]

Consider now the following set, based on the interval-valued function I4 p:

Das= () Kas(p) (36)
pegn—l

Clearly, D4 p may be the empty set, if the closed convex sets K4 g(p) do not intersect for different
values of p € R" (they intersect pairwise, but intersection of three of them may be empty). In any case,
D 4 p has the following property:
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Proposition 11. Let A, B € K¢ (R"); the convex (possibly empty) set

DA,B = {X S Rn| <X, p> (S IA,B(P) VP S Snil} (37)
is compact and such that D g C C, for all sets C € K¢ (R") with
ACB+Cand BCA—C. (38)

Proof. If D 4 p is empty, then obviously D4 g C C. Suppose that D4 g is a nonempty closed convex set.
To see that it is compact, consider that the interval-valued function I p is uniformly bounded; in fact
its norm is bounded by diam(A) + diam(B). In terms of support functions, we have sy < sg + s¢ and
sp <sa+s_c,ie.,sc >s4—spandsc > Iy —Ip; on the other hand, for all p € S"™1 the support
function of D4 p is such that I} 5(p) < sp,,(p) < I} z(p) and from Iy} ; = max{l4 —Ip,s4 —sp} it
follows that sp g S SC and consequently Dyp € C. [

Corollary 2. A similar result is true for the interval-valued function Ig 4 : R" — KCc(R); it defines the
convex compact set (it may be empty)

Dgp 4 = {x eR"[(x,p) € Iga(p)Vp € S’H} (39)

such that Dg g = —Dap and Dg o C C for all nonempty compact convex sets C with A C B — C and
BCA+C.

Proof. It is easy to prove that Dg 4 = —Dy p; indeed, we have I 4(p) = —I45(p) so thatx € Dp 4
means (x,p) € Iz a(p) Vp € S"°1; it follows that (—x,p) € Iap(p) Vp € S" !ie, —x € Dyp.
Analogously, if y € Dyp we also have —y € Dp 4. The rest of the proof is immediate from
Proposition 11. [

The set D 4 g (and similarly Dp 4) does not satisfy, in general, the two inequalities in (38); but we
can see that the gH-difference A ©¢p B, if it exists, satisfies (38):

Proposition 12. Let A,B € Kc(R") and suppose that the gH-difference A ©q4p B exists; then we have
ASeu B=Dypand BOgy A = Dp 4; furthermore we have that

A C B+Dyp, BC A— Dy p, with at least one equality (40)
A C B—Dpa, BC A+ Dpy, with at least one equality. 41)

Proof. We consider only C = A G¢p B; for the difference B ©¢y A the proof is analogous. From
the definition of gH-difference, we have (i) A = B+ C or (ii) B = A — C. In case (i), consider any
b € B; there exista € A and ¢ € C such thata = b+ ¢ so that B C A — C; in case (ii), consider
any a € A; there exist b € Band ¢ € C such that b = a — ¢ so that A C B 4 C. It follows that C
satisfies (38) and so D4 g € C. To complete the proof, it remains to show that also C C Dy4 p. In case
(i), from A = B+ Cand B C A — C, using the properties of the support functions and inverse support
functions, we have sy = sg+5sc,lp =Ilg+Icandsg <sg+s_¢c,lg > 1a+1_c;thensc =s4 —sg,
lc=1lp—Ilgandlc = —s_c < sp —sp,sc = —l_c > 14 — Ip; it follows that [, — I < sy — s and
the interval-valued function I4 p is given by Iy p = [la — Ip, 54 —sg] 2 Ic = [Ic,sc]; we conclude
that in case (i), also the inclusion C C D4 p holds and C = Dy4 . In case (ii), from B = A — C and
A C B+ C, due to the properties of support and inverse-support functions, we have sp =s4 +5_¢,
Ip=1Ipa+1_candsy <sp+sc,lg >Ig+lc;thensc = -1 =14 —1p,lc = —s_¢c =s4 —sg and
Ic <14—1Ip,sc > s4 — sp; it follows that l4 — Ig > 54 — sp and the interval-valued function I p is
givenby Iy p = [s4 —sg,la — Ig] 2 Ic = [Ic,sc]; we conclude that also in case (ii), C = Dy p. O
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From the results above, we can conclude the following facts:

Theorem 2. Let A, B € K¢ (R"); the gH-difference exists if and only if there exists a set C € KCc(R") such
that the following inclusions are valid

A=B+C oF ACB+C
BCA-C B=A-C

and the set C is such that

C !/
ACB+C —ccC.

!/ n

Furthermore, the set C is unique and

ASgyB=C={xeR"(x,p) € Inp(p) forall p € S"1}.

The New Difference

The proposed construction of a generalized difference for compact convex sets, when the
gH-difference A Sy B does not exist, is essentially based on the characterization of the gH-difference
expressed by Theorem 2.

Lemma 5. Let A, B,C € K¢ (R"); then
= IA,B C Ic. (42)

Proof. We have, in terms of support sy and dual support /),

sa < sg+sc Sc = SA—SB
ACB+C
=P (:>{ Ip >1lp+I1c { le <lp—1Ip

and

sp <sac=54—Ic Ic <sa—sp
BCA-C<«— <= ;
- { Ip>1lac=1a—sc {SC>ZA—ZB

the two conditions are equivalent to sc > max{ss —sg,la —Ip} and Ic < min{ss —sp, s — Ip},
ie,tolpp CIc. O

Definition 11. Let A, B € K¢ (R") and consider the following family of sets

D(A,B) = {C|ICeKcR"),ACB+CBCA-C} (43)
= {CIC e Kc(R"),Inp C Ic}
where 14 g and Ic are the interval-valued functions defined in (32) and (28), respectively. The set D(A, B)

will be called the (generic) difference set of the pair (A,B). It is immediate that D(B,A) = —D(A,B),
ie., C € D(A,B) ifand only if —C € D(B, A).

