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Abstract: In [Fixed Point Theory Appl., 2015 (2015):185], the authors introduced a new concept of
modified contractive mappings, generalizing Ciri¢, Chatterjea, Kannan, and Reich type contractions.
They applied the condition (6,) (see page 3, Section 2 of the above paper). Later, in [Fixed Point
Theory Appl., 2016 (2016):62], Jiang et al. claimed that the results in [Fixed Point Theory Appl., 2015
(2015):185] are not real generalizations. In this paper, by restricting the conditions of the control
functions, we obtain a real generalization of the Banach contraction principle (BCP). At the end,
we introduce a weakly JS-contractive condition generalizing the JS-contractive condition.

Keywords: metric space; fixed point; weakly JS-contraction

1. Introduction

The Banach contraction principle (BCP) [1] is one of the famous results in fixed point theory which
has attracted many authors. Many extensions and generalizations have been appeared in literature by
weakening the topology itself of the space or by considering different contractive conditions (for single
and valued mappings). For more details, see ([2-23]).

Definition 1. Given a mapping Y : X — X on a metric space (X, d).

(a) Such is a C-contraction if there is y € (O, %) such that for all Q, w € X, [24]
d(YQ, Yw) < p(d(Q, Yw) +d(w,YQ)) .
(b) SuchY is a K-contraction if there is y € (O, %) such that for all YO € X, [25]
AYQ,Yw) < pu(d(Q,YQ) +d(w,Yw)) .
(c) Such is a Reich contraction if there are q, v and s > 0 with q +r +s < 1 such that for all O, w € X,

dYQ, Yw) < q-d(Q,w) +7-d(Q,YQ) +5-d(w,Yw).

Denote by O the set of functions 6 : (0,00) — (1, 00) satisfying the following assertions:

(61) 0 is non-decreasing;
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(62) for each {h;} C (0, 0), klim 6(h) = 1if and only if klim he =0;
— 00 — 00

(03) there are m € (0,1) and 7 € (0, 00| so that

(64) 6(i + j) < 0(i)6(j) for all i, j > 0.

By A we denote the class of functions 6 € © without condition (6y).

Theorem 1. ([26, Corollary 2.1]) Let Y : X — X be a self-mapping on a complete metric space (X, d). Suppose
there are § € Aand u € (0,1) so that

QweX, dYQYw)#0 implies 6(d(YQ,Yw)) < (0(d(Q,w)))".
Then T has a unique fixed point.

Note that the BCP comes immediately from Theorem 1. Motivated by [26], Hussain et al. [27] gave
sufficient conditions for the existence of a fixed point of a class of generalized contractive mappings
via a control function 6 € © in the setting of complete metric spaces and b-complete b-metric spaces.
Denote by A the set of functions 6 : (0,00) — (1, 00) verifying (61), (62) and (64). On the other hand,
when considering (X, d) as a metric space and 6 € A (that is, the condition (63) is omitted from ©),
Jiang et al. [28] proved that D(x,y) = In(6(d(x,y))) defines itself a metric on X (see Lemma 1 in [28])
and proved that the results in [27] are not generalizations of Ciri¢, Chatterjea, Kannan, and Reich results.

In this paper, we more restrict the conditions on the control function 6. For this, denote by @' the
set of functions 6 : (0,00) — (1, 00) so that

(61) 0 is continuous and strictly increasing;
(6) for each {hy} C (0,00), klim 6(hyx) = 1if and only if klim h = 0.
—00 —00

Let (X, d) be a metric space. For § € @' (that is, without the condition (6,)), note that D(x,y) =
In(0(d(x,y))) does not define a metric on X (we can not ensure the triangular inequality for a metric).
Consequently, we are not in same direction as Jiang et al. [28]. Even for such restricted control function
8, we also obtain a real generalization of the Banach contraction principle. In fact, we will complete the
work of Hussain et al. [27]. We refer the readers to Theorem 3 of [16].

