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Abstract: Taking the effect of actual surface topography under elastohydrodynamic lubrication
(EHL) conditions on the contact state of gear pairs into consideration, a combination model with
the analytical sliced method and two-dimensional (2D) EHL model is proposed to characterize the
three-dimensional (3D) meshing characteristics of spur gears. Firstly, the surface topology of gears is
tested by a surface profiler, which reflects that the topography of tooth surface accords with fractal
characteristics. Thus, by adopting the Weierstrass–Mandelbrot (W-M) fractal function, the gear
surface is characterized. Secondly, the numerical 2D EHL model with fractal roughness is established,
and distributions of oil film pressure (OFP) and oil film thickness (OFT) at different meshing positions
are obtained. Finally, considering the different topography distributions in the direction of face width,
time-varying mesh stiffness (TVMS) is calculated based on the analytical sliced method. Thus, the
influence of 3D surface topography can be considered. The Hertz contact stiffness is substituted by
the time-varying lubricating oil film stiffness (OFS). The influences of tooth surface topography and
lubricant film characteristics on meshing characteristics are investigated. The results show that the
3D rough tooth surface may be well characterized by a fractal function with random phase. Moreover,
there is a great difference in the distribution of OFP and OFT between rough and smooth surfaces,
which certainly influences the gear meshing characteristics.

Keywords: meshing characteristics; fractal topography; EHL; sliced method

1. Introduction

The meshing and lubrication characteristics are important factors influencing the
service life and working performance of gear pairs widely used in aero engines and vehicle
drivetrains. The microstructure of gear interfaces may be different with different machining
methods [1], which affects the lubrication condition and contact state. Therefore, it is of
great importance to investigate gear meshing characteristics with rough surfaces under
elastohydrodynamic lubrication (EHL) conditions. The calculation model of time-varying
mesh stiffness (TVMS) is also being improved to take into account actual situations more
comprehensively. The analytic finite element method [2–4] and analytical method [5–7]
are most widely adopted to calculate TVMS because of their high efficiency and accuracy.
It is worth mentioning that the slice theory [5,6] is applied to the analytical method to
consider the influence of tooth profile deviation. For all these models, the gear contact
stiffness is obtained by Hertz contact theory. The Hertzian contact theory, on the other hand,
applies only to static contact between a pair of smooth surfaces, without consideration of
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lubrication, which is greatly different from the actual situation of gear transmission. In
fact, almost all gears work with lubrication. In addition, the pressure fluctuation caused
by asperities will lead to the dynamic change in lubricant conditions (including oil film
thickness and pressure distribution), which further leads to the fluctuation of contact
stiffness between gear surfaces. Actually, many scholars have discussed the influence of
tooth topography and EHL on contact state of gears. In the following text, the research
status of rough surface characterization and EHL solution will be introduced emphatically.

Lots of studies on gear lubrication have been conducted both experimentally and the-
oretically, including the effects of lubrication on gear power loss, friction condition, contact
fatigue characteristics, and dynamic characteristics. The lubrication performance parame-
ters, surface roughness topography, and temperature effect are taken into account [8–11].
Zhu et al. [12–14] have carried out a series of research works on the EHL problem, which
provides a full numerical method for solving the EHL model. The two-dimensional (2D)
adhesive wear prediction model combining the load-sharing concept and thermal elas-
tohydrodynamic lubrication (TEHL) analysis of rough surfaces was proposed to predict
the steady state adhesive wear in gears [15]. A 2D transient, non-Newtonian, mixed EHL
model of spur gear tooth contact was proposed by Li and Kahraman [16]. When the
asperities come into contact, the oil film breaks, and the load is shared by the asperities
and oil film. In this state, a reduced form of the Reynolds equation was applied. Later,
Li and Kahraman [17] further proposed a model to predict load-dependent power losses
by using a transient EHL model. This model was applied to the 2D spur gear. Similar
to Ref. [16], the reduced Reynolds equation was solved. Elisaus et al. [18] focused on the
kinematics and contact microgeometry of spur gears with profile and lead modifications,
but the proposed model did not involve the calculation of the time-varying mesh stiffness
(TVMS) of the gears. In Ref. [19], a 2D comprehensive approach was proposed based on the
established TEHL analysis model, and the lubricated loaded tooth contact analysis (LLTCA)
of spur gears was conducted. The calculation of the TVMS of gears was not involved. Ren
et al. [20] put forward a model for solving the line contact mixed EHL. The mating of two
gears is equivalent to a line contact process with varying parameters, and the gear contact
stiffness considering the real rough surface can be obtained. On this basis, Shi et al. [21,22]
studied the EHL characteristics of gears considering three-dimensional (3D) surface topog-
raphy, and explored the friction and flash temperature under lubrication conditions. Liu
et al. [23–27] also conducted a lot of research on gear lubrication. They further considered
the effects of dynamic load, tooth surface material properties on gear lubrication, and
evolution of pitting and crack failure under lubrication contact. Jian et al. [28] investigated
the effect of modification coefficient on lubrication characteristics under dynamic load.
TVMSs with and without considering oil film stiffness (OFS) were calculated, however,
the surface roughness was not considered. Yin et al. [29] investigated the influence of
gear topography on friction force and damping under dynamic load considering mixed
EHL contact. However, the calculation of TVMS did not take the OFS and tooth surface
topography into consideration.

