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Abstract: Vectored thrusters can significantly improve the maneuverability of underwater vehicles.
However, due to the harsh underwater environment and severe working conditions, the thrust-
vectoring device needs to be designed with high stiffness and high reliability. In this paper, a
3-degree-of-freedom (3-DOF) 3-PPS parallel mechanism is employed for the 2-DOF thrust-vectoring
device, which has the advantages of high stiffness and a certain level of fault tolerance. The stiffness
of the 3-PPS parallel mechanism is enhanced through employing additional passive prismatic joints.
Based on the zero-torsion characteristics of the parallel mechanism, closed-form solutions are obtained
for displacement analyses, and the orientation workspace of the moving platform under an actuation
failure, i.e., one of the active prismatic joints is locked, is particularly investigated through an equi-
volumetric partition method. To analyze the orientation workspace distribution under the actuation
failure, the fault-tolerant workspace and the maximum inscribed workspace are defined. Furthermore,
a new fault-tolerant index is proposed to evaluate the fault tolerance of the parallel mechanism. The
proposed design analysis is validated through experiments on an engineering prototype of the
parallel mechanism.

Keywords: underwater vectored thrusters; design analysis; 3-PPS parallel mechanism; stiffness
enhancement; fault-tolerant workspace

1. Introduction

Underwater vehicles have been extensively employed in ocean engineering, such as
oceanographic exploration [1,2], offshore gas extraction [3], and deep water mining [4]. Ow-
ing to the harsh underwater environments and severe working conditions, the underwater
vehicle needs to be designed with high maneuverability and high reliability. Therefore, the
design of the vector propulsion system becomes crucial for the underwater vehicle.

To improve the motion performance of underwater vehicles, there are mainly two
approaches, i.e., a vector water-jet propulsion system [5,6] and vector propulsion system
based on a propeller [7,8], to realize vector propulsion. However, the complex mechanical
structure of the vector water jet propulsion reduces the system’s reliability [9]. In compar-
ison, the vector propulsion system based on the propeller not only has the priorities of
flexible assemble mode and high propulsion efficiency, but also maintains high maneuver-
ability and a certain reliability [10,11]. Thus, the vector propulsion system based on the
propeller is a more suitable option to improve the motion performance of the underwater
vehicles in common applications.
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As the underwater vector propulsion system based on the propeller involves the
change of thrust direction, it can be classified into two mainstream schemes, i.e., a multiple
thruster system [12,13] and a vectored thruster based on a parallel mechanism [14,15], to
achieve a thrust-vectoring device. Although the multiple thruster system provide a certain
flexibility and reliability for the underwater vehicle, its disadvantages also restrict the
performance of the underwater vehicle, such as distributed architecture and bad hydrody-
namical performance [16]. In contrast, the vectored thruster based on a parallel mechanism
not only has a compact structure to improve the vehicle’s hydrodynamic performance, but
also possesses high stiffness and rapid dynamic response to raise the vehicle’s maneuver-
ability [17,18]. On the other hand, through kinematic redundancy [19–21] or employing
a backup active joint in each limb [22], the reliability of the parallel mechanism can be
improved. In comparison, the kinematically redundant parallel mechanism has a more
compact structure and a higher utilization rate of active joints. In light of this consideration,
the m-degree-of-freedom (m-DOF) parallel mechanisms have been extensively employed
to ensure that the desired tasks in an (m-1)-DOF task-space can be still accomplished, even
if one of the actuators fails [23,24]. Therefore, for the underwater vehicle, the underwater
vectored thruster based on a parallel mechanism is able to achieve high reliability, and
obtain high maneuverability through regulating the thrust direction.

As the change of the thrust direction is usually in the 2-DOF task-space, the m-DOF
(m ≥ 2) parallel mechanism is used as an underwater thrust-vectoring device. The 6-
DOF Stewart-Gough platform used as a thrust-vectoring device has been applied in an
underwater robot called REMO I, but the additional 4-DOF reduces its manufacturing
economy and increases its system complexity [25]. To address these problems, the 3-
DOF parallel mechanism is a priority candidate. Cavallo et al. [15] first proposed the
conceptual vectored thruster based on a 3-RRR spherical parallel mechanism. A 3SPS-S
parallel mechanism [14] and a 3-RPS parallel mechanism [26] have also been employed as
the thrust-vectoring device. However, due to the long distance between the base and the
moving platform, the stiffness of these mechanisms still needs to be improved in practice.
Moreover, the above research did not study the fault tolerance of parallel mechanism
thoroughly; in particular, the fault-tolerant criteria based on the workspace under an
actuation failure is not yet clarified.