2. Main Results

Definition 2. Let Y : X — X be a self-mapping on a metric space (X, d). Such'Y is said to be a P-contraction,
whenever there are § € © and 11,7y, 173, Ty > 0 with T + T + T3 + T4 < 1 such that the following holds:

0 (A(YO, Yw)) < (0/(d(0,@)))™ (0/(d(Q, YO)))™ (0 (d(w, Yao)))™ (o (URALHHXD R (1)
forall Q,w € X.
As a new generalization of the BCP, we have
Theorem 2. Each P-contraction mapping on a complete metric space has a unique fixed point.
Proof. Let )y € X be arbitrary. Define {Q),} by O, = YQ),,_1, n > 1. If there is Qn = Q1 for
some N, nothing is to prove. We assume that Q), # (),,1 for each n > 0.

We claim that
llm d(Qn, Qi’H—l) = 0

n—oo



Axioms 2019, 8, 84 30f13

In view of (1), we have

0 (d(Qn41, Q) = 0 (d(YQ0n, YOy 1)) @
< (0(d(Qn, Q1)) (6(d(Q, YO)))®
(0 (A(Q 1, YO 1)) ( (O, YO, - 1>2d<0n71,mn>)>4

< (0(d(Qn, 2-1)))™ (6 (d(Qn, Vp41))) ™

(6 (A1, ) ( (4t Curt) ))

< (8(d(Qn, Q1)) (8( (QnrQnJrl))) (6 (max{d(Qu—1, ), d(Qu, Q1) }))™ -

If for some N, we have
d(Qn-1,0n) <d(On, On11),

then in view of (0;), we get that

0(d(Qn-1,0n)) < 0(d(Qn, An1))- 3)
Using (2), we have
6 (d(Qn11,Qn)) < (6 (d(On, On-1))) "™ (6 (d(Qn, Q1)) T (4)
Therefore,

0 (d(Qn+1,On)) < (0 (d(On, On-1))) 27 <0 (d(Qn, On-1)),

which is a contradiction with respect to (3).
Consequently, foralln > 1,

max {d(Qn_l,Qn),d(Qn, Qn—i—l)} = d(Qn_l,Qn),

which yields that

Lt +T3+T4 ]ﬂ

1< 0(d(Qui1, Q) < (OA(Q1, ) T2

At the limit, we have
lim 0(d(Qy, Qi) =1

n—oo
According to (6), we get
lim d(Qy,, Q1) =0. (5)

n—oo

In order to show that {),,} is a Cauchy sequence, suppose the contrary, i.e., there is ¢ > 0 for
which we can find m; and n; so that

n; >m; > i, d(Qm,, Q) > e (6)

That is,
d(Qmil Q}’l;‘*l) <& (7)

From (6), one writes

d(Qmi—LQni—l) S d(Qmi—llgmi) + d(Qmi/Q}’li—l)'
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In view of (5) and (7), we get

limsup d(Qyy,—1, QVy—1) < & (8)
i—00
Analogously,
lim sup d(Qyy,—1, Q) < e. 9)
i—00

On the other hand, we have

6 (d(Qyy Oy)) = 0 (A(YOQu, 1, YO, 1))
T

< (9 (d(Qmi—lz ni—1 )) ' (9( _1’YQ i )))TZ
(0 (@O 1, YO 1)))" < ( mi—1, YO 1) ;d(ﬂnierQmil))>T4

S (9 (d(Qmi—lr nl—l ))Tl 9( m,—ler,)))Tz

(O (A(Q-1, Q)™ (9 d( -1, Q) er d(Qy 1, ) >)r4 |

Using now (6 ) and (5)—(8), we have

f(e) <0 <hmsupd(0ml (O ))

1—00

T -
lim sup d(Qy,—1, Uy, —1) 0 | limsup d(Qy,—1, Q)
=00 i—o0
T3 7
A( -1, Q) + d(Qp—1, O,
limsup d(Qy,—1, ;) 0 { lim sup (=1, Q) +d(Qp—1, Q)
i—00 i—s00 2
< (6( .

