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Abstract: Since the geometric transformation relationship of similar surfaces with complex features,
such as local deformation and curvature changes, is hard to be solved through global registration,
this paper proposes a method for solving the spatial transformation relationship of similar ruled
surfaces based on registration of divided regions. First, an adaptive region division algorithm is
proposed to divide similar surfaces, and then, an improved registration algorithm is proposed by
adding two constraints which are the curvature feature and differential geometric features of point
clouds. Through this improved registration algorithm, the geometric transformation relationship
of each sub-region can be solved, and then the spatial geometric transformation relationship of the
overall similar surface can be established. Moreover, the improved registration algorithm can ensure
that the differential geometric properties of corresponding points are similar after registration, which
may provide a basis for mapping and reuse of process knowledge between corresponding points
on similar surfaces. Finally, two similar ruled surface blades are taken as examples for simulation
verification, the results show that the maximum registration error of each sub-region is 0.025 mm,
which is within the allowable error range, and the registration speed of the proposed algorithm is
better than the S-ICP algorithm. This proves that the method in this paper is feasible and effective.

Keywords: region division; scaling registration; spatial transformation relationship; similar ruled
surfaces

1. Introduction

The current research on the reuse of CNC (Computer Numerical Control) machining
processes focuses on searching for similar processes or similar cases in the database or
instance library according to the similarity of the geometric shape or topological structure
of the parts and realizing the reuse of process knowledge through inheritance or modi-
fication [1]. However, the above methods ignore the close relationship between the 3D
geometry of the parts and the CNC machining process of process knowledge reuse [2],
which leads to the mismatch between the reused similar process knowledge and the CNC
machining process of similar parts. This situation is particularly serious on complex sur-
faces due to their complex shape and structure [3], the similar processing techniques such as
machining methods; cutting conditions [4] and tool parameters [5] obtained through model
retrieval [6] cannot be completely copied to the CNC machining of similar surface parts.
Therefore, in order to accurately and effectively realize the reuse of process knowledge
between similar free-form surface parts, after obtaining the similar process of free-form
surface parts, it is important to study the internal mathematical relationship between sim-
ilar free-form surface parts and reveal the spatial geometric transformation relationship
between free-form surface parts; only by this way, the reuse of machining knowledge be-
tween similar free-form surface parts can be realized. At present, the spatial transformation
relationship between similar surfaces is roughly divided into rigid transformation and
non-rigid transformation. In order to solve the rigid transformation relationship between
similar surfaces, Thompson et al. [7] transformed the transformation relationship between
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surfaces into a mathematical least square problem and obtained a rigid transformation
matrix between surfaces through iterative method, but the obtained transformation matrix
was not the optimal solution of the least square problem. In [8], Horn et al. proposed the
quaternion method for the above problems, and successfully solved the problem of solving
the rigid transformation matrix based on least-squares principle, but there are problems
such as complex calculation and low precision. Besl and Mckay [9] proposed the iterative
closest point (ICP) algorithm, which searches the nearest corresponding point on the point
cloud of the two surfaces and matches it to obtain the transformation matrix. At present, it
is still a widely used method to solve the surface transformation relationship. However,
the algorithm has high requirements on the initial positions of the two surfaces, and it
has a large amount of calculation, so many scholars have optimized and improved it. For
example, Yao et al. [10] simplified point cloud data and improved registration efficiency
by introducing curvature feature similarity into point cloud registration. Xu [11] and Li
et al. [12] improved the ICP algorithm by combining the Random Sample Consistency
(RANSAC) algorithm, so the problem of low accuracy and poor robustness when registering
large point clouds by traditional methods were solved. However, when the point cloud has
noise and low overlap rate, the point cloud registration result is difficult to guarantee [13].
Lu et al. [14] applied multiple constraints such as curvature and distance to the point cloud
for accurate registration, which solved the registration problem of similar surfaces with
low feature recognition. Yu et al. [15] proposed a new registration pipeline that focuses on
object-level alignment, thus overcoming the difficulty of point cloud registration with low
overlap rates. However, the above algorithms cannot solve the case that two surfaces have
different scales. In order to solve the problem of non-rigid transformation between similar
surfaces, Du et al. [16] put forward the S-ICP algorithm, this algorithm can register point
clouds with different scales. Wang [17] and Shu et al. [18] proposed a multi-directional
affine registration algorithm, which can register the 3D point cloud of multi-directional
affine transformation, so as to solve the scale parameters between similar surfaces.