This paper focuses on the stiffness-enhancement design and fault tolerance measure-
ment issues of a 3-DOF parallel mechanism for the 2-DOF thrust-vectoring device in an
underwater thruster. Through employing additional linear guides for the passive prismatic
joints based on a traditional 3-PPS parallel mechanism adopted in [17], a stiffness-enhanced
3-PPS parallel mechanism is presented to reduce the distance from the base to the mov-
ing platform, so as to increase the stiffness and the orientation accuracy of the parallel
mechanism. In addition, to analyze the orientation workspace distribution under an actua-
tion failure, a fault-tolerant workspace (FTW) [27] and a maximum inscribed workspace
(MIW) [28] are generated by an equi-volumetric partition method, and a fault-tolerant
index (FTI) based on the MIW is proposed to evaluate the fault tolerance of the 3-PPS
parallel mechanism.

The workflow of this paper is shown in Figure 1. According to the workflow, the
remainder of this paper is organized as follows: In Section 2, the rationality of selecting
a 3-PPS parallel mechanism are elaborated, and closed-form linear solutions for both
forward and inverse displacement analyses are deduced under a single actuation failure. In
Section 3, the orientation workspace distribution is addressed through an equi-volumetric
method, and a fault-tolerant index is proposed to evaluate the fault tolerance of the 3-PPS
parallel mechanism. Moreover, the minimum stroke of all limbs is determined for the
parallel mechanism. In Section 4, a prototype is fabricated to validate the design analysis
by experiments. The conclusions and future work are arranged in Section 5.
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Figure 1. The workflow chart of this paper.

2. Configuration Design and Displacement Analysis
2.1. Stiffness Enhancement Design of a 3-PPS Parallel Mechanism for Underwater
Vectored Thrusters

To meet the requirements of high stiffness and long mean-time-to-failure, the 3-DOF
symmetric 3-limbed parallel mechanisms are considered to be the ideal candidate for the
2-DOF thrust-vectoring device design. Among all 3-DOF symmetric 3-limbed parallel
mechanisms, a class of 3-[XX]S (“X” stands for either a Prismatic joint or a Revolute
joint) parallel mechanisms with zero-torsion motion characteristic contains 3-RRS, 3-RRS,
3-RPS, 3-PRS, and 3-PPS parallel mechanisms [29]. Although they have been widely
employed attributing their inherent advantages of high accuracy and low inertia, they are
still required to possess extremely high stiffness in practical applications [30]. Herrero
et al. [31] demonstrated that the stiffness of parallel manipulators can be improved by
decreasing the distance between the moving platform and the base. In comparison, the 3-
PPS parallel mechanism can achieve higher stiffness by adding additional linear guides for
the passive prismatic joints, which does not increase its manufacture difficulty. Therefore,
the stiffness-enhanced 3-PPS parallel mechanism with zero-torsion motion is a more suitable
candidate for the 2-DOF thrust-vectoring device design.

As shown in Figure 2, the proposed stiffness-enhanced 3-PPS parallel mechanism
configuration consists of a center base, three identical PPS limbs, and a moving platform.
Three identical limbs are placed apart 2π/3 to have a symmetric design. The first prismatic
joint in each limb is passive and used to connect the corresponding limb and the base. The
second prismatic joint in each limb is selected as the active joint employed a linear actuator
with self-locking functions, and is perpendicular to base. The spherical joints attached in
the moving platform connect the corresponding limb and the moving platform.

Compared with the traditional 3-PPS parallel mechanism, a center base with redun-
dant passive prismatic joints is added in the new design, which significantly shorten
the distance Lt between the moving platform and the base without changing the kine-
matic characteristics. Furthermore, through adjusting the distance among Ai1, Ai2, and
Ai3 (i = 1, 2, 3), the existing clearance of the passive prismatic joints can be reduced or
even eliminated, thereby decreasing the vibration amplitude of the system. Therefore, the
stiffness-enhanced 3-PPS parallel mechanism not only has higher stiffness and higher accu-
racy, but also maintains similar kinematic characteristics to the traditional 3-PPS parallel
mechanism. Moreover, based on these advantages, a new underwater vectored thruster
consisting of a stiffness-enhanced 3-PPS parallel mechanism, a direct-drive counter-rotating
motor and counter-rotating propellers, is proposed, as shown in Figure 3. The design
issue of the stiffness-enhanced 3-PPS parallel mechanism is studied in detail in this paper,
especially workspace analysis under an arbitrary single actuator failure.
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Figure 2. Stiffness-enhanced structure with redundant passive prismatic joints. Lt is the distance
between the base and the moving platform, P denots a passive prismatic joint, P represents an
active prismatic joint, and S is a passive spherical joint: (a) Traditional 3-PPS parallel mechanism;
(b) Stiffness-enhanced 3-PPS parallel mechanism; (c) Diagram of stiffness-enhanced structure.

3-PPS parallel mechanism

Direct-drive counter-rotating motor
Contra-rotating propeller

Center base

Passive prismatic joint (P)

Linear actuator (P) Passive prismatic joint(P) Passive spherical joint(S)
Moving platform

Figure 3. Underwater vectored thruster based on a horizontally mounted stiffness-enhanced 3-PPS
parallel mechanism.