The new generalized difference will be defined as an element of the family D(A, B), by requiring
appropriate additional conditions. Firstly, observe a convexity property of D(A, B).
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Proposition 13. Forany A,B € Kc(R"), the set D(A, B) is a convex subset of Kc(R™), in the sense that
VC',C" € D(A, B) and VA € [0,1] we have Cy = AC' + (1 — A)C"” € D(A, B).

Proof. Itisimmediate that C), € Kc(R"); wehave ACB+C,BCA—-C,ACB+C',BCA-C
(equivalently, I4 g C Icr, In g C Icr). Then, from A >0,1—-A > 0:

A CAB+HC)=AB+AC, (1—A)AC (1—A)(B+C") = (1—A)B+ (1 —A)C” and
ABCAA=C')=AA—-AC,(1—-A)BC (1-A)(A-C")=(1-A)A— (1—A)C”; from the property
XCY=X+ZCY+Z weget

A+ (1—A)ACAB+AC + (1—A)B+(1-A)C”,

AB+(1—=A)BCAA—-AC + (1 —A)A— (1—A)C” and from the convexity of A, B, we deduce AA +
(1-A)A=A,AB+(1—A)B=Bsothat A C B+C,, BC A—C,. Equivalently, we can show that
Ipp C Ic/\,‘ we have Map C Al and (1 - /\)IA,B - (1 — A)IC” so that Ipp =Alap+ (1 - )‘)IA,B -
Mer+ (1= A)Ien = Lo + In—yyer = Ihery(1-a)cr = Ic, - The conclusion follows. [

Example 1. As an example in R?, let A = [0,1)? and B = {(x,x)|x € [0,1]} so that B is the diagonal
of A connecting point (0,0) to point (1,1). It is easy to see that Cy = {(0,x)|x € [-1,1]} and
Cy ={(x,0)|x € [-1,1]} are elements of D(A, B); then, all the sets C; = (1 —t)Co + tCy1, t € [0,1],
belong to D(A, B).

Theorem 3. Given A,B € Kc(R"), let A’,B" € Kc(R™) be any pair of sets such that (A,B) ~ (A’,B);
then D(A’, B") = D(A, B) i.e., the difference set is the same for all the pairs equivalent to (A, B).

Proof. From (A,B) ~ (A’,B’) we have A+ B = B+ A’. If C € D(A,B) we have A C B+C,
BC A—-CsothatB+A'=A+B CB+C+Band A+B ' =B+A'CA—-C+A'ie,B+A CB+
C+B'and A+ B’ C A— C+ A’; applying the cancellation rule we obtain A’ C B'+ Cand B C A’ — C.
Equivalently, from the properties of the support functions, we have I4(p) + Ig:/(p) = Ig(p) + La (p),
sa(p)+sp(p) =sp(p) +sa(p) and Ix p(p) = Ia5(p). It follows that D(A’, B') = D(A,B). O

Each element of C € D(A, B) has properties analogous to the gH-difference and, when A G,y B
exists, we have that D(A, B) = {A ©,y B} contains only one element; but for general sets A, B, there
exist an infinite number of such “differences”.

To reduce the cardinality of ID(A, B), we have to add some restricting conditions, such as
“minimality” requirements.

The first minimality condition is based on set inclusion.

Definition 12. We say that C € (A, B) is minimal with respect to set inclusion (inclusion-minimal for short)
ifno C' € D(A, B) exists with C' C C.

The set of all elements of D(A, B) with the inclusion-minimality property will be denoted by Dy, (A, B); it is
immediate that D, (B, A) = =Dy, (A, B).

Remark 2. By Theorem 3, if (A, B) and (A’, B') are equivalent pairs, then
Dincl(A/ B) = Dincl(A// B/)'

Remark 3. If C',C" € D(A, B), we always have that also C = conv(C" U C") is an element of D(A, B);
indeed, we obtain B+ C = B+ conv(C' UC") D B4+ (C'UC’) = (B+C)U(B+C") DAUA =
Aand A—C = A—conv(CuUC’) DA-(CUC") =(A-C)U(A-C") DBUB = Band
Ie = Iono(crucry 2 Icruer 2 Ier 2 14

It follows that unions (or convex hulls of unions) of elements of ;.1 (A, B) cannot belong to Dy, (A, B) itself,
producing a first reduction of elements with respect to D(A, B).
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The second minimality condition is based on set pseudo-norm || X|| (Pompeiu-Hausdorff distance
to origin, also called the magnitude of X)

X[ = du(X,0), X € Kc(R"). (44)

Definition 13. We say that C € D(A, B) is minimal with respect to set magnitude (norm-minimal for short) if
no C" € D(A, B) exists with ||C'|| < ||C||.

The set of all elements of D(A, B) with the norm-minimality property will be denoted by Dyorm (A, B). It is
immediate that Dyporm (B, A) = —Dporm (A, B).

Furthermore, there exists a real number a(A, B) > 0, depending only on A and B, such that

|IC|| = a(A, B) for all C € Dyorm (A, B); (45)
clearly, 0 < a(A,B) < ||A — B||, because A — B € D(A, B).
Remark 4. By Theorem 3, if (A, B) and (A’, B') are equivalent pairs, then
Duorm (A, B) = Duorm (A", B').