The solution methods for the above spatial transformation relationships are based on
the idea of overall registration; however, when there are complex flexible transformations
such as local deformation or overall curvature changes between similar surfaces, traditional
registration algorithms cannot perform good registration of similar surfaces [19]. Therefore,
in order to solve the spatial geometric transformation relationship between such similar
surfaces, this paper proposes a method for solving the spatial transformation relationship
based on registration of divided regions. Taking two similar ruled surface blade parts with
complex transformation features as an example, first, the adaptive region division algorithm
is used to segment similar surfaces. Before registering each sub-region, the point cloud is
screened by the curvature similarity between the point pairs, and then the S-ICP algorithm
is used for accurate registration to solve the geometric transformation relationship of each
sub-region. Therefore, the overall spatial transformation relationship of similar surfaces
can be established through the geometric transformation relationship of each sub-region.
Finally, the local coordinate system of the point cloud is defined, and the point pairs after
S-ICP registration are screened by imposing range constraints on the rotational deviation
of the local coordinate system, so as to ensure that the differential geometric properties
between the corresponding points are similar, it provides the possibility for the subsequent
realization of the mapping and reuse of process knowledge between corresponding points.

2. Description of Spatial Transformation Relationship

If a surface can be transformed into another surface with similar geometric shape
through scaling, rotation, and translation transformation, it can be described that the
two surfaces are similar [20].This spatial transformation relationship can be called affine
transformation, in which scaling transformation can be divided into uniform scaling and
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non-uniform scaling [21]. The scaling transformation matrix S can be represented by three
scaling components sx, sy, and sz of the coordinate axis as:

S =

 sx
sy

sz

 (1)

where sx > 0, sy > 0, sz > 0, when sx= sy = sz is uniform scaling.
The rotation matrix R is generally represented by three rotation variables α, β, γ around

the three-coordinate axis, that is:

R = Rz(α) · Ry(β) · Rx(γ)

=

 cos γ − sin γ 0
sin γ cos γ 0

0 0 1

 ·
 cos β 0 sin β

0 1 0
− sin β 0 cos β

 ·
 1 0 0

0 cos α − sin α
0 sin α cos α


=

 cos β cos γ sin α sin β cos γ− cos α sin γ cos α sin β cos γ + sin α sin γ
cos β sin γ sin α sin β sin γ + cos α cos γ cos α sin β sin γ− sin α cos γ
− sin β sin α cos β cos α cos β

 (2)

where α, β, γ ∈ (−π, π], R∆(θ) is expressed as a rotation transformation matrix that rotates
the θ angle counterclockwise around the ∆ axis.

The translation vector T can be represented by the 3 translation components tx, ty, tz
along the coordinate axis as:

T =

tx
ty
tz

 (3)

It can be seen from the above that the spatial geometric transformation relationship
between two similar surfaces can be established by three variables: scaling S, rotation R,
and translation T. Supposing that the coordinate points (x, y, z) on the surface s are affine
transformation into the coordinate points (x′, y′, z′) on the corresponding surface s’, the
three-dimensional Euclidean space affine transformation can be obtained:x′

y′

z′

 = SR

x
y
z

+ T (4)

Not all spatial transformation relationships of similar free-form surfaces can be ex-
pressed by the above affine transformation matrix. When there are local deformations,
surface twists, and overall curvature changes between two similar surfaces, it is generally
difficult to use a simple display function mapping relationship to represent the overall
transformation relationship. Therefore, in order to solve the spatial transformation relation-
ships of such similar surfaces, the whole surface is divided into several regions according
to the curvature characteristics of the surface in this paper, and then each sub-region is
registered to solve the spatial geometric transformation relationship mi of each sub-region,
so that the spatial geometric transformation relationship m = {m1, m2, m3, . . . , mn} of the
entire similar surface can be established, which according to the geometric transformation
relationship mi of each sub-region.