2.2. Displacement Analysis

In this section, the relationship between the active joint variables and the moving
platform poses is derived by a coordinate transformation method considering two cases,
i.e., all actuators are moveable, and one of the actuators becomes stuck.

Referring to Figure 4, both the base frame {B} and the moving platform frame {M}
are right-hand Cartesian coordinate frames. The base frame {B} is attached to the center of
the base plate with its Z-axis perpendicular to the base plate and X-axis parallel to A3A2.
The moving plaeform frame {M} is attached to the center of the circle determined by the
centers of three spherical joints with its z-axis perpendicular to the moving platform and
y-axis parallel to line vector P3P2. The home configuration is that the three axes of frame
{M} are parallel to those of frame {B} each other and all active joints variables are equal
to zero.
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Figure 4. Structural scheme of a 3-PPS parallel mechanism.
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2.2.1. Inverse Displacement Analysis under Failure-Free Operation

As any orientation matrix R ∈ SO(3) can be always achieved by a rotation about a
unit vector ω =

(
ωx ωy ωz

)T ∈ R3×1 with an angle θ ∈ [0, 2π], the orientation matrix
RBM(ω, θ) of the frame {M} with respect to the frame {B} can be generated by Rodrigue’s
formula [29]:

RBM(ω, θ) = eω̂θ = I3×3 + ω̂ sin θ + ω̂2(1− cos θ) (1)

where ω̂ ∈ so(3) is a skew-symmetric matrix concerning ω.
Define r as the circumcircle radius of the equilateral triangular P1P2P3 attached to the

moving platform. The local coordinates of points Pi(i = 1, 2, 3) with respect to the frame
{M}, denoted by PiM(i = 1, 2, 3), are:

PiM =
(
r cos ϕi r sin ϕi 0

)T (2)

where ϕi = 2π(i− 1)/3, (i = 1, 2, 3).
The coordinates of point Pi with respect to the frame {B} are derived by a coordinate

transformation method as:

PiB = RBM(ω, θ)PiM + MB (3)

where MB =
(

Px Py Pz
)T denotes the position of the origin of the frame {M} with

respect to the frame {B}.
The point Pi with respect to frame {B} is obtained by expanding Equation (3) as:

PiB =
(

Pix Piy Piz
)T

= Px + r sin ϕi
(
ωxωyvθ −ωz sin θ

)
+ rω2

x cos ϕivθ

Py + r
(

ωxωy cos ϕivθ + ω2
yvθ sin ϕi + ωz sin θ cos ϕi + cos θ sin ϕi

)
Pz − r cos ϕi

(
−ωxωzvθ + ωy sin θ

)
+ r sin ϕi

(
ωx sin θ + ωyωzvθ

)
 (4)

where vθ = (1− cos θ).
Since the mechanical constraint of passive prismatic joints, point Ai always moves in

the plane constructed by BAi and the Z-axis. Thus, constraint equations are obtained as:

Piy = tan ϕiPix (5)

The variables, ωz, Px, and Py, are solved from Equation (5) as:
ωz = 0
Px = rω2

yvθ − (rvθ)/2
Py = −rωxωyvθ

(6)

Attributing to the above result ωz = 0, RBM(ω, θ) can be characterized with three
variables, i.e., ωx, ωy, and θ. In practical application scenarios, the direction of the thrust
always coincides with the normal of the moving platform as is shown in Figure 5. The initial
normal direction of the moving platform is defined with a unit vector uz =

(
0 0 1

)T

coinciding with the Z-axis. Once the orientation of the moving platform is changed, the
normal of the moving platform becomes u′z:

u′z = RBM(ω, θ)uz =
(
ωy sin θ −ωx sin θ cos θ

)T (7)

As a result of ‖ω‖ = 1, u′z can be always described in spherical coordinates as:

u′z =
(
cos α sin θ sin α sin θ cos θ

)T (8)

where ωx = cos(π/2 + α), ωy = sin(π/2 + α).
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Figure 5. The orientation representation diagram of the normal direction of the moving platform.

α and θ are denoted as an azimuth angle and a tilt angle [32], respectively. The azimuth
angle α varies from 0 to 2π, and the tilt angle θ is always less than the maximum swing
angle φmax ∈ [0, π/2) of a spherical joints due to the existence of mechanical constraints.