Remark 5. An analogous norm-minimality condition can be given by considering a different distance on
Kc(R"), eg., | X, = p(X,0), X € Kc(R") or others, depending on the application at hand. A possibly
different construction can be obtained by requiring minimality with respect to the diameter of the elements of
D(A, B); the diameter of C is defined by

diam(C) = |[|[C—C|

max { || — ¢

;" eC}
(C — C is usually called the difference body of C).

Example 2. If A, Band C, t € [0,1], are as in Example 1, then % € Dyorm (A, B). Also the 2d-segment
conv{u, v} whereu = (3, —1), v = (—1,3) isan element of Dyorm (A, B) and a(A, B) = % This is a case
where the gH-difference does not exist, and Do (A, B) contains several elements.

An interesting property of Do, (A, B) is that it inherits the convexity from D(A, B).
Proposition 14. Forany A, B € Kc(R"), the set Dyorm (A, B) is a convex subset of D(A, B).

Proof. Let C',C"” € D(A,B) and A € [0,1]. We know that Cy = AC' + (1 —A)C"” € D(A,B) and
it remains to show that C, is H-norm-minimal. We have ||C’|| = ||C"|| = «a(A,B) and ||X] >
a(A,B) for all X € D(A, B) with X € Dyorm(A, B). For C, itis ||Cy|| < A||C']| + (1 —=A)[|IC"]| =
Aa(A,B)+ (1 —A)a(A, B) = a(A, B), but strict inequality is not possible because a(A, B) is defined by
H-norm minimality (if ||C, || < a(A, B) then C" and C” are not minimal). It follows that ||C, || = a(A, B)
for all A, i.e., Dyorm (A, B) is convex. [

A very interesting property of norm-minimality is related to the definition of a(A,B) in
Equation (45) as the common magnitude of all the elements of Dy (A, B); an interpretation of
a(A, B) is that Dyrm(A, B) is a convex subset of the “sphere” in ICc(R") of radius «(A, B) (and it
coincides with the origin 0 = {0} if «(A, B) = 0, i.e., when A = B).

More precisely, «(A, B) coincides with the Pompeiu-Hausdorff distance in Cc(R").

Theorem 4. Forall A,B,C € K¢ (R") we have
(1) a(A,B) > 0;
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(2)  a(AB)=
(3) «a(BA)=
(4) a(A,B) <
Furthermore,

(5) a(A,B) =dy(A,B).

Oifand only if A = B;
«(A,B);
a(A,C)+ua(C,B).

Proof. Clearly, validity of (5) will imply (1)-(4); but it is interesting to prove them independently of
equality (5).

Non-negativity (1) is obvious.

For (2), C = 0 is the unique element of Doy, (A, A) and a(A, A) = 0; on the other hand, if «(A,B) =0
then C € Dy (A, B) has ||C|| = 0 and C = 0, with the consequence that A C B+ 0 = B and
BCA—-0=A,ie, A=B.

The proof of (3) follows immediately from the equalities Dy (B, A) = —Dporm (A, B) and ||C|| =
I—cll

To prove (4), let X € Dyorm(A,B), Y € Dyorm (A, C) and Z € Dyorm (C, B) with

IX]| = a(A, B), [Y]| = «(A,C), [|Z]| = «(C, B);

fromACC+YandCC B+ Zweobtain AC B+ (Y+Z),fromBC C—ZandC C A—Y we
obtain B C A — (Y + Z). It follows that

ACB+(Y+2Z)
BCA—(Y+2Z)

and Y + Z € D(A, B). By the norm-minimality of X € ID(A, B), we then have

a(A,B) = [IX]| < [[Y + Z]| < [[Y]| + [|Z]| = a(A, C) + a(C, B).

Now we prove (5). Consider the Pompeiu-Hausdorff distance; it is well-known that
dy(A,B) =inf{r >0/AC B+rBand BC A +rB}

where B = {x; ||x|| < 1} denotes the unit compact (convex) ball of R”. From the fact that rB = —B,
we have rB € D(A, B) for all ¥ > d (A, B) and consequently, by the norm minimality of C € (A, B),

(A, B) < [|rB|| < ||du(A,B)B| = du(A, B) [B]| = du(A, B).
Finally, to prove the reverse inequality, consider the interval valued function I4 p defined by (33). It is
obvious that a(A, B) = sup{|I}(p)|;p € S"1} > max{’lj{’B(p) , IZ/B(p)‘} for all p € S"! (this is
implied by the inclusion (42)); on the other hand, we have dy (A, B) = sup { ’I;{,B (p)|;pe St } =
sup {‘I;,B(p) ;P € S"’l} and it follows that «(A, B) is an upper bound for dy(A,B). O

With a small abuse of terminology, any element C € K¢(R") of the families Dyorm (A, B) or
Djne1 (A, B) will be called a generalized difference of A and B, with the corresponding minimality
property.

The following property of Dy, (A, B) allows defining a unique set, by collecting all the elements
of R" that belong to at least one set in Dy,o (A, B); such set will play the role of the total difference of
A and B:

Proposition 15. Let A, B € Kc(R") and let X,Y € Dyorm (A, B); then conv(X UY) € Dyorm (A, B).
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Proof. Lets denote for simplicity X VY = conv(XUY); from A C B+ X, A C B+ Y, we obtain
AC(B+X)UB+Y)=B+(XUY)C B+ (XVY)

and from B C A — Xand B C A — Y we obtain
BC(A-X)U(A=-Y)=A—(XUY)CA—-(XVY).