Recently, many studies have been carried out to study the contact model of gear pairs
under different lubrication conditions. Xiao et al. [30] and Sun et al. [31] established contact
models considering asperity and lubricating contact stiffness under mixed lubrication
conditions, and the results show that surface topography and lubrication characteristics
have great influences on contact stiffness. Zhou et al. [32] obtained gear contact stiffness
with different working conditions considering lubrication, but the rough surface was not
included in the discussion. Cheng et al. [33,34] calculated the contact stiffness of rough
tooth surfaces considering lubrication. The distributions of oil film pressure (OFP) and
oil film thickness (OFT) in the meshing contact region at different times are calculated,
and the contact stiffness and TVMS were calculated under different working conditions.
Wang and Zhu [35] calculated the TVMS of helical gears considering friction, in which
the friction coefficient is related to lubrication parameters and roughness. Wang et al. [36]
established a dynamic model to evaluate the power loss of a planetary gear system under
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EHL conditions involving surface roughness. The effects of roughness on friction coefficient
and distributions of OFP and OFT were also exhibited. Huang et al. [37] introduced the
fractal-based surface roughness into the EHL friction coefficient to investigate the influence
of roughness on system dynamic characteristics. In their models, the effect of surface
topography on TVMS was not discussed. Other studies focus on the interaction between
lubrication and gear failures. Through experiment and simulation, Wei et al. [38] explored
the surface stress distribution under rough lubrication, and the formation mechanism
of tooth surface pitting fault under the action of this stress was investigated. Huangfu
et al. [39] established a hybrid tribo-dynamic model, and a pitting fault evolution process
was simulated. The 3D tooth surface topography was characterized by a W-M fractal
function and the 3D mixed EHL model was solved to obtain the friction coefficient and OFS.
Wang et al. [40] investigated the effect of spalling on lubrication, meshing, and dynamic
characteristics, but surface roughness was set to be zero.

To sum up, the EHL state is the normal working state of the gear, which has an impact
on the contact characteristics. At present, two-dimensional (2D) and 3D models are mostly
used to simultaneously consider the influence of surface topography and lubrication on
meshing characteristics of gear pairs. However, when considering surface topography, a
2D model only involves the roughness along the tooth profile and ignores the topography
difference of the tooth surface along the face width direction, which cannot fully reflect
the effect of the real tooth surface topography on lubrication and meshing characteristics.
Although the 3D rough surface is considered in the 3D model, it is inevitable to solve the 3D
EHL model, which is complex and time-consuming. Therefore, it may be necessary to make
a tradeoff between the involvement of 3D tooth surface topography and the complexity of
solving the 3D EHL model. On this basis, the aim of this paper is to propose an analytical
model for investigating the meshing characteristics of spur gears under EHL conditions,
which can take into consideration the influence of 3D surface topography without solving
the 3D EHL model.

In this study, a revised model for calculating TVMS considering 3D surface topog-
raphy under EHL conditions is established. The topography of the gear tooth surface is
characterized by adopting fractal theory (Section 2). The OFS (also regarded as contact
stiffness in this paper) considering fractal roughness is calculated by solving the 2D EHL
model based on a multi-grid method (Section 3). The EHL model of each gear slice along
the face width direction is solved based on the slice theory. In this way, the solution of the
complex 3D EHL model can be avoided while considering the 3D tooth surface topography.
The TVMS is calculated by the analytical sliced method considering 3D rough topography,
and numerical examples are given to study the effect of different impact factors (Section 4).