Benefiting from the fact that all limbs are perpendicular to the base, the real-time
swing angle of all spherical joints is always the same, which is also equal to the tilt angle.
Denote φ as the swing angle of the spherical joint, which can be determined from the
following formula:

φ = arccos

(
uz
′
.uz

‖uz
′‖‖uz‖

)
(9)

Owing to the displacement qi (i = 1, 2, 3), of the ith limb is equal to the Z coordinate
of PiB, its solution can be readily obtained through substituting Equations (2) and (6) into
Equation (4) and extracting the Z coordinate of PiB. The inverse displacement solution
under failure-free operation is simplified as:

q1 = Pz − r cos α sin θ

q2 = Pz +
1
2

r cos α sin θ −
√

3
2

r sin α sin θ

q3 = Pz +
1
2

r cos α sin θ +

√
3

2
r sin α sin θ

(10)

However, the parallel mechanism works as a thrust-vectoring mechanism which only
needs two-rotational DOFs. If only the orientation, α and θ, is given, but Pz is not specified,
qi cannot be determined uniquely because the moving platform may reach countless
positions while maintaining the same orientation [33], as shown in Figure 6. In Section 3,
the workspace analysis shows that the maximum workspace of the parallel mechanism
can be obtained when the Z coordinate of MB always locates in the middle of the stroke of
limbs. Therefore, this problem can be addressed by presetting a default value Pzd of Pz.

Pzd =
qimax − qimin

2
+ qimin (11)

where qimin, qimax are the minimum and the maximum of the qi, respectively.

2.2.2. Inverse Displacement Analysis under a Single Actuator Failure

When one of the actuators becomes stuck, the length of the corresponding limb stays
constant, and this length can be obtained by reading the data of the displacement coder.
For instance, when the limb q1 is in failure, q1 is equal to q1c.

q1 ≡ q1c (12)
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Figure 6. Keeping the same orientation of the moving platform at different Pz positions.

According to Equation (10), Pz becomes a parasitic motion that is:

Pz = q1c + r cos α sin θ (13)

Substituting Equations (12) and (13) into Equation (10), the inverse displacement
solution is obtained under the actuation failure of limb q1, simplified to:

q1 = q1c

q2 = q1c −
√

3
2

r sin α sin θ +
3
2

r cos α sin θ

q3 = q1c +

√
3

2
r sin α sin θ +

3
2

r cos α sin θ

(14)

Similarly, when limb q2 is in failure, the corresponding inverse displacement solution is:
q1 = q2c +

√
3

2
r sin α sin θ − 3

2
r cos α sin θ

q2 = q2c
q3 = q2c +

√
3r sin α sin θ

(15)

The inverse displacement solution under the failure of limb q3 is:
q1 = q3c −

√
3

2
r sin α sin θ − 3

2
r cos α sin θ

q2 = q3c −
√

3r sin α sin θ
q3 = q3c

(16)

According to Equations (10) and (14)–(16), the closed-form inverse displacement
solution can be expressed in a unified linear representation: q1

q2
q3

 = Jp(Jqi + I3×3)

 ux
uy
Pz

 = J

 ux
uy
Pz

 (17)

where Jp =

 −r 0 1
r/2 −

√
3r/2 1

r/2
√

3r/2 1

, Si =

{
1 i = 1, 2, 3
0 otherwise

, Pz =

{
Pzd Si = 0
Cqi Si = 1

, Jqi =

[
03×1 03×1 SiPT

iM
]T

3×3. Si is a fault indicator. Si = 1 represents the existence of
fault, while Si = 0 implies no failure. i implies that ith limb is in failure. ux = cos α sin θ,
uy = sin α sin θ.
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According to the research [29], both inverse and forward displacement solutions exist
uniquely in the task space of this work, i.e., α ∈ [0, 2π) and θ ∈ [0, π/2). Thus, through
Equation (17), the forward displacement solution is readily derived as: ux

uy
Pz

 = J−1

 q1
q2
q3

 (18)

According to Equation (17), the tilt angle θ can be obtained as:

θ =
√

ux2 + uy2 (19)

• Define an intermediate variable α1 to determine the value of azimuth angle α. When
θ 6= 0, α1 = atan2(uy/ sin θ, ux/ sin θ). The azimuth angle α can be given by:

α =

{
α1 α1 ≥ 0
α1 + 2π α1 < 0

(20)

• When θ = 0, α1 = arbitrary. In this case, the frame {M} is parallel to the frame {B},
and the moving platform is in instantaneous translation. Thus, the azimuth angle can
be set as α = 0.

3. Workspace Analysis
3.1. Workspace Analysis under Failure-Free Operation

To calculate the volume of workspace, an equi-volumetric partition method [34] is
employed. Thereafter, for the sake of the completeness, the equi-volumetric partition
scheme is briefly introduced, as follows:

Step 1: Partitioning circular disc into concentric bands

Divide the circular disc into n circular band with the same thickness (δθ = π/(2n))
along radial direction, as shown in Figure 7. The first one in the center, i.e., the center
element is a small circular disc of radius π/(2n). Label the circular bands from 1 to n
starting from the center element.

q

a
1j =

2j =

j =

j n=

1k =

1k =

 

q

a

x

y

( ),a q ( ),x yu u

( ),x yv v

Figure 7. The schematic diagram of equi-volumetric partition method.

