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Abstract: In the paper we define classes of harmonic starlike functions with respect to symmetric
points and obtain some analytic conditions for these classes of functions. Some results connected to
subordination properties, coefficient estimates, integral representation, and distortion theorems are
also obtained.
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1. Introduction

We denote by H the class of complex-valued harmonic functions in the unitdisc U := {z : |z| < r}.
Then f € Hif f = h + g, where &, g are functions analytic in U. Let H be the class of function f € H
with the following normalization:

f(z):z+ianz”+ilﬂ,17 (z € U) (1)
n=2 n=2

and let S3; denote the class of functions f € H, which are orientation preserving and univalent in U.
For functions f1, f» € H of the forms:

fi(z) =Y a2+ ) brpz" (z€U, ke {1,2}) ()
n=0 n=1
by fi1 * f» we denote the Hadamard product or convolution of f; and f,, defined by:
(f] * fz) (Z) = Z allnaz,nz” + Z bllnbzmz” (Z S U) .

n=0 n=1

We say that a function f : U — C is subordinate to a function F : U — C, and write f(z) < F(z)
(or simply f < F), if there exists a complex-valued function w which maps U into oneself with
w(0) = 0, such that f = F o w. In particular, if F is univalent in U, we have the following equivalence:

f(z) < F(z) <= [f(0) = F(0) and f(U) C F(U)].

In 1956 Sakaguchi [1] introduced the class S** of analytic univalent functions in U which are
starlike with respect to symmetrical points. An analytic function f is said to be starlike with respect to
symmetric points if:

Ref(z‘)zf_/ifz_z)w (zeU). 3)
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If f € &** then the angular velocity of f(z) about the point f(—z) is positive as z traverses the circle
|z| = r in a positive direction.

Let A and B be two distinct complex parameters and let 0 < a < 1. In [2] (see also [3]) it is defined
the class S;; (A, B) of Janowski harmonic starlike functions f € Sy such that:

Dyf (z) ~ 1+ Az
f(z) 1+ Bz’

(4)

where,

Dyf (z) :=zh (z) —z¢' (z) (z € ).
The classes S;/(a) = S5 (2a —1,1) and S5, (a) := S5 (20 —1,1) are studied by Jahangiri [4]
(see also [5]). In particular, we obtain the classes S5, := S3,(0) and &3, := 83,(0) of functions
f € Sy which are convex in U (r) or starlike in U (r) , respectively, for any r € (0,1].
Motivated by Sakaguchi [1], we define the class S;/(A, B) of functions f € H such that:

2Dy f (z) - 1+ Az
f(z)=f(=2) 1+4Bz

In particular, the class SH*(«) := Sj/(2a —1,1) was introduced by Ahuja and Jahangiri [6]
(see also [7,8]). The class HS; (b, &) := S;7 (2b(w — 1) +1,1) was investigated by Janteng and Halim [9].

In the present paper we obtain some analytic conditions for defined classes of functions.
Some results connected to subordination properties, coefficient estimates, integral representation,
and distortion theorems are also obtained. These results generalize the results obtained in [6,9]
(see also [7,8]).

©)

2. Analytic Criteria
Theorem 1. Let Tf (z) := f(z) — f (—z).If f € S}/ (A,B), then Tf € S;,(A, B).

Proof. Let f € S;/(A,B) and H (z) := 14Z. Then:

2Dy f (2)
Fo—7f(n “HE

and
2Dy (—f)(z) _ 2Dyf(—2)

f@-f(=2) f(=2)-f()

< H(-z)<H(z).

Thus, we have:

2Dy (2) and 2PN @)
7 <M Ty e A e

Since H is the convex function in U, we have:

12Duf(z) 12Dy (=f)(2) _ Du(T)(2)
2 Tf(z) 2 Tf(2) Tf(z)

€ H(U) (zeU),

or equivalently:
Dy (Tf) (z)
ZHAT)IE) (2,
Tz )
which implies that:
Tf € S3,(A,B).

O



Axioms 2020, 9, 3 3of11

Let V C H,Up:= U\ {0}. Due to Ruscheweyh [10] we define the dual set of V by:

—{fGHo: /\(f*q)(z);éo (zEUO)}.

qevy

Theorem 2. We have:
Sif(AB) = {ye: 5| =1},

where,

. E(B-A)+(Q2+AF+BY)z
Yelz) ¢ ==z (1+z2)(1—z)2 ©)
Y (A+B)¢— (B_A) &z

(14+2)(1—2)?