3. Solving the Spatial Transformation Relation

The proposed method in this paper for solving the spatial transformation relationship
of similar surfaces is divided into four parts: adaptive region division, curvature charac-
teristic constraints, point cloud registration to solve transformation parameters, and local
coordinate system constraints. The main idea is to use adaptive region division algorithm
to segment similar surfaces that cannot be registered directly, and then each sub region
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is registered after region division. Before each sub region is registered, the wrong point
pairs are preliminarily screened through curvature similarity judgment, and then the S-ICP
algorithm is used to register the point cloud; the geometric transformation relationship of
each sub-region can be solved. Therefore, the overall spatial transformation relationship
of similar surfaces can be established through the transformation relationship of each
sub-region. Finally, the point pairs after registration are further screened by constraining
the rotational deviation of the local coordinate system between the corresponding points,
so as to ensure that the differential geometric properties between the corresponding points
are similar.

3.1. Adaptive Region Division Algorithm for Similar Surfaces

For the division of surfaces, the parameters of the surface should first be selected
as the basis for division [22]. Because the curvature is independent of the position, size,
and posture of the free-form surface, the curvature is selected as the parameter for the
division of similar surfaces. However, due to the differences between similar surfaces
such as local deformation and overall curvature inconsistency, the method of dividing
the surface by the curvature of each point on the surface can only reflect the respective
differential geometric properties of similar surfaces, so the corresponding regions between
similar surfaces still have the problem of inconsistency in the size of curvature and degree
of deformation, which leads to the registration effect is still unsatisfactory. Therefore, the
curvature mutation points on the boundary are used to divide the surfaces in this paper, so
as to better reflect the curvature characteristics on the surfaces. It can also ensure that the
curvature characteristics of the corresponding sub regions after segmentation are as similar
as possible, so as to achieve good registration between corresponding regions.

Given two similar surfaces P and P′, extract all feature points on the boundaries of
surfaces P and P′, then record them as feature point sets Z= {z i|zi ∈ R, i = 1, 2, . . . , n} and
Z′= {z j′|zj′ ∈ R, j = 1, 2, . . . , m}, respectively. Using the moving least squares method [23]
to solve the maximum principal curvature k1(zi) and the minimum principal curvature
k2(zi) of each feature point zi in the point sets Z, where k1(zi) and k2(zi) represent the
maximum and minimum bending degrees at the feature point, respectively; therefore, the
curvature characteristic parameter is defined as [24]:

ξ(zi) =
1
2
− 1

π
arctan

k1(zi) + k2(zi)

k1(zi) + k2(zi)
(5)

According to the definition of Equation (5), two criteria for judging whether zi is
characteristic point of curvature mutation are obtained:

ξ(zi) > max[ξ(zi,1), ξ(zi,2), . . . , ξ(zi,j)] (6)

ξ(zi) < min[ξ(zi,1), ξ(zi,2), . . . , ξ(zi,j)] (7)

where ξ(zi,j) is the curvature characteristic parameter of the adjacent feature points of
point zi. If Equation (6) is satisfied, then zi is considered as the boundary convex point; if
Equation (7) is satisfied, then zi is considered as the boundary concave point. If one of the
two is satisfied, then zi is regarded as the boundary curvature mutation point, and stored
in the boundary curvature mutation pointset C, and record the u, v parameter values of
each boundary curvature mutation point as {u ci