2. Characterization of Gear Surface Topography

The 3D tooth surface topography is obtained by measurement, which is the basis for
the accurate characterization of the gear tooth surface. In this section, surface topography of
the gear specimen is measured by a 3D profiler, and on the basis of finding that it has fractal
characteristics, the Weierstrass–Mandelbrot (W-M) fractal function is used to characterize
the gear surface profile.

2.1. Measurement of Tooth Surface Topography

The experiments of measurement of the surface profile have been conducted. The
test machine is STIL-MICROMESURE 2 (see Figure 1a). For the purpose of improving the
reliability of the measurement, three different positions are selected for each specimen.
The 3D profiler can automatically obtain the 3D topography of the scanned surface and
the probability distribution of the roughness height, as well as the parameters Ra used to
characterize the surface roughness. The obtained 3D topography of the scanned surface is
shown in Figure 1b.
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amplitude of the profile, however, the profile with the random phase is much closer to the 
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Figure 1. Measurement of gear tooth surface: (a) 3D surface profiler (STIL-MICROMESURE 2);
(b) gear surface topography.

Taking the measurement results at a certain cross-section position (x = 0 µm), the gear
surface profile curve is obtained as shown by Figure 2. Through the analysis of the tested
profile curve, it can be found that the gear surface profile has self-similarity and shows
fractal characteristics. Therefore, the fractal function can be used to characterize the gear
surface topography instead of the actual measurement.
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Figure 2. Topography of tested gear surface.

2.2. Tooth Surface Topography Characterization Based on Fractal Function

Under the condition of the same roughness level, different cross-sections have different
microtopographies. In order to simulate the difference in the profile, it is necessary to
introduce a random phase into the W-M fractal function. The W-M fractal function with
the random phase is as follows.

wm(x) = GD−1
nmax

∑
n=nmin

cos(2πγnx + ϕn)

γ(2−D)n
, (1 < D < 2, γ = 1.5, 0 ≤ ϕn ≤ 2π) (1)

where wm(x) represents the amplitude of the contour of the two-dimensional rough surface;
x is the horizontal measuring length; D stands for the fractal dimension; G means the
characteristic scale parameter of profile; n is frequency index of asperities; nmin is the
minimum frequency index; nmax represents the maximum frequency index; ϕn stands for
the random phase; and γ is the sampling frequency. The curves of the surface profile
simulated by the W-M fractal function without and with the random phase are depicted in
Figure 3. It is discovered that the introduction of the random phase has no effect on the
amplitude of the profile, however, the profile with the random phase is much closer to the
real tested surface (see Figure 2).
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Figure 3. Topography of gear surface based on W-M fractal function: (a) without random phase;
(b) with random phase.

Considering the gear with a certain face width, the gear is cut into several thin slices
with the same thickness along the face width direction. As the slice is thin, the profile can
be characterized by Equation (1). The 3D profile can be obtained by applying Equation
(1) to all slices based on the sliced method. The introduction of the random phase ensures
the difference in the topography of each slice along the face width direction when the
fractal parameters are constant. Taking the number of slices of 20 as an example, the 3D
topography without and with considering the random phase is shown in Figure 4.
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Figure 4. The 3D topography of tooth surface of spur gear pair: (a) without random phase; (b) with
random phase.

As can be seen from Figure 4a, without the random phase, the topography of each
slice position is the same; after introducing the random phase, the topography of each slice
is different (see Figure 4b), and the topography obtained is closer to the actual situation.
Therefore, the W-M fractal function with random phase will be used to characterize the
profile of the tooth surface in the follow-up study.
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3. Model of EHL

The surface profile characterized by the W-M fractal function is introduced into the
OFT equation. The EHL model with fractal rough topography is solved by the multi-grid
method. Taking the 3D topography of the gear tooth surface into consideration, the gear is
divided into thin slices along the face width direction, then OFP and OFT distributions are
calculated on each slice. Taking a pair of gears as an example, the OFP and OFT at a certain
meshing position with and without considering tooth surface roughness are compared
and analyzed. After the OFP and OFT are obtained, the OFS can be calculated, and the
influence of smooth and rough gear surface on OFS is analyzed.

3.1. Solution of EHL Model with Fractal Roughness

The sliced method is adopted to solve the EHL model of each gear slice along the face
width direction. On every single slice, a line contact model can be adopted (see Figure 5).
In the figure, L is tooth face width; Ns represents the number of slices; x0 and xe represent
the oil film inlet coordinate and outlet coordinate, respectively. The value range of [x0, xe]
is [−4b, 1.5b] in general, and b represents the contact half width of the gear.
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Figure 5. Schematic of the sliced EHL model.