This implies that

IN

1<0(e) < (0(e)"®,

which is a contradiction. Thus, {(), } is a Cauchy sequence. The completeness of X implies that there
is Q) € X so that Q);, — Q) as n — co0. On the other hand,

6 (d(Q, YO)) = 6 (d(YQ, 1, YOQ))
< (0(d(Qn-1,92))" (

(0 (0, Y0)" (&
(0 (d(Q1, )" (

(0 (0, X)) (&

(d(anlf Yanl)))Tz
d(YQ,Q, 1) +d(Q,YQ, 1) ) ) T4

2
(d(Qu—1, )"

a(YQ, Qn—l% +d(Q, Q) ) ) £

IN

—~N T —_

Taking n — oo and using (6;) and (5), we have

0 (d(Q,YQ)) < (6(d(Q,0Q)))" (8(d(Q,0)))"
(0(d(Q,Y0)))" (0(d(Q,YQ)))™
= (0(d(Q,YQ)))?H™,

We deduce that (2 = Y(), so () is a fixed point.
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Let there are two points (), w which are two different fixed points of Y. So,

0 (d(YQ, Yw)) < (6 (d(Q,w)))™ (6 (d(Q, YQ)))™
(6 (d(w,Yw)))™ (6 (d(Q,YOQ)))™
= (0(d(Q,YQ)))?T™,

We deduce that (2 = Y(), so () is a fixed point.
Let (), w be two distinct fixed points of Y. We have

0 (d(Q,w)) =0 (d(YQ, Yw)) < (6 (d(Qw)))™ (6 (d(Q,Q)))"
(6 (d(w, )))™ (6 (d(Q,w)))™
= (0 (d(Q,w))"™ <0 (d(Qw)),

which is a contradiction. So, () has a unique fixed point. [
Remark 1. In Theorem 2, we can substitute the continuity of 6 by the continuity of Y.
By setting 6(t) = V!, we have

Corollary 1. Let Y : X — X be a mapping on a complete metric space (X, d) such that the following holds:

VA (YO, Yo) < 1y/d(0,0) + 10/d (0, YQ) + 13/ (@, Yao) + T4\/d CADELIEA]

forall O,y € X, where 8 € P and 11,172,173, 74 > 0so that 1 + T + 13+ 1 < 1. Then Y has a unique
fixed point.

Remark 2. Tnking 71 = 14 = 0 in the Corollary 1, we get Theorem 2.6 of [27].
Taking 14 = 0 in Theorem 1, we get Theorem 2.8 of [27].

Setting 6 (t) = e Yt in Theorem 2, we have

Corollary 2. Let (Q),d) be a complete metric space and let Y : X — X be such that the following holds:

{4 (YO, Yeo) < 1 {/d (Q,0) + 72 {/d (0, YQ) + 13.{/d (e, Yeo) +T4</d(Q/Yw) erd(w,YQ)/

forall ), w € X, where 6 € P and 71, T2, 13, Ta > 0 such that Ty + 72 + 13 + 13 < 1. Then Y has a unique
fixed point.

Remark 3 ([12]). Other examples of functions in the set P are

_ VeVt
f (t) = cosht, f(t)=e, f(t) =eVie",
NV
2cosh = i — 2eVie
F() = e f) =G f(t) e

f(t)=1+In(1+1¢), f(t):e‘/g

_ 2+42In(1+t) Vit
t) = 220+t = 2Vt
f (1) = T f(t) = LyeVit’
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forallt > 0.
By setting 6(t) = e/, we have

Corollary 3. Let Y : X — X be a continuous mapping on a complete metric space (X, d). Suppose that there
are 7, T2, 13, T4 > 0 with Ty + T + 13 + T < 1 such that the following holds:

d(YQ, Yw) AYQYw) < 1d (Q,w) () 4 d (O, YQ) AQYQ)

d(QYw)+d(w,YQ)
e 2

+ 13d (w, Yw) e Y9) 4 14d (w, YQ)

7

forall ), w € X. Then there is a unique fixed point of Y.

Corollary 4. Let Y : X — X be a continuous mapping on a complete metric space (X, d). Suppose that there
are 71, To, 13, T4 > 0 with Ty + T + 13 + T < 1 such that the following holds:

2p4(YQ, Yaw)el (YO Xe)

zed(Qrw)ed(Q’w) R
1 4 ed(Quw)ed (@)

2ed(Q,YQ)ed<Q'YQ) ©
1+€d(YQ,Yw)Ed(YQ,Yw) - 1+ed(Q’YQ)Ed(Q,YQ)

d(QYw)+d(w,YQ) T
e z ¢ :

zed(a},Yw)ﬂ’d(w’Y‘u) T3 2 A(QYw)+d(w,YQ)
d(Q,Yw)+d(w,YQ) 4

1+ ed(w,Yﬁu)ed(“’/Y“’) AOYw)+d(wYO) ,
2

1+e
forall O, w € X. Then there is a unique fixed point of Y.