Step 2: Partitioning circular band into elements

The center element in the circular disc is considered to be the basic element and no
partition is needed. Furthermore, its volume, i.e., Vt = π3/(4n2), is defined as the unit
volume for the equi-volumetric partition scheme. The jth circular band is partitioned into
2j− 1 elements with identical volume of Vt. For the jth circular band, label the partitioned
2j − 1 equi-volumetric elements using index k such that k = 1, ..., 2j − 1, starting from
x−axis counterclockwise. In this way, the circular disc can be equi-volumetrically divided
into ∑n

j=1(2j − 1) = n2 elements. Altogether, the entire disc can be partitioned into n2

elements with identical volume of Vt.
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The coordinate (α, θ) is mapped to
(
vx, vy

)
one by one except for θ = 0, while

(α = arbitrary, θ = 0) is mapped to
(
vx = 0, vy = 0

)
which is a point. The relationship

between (α, θ),
(
ux, uy

)
and

(
vx, vy

)
can be derived from Equation (18) as:{

(α, θ) θ 6= 0
(arbitrary, 0) otherwise

⇔
(
ux, uy

)
⇔
(
vx, vy

)
(21)

where vx = θ cos α and vy = θ sin α.

The dual index (j, k) can be readily computed, i.e., j = ceil
(

θ

δθ

)
, k = ceil

( α

δα

)
,

δα = 2π/(2j− 1). ceil(.) rounds element to the nearest integer greater than or equal to
that element, and its specific usage can be found in MATLAB software. The workspace of
interest for a set of rotations S ∈ SO(3) can be numerically computed as:∫∫

S dVR ≈ ∑n
j=1 ∑

2j−1
k=1 sig[j, k]Vt ,

sig[j, k] =

{
1, j = 1, ..., n; k = 1, ..., 2j− 1

0, otherwise

(22)

where S is the field of integration.
To analyze the workspace boundary, both the maximum swing angle φmax and the de-

sired maximum tilt angle are set as π/6. According to Equation (22), the desired workspace
can be obtained and is plotted in Figure 8. The volume Vd of the desired workspace is:

Vd = πθ2
d . (23)

Figure 8. The desired workspace of the parallel mechanism, i.e., the tilt angle θ ∈ [0, π/6) and the
azimuth angle α ∈ [0, 2π).

In desired situation (i.e., Pz ≡ Pzd), the minimum length qNmin and the maximum
length qNmax of every limb are obtained by solving the Equation (10).{

qNmin = max{qi} = Pzd − r sin θd
qNmax = max{qi} = Pzd + r sin θd

(24)
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Moreover, a basic stroke Lb of all actuators is determined by meeting the requirements
of failure-free operation as:

Lb = qNmax − qNmin = 2r sin θd (25)

For the parallel mechanism, Vd, Lb, qNmin and qNmax are the foundation to construct a
fault-tolerant index and to determine the minimum stroke of limbs.

3.2. Workspace Analysis under a Single Actuator Failure

To analyze the workspace distribution under actuation failure, the FTW and the MIW
are separately defined, i.e., the FTW is the reachable workspace after an arbitrary locked-
joint failure, and the MIW is a circular region centered on the origin of polar coordinates and
inscribed in the FTW. Moreover, a normalization method is employed to nondimensionalize
the fault position qiF of limb qi, so as to eliminate the interference of the radius of the moving
platform and reduces the difficulty of analysis.

λqi = (qiF − qNmin)/(qNmax − qNmin) = (mLb/n)/Lb = m/n (26)

where λqi is the proportional position relative to the basic stroke of the limb Lb. qiF is the
failure position, n ≥ m ≥ 0, m, n = 1, 2, 3, ...

There are five typical fault situations of limb q1 demonstrated in Figure 9. In the figure,
the FTW is colored green, and the MIW is shown in red. The MIW distribution is a collection
of all MIW under different failure positions, and it is denoted as {MIW1, MIW2, · · · , MIWn},
(n = 1, 2, 3, ...). In addition, Figure 9a shows that the FTW under failure position λq1 = 0
cannot reach the left side of the desired workspace, while Figure 9e demonstrates that the
FTW under failure position λq1 = 1 cannot obtain the right side of the desired workspace.
In particular, the volume of MIWn is readily obtained as:

Benefiting from the symmetric structure of the parallel mechanism [35], the FTW under
the actuation failure of limb q2 is obtained by rotating the FTW under the actuation failure
of limb q1 by 2π/3 counterclockwise direction around the origin of polar coordinates, and
the FTW under the actuation failure of limb q3 is obtained by rotating the FTW under
the actuation failure of limb q1 by 2π/3 counterclockwise direction around the origin of
polar coordinates.