For the line contact problem, the Reynolds equation is:

∂

∂x

(
ρh3

12η

∂p
∂x

)
= us

∂(ρh)
∂x

+
∂(ρh)

∂t
, (2)

where x means oil film coordinate; us = (u1 + u2)/2 stands for entrainment velocity; u1 and
u2 correspond to the rolling speed at the meshing point of the pinion and gear, respectively;
ρ represents lubricant density; h means OFT; p represents OFP; η means lubricant viscosity.

The film thickness equation at each slice needs to consider the fractal rough surface
topography of the contact surface, which is obtained by:

h(x, t) = h0(t) +
x2

2R
+ v(x, t) + wm(x, t), (3)

where h0(t) stands for initial OFT; wm(x,t) means fractal surface roughness obtained by
Equation (1); R stands for the equivalent radius of curvature; v(x,t) represents the elastic
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deformation, and it is solved by Equation (4). It should be noted that in order to speed up
the calculation, the DC-FFT method [41] is adopted in this paper.

v(x, t) = − 2
πE

xe∫
x0

p
(

x′, t
)

ln
(
x′ − x

)2dx (4)

where E stands for the equivalent elastic modulus.
The equation of fluid viscosity varying with pressure is as follows:

η(x, t) = η0 exp
{
[ln(η0) + 9.67]

[
−1 +

(
1 +

p(x, t)
p0

)z]}
, (5)

where η0 stands for the initial lubricant viscosity under ambient pressure; z means the
viscosity–pressure index; p0 represents the pressure coefficient.

The oil film density is a function of pressure, which is determined by Equation (6).

ρ(x, t) = ρ0
0.59× 109 + 1.34p(x, t)

0.59× 109 + p(x, t)
, (6)

where ρ0 means initial lubricant density under ambient pressure.
In the contact area of each slice, the OFP is balanced with the external load, which

satisfies the following relationship:

Fslice =

xe∫
xo

p(x, t)dx, (7)

where Fslice is the external load on each slice.
Equations (2)–(7) are solved by the multi-grid method [42]. Figure 6 shows a 6-level W

cycle iterative process. Ik−1
k is the restriction operator transferred from k level to (k−1) level,

and the number of iterations is v1; Ik+1
k is the interpolation operator transferred from k level

to (k + 1) level, and the number of iterations is v2; v3 is the number of iterations when the
operator is changed, and usually v3= v1+ v2; v0 is the number of iterations of the lowest
level. As an improvement on the classical multi-grid method, the Gauss–Seidel relaxation
is adopted in the low-pressure region and the dipole Jacobi relaxation method is used in
the high-pressure region [23].
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The pseudocode of EHL algorithm considering fractal roughness is shown in Algorithm 1.

Algorithm 1 Rough EHL solved by multi_grid

Input: Paras—gear conditions, rough topography, grid properties
Output: P—film pressure, H—film thickness
1: function RoughEHL (Paras)
2: while ErrW <εW && ErrP <εP do
3: S(k) = 0 (k = 1∼6); k← 6
4: while k > 1 do
5: relax v1 to iterate P by Gauss–Seidel or dipole Jacobi
6: S(k) = S(k) + 1
7: restrict P; k = k − 1
8: end while
9: relax v0 to iterate P at Level 1
10: interpolate P; k = k + 1
11: relax v2 to iterate P
12: if k 6= 6 then
13: if S(k) == 2 then
14: S(k)← 0
15: goto 10
16: else
17: goto 4
18: end if
19: else
20: obtain P, H at Level 6
21: end if
22: calculate ErrW, ErrP
23: end while
24: return P, H
25: end function

Taking a pair of spur gears as an example, the lubrication characteristics are analyzed.
The gear pair’s parameters are listed in Table 1.

Table 1. Main parameters of the gear pair.

Parameters Pinion/Gear Parameters Pinion/Gear

Tooth number Z 45/34 Addendum modification coefficient 0.37/0.34
Module m (mm) 6 Addendum coefficient ha

* 1
Face width L (mm) 44 Tip clearance coefficient c* 0.25

Hub radius rint (mm) 81.5/80 Elastic modulus E (GPa) 207
Pressure angle α (◦) 20 Poisson’s ratio ν 0.29

Torque T (N·m) 2000 Rotational speed N (r/min) 2000

The OFP and OFT curves at a certain meshing position with smooth and rough surface
are depicted in Figures 7 and 8, respectively. In the figures, X means the non-dimension oil
film coordinate (X= x/b). When the surfaces of the spur gear pair are smooth, the curves of
OFP (see Figure 7a) and OFT (see Figure 7b) are distributed exactly the same on each slice.