Corollary 5. Let Y : X — X be a continuous mapping on a complete metric space (X, d). Suppose that there
are T, Ty, 13, Ta > 0 with T + Ty + 13 + 14 < 1 such that the following holds:

1+In(1+d (YO, Yw)) < [1+1In(1+d(Qw))]™ [1+1In(1+d(Q YQ))?

d(Q,Yw)—;d(w,YQ))]T‘*’

1+In(1+4d(w Yo))]® [1 +1In <1 +
forall O, w € X. Then Y has a unique fixed point.

Example 1. Let X = [0,5] be endowed with the metric d(Q),w) = |Q — w| for all O,w € X. Define
Y:X — Xand6:(0,00) = (1,00) by

ZQarctan), if Q€ [0,a],
YO =
lsinh 'O if Q€ o, +5],

where a (~ 2.06) is the positive solution of the equation
iQ arctan () = E sinh 1 Q.
3n 3

Take 0(t) = ¢'®'. Choose Ty = 3% and 7; = L fori = 2,3,4.

Let O, w € X = [0,5]. We have the following cases:

Case 1: Q,w € [0,a]. According to the mean value Theorem for t — g(t) := Ztarctant on the
interval | = (min(w, Q)), max(w, Y)) C [0, a], there is some ¢ € ] such that

d(YQ, Yw) = | & Qarctan Q) — 2w arctan w| < ¢'(c)d(Q, w),
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where 2 2 26 21 17 37
, c
— ~ arct Sl e R (A Gy
gle) =z arctanct 2 < 305 Y372 = 5r = 100
because that arctan ¢ < g, foreach c € [0,a], and HLCZ < %, foreach ¢ > 0.
Therefore,

0(d(YQ,Yw)) = A (YO, Y00) e (YOY)

(L

d(Z Qarctan Q), 2 warctanw)ed 3n

Qarctan ), SL warctan w)
2 T
731

=e

i d(Q,w) %
ed(Q,w)e / ]

IN

IN

37 20
r 4(Q,w) T 100 4(Q,YQ) T 100
ed(Q,w)e ( w)] 100 {ed(O,YO)e ( )} 100

20
) 20 QY w)+d(w,yQ) ] 100
ed(a},Yw)ed(w'Yw>:| 100 . led(Q,Yw);d(w,YQ)ew‘|

Case 2: Q) € [0,a] and w € [, 5]. Here,
icu arctanw > 1 sinh ™' w
37 3

forall w € [a,5]. Using the mean value Theorem on the function t — %ntarctant on the interval [Q), w],
we have

d(YQ,Yw) = %Q arctan () — %sinh*l w| = %sinh*l w— %Q arctan ()

2 2
< —warctanw — — arctan ()
3 3

< ¥

Q
< 1004 @)

Therefore, as in case 1,
0 (d(YQ, Yw)) = eA(YOYw)el VO]
e

& 20
d(Q,w)gd(Q/w):I 100 {ed(Q,YQ)ed(Q,YQ)} o0

d(QYw)+d(w,YQ)
s ae e

20
{ed(w,Yw)ed(“"Y‘”)} 100

20
d(Q,Yw)+d(w,YQ) ] T00
A Yw)tdw, YD)

Case 3: w € [0,a] and Q) € [w,5]. It is similar to case 2.
Case 4: O, w € [a,5]. Here, one writes

4(YQ, Yw) = |§sinh ™ 0 — Jsinh ™ w| < (0, w).
Similarly,

& 20
6 (d(YQ, Yw)) < [ed(Q,w)ed(Q/w)] 0 {ed(Q,YQ)ed(O,YQ)} o0

20
20 d(QYw)+d(w,YQ) | 100
[ed(w,Yw)edWY“’)} 100 led(O,Yw)éd(w,YQ)e*wzwi]
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Hence, Y is a P-contraction. Thus all the conditions of Theorem 2 hold and Y has a fixed point ((0 = 0).
3. Weak-]JS Contractive Conditions
Let @ be the class of functions ¢ : [1,00) — [0, c0) satisfying the following properties:

(¢1) ¢ is continuous;

(92) (1) = 0;
(¢3) or each {b;} € (1,00), lim $(b,) = Oiff lim by = 1.