As shown in Figure 10, the volume of the MIW reaches the minimum at the start
or destination position of the basic stroke of limbs (i.e., λq1 = 0 and λq1 = 1), while the
volume of the FTW remains roughly the same no matter where the failure occurs. Figure 10
demonstrates that the change of FTW and MIW is independent of the radius of the moving
platform r. Its volume curve is significant to increase or decrease at different failure position,
which is useful for optimization design owing to its convexity.

Vn = πθ2
n, (n = 1, 2, 3, ...) (27)

where θn is the radius of the MIWn.
These results indicate that it is not an effective way to evaluate the fault tolerance of

the parallel mechanism by its workspace volume but ignoring its distribution in space.
Moreover, the FTW have an irregular boundary, which complicates the global measures
of fault tolerance for the parallel mechanism. Nevertheless, in the applications of thrust-
vectoring device, the omnidirectional reachability of the parallel mechanism (i.e., the
azimuth angle of the parallel mechanism varies from 0 to 2π, and the tilt angle of the
parallel mechanism is always expected to be non-zero.) is an essential performance. To
characterize the performace in a straightforward form, the MIW is employed owing to it
has a clear physic meaning. Therefore, the MIW can replace the FTW as a global measure
of fault tolerance in terms of the parallel mechanism applied in the thrust-vectoring device.
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(a) (b)

(c) (d)

(e)

MIW region

FTW region

Figure 9. The distributions of the FTW and the MIW under different failure positions of limb q1:
(a) λq1 = 0; (b) λq1 = 1/4; (c) λq1 = 1/2; (d) λq1 = 3/4; (e) λq1 = 1.

Figure 10. The volume of FTW and MIW under different radii of the moving platform. VMrk and Vrk,
respectively, represent the volume of MIW and FTW when the radius of the moving platform is k.
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3.3. Fault-Tolerant Criterion and Design Based on the Workspace

Based on the results of workspace analysis, a new fault-tolerant index FTI is proposed
first. In applications, the worst situations of the parallel mechanism after a single actuator
failure has to be considered in the design stage as the failure position is unknown in advance.
In other words, the minimum volume of the MIW should be the most consideration for
evaluating the fault tolerance of the parallel mechanism. Therefore, a fault-tolerant index
is defined as the ratio of the minimum of {V1, V2, · · · , Vn}, (n = 1, 2, 3, ...) to the desired
workspace Vd:

FTI =
min{V1, V2, · · · , Vn}

Vd
(28)

Owing to the MIW volume usually does not exceeds the desired worksapce volume,
the value range of FTI can be expressed by:

0 ≤ FTI ≤ 1 (29)

The FTI characterizes the divergence between the MIW and the desired workspace.
When the FTI is close to 1, it means that the same desired workspace and the same omnidi-
rectional reachability can be obtained as before in the worst situation. When the FTI is 0, it
implies that the omnidirectional reachability is vanished in the worst situation.

To design a parallel mechanism with desired FTI, an effective way is to modify the
MIW at qic = qNmin and qic = qNmax to the desired reserve MIW. For instance, when
q1c = qNmin, Equation (14) can be converted to:

q1 − qNmin = 0

q2 − qNmin =
√

3r sin θ f 1

(
−1

2
sin α +

√
3

2
cos α

)

q3 − qNmin =
√

3r sin θ f 1

(
1
2

sin α +

√
3

2
cos α

) (30)

In this situation, the MIW radius is θ f 1 ∈ [0, π/2). Therefore, the lower limit of the
displacement qimin must satisfy:

Ll = qNmin − qimin ≥
√

3r sin θ f 1 (31)

where Ll denotes the stroke of the non-single actuator failure region on the left, as shown
in Figure 11.

Similarly, when q1c = qNmax, Equation (14) can be converted to:

q1 − qNmax = 0

q2 − qNmax =
√

3r sin θ f 2

(
−1

2
sin α +

√
3

2
cos α

)

q3 − qNmax =
√

3r sin θ f 2

(
1
2

sin α +

√
3

2
cos α

) (32)

In this situation, the MIW radius is θ f 2 ∈ [0, π/2). Therefore, the upper limit of the
displacement qimin must satisfy:

Lr = qimax − qNmax ≥
√

3r sin θ f 2 (33)

where Lr denotes the stroke of the non-single actuator failure region on the right, as shown
in Figure 11.
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RegionⅢ

Nmaxq
imaxqiminq

Nminq
bL

L

iFq3 sin fr θ 3 sin fr θ

lL rL

2 sin dr θ

Region Ⅰ Region Ⅱ

Figure 11. The minimum stroke of every limb under FTI = θ2
f /θ2

d . Region I is the non-single actuator
failure region on the left. Region II is the single actuator failure region. Region III is the non-single
actuator failure region on the right.