It follows that (X V' Y) € D(A, B). On the other hand, we have || X| = ||Y|| = a(A, B) and, from the
properties of the Pompeiu-Hausdorff distance (see Section 1.8 in [40])

dy(conv(X), conv(Y)) < dy(X,Y)
dg(XUY, X' UY") <max{dy(X,X'),dy(Y,Y)},

we obtain

IXVY| = dy(conv(XUY),0) <dy(XUY,0U0)
max{dy(X,0),du(Y,0)} = max{[|X||, |[Y|[} = a(A, B);

IN

from the minimality of X and Y it follows that || X V Y| = a(A, B) and we conclude that X VY €
Dyorm (A, B). O

The closure of Dyorm (A, B) with respect to convex unions of its elements, combined with
Theorem 4, allows the following definition:

Definition 14. Let A, B € K¢ (R") be given. The following convex set always exists and is unique
ASyB=cl (conv L{c|c € Dnorm(A,B)}) . (46)

A St B € Kc(R") has the following basic properties:

(1) ACB+AGtB

(20 BCA-Ac:B

3) AoctBC A-B

(4) A ©¢ B is norm-minimal with respect to D(A, B);

(5) AeyB=0ifandonlyif A= B;

6) BeorA=—(AeiB);

(7) if the gH-difference exists then A ©ep B = A ©¢ B;

(8)  the magnitude of A ©; B coincides with the Pompeiu-Hausdorff distance, i.e., ||A & B|| = a(A,B) =
du(A, B).

The set A ©¢ B € Kc(R™) will be called the total gH-difference of A and B (t-difference for short).

From property (8) of the t-difference A ©; B we also deduce its continuity with respect to
Pompeiu-Hausdorff distance.

Proposition 16. Let (Ag)xen and (By)ren be sequences in KCc(R™) and let A,B € Kc(R") such that
lim Ay = A and lim By = B in the Pompeiu-Hausdorff metric. Then, the following limit exists and

lim (A ©¢ By) = (A &¢ B). 47)
Proof. For all k € N we have

Ay (Ak, Be) < dp(Ay, A) +dp(A, B) +dp (B, By)
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and
dy(A,B) < du(A, Ax) +du(Ax, B) +dy(By, B).

Then, limsup dy(Ag, Bx) < dy(A,B) and dy(A, B) < liminfdg(Ay, Bx); combining with inequality
liminfdy (Ag, By) < limsupdy(Ag, Bx) we have the existence of limdy (A, By) = dy(A,B) and
the conclusion follows from property (8) of t-difference: d(Ay, Bx) = ||Ax ©¢ Bi|| and dy (A, B) =
|AcyB|. O

Remark 6. Considering the set of differences belonging to both D, (A, B) and Dyorm (A, B), we define the
nonempty family
Dyiff(A, B) = Djnei (A, B) N Duorm (A, B).

The elements C € Dg;rr(A, B) satisfy the following five properties, with respect to the resolvability of equation
"b+x = a" with elementsa € Aand b € B:

Gla. Vae A,db € B,Ix € Csuchthata=b+x,ie., AC B+C;

G1b. Vbe B,da € A, Ix € Csuchthatb =a—x,ie., BC A—C;

Glec. VxeC,dac A, db € Bsuchthatx =a—>b,ie., C C A— B;

G2. C has the inclusion-minimality property: no other C' C A — B exists with the properties Gla,
G1band Glcand C' C C.

G3. C has the magnitude-minimality property: no other C' C A — B exists with the properties Gla,
G1b and Glcand ||C'|| < ||C]|.

The interpretation of the properties above is interesting: each set C € Dy;¢r(A, B) is a minimal set (in
the sense of inclusion and magnitude) that allows obtaining all elements a € A as a = b + c for some pairs
(b,c) € Bx Cand all elements b € B as b = a — ¢ for some pairs (a,c) € A x C.

Remark 7. As is seen in [12], a necessary and sufficient condition for the existence of gH-difference of
multidimensional compact intervals (boxes) A,B C R" is that A contains a translate of B or B contains
a translate of A; clearly, if A ©¢p B exists for boxes, it is itself a box. It is interesting to observe that in general,
the total difference A ©; B of boxes is not a box. Consider, e.g., the two boxes A, B € R? as from Remark 2.7
in[35], A =11,2] x [-2,1] and B = [—2,1] x [1,2] for which the gH-difference does not exist; it is easy to see
that A ©; B = conv{(1,—3), (3, —1)} is a segment and not a box. On the other hand, both interval-valued
gH-differences [1,2] ©¢p [=2,1] = [1,3] and [~2,1] ©¢p [1,2] = [-3, —1] exist (of different type). It is not
difficult to prove that in general, for boxes A = A1 X ... X Ay and B = By X ... X By, the box C = C1 x ... x Cy,
where C; = A; OqH Bi, i=1,2,..,n,is the smallest box (in the sense of inclusion) such that C € D(A, B).
This suggests that for some applications, a t-difference can be defined with the requirement that it belongs to
specific families of sets.