Remark 4. It is clear that Y(t) = t — 3/t (n > 1) belongs to ®. Other examples are Y(t) = ¢~ — 1 and
Y(t) =Int.

Definition 3. Let (X, d) be a metric space and let Y be a self-mapping on X.
We say that Y is a weakly JS-contraction if for all Q), w € X with d(YQ), Yw) > 0, we have

0(d(YQ, Yw)) < 6(d(Q,w)) —¢(8(d(Q,w))) (10)
where p € Pand 6 € @',

Theorem 3. Let (X,d) be a complete metric space. Let Y be a self-mapping on X so that

(i) Y is a weakly JS-contraction;
(ii) Y is continuous.

Then Y has a unique fixed point.

Proof. Let )y € X be arbitrary. Define {Q),} by ), = Y"Q)y = Y(),,_1. Without loss of generality,
assume that (), # Q)11 for each n > 0. Since Y is a weakly JS-contraction, we derive

0(d(Qn, Qi) = 0(d(YOQ_1,YQ)) < 0(d(Qy_1,Q0)) — ¢(0(d(Qy_1,n))). (11)

So, we deduce that {6(d(Qy, Qy41))} is decreasing, and so there is r > 1 so such
lim 0(d(Qn, Q1)) = r. We will prove that r = 1.
n—oo

Taking n — oo, we have

r—¢(r)=r. (12)
So,
lim ¢ (60(d(Q-1,Qn))) = 0. (13)
That is,
lim 0(d(Qy—1,Qn)) =1, (14)
ie.,
lim d(€—1, Q) = 0. (15)

We claim that {Q), } is a Cauchy sequence.
We argue by contradiction, i.e., there is ¢ > 0 for which there are {Q);, } and {Qy, } of {Q);,} so that

n; > m; > iand d(Qp,, Qy,) > e. (16)



Axioms 2019, 8, 84 90of 13

From (16) and using the triangular inequality, we get

< d(Qm,, Q)
< (Qm, Qm +1) d(Qmi+1/Qni)
< (le m; +1) +d(ﬂmi+1r Qnﬁ-l) +d(Qni+1/ Qni)'

Taking i — oo, and using (15), we get

e < limsup d(Qy, 41, Qp41)- (17)

i—00
Also,
d(QVl,’/ Qm,) S d(Qnil in‘—l) + d(in‘—ll le)
Then, from (15),
limsup d(Qy,, Q) < e (18)
i—o0

As d(YQy,, YQy,) > 0, we may apply (10) to get that

O(d(Quy 11, 1)) = O(d(Y O, YO,))
< e(d(QmﬂQni)) - (P(G(d(ﬂmi,ﬂni))).

Now, taking i — oo and using (01), (17) and (18), we have

6(e) < 6(lim sup d(Qm,-H/ Qnﬂrl))

i—00
< 0(limsup d(Qy;, Q) — iminf ¢(0(d(Qp;, Q;)))
i—00 i—oo
< 0(e) — iminf ¢(6(d(Q,, Q).
1—00

This implies that
liminfd(Qy,, Qp,) =0,

i—00

which is a contradiction with respect to (16).

Thus, {Q,} is a Cauchy sequence in the complete metric space (), d), so there is some () € X
such that nlgrolo d(Qy,, Q) =0.

Now, since Y is continuous, we get that ()11 = YQ), — Y(Q) as n — oo. Thatis, O = YQ). Thus,
Y has a fixed point.

Let O, w € Fix(T) so that Q) # w. Consider

0(d(Q w)) = 0(d(YQ, Yw)) < 0(d(Q,y)) — ¢(0(d(Q w))).
Thus,

$(0(d(Q, w))) = 0.

which is a contradiction. Hence, ) = w. O

One can obtain many other contractive conditions by substituting suitable values of 8 and ¢
in (10).

Taking ¢(t) =t — t* forall t > 1 and & € [0,1), we obtain the JS-contractive condition.