(zeU).

Proof. Let f € Hg be of the form (1). Then f € S}/ (A, B) if and only if it satisfies Equation (5)
or equivalently:

2Dy f (2) 1+A; B
fz) = f(-2) 7 1+ B¢ (z€Uo [¢]=1). @)
Since, ) )
Duh @) = hie)+ i MR <)

the above inequality yields:

(14 B) Dyf () — (14 ag) LE 122

h(z) —h(=2)

= (1+BE) Dyh (2) — (14 Ag) 2=

{(HB@) DHg(ZH(HA@)g(Z)_Zg(_Z)}

~ e (OB 04D

— /(1+BHZ (1+A8z
@ (G - )

= f@)*9e(2) #0 (z€Uq, [E] =1).

Thus, f € 83/ (A,B) if and only if f(z) * ¢ (z) # 0forz € Uy, ¢] = 1, ie, S;/(A,B) =
{ge: 12l =1}". O

Theorem 3. If a function f € H of the form (1) satisfies the condition:

§(|“n||ﬂn|+|ﬁn‘|bn‘)§B_A/ 8)

where —B < A < B < 1land
ap=n(14+B)—(14+A)(1—-(-1)") /2, Bo=n(1+B)+(1+A)(1-(-1)") /2, )

then f € S;,(A, B).
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Proof. The result of Lewy [11] gives that the f is orientation preserving and locally univalent if:
W (z)| > |g' (2)] (z€T). (10)
By Equation (9) we have:
|@nl /(B—A) = n, |Bul /(B—A) 2n (n=23,-). (11)

Therefore, by Equation (8) we obtain:

o)

Y n(lan| +1ba]) <1 (12)

n=2
and
W (2)| =" ()| 21— ) nlan|[z]" =} nlbal |2|" > 1|z ) (n|an|+n|bu])
n=2

n=2 n=2
[ee]

b]) >1—]2z| >0 (z€D).

Therefore, by Equation (10) the function f is locally univalent and sense-preserving in U. Moreover, if
21,29 € U, z1 # 23, then:

z — 2l _ _
i Iz Mz <n (n=2,3,---).

M:

|y

21 — 22

1

Let f € Hy be a function of the form (1). Without loss of generality, we can assume that f is not an
identity function. Then there exist n € N, such that a, # 0 or b, # 0. Thus, by Equation (12) we get:

[f (z1) = f(z2)] 2 [h(z1) = 1 (22)] = |g (21) = & (22)]

= Zl_ZZ_Zan 1 —z5) Zb (2] —z8)
(o) (e )
> |21 — 22| = ) lanl |2 = 23| = ) |bul |21 — 25]
n=2 n=2
© LM S LM
|21 — 2o (1 Yo lanl |22 - 12)
=2 z Zy
o [e9)
> |z1 — 22| 1—Zn\an|—2n|bn| >0
n=2 n=2

This leads to the univalence of f, i.e.,, f € Sy. Therefore, f € S;f(A, B) if and only if there exists
a complex-valued function w, w(0) =0, |w(z)| < 1 (z € U) such that:

2Dy f (2) _ 1+ Aw(z)
f(2)=f(=2)  1+Bw(z)

(z e,

or equivalently:
2Dy f (z) = f(z) + f(~2)
2BDyf (2) = A(f (z) = f (=2))

<1 (ze€l). (13)
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Thus for z € U\ {0} it suffices to show that:

s~ LA ) - aLEL )]
Indeed, letting |z| = r (0 < r < 1) we have:
s )~ LS| apyp) -l ELF )
= i(—l—(;”)_i(+1—<2—1>>b
R oY (L= PR o (AR S B
-

ni Ol >|an|r +i<n+1_(2_1)n>bn]r”—(B—A)r

(
+ i (Bn Al (21)71) |lan| " + i (B;H—A1 (21)”) |by| 7"

n n=2

=
< 7{2 (|an] |an] + |Bal [ba]) " — (BA)} <0

Hence f € S;/(A,B). O

Motivated by Silverman [12] we denote by 7 the class of functions f € H, of the form (1) such
thata, = — |ay|, by = |bu| (n=2,3,---),1e,

f=h+3g h —z—Z\an|z g(z) =Y |bu|Z" (z€U). (14)
n=2
Moreover, let us define:
8}‘—*(A,B) =TNS;(AB), -B<A<B<LI

Now, we show that the condition (8) is also the sufficient condition for a function f € 7 to be in the
class S7*(A, B).