4. Computation of the New Difference

The final step of our proposal for a new difference of compact convex sets, is a way to determine or
to approximate one of the elements of Dy, (A, B). First of all, observe that when H-difference A ©y B
exists (i.e., A = B+ A ©p B) or gH-difference exists (i.e., A= B+ ASgy Bor B= A — A S¢p B), then
the family Dy,o; (A, B) = {A S oH B} has only one element. In other situations, there is no guarantee
that Dyrm (A, B) contains only one element and the problem of determining one of them is important.
It is also possible that D1 (A, B) is a singleton but gH-difference does not exist (see Example 1).

We can mention more that one possible approach:

(1) Chose any element C € Dy (A, B);

(2) Chose an element C € D;;,(A, B) with minimal norm ||C||;

(3) Chose an element C € D;;,;(A, B) such that for some A € [0,1], the quantity (1 — A)dy (A, B+
C) + Ady(B, A — C) is minimal.

We have immediately a geometric interpretation of the generalized difference (as a family of sets)
in terms of the family of the interval-valued functions {Ic|C € Dyorm (A, B) }. We can see that each I is
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a sub-additive “envelope” of the interval-valued function I4 p. In particular, an homogeneous (so we
can restrict its domain to the unit sphere of R") sub-additive envelope has a minimality property,
similar to the property for the standard convex envelope.

Definition 15. We say that a sub-additive homogeneous interval-valued function I : R"—c(R) is a
homogeneous sub-additive envelope of a homogeneous interval-valued function | : R" —ICc(R") if and only if
(1) interval 1(p) contains interval [ (p), forall p € S"71,

(2)  there is no other I with property (1) and with I'(p) contained in 1(p) for all p € S"~1

If ] is sub-additive, then I = | is its unique sub-additive envelope.

There always exists a sub-additive envelope of any homogeneous interval-valued function J :
R"—Kc(R).

In general, the sub-additive envelope is not unique.

Proposition 17. Let A, B € Kc(R") and consider the interval-valued function 14 g; let I : R* — Kc(R)
be any continuous sub-additive envelope of the interval-valued function 14 g, then, the compact convex set C
defined by 1 is an element of Dy, (A, B), i.e., I = I¢ for some C € Dy, (A, B).

Proof. Let I(p) = [I(p),s(p)] forall p € S*~1. We have

Iy g(p) = min{la(p) — Ig(p), sa(p) —ss(p)}
Iy g(p) = max{la(p) — Ig(p), sa(p) —sp(p) };

2
=
IV IA

the inclusion A C B + C, in terms of support functions, is equivalent to s4(p) < sg(p) +s(p) and
Ia(p) > 1g(p) +1(p), ie,tos(p) > sa(p) —sp(p) and I(p) < ls(p) — Ip(p) and both are satisfied by
the requirement that I(p) contains I4 g(p) for all p; similarly, the inclusion B C A — C is equivalent to
sp <s4 —lcand Ilp > I4 — sc and both are satisfied. Finally, the inclusion-minimality of C is given by
the second requirement for a sub-additive envelope. [

A computable solution, easy to implement for R" with small n = 2,3, is based on the following

Proposition 18. Let A,B € KCc(R") and consider the difference family D, (A, B). Consider the set of
nonnegative functions p: S"~1 — R U {0} such that I 5(p) + B(p), for p € S"=1, is a support function
(i.e., its homogeneous extension to R" is convex), and define the continuous functions

o) = [ Bp)aGp), )
Sn—1
¥(p) = max |Ii,(p)+B(p)|, (49)
peSn
for functions B such that
s(p) = I g(p)+ B(p) is a support function. (50)

Then, the minimization problem

min ®(p) (or min ¥(B) ) (51)

s.t.

0 < B(p) <salp)—Is(p) — I} 5(p) forp e "
I g(p) + B(p) is a support function

has a solution B*(p), p € "1 and the compact convex set C* with support function s* (p) = IX’B(p) +B*(p)
is an element of the difference set D, (A, B).
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Proof. The feasible set of problem (P) is not empty, e.g., v(p) = sa(p) —Ip(p) — I, 5(p) for p € Sr-1
is feasible and I{ ;(p) 4 ¥(p) is the support function of the difference A — B. For the same reason,
problem (P) is bounded and an optimal solution exists by the continuity of the functional ®(-)
(or ¥(-)). Consider that for all feasible functions B(-), we have that ®(B) represents a distance
between the support function Ij{, 5(p) + B*(p) and the function IX’B (p) and problem (P) determines a
continuous convex envelope of intervals I4 g(p) (the corresponding dual support function at p € S"~!
is I} g(—p) — B*(—p))- The proof follows from Proposition 17. [

Definition 16. Let A, B € ICc(R"); the element C* € Dy, (A, B) corresponding to solution of problem (P)
is called the generalized starred difference (g*-difference for short) of A and B, and will be denoted by A O B.
If the gH-difference (or H-difference) exists then A ©. B = A ©4py B (or = A ©p B).

From a computational (and practical) point of view, we will determine an approximation of
the g*-difference by solving problem (P) in a simplified form: the function B(p) to be determined is
discretized on a finite number of points p;, i = 1,2,...,m, of the unit sphere S"~!; correspondingly,

m
the objective functional ®(B) is approximated by ®,,(f) = Y B; and problem (P) becomes the
i=1

following minimization

m
min )_ B; (or min max ’IXB(;?Z-) +Bil ) (52)
i=1 =L m 1
s.t.
0<Bi <salpi) —Ip(pi) — I g(pi) fori=1,..,m (53)
{IX/B(pi) + Bili =1, ..., m} are values of a support function. (54)

The g*-difference C* = A O, B is then approximated by the compact convex set
Co = {xl(x,pi) < I3 p(pi) + Bis i = 1,...,m}. (55)

It is immediate to see that C;, is an element of D(A, B); when gH-difference (or H-difference) exists,
then C;, is an approximation of A G¢py B (or A &y B).