The arrangement of roughness level is shown in Table 2. However, it can be figured
out from Figure 8 that under fractal roughness conditions, the distributions of OFP and
OFT on each slice fluctuate. In addition, due to the different topography on each slice,
the curves of OFP and OFT are different on each slice. It can also be concluded that with
the increase in roughness level, the OFT fluctuates obviously, and the peak value of local
pressure increases accordingly, which may cause stress concentration. It is validated that
the OFP and OFT distributions illustrated in Figure 8 can better reflect the actual lubrication
film state of the gear pair.



Machines 2022, 10, 705 9 of 20Machines 2022, 10, x FOR PEER REVIEW 9 of 21 
 

 

 
Figure 7. OFP and OFT curve of smooth surface: (a) OFP; (b) OFT. 

The arrangement of roughness level is shown in Table 2. However, it can be figured 
out from Figure 8 that under fractal roughness conditions, the distributions of OFP and 
OFT on each slice fluctuate. In addition, due to the different topography on each slice, the 
curves of OFP and OFT are different on each slice. It can also be concluded that with the 
increase in roughness level, the OFT fluctuates obviously, and the peak value of local pres-
sure increases accordingly, which may cause stress concentration. It is validated that the 
OFP and OFT distributions illustrated in Figure 8 can better reflect the actual lubrication 
film state of the gear pair. 

Table 2. Roughness and fractal parameters. 

Roughness Level Ra/μm D G 
1 0.107 1.692 1.669 × 10−6 
2 0.425 1.596 3.528 × 10−6 
3 0.681 1565 4.513 × 10−6 
4 0.907 1.546 5.229 × 10−6 

 

 

Figure 7. OFP and OFT curve of smooth surface: (a) OFP; (b) OFT.

Machines 2022, 10, x FOR PEER REVIEW 9 of 21 
 

 

 
Figure 7. OFP and OFT curve of smooth surface: (a) OFP; (b) OFT. 

The arrangement of roughness level is shown in Table 2. However, it can be figured 
out from Figure 8 that under fractal roughness conditions, the distributions of OFP and 
OFT on each slice fluctuate. In addition, due to the different topography on each slice, the 
curves of OFP and OFT are different on each slice. It can also be concluded that with the 
increase in roughness level, the OFT fluctuates obviously, and the peak value of local pres-
sure increases accordingly, which may cause stress concentration. It is validated that the 
OFP and OFT distributions illustrated in Figure 8 can better reflect the actual lubrication 
film state of the gear pair. 

Table 2. Roughness and fractal parameters. 

Roughness Level Ra/μm D G 
1 0.107 1.692 1.669 × 10−6 
2 0.425 1.596 3.528 × 10−6 
3 0.681 1565 4.513 × 10−6 
4 0.907 1.546 5.229 × 10−6 

 

 

Machines 2022, 10, x FOR PEER REVIEW 10 of 21 
 

 

 

 

 

 

 
Figure 8. OFP and OFT curve of rough surface: (a) OFP with Ra = 0.907 μm; (b) OFT with Ra = 0.907 
μm; (c) OFP with Ra = 1.609 μm; (d) OFT with Ra = 1.609 μm; (e) OFP with Ra = 3.256 μm; (f) OFT 
with Ra = 3.256 μm; (g) OFP with Ra = 6.238 μm; (h) OFT with Ra = 6.238 μm. 

  

Figure 8. Cont.



Machines 2022, 10, 705 10 of 20

Machines 2022, 10, x FOR PEER REVIEW 10 of 21 
 

 

 

 

 

 

 
Figure 8. OFP and OFT curve of rough surface: (a) OFP with Ra = 0.907 μm; (b) OFT with Ra = 0.907 
μm; (c) OFP with Ra = 1.609 μm; (d) OFT with Ra = 1.609 μm; (e) OFP with Ra = 3.256 μm; (f) OFT 
with Ra = 3.256 μm; (g) OFP with Ra = 6.238 μm; (h) OFT with Ra = 6.238 μm. 

  

Figure 8. OFP and OFT curve of rough surface: (a) OFP with Ra = 0.907 µm; (b) OFT with
Ra = 0.907 µm; (c) OFP with Ra = 1.609 µm; (d) OFT with Ra = 1.609 µm; (e) OFP with Ra = 3.256 µm;
(f) OFT with Ra = 3.256 µm; (g) OFP with Ra = 6.238 µm; (h) OFT with Ra = 6.238 µm.

