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1. Introduction

Quantum calculus is the study of calculus without limits and is sometimes called g-calculus.
In g-calculus, we obtain the original mathematical formulas when g tends to one. The beginning
of the study of g-calculus can be dated back to the era of Euler (1707-1783), who first launched the
g-calculus in the tracks of Newton’s work on infinite series. Then, in the early Twentieth Century,
Jackson [1] defined an integral, which is known as the g-Jackson integral, and studied it in a systematic
way. The subject of g-calculus has many applications in the field of mathematics and other areas
such as number theory, special functions, combinatorics, basic hypergeometric functions, orthogonal
polynomials, quantum theory, mechanics, and the theory of relativity and physics. In recent years,
the topic of g-calculus has increasingly interested many researchers. For more details, see [2-9] and
the references therein. Recently, Tun¢ and Gov [10-12] studied the concept of (p, g)-calculus over
the intervals of [a,b] C R. The (p,q)-derivative and (p, q)-integral were defined and some basic
properties are given. Furthermore, they obtained some new result for the (p, 7)-calculus of several
important integral inequalities. Currently, the (p, g)-calculus is being investigated extensively by many
researchers, and a variety of new results can be found in the literature [13-18] and the references
cited therein.

Mathematical inequalities are important to the study of mathematics, as well as in other area of
mathematics such as analysis, differential equations, geometry, etcetera.

In 1893, Hadamard [19] investigated one of the fundamental inequalities in analysis as:

(550 = 52 [ o < LSO &

~b—a 2 !

which is now known as the Hermite-Hadamard inequality.

In 2014, Tariboon and Ntouyas [20] studied the extension to g-calculus on the finite interval
of (1), which is called the g-Hermite-Hadamard inequality, and some important inequalities. Next,
Alp et al. [21] approved the g-Hermite-Hadamard inequality and then obtained generalized
g-Hermite-Hadamard inequalities.
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In 2018, Mehmet Kunt et al. [22] proved the left-hand side of the (p, q)-Hermite-Hadamard’s
inequality of (1) through (p, q)-differentiable convex and quasi-convex functions, and then, they gave
some new (p, q)-Hermite-Hadamard'’s inequalities.

In 2019, Prabseang et al. [23] established the g-calculus of Hermite-Hadamard inequalities for the
double integral as:

f(ﬂuzrb> < (bla)z /ab /u.bf(tx+(1*f)y)dxdy < M 2

which was given by Dragomir [24]. Moreover, they obtained refinements of the Hermite-Hadamard
inequality for g-differentiable convex functions.

The aim of this paper is to present the (p, g)-calculus of Hermite-Hadamard inequalities for
double integrals (2) and refinements of the Hermite-Hadamard inequality. These are obtained as
special cases when p = 1and g — 1.

Before we proceed to our main theorem, the following definitions and some concepts require
some clarifications.

2. Preliminaries

Throughout this paper, let [a,b] C Rbe anintervaland 0 < g < p < 1be a constant. The following
definitions for the (p, g)-derivative and (p, q)-integral were given in [10,11].

Definition 1. Let f : [a,b] — R be a continuous function, and let x € [a, b]. Then, the (p, q)-derivative of f
on [a,b] at x is defined as:
flpx+ (1 —p)a) — flgx+ (1 —g)a)
D x) = , XFa 3
a Pzﬂf( ) (p_q)(x_a) 7£ ()
aDypqf(a) = jlcig}laDp,qf(x)'

Obviously, a function f is (p,q)-differentiable on [a,b] if ;D f(x) exists for all x € [a,b].
In Definition 1, if a = 0, then (D) f = Dp,,f, where D), f is defined by:

Dypqf(x) = W x # 0. 4)

Furthermore, if p = 1in (4), then it reduces to D, f, which is the g-derivative of the function f;
see [5].