Without the continuity assumption of Y, we have
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Theorem 4. Let (X, d) be a complete metric space. Let Y : X — X be a mapping. Suppose that

B(d(YQ, Ya)) < 0(d(Q,w)) — p(O(d(Q, ), (19)
forall ), w € X, where 6 € ® and ¢ € ®. Then Y has a unique fixed point.
Proof. For Q) € X, let {Q),,} be defined by Q0,11 = Y(Q),, for n > 0. Note that there is () € X such that

lim d(Qn, Q) - O.

We also have
d(Q,YQ) <d(Q,YOQ,) +d(YQ,, YQ). (20)
From (19),
1 <0(d(YQ, YQ)) < 0(d(Qn, Q) — p(0(d(Qn, ))), (21)

Hence, we get that nlgn 0(d(YQ),, YQ)) = 1. Thus, we have lijn d(YQ,,YQ) = 0 which by (20),
co n—oo
implies that YO = Q). O

Example 2. Let Q) = [2, 00). Take the metric

d(p,0) = lp — ¢l
forall p,0 € Q. DefineY : Q) — Q, ¢ : [1,00) — [0,00) and 6 : [0,00) — [1,00) by

Yp = In(100 + p),

¢(p) = In(p),
and 0(t) = e'. Note that for all x > 0, one has e < e* — x. Now, for all p, 0 € Q, we have

0(d(Yp, Yo)) = !(¥PY0)
_ e(|ln(100+p)—ln(100+e))|

< epl%g‘
<ol —jp—g|
e —d(p, o)

=0(d(p,0)) — 9(8(d(p, 0)))-

Thus, Y is a weakly |S-contraction. All hypotheses of Theorem 3 are verified, so Y has a unique fixed point,

1 ~ 4651
which is, u ~ 1000~

4. Application to Nonlinear Integral Equations

Consider the following nonlinear integral equation

b
Q(t):¢(t)+/a x(t5,Q(s))ds, (22)

where 4,b € R, Q € C[a,b] (the set of continuous functions from [a,b] to R), ¢ : [a,b] — R and
X @ [a,b] x [a,b] x R — R are given functions.
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Theorem 5. Assume that
(i) x:l[ab] x[ab] xR — Ris continuous and there is 6 € 6 so that 0( sup f(t)) < sup 6(f(t)) for

te(a,b] te(a,b]
arbitrary function f with

b b
0 10c(t5,2(5))ds = (8,5, () 1ds) < [ 0(1x(t,5,0(5)) = (b5, 0(s)) s
(ii) thereis T; € (0,1) so that

0(1x (s, Q(s)) = x(t,5,w(s))])

- 609 —y@ODI B0 — 2 x(ts,Q(s)ds) D)2 [0(Jw(t) — [V x(t,s,w(s))ds])]®
- b—a

b
[6(lew(#) —/a x(t;s,Q(s))ds|)]™

forall O, w € Cla, b and t,s € [a,b].

Then (22) has a unique solution.

Proof. Let X = Cla, b]. Define the metric d on X by d(Q, w) = sup |Q(t) — w(t)|. Then (X,d) is a
tela,b]

complete metric space. Consider Y : X — X by YQ(t) = ¢(t) + f;x(t, s,Q(s))ds. Let Q,w € X and
t € [a,b]. We have

B(IYQ(t) — Yw(t)])
:9(|/at)((t,s,()(s))ds—/at)((t,slw(s))dsn
< /b6(|X(t,S,Q(s)) = x(t,5,w(s))|)ds

b [0(1Q) — w(HN]PO(QUE) — [F x(t,5,Q(s)ds) )] 2[0(lw () — [ x (8,5, (s))ds])]™
a b—a

<

[6(|ew(t) — /Lsz(f/S/Q(S))dSI)]T‘*dS

< o [ 1000, )] B0, YO [P0 @, Yeo) 0w, YOO) s

= [0(d(Q, @) [0(d(, YO))]?[6(d (w, Yw))] 2 [6(d(w, YO))] ™.

Thus Y is a P-contraction. All the conditions of Theorem 2 hold, and so Y has a unique fixed
point, that is, (22) has a unique solution. [

5. Conclusions

In this paper, we restricted the conditions on the control function 6 (with respect to the ones given
in [27,28]) and we obtained a real generalization of the Banach contraction principle (BCP). We also
initiated a weakly JS-contractive condition that generalizes its corresponding of Jleli and Samet [26],
and we provided some related fixed point results.
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