Table 2. Roughness and fractal parameters.

Roughness Level Ra/µm D G

1 0.107 1.692 1.669 × 10−6

2 0.425 1.596 3.528 × 10−6

3 0.681 1565 4.513 × 10−6

4 0.907 1.546 5.229 × 10−6

3.2. Calculation of OFS

The spring model is adopted to solve OFS between two rough surfaces [43]. The OFS
in the contact area of the gear pair is:

kl = A
Bl
hl

, (8)
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where hl is OFT; A means oil film contact area; and Bl is bulk modulus of the lubrication,
which is a function of the average OFP. Combined with the OFP p calculated in Section 3.1,
Bl can be determined by the following equation:

Bl =

{
1− 1

1 + B0
′ log

[
1 +

pm

B0

(
1 + B0

′)]}[B0 + pm
(
1 + B0

′)], (9)

the meaning of other parameters in Equation (9) are explained in Ref. [44].
The OFP and OFT along the line of action on each slice of the gear can be obtained

from Section 3.1. Then, the total OFS at each meshing point is the sum of stiffness of all
slices, which can be obtained by:

Kl =
Ns

∑
n=1

kln, (10)

where kln is the OFS of the n-th slice.
For a certain slice, the OFS during the meshing period under smooth oil film contact

and rough oil film contact with different roughness levels is depicted in Figure 9a, and
the OFS curve of each slice along the face width direction at a certain meshing point P is
illustrated in Figure 9b.
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Figure 9. OFS: (a) along the line of action; (b) along face width direction at meshing position P.

It is reflected in Figure 9a that the OFS of the smooth surface is stable with meshing
period, while the OFS of the rough surface fluctuates. Moreover, it is observed from
Figure 9a that OFS of the smooth surface is larger, and with the increase in roughness level,
the stiffness of the oil film becomes lower and lower. The reason may be that for the rough
surface, there are many pressure peaks and areas with low film thickness compared with
the smooth surface, which affects the OFS. It is generally agreed that when the roughness
tends to be 0, the surface tends to be smooth, and the stiffness curve is closer to that of the
smooth surface. Moreover, when the gear meshing transforms from a double-tooth contact
(DTC) region (the blue shaded areas) to a single-tooth contact (STC) region, the contact
stiffness of both cases has a sudden change. It can be concluded from Figure 9b that at a
certain meshing position, the OFS of the smooth surface along the face width direction is
constant, which is because the distributions of OFP and OFT are the same on each slice (see
Figure 7). Meanwhile, the OFS of the rough surface fluctuates, which is due to fluctuation
of OFP and OFT caused by the existence of the random phase in the W-M fractal function
(see Figure 8).

4. Mesh Stiffness Model under Fractal Rough EHL Condition

The OFS and TVMS are calculated based on the analytical method, where the sliced
method is adopted to consider the 3D gear surface topography. The OFS calculated in
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Section 3.2 is taken as the contact stiffness between engaged gear tooth pairs. The contact
stiffness and TVMS are compared under the Hertz contact stiffness, smooth OFS, and rough
OFS. In addition, the influences of different surface roughness levels, rotational speeds,
and torques on the OFS and TVMS are investigated.

To consider the 3D rough topography of the gear tooth surface, the TVMS is calculated
by the analytical sliced method. The spur gears are discretized into Ns independent gear
slices along the face width direction (as shown in Figure 10). The number of slices Ns is
set to be L/∆l (∆l =1mm is the width of each slice). It is assumed that the coupling effect
between these independent gear slices is not considered. In the figure, AB and CD represent
the theoretical DTC regions, BC represents the theoretical STC region.
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Considering that in the double-tooth meshing region, two meshing teeth share one
gear foundation, Ref. [44] gives the modified formula for calculating the mesh stiffness (kn
is mesh stiffness of each slice):

kn = 1/

(
1

λpkfp
+

1
ktooth

+
1

λgkfg

)
, (11)

where λp and λg are the correction coefficient of gear foundation stiffness of pinion and
gear, respectively; kfp and kfg represent the gear foundation stiffness of pinion and gear,
respectively, which is obtained by:

1
kf(p, g)