Example 1. Define function f : [a,b] — Rby f(x) = x> + 1. Let 0 < q < p < 1. Then, for x # a, we have:

x+(1—p)a)2+1]—[(gx+(1—9)a)?+1
Dpg(2+1) = [(px+(1-p) )(;_;)()E(_qa;( 9)a)*+1]
_ (prg)x®+2ax[1—(p+q)]+a*[(p+q) 2]

(x—a) (5)
_ X(P+q)(x—a)—agp+q))(x—a)+2a(x—a)

=(p+¢q)(x—a)+2a

Definition 2. Let f : [a,b] — R be a continuous function. Then, the (p,q)-integral on [a, b] is defined by:
Y 7"
n+lf<Pn+1 X+ (1 B pn+1 al, (6)

for x € [a,b]. Ifa = 0 and p = 1in (6), then we have the classical q-integral [5].

[ 0wyt =tp-pix-m L
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Example 2. Define function f : [a,b] — Rby f(x) = 2x. Let 0 < g < p < 1. Then, we have:

b b
Jo F(x) adpgx = [ 2xadpqx

= 2(P - q)(b —a) Z;O:O p% (pznﬂb + (1 — ]{%)a) ?)
_ 2(b—a)(b—a(1—-p—q))
p+q :

Theorem 1. Let f : [a,b] — R be a continuous function. Then, we have the following:

(i) aquf f pqt_f(x);
(i) [7 aDpgf () adpqt = f(x) — f(c) for c € (a,x).

Theorem 2. Let f, g : [a,b] — R be continuous functions and a € R. Then, we have the following:

@ [ [f(t )"'3( )] adpgt = [ f( ) addpgt + [, (1) adpqt;
(ii) fa (af)(t), qu—"‘f f(t)odpqt;
(iif) fc f(Pt+( — p)a)aDp,eg(t ) dgt = (f8)IE — f (gt + (1 —q)a)aDypqf () adpqt for c € (a,x).

For the proof properties of Theorems 1 and 2, we refer to [10,11].
The proofs of the following theorems were given in [22].

Theorem 3. Let f : [a,b] — R be a convex differentiable function on (a,b) and 0 < g < p < 1. Then,

we have:
qa + pb 1 pbt(1=p)a qf(a) + pf(b)
f( P+‘1>§P(b—a)/u S0) adpgx < p+q ®)

Theorem 4. Let f : [a,b] — R be a convex differentiable function on (a,b) and 0 < q < p < 1. Then,

we have:
a4+ b b—a a+ b h+ -

f(a)+pf(b)
pa

©)

| /\

Theorem 5. Let f : [a,b] — R be a convex differentiable function on (a,b) and 0 < q < p < 1. Then,

we have:
a+ — — at b —he
f( Zb) Wf/(zb) < p(bl_u) fap =) f(x) adp,‘ix

f(@)+pf(b)
ptq

(10)

IN

Lemma 1. Let f : [a,b] — R be a convex continuous function on [a,b] and 0 < g < p < 1. Then, we have:

(11)
b b
< Grp f et fp I f(ex + (1= Dy) adpgadgy.

Proof. The proof of this lemma can be obtained by Definition 2 and Jensen’s inequality. [

3. Main Results

In this section, we present the (p, 7)-Hermite—Hadamard inequality for double integrals and the
refinement of Hermite-Hadamard inequalities on the interval [a, b].
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Theorem 6. Let f : [a,b] — R be a convex continuous function on [a,b] and 0 < q < p < 1. Then, we have:

a b — b _
f(qpi?;b> < (pbjpa)z fap e fup a p)af(tx + (1 - t)y) Hdp,qxadp,q]/

b (1—
p(blfa) fap e f(x) adpgXadpgy (12)

f(@)+pf(b)
ST

IN

Proof. Since f is convex on [4, b], it follows that:

flex+ (1 =t)y) <tf(x)+ A -Hf(y) (13)

for all x,y € [a,b] and t € [0,1]. Taking the double (p,q)-integration on both sides for (13) on
[a,pb+ (1 — p)a] x [a, pb + (1 — p)a], we obtain:

fapbﬂlip)a faphﬂlip)a fltx+ (1—1t)y) adpgXadp,qy
< [y RO g () 4 (1= D F ()] adpaXadpgy (14)
= (pb - pa) fgpb+(l_p)af(x)udp,qx/

which show the second part of (12) by using the right-hand side of the (p, 9)-Hermite-Hadamard’s
inequality.
On the other hand, by Lemma 1, we have:

1 pb+(1=p)a  ppb+(1-p)a
f (()2 / / (tx+(1—t)y) ad,,,qxgd,,,qy>

pb — pa
1 pb+(1=p)a ,pb+(1—p)a
)2 / / fltx+ (1= t)y) adpgxadp,qy,

S -
(pb— pa

and since:

1 pb+(1=pla  rpbt(1-p)a qa + pb
— t 1—t¢ d dpgy = ———.
(Pb—Pa)z/a /a (bt (U= 1)) adtpgxadpay = =2

This completes the proof. [

Remark 1. If p = 1and g — 1, then (12) reduces to (2), that is,

(3) < e [ e o < P LIO

Corollary 1. Let f : [a,b] — R be a convex continuous function on [a,b] and 0 < g < p < 1. Then, we have:

ga+pb\ _ 1 /Pb+(1—lﬂ)a /Pb+(1—P)ﬂ x+y
f( p+a > = (pb—pa)? Jo a I\"2 ) epaxadnay

1 pb+(1=p)a
Sk b

o0 5f0) -

IN



Axioms 2019, 8, 68 50f 10

Remark 2. If p = 1and g — 1, then (15) reduces to:

() < g [ [ (g o< gL [ o 240

which readily appeared in [25].

Theorem 7. Let f : [a,b] — R be a convex continuous function on [a,b] and 0 < g < p < 1. Then, we have:

b+(1— b+(1—
fﬂp (1=p)a fap ( P)ﬂf (P;igy) oty gXadp gy

4
(pb—pa)?
b —p)a b —p)a
= (pb—lzaa)2 ) JT ey I7 O f(tr+ (1 by) adpqXadp,qyadp gt (16)

b (1-
= Pblpu I3 I () atlpqX.

Proof. Let g : [a,b] — R be given by:

1 pb+(1-p)a
8=+ /

pb+(1—p)a

Forall t1,t; € [0,1] and &, B > 0 with « + = 1, we consider:

1 pb+(1=p)a  rpb+(1—p)a
glaty + Bty) = b —pa)? /a /H f((aty + Bta)x + (1 — (aty + Bt2))y) adpqXadpqy

o

pb+(—=pla ppb+(1—p)a
= oo pay? /a /,1 fltix+ (1= t)y) adpgXadpqy

’B pb+(1—p)a  rpb+(1—p)a
+ W /a /a fltax+(1—t)y) alpgXadp,qy
= ag(t) + Bg(t2),

which show that g is convex on [0, 1]. Using Theorem 3 for the convex function g, we have:

1 pb+(1—p)a rpb+(1—p)a px +qy
dax,d
(Pb—Pa)z/a /a f( p+aq )a el

—o( P <1/p 1) ody ot
g(P+‘1)_P o S adna

1 p pb+(1=pla rpb+(1—pa
- W /0 /ﬂ /11 f(tx + (1 - f)}/) Hdp,qxudp,qygdp,qf

0) + wg(1 1 pb+(1—p)a
< 9800) + pg(1) ) /a (%) ap.

p(p+4q) p(pb—pa
This completes the proof. O

Remark 3. If p = 1and g — 1, then (16) reduces to:

(bla)z/ab/abf(x;y)dxdyé (bla)2 /Ol/ab/ﬂbf(tx+(1t)y)dxdydt

< bia/ubf(x)dxl

which readily appeared in [25].
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Theorem 8. Let f : [a,b] — R be a (p, q)-differentiable convex continuous function and 0 < q < p <1,
then the following inequalities:

b
= h a fp + f(x) adpqx
fpb+ f(tx + (1= t)y) adpqXxadp,qy (17)
2 a —1v)a b _
<t {P £( )+P‘7£_(~_qu+(1 pa) % fap +(1 p)ﬂf(qx+ (1—q)a) adp,q-x} .

are valid for all t € [0,1].