Computing the Difference in K¢ (R?)

The conditions for I;{,B(pi) + B; to be points of a support function, become easy for compact
convex sets in the plane RZ; if points p; € S! are selected as p; = (cos(6;),sin(6;)) with uniform
0; € [0,27], then the constraints (54) are linear equalities with respect to the ; and can be written
(see [36] for details) as

’71(123(}71) +B1) = IX,B(Pm) + Bm + IX,B(PZ) + B2
ni(Lyp(pi) +Bi) = Iig(pica) +Bic1+ Iy g(pig1) + iy, for2 <i<m—1
Wm(IX,B(Pm) +Bm) = IX/B(Pm—l) +Bm—1+ IX,B(Pl) + p1
where
m = |lpm—pill,1m = lpm-1—pal,

lpic1 —pinall,i=2,..m—1

i
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The linear program (P,;) becomes the following (m equality constraints and m upper bound conditions
on the variables ;)

m

min 2,31 (or min ‘n}ax IXB(Pi) +Bil ) (56)
i—1 i=1,...m 4

s.t.

mpr— B2 — Bm = L1 g(pm) + I3 p(p2) — 1} (p1)

Bi1 —miBi+ Biv1 = — L g(pic1) + mily p(pi) = I} g(pis1), for2 <i <m—1
B1+ Bm-1—NmPm = _IX,B(mel) - IX,B(Pl) + Um(IX,B(PM)

0<Bi <sal(pi) —Is(pi) — Iy g(pi) fori=1,..,m.

m

Remark 8. The minimization of Y B;in ( P%1 ), in general, will not produce an element of Dyorm (A, B); to obtain
i=1

an element of Dyoym (A, B) by solving (P2,), it is sufficient to add the equality constraint ||C*|| = dy (A, B),

i.e., the equivalent linear constraints
I3 g(pi) —du(A,B) < Bi < —I; p(pi) +du(A,B), fori=1,..,m.

We present some examples, all produced by solving the linear programming problem (P,,) with
m = 200 (the choice m = 4k for some k is motivated by the opportunity to have the same precision for
the four quadrants of the plane).

We have tested the above procedure on several examples, many of them published in the literature
(see [36] for additional examples).

We will show graphical representations giving the interval-valued functions I4 g, Ic+ and the
g*-difference C = A ©, B. Computation of the support functions and solution of problem (P,) is in
general very simple; on a standard PC using Matlab it requires less than 0.05 s (elapsed time) for the

objective function gl Bi and less than 0.5 s for the objective max I 5 (pi) + Bil-

A comparisor{ with the directed difference is immediate; V\/7€, remark that the difference based on
directed sets (as proposed in [17-19]) do not satisfy in general the inclusions A C B+Cand B C A —C;
essentially, it is based on appropriate visualization of the interval-valued function I4 p (and it coincides
with our g*-difference C* only when 14  itself is sub-additive). In all pictures below, we reproduce
the set D 4 p defined in Equation (36); in any case, D4 p C C*.

In all the figures, the graphical portion at the top represents the interval-valued functions I4 p
and Ic»; remark that in any case we have I p C Ic+ with equality if and only if the gH-difference

A Ogy B = A O, B exists.

Example 1: This example is taken from [19]. The set A is the square A = [—1,1]? and B is a circle
with different values p > 0 for the radius, B, = {x € R?|||x| < u}. We consider the differences
C;; = A ©x By, for three values of y = 0.5,1.25 and 2.0, as in [19].

In the first case y = 0.5, the ¢*-difference C* = A ©. By, is pictured on the right of Figure 1a;
we obtain ||C*|| = dy (A, B) = V2 — 1; the geometric difference A " B and the directed difference are
well defined (not empty and proper, respectively) and pictured on the left of Figure 1a. Consider that
A : B C C* and A &4y By, does not exist.

In the second case y = 1.25, the g*-difference C* = A ©. B, is pictured on the right of Figure 1b;
we obtain ||C*|| = dy (A, B) = 0.25; the geometric difference A ~ BandsetD A p are empty, the directed
difference is not proper and A ©¢p By, does not exist.

In the third case p = 2.0, the ¢*-difference C* = A ©, By, is pictured on the right of Figure 1c;

we obtain ||C*|| = dy (A, B) = 1; the geometric difference A ~ B and the directed difference are well
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defined (not empty and proper, respectively) and pictured on the left of Figure 1c. Consider that

A : B C C* and A ©¢p By, does not exist.

Example 2: This example is a modified version of the one given by Rubinov and Akhundov
in [44]; A = {x € R?|||x| < 1} is the unit circle and B,, = [—a,a] x [—p, ] is a rectangle with a
small base a > 0. In [44] the case ¢ = 0 is examined; we have chosen a = 0.01, to better visualize the
construction; as in [44], the values p € {0.5,1.0,1.75} are used.

In the first case a = 0.01 and u = 0.5, the g*-difference C* = A ©, By, is pictured on the right
of Figure 2a; we obtain ||C*|| = dy (A, B) = 1 — a; the geometric difference A ~ B and the directed
difference are well defined (not empty and proper, respectively) and pictured on the left of Figure 2a.
Consider that A : B C C* and A ©4p By, does not exist.