, vci

}
, where u, v ∈ [0, 1]. As shown in

Figure 1a, the distribution of surface boundary curvature mutation point can reflect the
local deformation of the surface and the change of the curvature. Therefore, the surface P
can be divided by connecting the boundary points. However, due to the large number of
curvature mutation points, it is necessary to select appropriate curvature mutation points
to divide the surface. The principle of selection is that the characteristic points with similar
u or v values on both sides of the surface, which are called “boundary points”. As shown
in Figure 1b, the red point is the final selected “boundary point”, and the line connecting
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the boundary point is called the “boundary line”. In order to ensure that the boundary line
can reflect the curvature characteristics of the surface, and the region division can be better
realized, the corresponding boundary points are connected by fitting curve in this paper.
As shown in Figure 1c, because the u and v values of the corresponding boundary points
at both ends of the surface are different, in order to make the boundary lines as smooth
as possible, the isoparametric method is used to divide u direction or v direction in this
paper, and then used the fit curve to connect the two corresponding boundary points to
divide the surface. At the same time, in order to ensure that the regions between similar
surfaces can be registered correspondingly, the number of sub regions divided by surface P
and similar surface P′ should be consistent. Therefore, in the feature point sets Z′, find the
feature points with the same u, v parameter values as the points in the boundary curvature
mutation points sets C, record them as the boundary curvature mutation points of the
surface P′ and store them in the boundary curvature mutation points sets C′, then use them
to divide the similar surface P′.
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Figure 1. Selection of boundary points and region division of surfaces: (a) distribution of abrupt
curvature points, (b) selection of boundary points, (c) surface region division.

From what is discussed above, the whole adaptive region partition algorithm is
reasonably drawn out as follows.

Step 1. Extract all feature points on the boundaries of surfaces P and P′, then record
them as feature point sets Z= {z i|zi ∈ R, i = 1, 2, . . . , n} and Z′= {z j′|zj′ ∈ R, j = 1, 2, . . . , m},
respectively.

Step 2. Compute k1(zi) and k2(zi) of each point in the point sets Z, and compute ξ(zi)
according to Equation (5).

Step 3. Determine whether zi is a boundary curvature mutation point by Equations (6)
and (7), and store it in the boundary curvature mutation point sets C.

Step 4. Connect the boundary points to divide the surface P and output each division
region Sp = {p 1, p2, . . . . . . , pn

}
.

Step 5. Establish the boundary curvature mutation point set C′ of the surface P′

according to the boundary curvature mutation point sets C, repeat the step to divide the
surface P′, output each division region Sp′ = {p 1′, p2′, . . . . . . , pn ′}.

3.2. Similarity Judgment of Differential Geometric Properties
3.2.1. Curvature Property Constraints

Due to the high data density of the extracted similar surface point clouds, there may
be a large number of redundant points, which seriously affects the efficiency of subsequent
algorithms. Therefore, before registering point clouds, the number of point clouds should
be screened according to certain requirements. Since curvature is a feature that does not
change with translation, rotation, and scaling transformations, the point cloud can be
preliminary screened by the curvature feature to remove the wrong point pairs.

Given two point sets pi= {q pi,x
|qpi ,x

∈ R,x= 1, 2, . . . , N} and pi′ = {q pi′,y
|qpi ′,y

∈
R,y= 1, 2, . . . , M}, which are the corresponding regional point sets in two similar surfaces,
first, calculate the principal curvature k1(qpi,x

), k2(qpi ,x
), and k1(qpi ′,y

), k2(qpi ′,y
) of each

point in the point cloud sets pi and pi′. Then, for each point in the point set pi, find the
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corresponding point with similar curvature characteristics in its corresponding point set
pi′. Therefore, the similarity judgment criterion of curvature is expressed as follows [25]:

k1(qpi,x
)−k1(qpi ′,y

)

k1(qpi,x
)+k1(qpi ′,y

)
< α1

k2(qpi ,x)−k2(qpi ′,y
)

k2(qpi ,x)+k2(qpi ′,y
)
< α2

(8)

where α1, α2 are the curvature similarity thresholds, and only when the above two criteria
are met, the curvature characteristics of point pairs are similar. Further, extract the point
pairs that meet the judgment criteria of curvature similarity according to Equation (8), and
store them in the corresponding point sets Upi

and Upi′. The point cloud registration of
each corresponding point set Upi

and Upi′ is carried out through the S-ICP algorithm, so
as the geometric transformation relationship mi= {S i, Ri, Ti}, i = 1, 2, . . . , n between each
corresponding region can be solved.