Theorem 4. Let f € T be a function of the form (14). Then f € S7 (A, B) if and only if condition (8)
holds true.

Proof. In view of Theorem 3 we need only show that each function f € S7(A, B) satisfies the
coefficient inequality of Equation (8). If f € S7*(A, B), then it satisfies Equation (13) or equivalently:

;X:o‘,z{(n Y Jaul 2 + (n+ =520 ) pbal 2

o Y <1 (zel).
(B—A)z—ngz{(Bn—Af) jan| 2+ (Bn -+ A=) by 2
Therefore, putting z = r (0 < r < 1) we obtain:
oZoj{(11—1_7)|an|+(n+1(1 )\b|r” 1}
n=2 <1 (15)

(B—A)— £ {(Bn— AGY ja| + (Bn+ AG) by o1}
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It is clear that the denominator of the left hand side cannot vanish for r € [0,1) . Moreover, it is positive
for r = 0, and in consequence for r € (0,1). Thus, by Equation (25) we have:

Y (an |an] + Bulbu]) " P <B—A (0<r<1). (16)
n=2

The sequence of partial sums {S, } associated with the series Z (& |an| + Bn |bn]) is nondecreasing
=2

sequence. Moreover, by Equation (16) it is bounded by B A. Hence, the sequence {S,} is

convergent and
[e9)

Z (IXn ’ﬁn|+,3n |bn|) :nh_]%losn <B-A,

which yields the assertion (8). O

Example 1. For the function:

zZ)=2z— " Z" (ze€eU
fay=2- Y 5tr - ¥ 5t ey
we have,
> *B-A B-A © 1
Z(“n|an|+ﬁn|bn|)2272n T:(B_A)ZZTZB_A'
n=2 n=2 n=1

Thus, f € S7 (A, B).

3. Topological Properties

Let us consider a metric on H in which a sequence {f,} in H converges to f if and only if it
converges to f uniformly on each compact subset of U. The metric induces the usual topology on H.
It is easy to verify that the obtained topological space is complete. Let 3 be a subset of the space #.

We say that a function f € B is the extreme point of B if it cannot be presented as nontrivial convex
combination of two functions from B. We denote by EB the set of extreme points of 5.

We say that B is locally uniformly bounded if for each r, 0 < r < 1, there exists K = K(r) > 0
such that:

f) <K (FeB, [zl <n).

We say that a set B is convex if it includes all of convex combinations of two functions from B.
Let coBB denote the closed convex hull of B i.e., the intersection of all closed convex subsets of H that
contain B.

Let B C H be a convex set and L be a real-valued functional on H. We say that £ is convex
functional on B if:

Laf+(1—a)g) <al(f)+(1-a)L(g) (fgeB 0<a<1).
By using the Krein-Milman theorem (see [13]) we get the following lemma.
Lemma 1. Let B be a non-empty compact set on the space H. Then EB is non-empty and coEB = coBB.
Motivated by Hallenbeck and MacGregor ([14], p. 45) we can formulate the following lemma.

Lemma 2. Let B be a non-empty convex compact set on the space H and let L be a real-valued, convex, and
continuous functional on B. Then max {L(f) : f € B} = max{L(f): f € EB}.
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Proof. We observe that there exists max {L(f) : f € B} =: K, since J is the continuous functional
on the compact set B. Thus, the set H := {f € B : L (f) = K} is non-empty compact subset of B and,
by Lemma 1, we get that H has an extreme point fy. Let,

fo=afi+(1—a)fa,
where f1, f» € Band 0 < a < 1. Thus,
K=L(fo) <al(fi)+(1—a)L(fz) =aK+(1—a)K=K

and, in consequence, L(f1) = L(f2) = K, i.e., f1, f» € H. Since fy is an extreme point of H we get
f1 = fa = fo € EB. Thus, we obtain that there exists max {L(f) : f € EB} = K, and the proof is
complete. [

We observe that H is a complete metric space. Therefore, by Montel’s theorem (see [15]) we get
the following lemma.