In the second case 2 = 0.01 and p = 1.75, the g*-difference C* = A ©. By, is pictured on the right

of Figure 2b; we obtain ||C*|| = dg (A, B) = 1 — a; the geometric difference A “Bis empty, the directed
difference is not proper and A ©.y B, does not exist.
In the third case 2 = 0.01 and p = 1.0, the g*-difference C* = A O By, is pictured on the right

of Figure 2¢; also here we obtain ||C*|| = dy(A, B) = 1 — a; the geometric difference is A “B= 0,
the directed difference is not proper and A ©,p B, does not exist.

Method 3: Intervals |, ,(red) and | (blu)

@)

Figure 1. Cont.
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Method 3: Intervals |, p(red] and | (bi)
DBy e T P | L

SBEPt e

1
Set from IA‘B
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Method 3: Intervals |, tred) and | blu)

(©

Figure 1. Example 1. g*-difference C* = A ©. By, for (a) top: u = 0.5, (b) middle: u = 1.25, (c) bottom:
u=20.
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= 0.01 and (a) top: ¢ = 0.5, (b) middle:
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Example 3: This example works with polygons. Consider the two convex polygons

A = conv{ul,az,a3,ﬂ4,ﬂ5}
B = conv{by, by, b3, by, bs}

defined in terms of their vertices a1 = (—1.5,0), a = (0,3.5), a3 = (3.5,1), ay = (1,-1.5),
a5 = (—1,—15)and b; = (=3,0), b, = (—1,2), b3 = (1.5,1), by = (1.5,0), bs = (0, —1.5). In the first
case, we compute the difference A ©, B for A = A’ and B = B’. In the second case we use A = A’ + B’
(the convex polygon obtained as the addition of the two polygons A’ and B’) and B = B/, so that Bis a
summand of A and A ©g B, the classical Hukuhara difference, exists.

For the first case with A = A’ and B = B/, the g*-difference C* = A ©, B is pictured on the right

of Figure 3a; we obtain ||C*|| = dy(A, B) = 2; the geometric difference A " Bis empty, the directed
difference is not proper and A ©.y B, does not exist.

Method 1: Intervals |, gfred) and | (ol

111477
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Method 3: Intervals |, jired) and | {blu)
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S ,,r,‘;jw, y o
LA il
oy i B 0 2 4 &
(b)

Figure 3. Example 3. g*-difference C* = A ©. B, for (a) top: A = A’,B = B/, (b) bottom:
A=A"+B,B=PH.
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In the second case with A = A’ 4+ B’ and B = B/, the g*-difference C* = A ©, By, the geometric

difference A — B and the (proper) directed difference exist and coincide, as pictured on the left and the
right sides of Figure 3b; we obtain ||C*|| = dy(A, B) = 2.

Example 4: In our last example A = [—1,1]? is the unit square centered at the origin and B is an
“inclined” rectangle formed around one of the diagonals of A and with four vertices b; = (—1, —0.75),

by = (—0.75,—1), b3 = (1,0.75), by = (0.75,1). In this case, the geometric difference is A “B=0 (only
0+ B C A) and the directed difference is not proper (left of Figure 4). We obtain ||C*|| = dy(A,B) =
1.2374 (right of Figure 4).

Method 3: Intervale |, fred) andi| (blu)

Figure 4. Example 4. ¢*-difference C* = A ©4 B.
5. Extension to Convex Fuzzy Sets

A general fuzzy set over R" (the universe) is usually defined by its membership function yu :
R"— [0,1] and a fuzzy set u of R" is uniquely characterized by the pairs (x, y(x)) for each x € R";
the value y(x) is the membership grade of x for a fuzzy set over R" (see [45,46] or [47] for the origins
of Fuzzy Set Theory).

We will denote by u, v, w, ... the fuzzy sets and the corresponding membership functions, e.g.,
u(x), u(t) will denote directly the membership grade of x, .

The support of a fuzzy set u is the (crisp) subset of points of R" at which the membership grade
u(x) is positive: supp(u) = {x|x € R", u(x) > 0}. For a €]0,1], the a—level cut of u (or simply the
a — cut) is defined by [u], = {x|x € R", u(x) > a} and for « = 0 (or « — +0) by the closure of the
support [u]g = cl{x|x € R", u(x) > 0}.

A particular class of fuzzy sets u is when the support and the & — cuts are compact and convex set;
equivalently, y;, is quasi-concave and upper semi-continuous. We will also require that the membership
function is normal, i.e., the core [u]; = {x|u(x) = 1} is compact and non-empty. Without ambiguity, 0
will denote the origin of R" or the crisp set {0}.

We will denote by F” the set of the fuzzy sets with the properties above (also called fuzzy
quantities). The space F" is structured by an addition and a scalar multiplication, defined either by the
level sets or, equivalently, by the Zadeh extension principle.

Let u,v € F" have membership functions i, yp and a — cuts [u]q, [0]a, & € [0,1] respectively.
In the unidimensional case u € F, we will denote by [u], = [u,,u; | the compact intervals forming
the & — cuts and the fuzzy quantities will be called fuzzy numbers.
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The addition u + v € F" and the scalar multiplication ku € F" have level cuts

[u+ole = [ua+[v]a ={x+ylx € [ula v € [v]a} (57)
kule = kiula = {kx|x € [u]a}. (58)

The H-difference u Oy v = w exists if u = v + w with w € F"; the gH-difference for fuzzy
numbers can be defined as follows ([12]):

Definition 17. Given u,v € F", the gH-difference is the fuzzy quantity w € F", if it exists, such that

(i) u=v+w

or (i) v=u+(-Nw ' (59)

UOgHV = W = {
Ifu OgH U and u Oy vexist, UOHV = U OgH U; if (i) and (ii) are satisfied simultaneously, then w is a crisp
quantity. Also, u Oggu =u Oy u =0.