=
cos2 β

EL

{
L∗
(

uf
Sf

)2
+ M∗

(
uf
Sf

)
+ P∗

(
1 + Q∗ tan2 β

)}
, (12)

the parameters involved in Equation (12) can be found in Ref. [45]. ktooth stands for stiffness
of the gear tooth, whose expression is as follows:

ktooth =
q

∑
i=1

ki
tooth, ki

tooth = 1/
(

1
kl

+
1

ktp
+

1
ktg

)
, (13)

where q represents the number of tooth pairs involved in engagement simultaneously;
ki

tooth stands for tooth stiffness of the i-th tooth pair; kl stands for the local contact stiffness
(the OFS in Equation (8) substitutes the Hertz contact stiffness in the proposed model);
ktp and ktg are structure stiffness of the tooth of pinion and gear, respectively, including
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bending stiffness kb, shear stiffness ks, and axial compression stiffness ka. The calculation
methods of the stiffness mentioned above are as follows:

ktp = 1/

(
1

kbp
+

1
ksp

+
1

kap

)
, ktg = 1/

(
1

kbg
+

1
ksg

+
1

kag

)
, (14)


1

kb(p, g)
=
∫ α0

π
2

cos β(yβ−y1)−xβ sin β]
2

EIy1

dy1
dγ dγ +

∫ β
ac

cos β(yβ−y2)−xβ sin β]
2

EIy2

dy2
dτ dτ

1
ks(p, g)

=
∫ α0

π
2

1.2 cos2 β
GAy1

dy1
dγ dγ +

∫ β
ac

1.2 cos2 β
GAy2

dy2
dτ dτ

1
ka(p, g)

=
∫ α0

π
2

sin2 β
EAy1

dy1
dγ dγ +

∫ β
ac

sin2 β
EAy2

dy2
dτ dτ

. (15)

The meanings of other unexplained parameters in Equation (15) are explained in detail
in Ref. [46]. Thus, the total mesh stiffness is the sum of the stiffness of all gear slices, which
is written as:

K =

F ·
Ns
∑

n=1
kn

F +
Ns
∑

n=1
knEpc

, (16)

where F is the total meshing force. Epc stands for tooth profile errors.
The flow chart for calculating gear mesh stiffness under EHL conditions considering a

3D rough surface is shown in Figure 11.
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5. Results and Discussion
5.1. Mesh Stiffness under Different Contact States

To explore the influence of lubrication on gear meshing characteristics, the OFS and
TVMS of the gear pair are solved in the cases of Hertz contact, smooth surface lubrication,
and rough surface lubrication, respectively. The arrangement of the roughness level is
shown in Table 2. It should be noticed that rough oil film conditions with two different
roughness levels (slight roughness level 1 (Ra = 0.107 µm) and severe roughness level 4
(Ra = 0.907 µm)) are investigated to emphasize the differences between these three contact
states. The gear pair parameters in Table 2 are taken, and OFS and TVMS results under
different contact states are depicted in Figure 12.
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Figure 12. OFS and TVMS of gear under different contact modes: (a) OFS; (b) TVMS.

The conclusion drawn from Figure 12 is that the existence of lubricating oil film
increases TVMS. Mesh stiffness calculated by using the Hertz contact stiffness without
considering lubrication is obviously smaller than that when considering the lubrication
state. Furthermore, the mesh stiffness of rough surface lubrication is smaller than that of
smooth surface lubrication. The reason may be that, for the rough surface, the OFP and OFT
distributions appear as many pressure peaks and areas with smaller OFT compared with
the smooth surface, thus affecting the OFS. The OFS of the smooth surface is larger. Thus,
the mesh stiffness of the smooth surface is larger than that of the rough surface. When the
roughness level increases or decreases to a certain extent, the mesh stiffness values are close
to the Hertz contact and smooth surface lubrication contact, respectively, which indicates
that the proposed model has a certain generality.

5.2. Mesh Stiffness under Different Roughness Levels

To further explore the effect of roughness on lubrication and meshing performance
of gear pairs, the OFS and TVMS under different roughness levels (parameters listed in
Table 2) are investigated. The torque is 2000Nm, and rotational speed is 2000 r/min. The
OFS and TVMS results are depicted in Figure 13.

It is observed from Figure 13 that the OFS and TVMS decrease with the increase in
roughness, and the curves of OFS and TVMS are not smooth. The existence of roughness
makes the oil film too thick or too thin locally. Due to the high roughness level and large
central OFT, the OFS is small. From the calculation formula of mesh stiffness (Equation (11)),
it is concluded that the contact stiffness (that is, OFS) is proportional to mesh stiffness, so
the greater the roughness is, the smaller the gear mesh stiffness is.
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Figure 13. OFS and TVMS of gear under different roughness levels: (a) OFS; (b) TVMS.