3.2.2. Local Coordinate System Property Constraints

Whether the differential geometric properties of corresponding points between similar
surfaces are similar is the basis for realizing process knowledge mapping and reuse between
corresponding points, screening only by the curvature property of the corresponding points
does not guarantee that the differential geometric properties of the corresponding points
after registration are similar. Therefore, it is necessary to further screen the corresponding
points after registration, and the normal vector and the tangent vector are important
attributes to measure whether the differential geometric properties of corresponding points
are similar. However, if only one of these variables is used to filter the point cloud, a point
may have many corresponding points with similar differential geometric characteristics.
Therefore, the normal vector, tangent vector and their vector product are combined to
build the local coordinate system of the point cloud in this paper, and the corresponding
points after S-ICP registration are further screened to ensure that the differential geometric
properties between the corresponding points are similar.

Suppose Ou is any point in the corresponding point cloud set Upi
, ex is the unit normal

vector of the point, ey is the unit tangent vector, so its vector product is ez = ex × ey. As
shown in Figure 2a, take Ou as the origin of the coordinate, and let the directions of ex, ey, ez
be the xu, yu, zu axes, respectively, to establish the local coordinate system Ou−xuyuzu of the
point. Similarly, construct the local coordinate system Ou′−xu′yu′zu′ of its corresponding
point Ou′ in the corresponding point set Upi′, where Fi is the tangent plane of the point. As
shown in Figure 2b, in order to facilitate the observation of the rotation deviation of each
axis of the corresponding point, the corresponding point is converted to the same coordinate
system, so the rotation deviation angle θ1, θ2, θ3 of the normal vector, tangent vector, and
vector product between the corresponding points can be calculated by Equation (9):

cos θi =

→
a ·
→
b

|→a |·|
→
b |

, θi = arccos

 →
a ·
→
b

|→a |·|
→
b |

 (9)

Point pairs are further matched by changing the minimum distance measure between
corresponding points to the minimum included angle measure. First, constraints are
imposed on the rotational deviation of each axis, and then a weight factor is introduced to
give different weights to the rotational deviations of each axis to further constrain the sum
of the rotational deviations of the overall local coordinate system, so as to screen out the
corresponding points with similar differential geometry. Since the normal vector can be
used to describe the direction of the local surface and is an important feature of the surface
geometry [26], it is necessary to ensure that the weight of the normal vector is relatively
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large. Therefore, the rotational deviation measurement formula of the local coordinate
system given in this paper is as follows:

ω = ω(θ1, θ2, θ3) =


θ1 ≤ δ1
θ2 ≤ δ2
θ3 ≤ δ3(

1
2 θ1 +

1
4 θ2 +

1
4 θ3

)
≤ δ4

(10)

where δi is the rotational deviation threshold, and the point pairs that satisfy the constraints
of each axis in Equation (10) at the same time are extracted to form the corresponding
point sets with similar differential geometric properties. This method can effectively
filter out the corresponding points with dissimilar differential geometric characteristics
in the corresponding point clouds after registration. It provides the possibility of reusing
machining process knowledge between corresponding points of similar surfaces.
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3.3. Region Registration Algorithm for Similar Surfaces

As shown in Figure 3, the point cloud registration algorithm based on region division
can be reasonably obtained from the above discussion:

Step 1. Use the adaptive region division algorithm to segment similar surfaces, and
denote the divided regions as Sp = {p 1, p2, . . . . . . , pn

}
and Sp′ = {p 1′, p2′, . . . . . . , pn ′}

Step 2. Randomly select a regional point cloud sets pi= {q pi,x
|qpi ,x

∈ R,x= 1, 2, . . . , N}
from SP, and select its corresponding regional point cloud sets pi′ = {q pi′,y

|qpi ′,y
∈ R,

y = 1, 2, . . . , M} in SP′.
Step 3. Calculate the principal curvature of each point in the point cloud sets pi and pi′.
Step 4. Extract point pairs with similar curvature characteristics by Equation (8) and

store them in corresponding point sets Upi
and Upi′.