Lemma 3. A set B is compact on H if and only if B is locally uniformly bounded and closed on H.
Theorem 5. The class S5 (A, B) is compact and convex subset on H.

Proof. Let f; € 87 (A, B) be functions of the form:

()

fi(z) =z—=) (|agn| 2" = |bxu]Z") (z€U, k=1,2,...) (17)

n=2
and let 0 < ¢y < 1. Since,
1AE@)+ A =Nfa(z) =2= Y {(v]arl + (1 =) lazal) 2" = (v [brul + (1 =) [b2,0]) 2"},
n=2

and by Theorem 4 we have:

{an (v]arn] + (1 =) lazul) + Bn (v [brul + (L =) b2,n]) }
n=2
=) {an|aru| + B bial} + (1 —7) Y {an |az| + Bn b2}
n=2 n=2

<Y(B-A)+(1—7)(B-A)=B-4,

the function ¢ = yf; +

(1 — 7)f2 belongs to the class S7*(A,B). Hence, the class is convex.
Furthermore, for f € S;‘-*(A,B), |

z| <r, 0 <r <1, wehave:
lIf(z)| <r+ Z (lan] + [bu]) " <7+ Z (an |an| + Bn|bu]) <r+(B—A). (18)
n=2 n=2

Thus, we conclude that the class S7*(A, B) is locally uniformly bounded. By Lemma 3, we only need
to show that it is closed, i.e., if fy € S7(A,B) (k € N)and f; — f, then f € S5 (A, B). Let fyand f
are given by Equations (17) and (14), respectively. Using Theorem 4 we have:

Y. (@ |agu| + B |bku|) <B—A (keN). (19)
n=2



Axioms 2020, 9, 3 8of 11

Since fy — f, we conclude that |a;,| — |a,| and |bkn| — |by| as k — oo (n € N). The sequence
of partial sums {S,} associated with the series Z (& |an| + Bn |bn]) is nondecreasing sequence.
Moreover, by Equation (19) it is bounded by B — A Therefore, the sequence {S, } is convergent and

Y (@n |an| + B |ba]) = lim S, < B— A,

This gives the condition (8), and, in consequence, f € 8;‘—* (A, B), which completes the proof. [J
Theorem 6. We have:
ES7(A,B)={h,: ne€ N}U{gy: n€ {2,3...}},

where,

B-A B-A
h(z) =z hy(z) =z — 2", qu(z) =z +
Xp ,Bn

(n=2,3,..;zel).

z" (20)

Proof. Let0 < a < land g, = af; + (1 —a) fo,where f, f» € S7 (A, B) are given by Equation (17).
Thus, by Equation (8) we get |by,| = |boy| = (B—A)/Bn, and consequently a;; = apr = 0
(ke{2,3...})and byy = by = 0 (k€ {2,3...}\{n}). Thus, g, = fi = f», and, in consequence,
gn € ESF (A, B). In the same way, we prove that the functions , of the form (20) are the extreme
points of the class 7 (A, B). Suppose that f € ES7*(A, B) and f is not of the form (20). Then there
exists k € {2,3,...} such that:

0<|ay] <(B—A)/an or 0< |bx|] < (B—A)/Bu.

If0 < |ag| < (B—A) /oy and

aj | Kk 1
)

then we obtain 0 < a < 1, Iy, ¢ € S}*(A,B), he # ¢, and
f=ah+(1—a)e.
Therefore, f ¢ ES7 (A, B). Similarly, if 0 < [by| < (B — A) /B, and

= P ey = L (- ag),

then we obtain 0 < a <1, g, ¢ € S7*(A, B), gk # ¢ and
f=age+(1-a)¢.
Thus we get f ¢ ES7*(A, B), which completes the proof of Theorem 6. (]

4. Applications

It is clear that if the class:
F={fneH: neN}
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is locally uniformly bounded, then:

w}-_{z')’nfn: 'Yn_lz'YnZO(”eN>}- (21)
n=1 =1

n

Corollary 1.