Proof. Since f is convex on J, it follows that:

flax+ (1 =t)y) <tf(x)+ (A -1)f(y)

forall x,y € [a,b] and t € [0, 1]. Taking double (p, 7)-integration on both sides of the above inequality
on [a,pb+ (1 —p)a] x [a, pb + (1 — p)a], we obtain:

pb+(1—p)a ppb+(1—p)a
./a /ﬂ f(tx + (1 - t)y) adp qxudp,q]/
pb+(1=pla  rpb+(1-p)a
= ./a /a (tf(x) + (1= 1)f(y)] adp,qXadp,qgy
pb+(1—p)a
p(b—a) /a F(X)adlpyx.

On the other hand, since f is (p, q)-differentiable convex on [a,b] and f' > ;D,,f, we have:

fltx+ (1= 1)y) = fy) = Hx —y) aDpaf(y)

for all x,y € [a,b] and t € [0,1]. Taking the double (p, g)-integration on both sides of the above
inequality on [a, pb + (1 — p)a] X [a, pb + (1 — p)a], we obtain:

pb+(1—p)a  ppb+(1-p)a pb+(1—p)a
/u / f(fx + (1 =1)y) adpgXadpqy — (pb — pa) /ﬂ f(x) adpqx

pb+(1 pb+(1—p)a
> t/ / (x =Y)aDp,qf (¥) adpqxadp,qy- (18)

Since,

pb+(1—p)a  rpb+(1—p)a
/a /a (x = ¥)aDp,af (v) adpgXadp,qy

b+(1—p)a 2 —
= (po=pa) [ flg ot (1 ) g — (0 - LR O]

Substituting the above inequality in (18), we have:

pb+(1—p)a pb+(1-p)a  rpb+(1—p)a
(pb — pa) /a f(x) adp,qx - /a /a fltx+ (1 —t)y) adp,qxudp,qy

<t {(b —a)? [p?f(a) + paf(pb+ (1 — p)a)]
- p+a

pb+(1—p)a
~(pb—pa) | F@x 4 (1= 9)a) adp g3

forall t € [0,1], which completes the proof. [
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Remark 4. If p = 1and g — 1, then (17) reduces to:

b b rb
Sbl—a/af(x)dx_(b—laﬁ/a/gf(tx+(l_t)y)dxdy

. [f(a) PO 1 /uh fmdx} ,

which readily appeared in [25,26].

Corollary 2. Let f : [a,b] — R be a (p, q)-differentiable convex continuous function and 0 < q < p < 1.
Then, we have:

b (1- b+(1- b+ (1- x
= I () aflpgX — ﬁ I3 e 1T v (#) aflpqXadp,qy

2f(g —p)a -
| LT Aoplt) b (PP (g 4+ (1 - g)a) adp g

0

IN

(19)

NI—

Remark 5. If p = 1 and g — 1, then (19) reduces to:

b rb
/f dx — 1 //f<x+
b
1[f(a)
z[ —a/f d’“}

which readily appeared in [25].

]/) dxdy

IN

Theorem 9. Let f : [a,b] — R be a (p, q)-differentiable convex continuous function, which is defined at the
point q‘;i’;b € (a,b) and 0 < q < p < 1. Then, the following inequalities:

b+(1— b
0 < gl [P ) adpgx — gt 10T (“‘+<1—t>q;i’é")adp,qx

<(1-t) [Pf(a)ﬂfrgib;( —p)a) _ L fupb+(1—p)af(qx+ (1-0)a) udp,qxi|

(20)

are valid for all t € [0,1].

Proof. Since f is convex on [, b] and using Theorem 3, we have:

1 pb+(1—p)a a+ pb
)/ f(tx+(1t)qp Z )ad,,,qx

p(b—a) Ja +
t pb+(1-p)a qa + pb
<t 1-
_P(b—a)/a S(x) alpgx +( t)f( p+a )
t pb+(1—p)a 1—t¢ pb+(1—p)a
< — -
S =) /a f(x) adpgx + (6 —a) /H f(x) adpgx

1 pb+(1—p)a
o /a F(x) adygx

forallt € [0,1].
On the other hand, since f is the (p, q)-differentiable convex on |4, b], we have:

fr -0 i > - (B2 ) Dy (o),
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Taking the double (p, g)-integration on both sides of the above inequality on [, b], we obtain:

b+(1—p)a b b+(1—p)a
s P (b (1= Y g — s (PO ()

) (21)
7)u<% ) aDpqf (x)adp,qx.