Step 5. Input Upi
and Upi′, and solve the geometric transformation parameter

mi= {S i, Ri, Ti} of this region by S-ICP algorithm.
Step 6. The point pairs after registration are further filtered by Formula (10) to extract

corresponding points with similar differential geometric characteristics.
Step 7. Repeat steps 3–7 for point sets pi and pi′ in other regions to solve the mi of

each sub-region.
Step 8. the overall spatial transformation relationship M = {m1, m2, m3, . . . , mn} of

similar surfaces can be established.
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4. Experimental Design and Results

To prove the feasibility and effectiveness of the method proposed in this paper, similar
blades of ruled surface were used for registration verification. The simulation was based on
MATLAB 2020a, whose environment was configured for a 3.3 GHz CPU with 8 GB RAM.
The root mean square error (RMSE) is applied to evaluate the error of the registration, the
RMSE can be expressed as [16]:

RMS =

 1
N

N

∑
x=1

∥∥∥SRqpi,x + T − qp′i ,ck(x)

∥∥∥2

2

 1
2

(11)

4.1. Similar Surface Region Division

Figure 4 shows an example of two similar ruled surface blades P and P′ for comparative
analysis. The length and width of blade P are 107.06 mm and 68.67 mm, respectively. The
length and width of blade P′ are 79.42 mm and 53.27 mm, respectively. Blade P′ is the
complex flexible transformation blade of P. The upper left position of the two blades shown
in Figure 4a has significant bending deformation, and the overall curvature of the two
blades shown in Figure 4b,c is obviously different. Therefore, it can be proven that the two
similar blades selected in this paper have complex flexible transformation.
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Figure 4. Three-dimensional model of two similar blades: (a) local deformation of similar blades,
(b) vertical view of similar blades, (c) side view of similar blades.

The initial state of the point cloud model of two similar blades is shown in Figure 5a,
and the results by applying the traditional registration method is shown in Figure 5b. It can
be obvious seen that although the registration of blade on size is correct, the overall surface
registration is still poor. This is because the registration accuracy of traditional methods
is affected by the overall curvature and local deformation of the blades, and the greater
the difference of blade, the lower the accuracy of registration. Therefore, the traditional
global registration method is difficult to solve the registration problem of similar surfaces
obtained from complex flexible transformations.
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In order to solve the above-mentioned phenomenon of poor registration, an adaptive
region division algorithm is proposed in this paper for region division of similar surfaces.
As show in Figure 6a, first, the abrupt curvature points of the surface boundary were found
through the algorithm; it can be seen that the abrupt curvature points are distributed at
the obvious curvature change of the surface boundary, which can closely reflect curvature
changes and local deformation. Then, the curvature mutation points with approximate
u or v values on both sides of the blade as the boundary points were selected, as shown
in Figure 6b; the red abrupt curvature points are called the boundary points. Finally, the
fitting curve was used to connect the corresponding boundary points to complete the
region division of blade P′. It can be seen from Figure 6c that the adaptive region division
algorithm can achieve a good segmentation effect for the local deformation and obvious
curvature changes of blade P′.
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After the blade P′ completes the region division, the adaptive region division algorithm
is used to divide the region of blade P, and the result is shown in Figure 7. the boundary
point on blade P has the same value of u and v parameters as the boundary points on blade
P′. It can be seen that blade P is also divided into 20 sub regions. The shape and curvature
of the corresponding sub regions of blade P and P′ are relatively similar, which provides a
good initial condition for accurate registration between the corresponding regions.
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4.2. Point Cloud Registration for Each Sub-Region

After each sub-region is divided, the S-ICP algorithm is used to register the point
cloud of each sub-region to solve the geometric transformation relationship, and the
corresponding regions p1 and p1′ are taken as examples in this paper. The registration
result is shown in Figure 8a; it can be seen that the registration results of the divided regions
are greatly improved compared with the overall registration results, and a good registration
effect can be basically achieved. However, because point pairs with dissimilar curvature
characteristics and differential geometric properties are not screened, there are many point
pairs with inconsistent curvature at the diagonal positions that cannot be completely
coincident, and there are also many corresponding points at the edges with different
differential geometric properties. Figure 8b shows the registration result of the algorithm
in this paper, due to the curvature characteristics and differential geometric properties of
point pairs have been filtered, it can be seen from the figure that the registration effect of
the method in this paper is generally better than the S-ICP algorithm, the areas that cannot
be fitted due to inconsistent curvature become smaller, and the point pairs with dissimilar
differential geometric properties at the edge of the surface are significantly reduced.