ﬁﬂ&@Z{ZhwwM@Q:ZMWM@:L&:Q%@EOWGN%, (22)

n=1 n=1

where hy, gy are defined by Equation (20).

Proof. By Theorem 5 and Lemma 1 we have:

S7(A,B) =c0S7 (A, B) = coOEST (A, B).
Thus, by Theorem 6 and Equation (21) we have Equation (22). O
We observe, that the following real-valued functionals are convex and continuous on H:
L(f) = lanl, L(f) = bal, Lf) =1f ()], L{f) =Duf ()| (feH),

and o A
£(f)=(217_[/‘f<rei9)‘7d9) (fEH 0<r<1,9>1).
0

Thus, by using Theorem 6 and Lemma 2 we obtain the following two corollaries.

Corollary 2. If f € 87 (A, B) is a function of the form (14), then:

B—-A B—-A
4 |b1’l|§

n n

|an| <

(n=2,3,...), (23)

with wy, By defined by Equation (9). The result is sharp. The functions hy, gn of the form (20) are the
extremal functions.

Proof. Since For the extremal functions h, and g, we have |a,| = B;nA and |b,| = Bl;nA' Thus,
by Lemma 2 we have Equation (23). O

Example 2. In particular, since % >
3

% the polynomial:

B—A+1
2 Tls

w(z)=z—z = (zeU)
does not belong to the class S3*(A, B).
Corollary 3. Let f € S7(A,B), |z| =r < 1. Then,
r—%r2§|f(z)|§r+21(31__i_2)r2 (24)
and B—A, B—A,
"~ 178’ §|DHf(z)|§r+1+Br. (25)
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The result is sharp. The function hy of the form (20) is the extremal function.

Proof. For the extremal functions h, and g, of the form (20) we have:

B—A, _ B—A ,

< — =
lhn (z)] < r+ P _r+2(1+B)r (n=23...),
B-A B—A
< n 2 :2’3 ,
|ng (Z)| < r+ ,Bn = 2(1+B)r (1’[ )
B—A B—A
> ro ns g 2 (=
|ha (2)] = 7 N 2T 2(1+B)1’ (n=23...),
B—A B—A
gn(z)| = r— B r”zr—mrz (n=23...).

Thus, by Lemma 2 we have Equation (24). Similarly, we prove Equation (25). O

Due to Littlewood [16] we consider the integral means inequalities for functions from the class
S (A, B).
T ’

Lemma 4. [16] Let f,g € A.If f < g, then,

2r 21
/ ‘f(reie)‘WdQ < / ‘g(reie)‘wde 0<r<1,v>0).
0 0

Lemmab5. Let0 <7 <1, v > 0. Then,

a6 < 7/];12 (rel®) ‘ o (n=12--) (26)
and
1 27 y 1 27 y
1 i0 <1 i0 —23,...
27_[/ gn(re )‘ de < 2n/‘h2(1’e )‘ a0 (n=2,3,---), (27)
0 0

where hy, and g, are defined by Equation (20).

Proof. Let 1, and g, are defined by Equation (20) and let §,(z) = z + 842" (n = 2,3, ). Since

h”T(Z) < hZ( ) and g( ) hZ( ) , by Lemma 4 we have:

2 21
/ ‘hn (reia)‘ do < / ‘hz (reia) ‘Vde,
(;n (;n 27

gn(reie)‘7d9 = /
0

which complete the proof. [

2 (reie)‘”de < /‘hz (rei")‘”de,
o

Corollary 4. If f € S7 (A, B) then:

21

%/‘f(reie)‘vdé) < % 7’h2(rei9)‘7d9
0

0
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and
27 27

1 PN 1 ion |7
— <
2n/‘DHf(re )‘ de < 2n/’DHh2(re )‘ ae,
0 0
where v > 1,0 <r < 1and hy is the function defined by Equation (20).

Remark 1. Some new and also well-known results can be obtained by choosing the parameters A, B in the
defined classes of functions (see for example [6-9]). In particular, for A = 20 — 1, B = 1 we have results
obtained by Ahuja and Jahangiri [6] (see also [7,8]), for A = 2b(a — 1) + 1, B = 1 we have results obtained by
Janteng and Halim [9].
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