An equivalent definition of w = u ©¢y v can be obtained in terms of support functions in a way
similar to Equation (15)

v/ sulpa) —so(p;a) in case (i)
i ’“)_< S (pi0) —s(alpin) ncase (i) €T 0

where for a fuzzy quantity u, the support functions are considered for each « — cut and defined to
characterize the a — cuts [u],:

sy : S"1x0,1] — R defined by
su(p;a) = sup{(p,x)|x € [u]y} foreach p € S"" 1, a € [0,1].

The gH-difference u ©qp v in the fuzzy context has been introduced in [12]; it is the fuzzy quantity

with a — cuts
[ Ogn vla = cl | ([ulg Ogn [0]p) (61)
p=a

where the gH-differences on the right, assuming they exist for all & € [0, 1], are intended into X" by
Equation (59).

In general, the fuzzy set defined by the union (61) is not convex; if a convex fuzzy set is required,
then the compact sets are convexified (by convex hull), obtaining the convexified gH-difference

Bza

(1t Ocgr v]a = cl (conv U ([ulg Ogn [v]ﬁ)> : (62)

The fuzzy total t-difference and the fuzzy convexified total ct-difference can be defined in a similar
way, in terms of the corresponding a-cuts, for « € [0,1]:

[WOv]e = U ulg Ot [v (63)

B>w

MO 0]y = cl (conv U ulg Oct [v ]ﬁ)) .

B>
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Fuzzy example 1: This example considers two convex (interacting) fuzzy sets with elliptic a-cuts.
To generate elliptic sets in R? we use the well-known property that given a positive definite 2 x 2
matrix Q, the set

E={x € R* (x,Qx) <1} (64)

is convex and elliptic (centered at the origin) and its support function is

se(p) = +/{(p,Q 1p) forallp € St

Starting with two elliptic sets U and V defined as in (64) by two positive definite matrices Qu
and Qy, we construct the a-cuts of u and v

g = (1—a)foU+af1U for a€[0,1]
[0 =(1—wa)g0V+ag1V for ac]0,1]

where fy > f1 > 0and go > g1 > 0 are positive factors giving the supports fyl, goV and the cores
fil, g1V of u and v, respectively. The used matrices are

1 05 1 —025
Qu = [ 05 2 ] and Qv = l —025 05 ]

and, for all w € [0, 1], the a-cuts of u contain the a-cuts of v. The ct-difference is pictured in Figure 5.

Fuzzy Sets u (black), v (blus)and w = u -, v {rad}

0.9
0.8~
07—
0.6 —

05—

04—

0.3

02—
0.1

[

Figure 5. Fuzzy Example 1. Fuzzy sets u (black), v (blue) and fuzzy ct-difference w* = u O v (red).

Fuzzy example 2: In this example, the a-cuts of u and v are polygons

g = (1 —a)fopU+af,u for ac|0,1]
Ve =(1—-a)go0V+agV for acl01]

where U and V are polygons with the two sets of vertices:
for U—{(2,04), (1.6,2),(0,2.4), (—1.6,2), (—2,04), (—2,—-0.4), (—1.4,—14), (—04,-1.8), (04, —1.8),
(14,-14),(2,-04)}, and
for V—{(1,0.4), (0.6,1), (0,1.4), (—0.6,1), (—1,04), (—1,—0.4), (0,—0.8), (1,—0.4) }.
The corresponding fuzzy ct-difference is pictured in Figure 6.
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Fuzzy Sefs u (black), v {blus) and w = u - v {r=d]

Figure 6. Fuzzy Example 2. Fuzzy sets u (black), v (blue) and fuzzy ct-difference w* = u O v (red).
6. Conclusions

In this paper we propose a general setting to define the difference sets A © B of multidimensional
compact convex sets A, B C R" (and convex fuzzy sets with bounded support) in terms of convex
sets C C A — B (the classical Minkowski operation) such that A C B+ C and B C A — C, which
always exist. In order to overcome the possible non unicity of such sets C, we suggest to select
the difference sets among the sets C above that satisfy some minimality conditions (see Section 3) that
allows, additionally, to express the Pompeiu-Hausdorff distance in terms of the norm of the difference,
ie., dy(A,B) = ||A © B||, using the standard norm in R".

Application of the difference set A © B to the fuzzy case is obtained by the levelwise approach
based on the property that the level cuts are compact convex and characterize convex fuzzy
sets uniquely.

The range of possible applications of the proposed difference(s) is quite extended, following
the intense research published in set-valued analysis ([48,49]), in variational analysis ([7,9,10,50]),
in set-valued differential equations, among other fields, by using set difference to define
differentiability.

Following the computational procedures (based on linear programming) for the difference of
compact convex sets in R?, as presented in Sections 4 and 5, additional work is in preparation for
the n-dimensional case, n > 2, in particular for special classes of convex sets, e.g., compact convex
polytopes, zonoids (Minkowski sums of multidimensional segments [a(), b()] = {(1 — t)al) 4 tb() |t €
[0,1]} with aD,p) ¢ R" i = 1,..,m) and similar. Eventually, this may allow obtaining easily
computable approximations of the difference set.
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