To maintain sufficient stiffness of the parallel mechanism, the stroke L should be
as small as possible. Meanwhile, in order to keep the symmetric characteristics in fault
tolerance design, θ f 1 and θ f 2 should be equal to each other, and they are denoted as θ f .
Furthermore, combining Equations (23), (25), (27) and (28), the FTI is derived as θ2

f /θ2
d. The

minimum stroke L of all limbs can be determined by:

L = Lb + min{Ll}+ min{Lr} = 2r
(

sin θd +
√

3 sin(ηθd)
)

(34)

where η is the root mean square of FTI =, i.e., η =
√

FTI = θ f /θd.
According to Equation (34), the ratio of the minimum stroke L to the basic stroke Lb is

the Curve Cs in Figure 12. It means that the optimal solution L can be determined by Lb
under given an FTI. For instance, (0.6, 2.176) means that L = 2.176Lb when FTI = 0.6.

 0.6,2.176
sC

Feasible solution region

Optimal 

solution

Figure 12. The optimal solution of stroke of all limbs locates in Curve Cs.

4. Prototype Development and Experimental Validation
4.1. Prototype Development

To design a 2-DOF thrust-vectoring device for an underwater vectored thruster, two
main design requirements need to be satisfied in failure-free operation, i.e., π/9 for the
maximum tilt angle about the vertical plane and FTI for the fault tolerance of the parallel
mechanism. The main kinematic design parameters to be determined are the circumcircle
radius of the equilateral triangular P1P2P3 and the stroke of the active prismatic joints.
Please note that the circumcircle radius of the equilateral triangular P1P2P3 is determined
by the connector of the direct-drive counter-rotating motor. According to the inverse dis-
placement analysis formulated in Equation (17) and the relationship among the circumcircle
radius of the equilateral triangular P1P2P3, fault tolerance and the stroke of limbs, the FTI
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of the parallel mechanism is eventually determined as 0.2703 so that the strokes of all active
prismatic joints is 96 mm.

Based on the kinematic design parameters proposed in this work, a prototype of the
stiffness-enhanced 3-PPS parallel mechanism is designed and fabricated, which consists
of a center base, three identical PPS limbs are placed 120◦ apart, as shown in Figure 13.
Specifically, the first prismatic joints in each limb consists of three passive prismatic joints
parallel to each other, which shortens the distance between the base and the moving
platform, so as to improve the stiffness of the parallel mechanism. The second prismatic
joint in each limb is selected as the active joint which is placed horizontally. Three passive
spherical joints are commercially available, whose permissible swing angles are ±30◦.
In this specific design, the main technical specifications of the stiffness-enhanced 3-PPS
parallel mechanism are determined and listed in Table 1.

Figure 13. The prototype of a stiffness-enhanced 3-PPS parallel mechanism applied in underwater
vectored thruster.

Table 1. The main technical specification of the stiffness-enhanced 3-PPS parallel mechanism.

Specification Value

Maximum tilt angle 20◦

Circumcircle radius of the equilateral triangular P1P2P3 95 mm
Root mean square of the fault-tolerant index 0.2703
Maximum swing angle of spherical joints 45◦

Stroke of all limbs 96 mm
Rated payload 2000 N
Repeated orientation accuracy ±0.018◦

Maximum operating depth 4500 m

4.2. Experiments Method and Validation

The orientation of the moving platform was measured using Leica emScon Absolute
Tracker AT901-MRwith a T-MAC 6 DOFs sensor, which has a measurement accuracy of
30 µm. Its supporting data acquisition software is SpatialAnalyzer. The layout of the
measurement system is shown in Figure 14. Thereby, the measurement data can be obtained
from the laser tracker as following steps:

Step 1: Building measurement frame Om

The measurement frame is determined by three planes K, M, and N. Their intersection
is the origin of the frame {Om}. The setting of the three axes are shown in Figure 14.

Step 2: Setting initial orientation

The initial state of the moving platform is adjusted by using a level to ensure that the
initial orientation matrix O

Om
R1 is a 3× 3 identity matrix.

Step 3: Processing measurement data
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Since the T-MAC is fixed on the moving platform by screws, the local frame {Tmac}
is attached to the T-MAC. Thereby, Tmac

O R is a constant rotation transformation, and Tmac
Om

R
can be read from the software SpatialAnalyzer and satifies:

Tmac
Om

Rk =
O
Om

Rk
Tmac
O R (35)

where the subscript k is kth data.
Thus, the actual rotation tranformation O

Om
Rk is equal to the relative rotation transfor-

mation Rk1 between the kth data and initial posture for the moving platform.

O
Om

Rk = Rk1 = Tmac
Om

Rk
Tmac
O R1

−1
=

 c11 c12 c13
c21 c22 c23
c31 c32 c33

 (36)

where cmn(m, n = 1, 2, 3) is the element in mth row and nth column of the orientation matrix.

Figure 14. The laser tracker measures the orientation of the moving platform.