Machines 2022, 10, 956 11 of 15

Machines 2022, 10, 956 11 of 15 
 

 

4.2. Point Cloud Registration for Each Sub-Region 
After each sub-region is divided, the S-ICP algorithm is used to register the point 

cloud of each sub-region to solve the geometric transformation relationship, and the cor-
responding regions p1 and p1′ are taken as examples in this paper. The registration result 
is shown in Figure 8a; it can be seen that the registration results of the divided regions are 
greatly improved compared with the overall registration results, and a good registration 
effect can be basically achieved. However, because point pairs with dissimilar curvature 
characteristics and differential geometric properties are not screened, there are many 
point pairs with inconsistent curvature at the diagonal positions that cannot be completely 
coincident, and there are also many corresponding points at the edges with different dif-
ferential geometric properties. Figure 8b shows the registration result of the algorithm in 
this paper, due to the curvature characteristics and differential geometric properties of 
point pairs have been filtered, it can be seen from the figure that the registration effect of 
the method in this paper is generally better than the S-ICP algorithm, the areas that cannot 
be fitted due to inconsistent curvature become smaller, and the point pairs with dissimilar 
differential geometric properties at the edge of the surface are significantly reduced. 

 
Figure 8. Point cloud registration effect comparison: (a) S-ICP algorithm, (b) region-registration al-
gorithm. 

It can be seen from Table 1 that the geometric transformation parameters between 
regions solved by the two methods are relatively close, the registration time of the method 
in this paper is reduced from 40.7 s to 30.5 s compared with the S-ICP algorithm, and the 
root mean square error is also reduced. This shows that this paper provides a good initial 
environment for precise registration by screening point pairs with large differences in cur-
vature characteristics, which can effectively reduce the registration time and improve reg-
istration accuracy. At the same time, the differential geometric properties of the corre-
sponding points can be ensured to be similar after the differential geometric properties of 
the point pairs are screened. 

Table 1. Comparing the registration results of the two methods. 

Method Scale Rotation Translation Time/s RMES/mm 

S-ICP 
algorithm 

diag(0.753,0.766,0.754) 
0.9674 0.0418 0.2498
0.0530 0.9309 0.3613
0.2477 0.3646 0.8984

−
−

 
(29.22,20.86,92.10)  40.7 0.0564 

Region-
registration 
algorithm 

diag(0.752,0.762,0.751) 
0.9796 0.0540 0.1958
0.1206 0.9284 0.3482
0.1632 0.3646 0.9167

−
−

−

 
(29.67,20.63,92.22)  30.5 0.0354 

Figure 9 shows the registration results of the algorithm in this paper for each sub-
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good, and there is no result that cannot be registered due to local deformation and curva-
ture difference between regions. Even in the p1 area with the largest bending deformation, 

Figure 8. Point cloud registration effect comparison: (a) S-ICP algorithm, (b) region-registration
algorithm.

It can be seen from Table 1 that the geometric transformation parameters between
regions solved by the two methods are relatively close, the registration time of the method
in this paper is reduced from 40.7 s to 30.5 s compared with the S-ICP algorithm, and
the root mean square error is also reduced. This shows that this paper provides a good
initial environment for precise registration by screening point pairs with large differences
in curvature characteristics, which can effectively reduce the registration time and improve
registration accuracy. At the same time, the differential geometric properties of the corre-
sponding points can be ensured to be similar after the differential geometric properties of
the point pairs are screened.

Table 1. Comparing the registration results of the two methods.