Since,

b+(1—p)a atpb
JPOTD (B ) Dy f(x)adp g

_ fﬂPbJr(l*P)ﬂ F(gx+ (1= q)a)adpgx — (b — )Pf( )+q fr(}+q+(1*1ﬂ)ﬂ).

(22)

This completes the proof. [

Corollary 3. Let f : [a,b] — R be a (p, q)-differentiable convex continuous function and 0 < q < p < 1.
Then, we have:

(P2 +pq) (b—a)+(p+2q)a+pb

b+(1—p)a
0 < g PO F(x) adpgx — 52 Jugszpn” " f(x) adp,qx
2(1+4) (23)
b —p)a b —
<3 [pf(qufzgqur(l el =1 e flax+ (1 —q)a) admx} ’

Theorem 10. Let f : [a,b] — R be a (p, q)-differentiable convex continuous function, which is defined at the
point & qu € (a,b) and 0 < q < p < 1. Then, the following inequalities:

—q)(b— b
(1—t) 2 pql(q u)f(ﬁ}zig)
< g [T ) adpgr — gl IO (e (U= BRI ) adpgx (29)

< (1 p) [SHOERAREEAI) L PR f (x4 (1 - q)a) odg]

prq

are valid for all t € [0,1].
Proof. The proof of this theorem follows a similar procedure as Theorem 9 by using Theorem 4. [

Corollary 4. Let f : [a,b] — R be a (p, q)-differentiable convex continuous function and 0 < q < p < 1.
Then, we have:

f/ ( pa+qb)
2(P+q p+q
(p%+pg) (b—a)+(2p-+q)atgb

b+(1—
< 5 S RO adpax = 2 Lo S (%) addpgx (25)

2(p+q)

a b+(1—p)a b+(1—
< % [Vlf( )erf;giqﬂl pa) _ bfla fup +(1 P)ﬂf(qx+ (1—q)a) adpqu} .

Theorem 11. Let f : [a,b] — R be a (p, q)-differentiable convex continuous function, which is defined at the
point 52 € (a,b) and 0 < g < p < 1. Then, the following inequalities:

(1—1t) %I‘/ (a+b)

b+(1—p)a b+(1=p)a
< g IR £ () admx — gk [ (tx+ (1- t)%> odpa¥ 26)

<(1-t) {f(ﬂ)'Ff(Pb‘*‘(l Qa) IPH flgx+(1—q)a) dp,qx:|
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are valid for all t € [0,1].
Proof. The proof of this theorem follows a similar procedure as Theorem 9 by using Theorem 5. [

Corollary 5. Let f : [a,b] — R be a (p, q)-differentiable convex continuous function and 0 < q < p < 1.
Then, we have:

plp—q)(b—=a) ¢ (a+b
4(p+q) f( )
b (1— 2p(b—a)+3a+b
<L ”)”f(x> atdpqx — bam F(x) adpgx 27)

b
< § [l o)) 1 PP £ (g 4 (1 - q)a) adpgx]

Remark 6. If p = 1and g — 1, then (20), (24), and (26) reduce to:

_a/f dx/f(tx+ 1t)a;b>d
S(l_t){f();rf L seoad],

which readily appeared in [25].

Remark 7. If p = 1and g — 1, then (23), (25), and (27) reduce to:

0< 2 [ fxjax - bf/ g < 3 [LO SO L [ i),

which readily appeared in [25].

4. Conclusions

In this paper, we have obtained some new results for the (p, q)-calculus of Hermite-Hadamard
inequalities for the double integral and refinements of the Hermite-Hadamard inequality. Our work
has improved the results of [23] and can be reduced to the classical inequality formulas in special cases
when p = 1 and g — 1. Itis expected that this paper may stimulate further research in this field.
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