Given the displacements of limbs, the theoretical azimuth angle αn and the theoretical
tilt angle θn can be derived from Equations (18)–(20). According to Ref. [36], the actual
azimuth angle αa and the actual tilt angle θa can be derived from the O

Om
Rk as follows:

• Define an intermediate variable α2 to determine the value of azimuth angle αa, When

θa = atan2
(√

c2
31 + c2

32, c33

)
6= 0, α2 = atan2(c23/sθ, c13/sθ). The actual azimuth

angle αa can be given by:

αa =

{
α2 α2 ≥ 0
α2 + 2π α2 < 0

(37)

• When θa = 0, α2 = arbitrary. Similar to Equations (19) and (20), the azimuth angle
can be set as αa = 0.

Step 4: Measuring the orientation of the T-MAC

The point cloud data of the desired workspace is obtained from the sensor. A few
hundred measurements are collected by changing the displacements of every limb. These
displacements can be derived from Equation (17) by assigning the coordinates (α, θ), where
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the azimuth angle α changes from 0 to 2π in steps of π/18, and the tilt angle θ ranges from
0 to π/9 advance in steps of π/36. In terms of one actuator failure, the input variable that
is the displacement qin of the limb qi: qin = qi − qi min, is known. Similar to the previous
analysis, the actuator failure of limb q1 is taken as an example, which is implemented as in
Table 2. The total number of the combination (q1n, q2n, q3n) is 121.

Table 2. The measurement data when the limb q1 is in failure.

Limb Displacement Value (Start:Step:End)

q1 q1n 15.5 (mm)
q2 q2n 0:7:70 (mm)
q3 q3n 0:7:70 (mm)

According to Equation (21), the experimental data (αa, θa) and the nominal data (αn, θn)
are converted to (vxa, vya) and (vxn, vyn), respectively. The experimental data (vxa, vya) and
the corresponding nominal data (vxn, vyn) are plotted in the polar coordinates, as shown in
Figure 15. In addition, the error between the experiment and the nominal situation can be
evaluated as:

error =
√
(v2

xa − v2
xn)

2 + (v2
ya − v2

yn)
2 (38)

Simulation point * Experiment point

(a)

Simulation point * Experiment point

MIW

(b)

Figure 15. Experiment results v.s. simulation results: (a) failure-free operation; (b) failure in limb q1.

According to the Equation (38), the errors are plotted in Figure 16. Figure 16a shows
that the maximum error between the experiment and the nominal situation under failure-
free operation is less than 0.007 (rad). Figure 16b indicate that the maximum error between
the experiment and the nominal situation under limb q1 failure is less than 0.007 (rad).
They mean that the prototype has extremely design stiffness, and the workspace analysis
of the parallel mechanism can be validated under failure-free operation and a single
actuator failure.
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(a) (b)

Figure 16. The errors between experimental results and simulation results: (a) failure-free operation;
(b) failure in limb q1.

5. Conclusions

In this paper, a stiffness-enhanced 3-degree-of-freedom 3-PPS parallel mechanism
employing additional linear guides for the passive prismatic joints is proposed, which
is used as the thrust-vectoring device of a fault-tolerant underwater vectored thruster.
Compared with the traditional 3-PPS parallel mechanism, the stiffness-enhanced 3-PPS
parallel mechanism has a shorter distance between the moving platform and the base, so
that its stiffness and accuracy are improved.

In addition, a fault-tolerant index (FTI) is presented to evaluate the fault tolerance
of the parallel mechanism, which is defined as the ratio of the minimum volume in the
MIW distribution to the desired workspace. The FTI not only quantifies the fault tolerance
of the parallel mechanism, but also characterizes the worst omnidirectional reachability
for the parallel mechanisms. An analytic relationship among the circumcircle radius
of the equilateral triangular P1P2P3, fault tolerance and the minimum stroke of limbs is
formulated. According to the formulation, the minimum stroke of all limbs for the 3-PPS
parallel mechanism is readily determined, without complex numerical algorithms.

Furthermore, considering the actuation failure, the displacement analysis is addressed
through a coordinate transformation method, and closed-form solutions are obtained in a
unified linear representation for both forward and inverse displacement. The unified linear
representation including a fault indicator can reduce the complexity of control procedure
and increase the computational efficiency.

Based on the displacement analysis, the distribution of the fault-tolerant workspace
(FTW) and the maximum inscribed workspace (MIW) are investigated through an equi-
volumetric partition method to find the minimum volume of the MIW distribution. In
comparison, the MIW has a regular boundary and clear physical meaning. Thus, it is very
helpful in trajectory planning.

Finally, a prototype is fabricated. The workspace experiment results show that the
experimental errors are less than 0.0075 (rad) with respect to the simulation values, which
verifies the effectiveness of the design analysis. Based on this work, future work will
focus on the trajectory planning and motion control for the stiffness-enhanced 3-PPS
parallel mechanism.
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