Method Scale Rotation Translation Time/s RMES/mm

S-ICP
algorithm diag(0.753,0.766,0.754)

0.9674 0.0418 0.2498
0.0530 0.9309 −0.3613
−0.2477 0.3646 0.8984

(29.22,20.86,92.10) 40.7 0.0564

Region-registration
algorithm diag(0.752,0.762,0.751)

0.9796 −0.0540 0.1958
0.1206 0.9284 −0.3482
−0.1632 0.3646 0.9167

(29.67,20.63,92.22) 30.5 0.0354

Figure 9 shows the registration results of the algorithm in this paper for each sub-
region between similar surfaces. It can be seen that the registration effect of each region is
good, and there is no result that cannot be registered due to local deformation and curvature
difference between regions. Even in the p1 area with the largest bending deformation, the
overall registration effect is still good except for a few edges that cannot be fitted, this also
proves the effectiveness of the algorithm in this paper.
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The registration time and RMSE of the two methods for each sub-region are shown in
Figures 10 and 11. It can be seen from the figure that the maximum RMSE of each region
registered by the algorithm in this paper is 2.52× 10−2mm, and the RMSE of other regions
fluctuates in 5× 10−3mm.The actual registration errors are all within the allowable error
range σ ≤ 0.1mm, this indirectly indicates that the geometric transformation relationship
of each corresponding region solved by the method in this paper is relatively accurate. At
the same time, since the reduction of the number of point pairs by screening out some
wrong point pairs, the registration time of the method in this paper is significantly reduced
compared with the SICP algorithm. Moreover, because point pairs with large differences in
curvature characteristics and differential geometric properties are filtered out, the RMSE is
also reduced.
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As shown in Figure 12, in order to verify that the overall spatial transformation
relationship M = {m1, m2, m3, . . . , m20} of similar surfaces can be established by solving
the geometric transformation relationship mi of each sub-region, the corresponding regions
after registration are formed into an overall surface for analysis. It can be seen from
Figure 12a that the entire surface formed by each region have a good overall fit, and there is
no overlapping of each sub-region and no deformation of the entire surface. It can be seen
from Figure 12b that due to point clouds having been filtered through differential geometric
properties, the overall similar surfaces can be well fitted where the curvature changes and
distortions are large, and the corresponding points can be accurately matched. There is no
situation that the overall similar surfaces are still difficult to coincide after registration as in
Figure 5. Therefore, the geometric transformation relationship M = {m1, m2, m3, . . . , m20}
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between the overall similar surfaces can be composed of the transformation relationship
mi of each sub-region. This proves that the method of region registration in this paper can
effectively solve the overall spatial transformation relationship of similar surfaces with
complex transformations.
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5. Conclusions

A method for solving the spatial transformation relationship of similar ruled surfaces
is proposed based on registration of divided regions in this paper, which can solve the
geometric transformation relationship between similar surfaces with complex flexible
transformations such as local deformation or curvature changes. The main contributions
can be summarized as follows:

1. An adaptive region division algorithm is proposed to accurately divide the complex
surfaces by finding curvature mutation points on the surface boundary. This region
division algorithm can ensure that the corresponding regions between similar surfaces
are similar in shape, and have the same number, which provides the possibility for
the subsequent point cloud registration of each sub-region.

2. The traditional S-ICP algorithm is improved by introducing the similarity judgment
of curvature characteristics and differential geometry properties, and the registration
efficiency and accuracy are improved. Moreover, the improved S-ICP algorithm can
ensure that the differential geometric properties between corresponding points are
similar after registration, which provides a basis for mapping and reuse of process
knowledge between corresponding points on similar surfaces.

3. The calculation results show that the method proposed in this paper can effectively
complete the registration of each sub-region and solve the spatial transformation
relationship. Compared with the traditional S-ICP algorithm, the registration accuracy
of the proposed method is improved, and the registration time of each sub-region is
reduced by about 20%. In addition, the simulation results show that the registration
effect of the overall surface which is formed by each sub-region after registration is also
very good, it can achieve a better fit even in the area of local deformation or curvature
changes. It is proven that the proposed method in this paper is suitable for the
situation that it is difficult to solve the spatial geometric transformation relationship
of similar surfaces with complex transformation through global registration.

However, the method in this paper cannot solve the numerical value of curvature
change and torque deformation between similar surfaces, and when the degree of curvature
changes or torque deformation between similar surfaces is too large, it is difficult to achieve
accuracy in the final registration result, so it is also an important research direction of our
future work.
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