5.3. Mesh Stiffness under Different Rotational Speeds

The OFS and TVMS under the condition of rough surface lubrication (roughness level
4 in Table 2 is adopted) at different rotational speeds are investigated, and the torque is set
to be 2000 Nm. The OFS and TVMS results are shown in Figure 14.
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Figure 14. OFS and TVMS of gear under different rotational speeds: (a) OFS; (b) TVMS.

From Figure 14, it is concluded that the higher the rotational speed, the smaller the
OFS and TVMS. Under high rotational speed conditions, a thicker oil film is more easily
formed, and the thicker the oil film is, the smaller the OFS is, which leads to the decrease
in the TVMS of the gear pair. In addition, because the sliding speed of the DTC region is
lower than that of the STC region, oil film may be more easily formed in the DTC region.
Thus, the influence of rotational speed on the TVMS of the DTC region is more obvious.

5.4. Mesh Stiffness under Different Torques

The OFS and TVMS under different torques are investigated. The rotational speed is
set to be 2000 r/min, and roughness level 4 (see Table 2) is chosen. The results are displayed
in Figure 15.
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Figure 15. OFS and TVMS of gear under different torque: (a) OFS; (b) TVMS.

As depicted in Figure 15, the greater the torque, the greater the OFS and TVMS. This is
due to the fact that under the action of a heavier load, the OFP increases and the distribution
is more uniform, meanwhile, the OFT becomes thinner and the local difference in film
thickness decreases, which makes the lubrication more stable. It is also found that the
change in torque will make a difference in the transition zone between the DTC region and
STC region. Specifically, with the increase in torque, the phenomenon of extended meshing
becomes more obvious.

6. Conclusions

Considering different topology distribution along the face width direction and its
influence on the distribution of lubricating oil film, an improved model for calculating the
oil film stiffness (OFS) and time-varying mesh stiffness (TVMS) of spur gears is established.
By adopting the sliced method, the influence of three-dimensional (3D) tooth surface
topography on the mesh stiffness of gear pairs can be considered only by solving the 2D
elastohydrodynamic lubrication (EHL) model. Thus, the complex and time-consuming
solving process of the 3D EHL model can be avoided. The actual gear surface topography is
tested by a surface profiler and characterized by the W-M fractal function. The distributions
of pressure, thickness, and stiffness of the lubricating oil film are investigated under smooth
and rough conditions by solving the proposed EHL model. Taking the OFS as contact
stiffness between gear pairs, the TVMS of the gear pair is then calculated by the analytical
sliced method. The main conclusions are listed below.

(1) Gear surface topography can be well characterized by a fractal function. The 3D
topography of the actual gear tooth surface can be simulated by introducing a random phase.

(2) The oil film pressure (OFP) and oil film thickness (OFT) at a certain meshing
position with and without considering tooth surface roughness are compared and analyzed.
The OFS is calculated after obtaining OFP and OFT, and the influence of smooth and rough
gear surfaces on the OFS is analyzed. The OFS of the rough surface fluctuates during the
gear operating process and the amplitude is much smaller than that of the smooth surface.

(3) The TVMS is calculated by taking the OFS as contact stiffness. The mesh stiffness
calculated by using the Hertz contact stiffness is obviously smaller than that when consid-
ering the lubrication state, and the mesh stiffness of rough surface lubrication is less than
that of smooth surface lubrication. Furthermore, under the condition of rough lubrication,
the mesh stiffness increases with the decrease in rotational speed and the increase in torque,
and decreases with the increase in roughness. Among these three impact factors, the effect
of torque on the OFS and TVMS dominates.

The research conclusions of this work can provide some reference for studying the
meshing characteristics of gear pairs under EHL conditions considering rough surface
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topography. It should be claimed that under the roughness levels given in this paper,
the gear pair is regarded as operating under the condition of full film lubrication state
throughout the whole meshing cycle. In other words, the model proposed in this paper can
be applied to gears working under full film lubrication. In practice, it is very difficult for
gears to be in a state of adequate oil supply under some extreme working conditions (such
as high speed, high temperature, heavy load, etc.). As a result, it is possible to form a lack
of lubrication state and produce the squeeze cave effect. Thus, the squeeze cave should be
considered in further research.
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Nomenclature

A Oil film contact area
b Contact half width of the gear
Bl Bulk modulus of the lubrication
c* Tip clearance coefficient
D Fractal dimension
E Equivalent modulus of elasticity
Ei

p Total tooth profile error of the i-th tooth pair of each slice gear pair along
line of action

Epc Tooth errors of each slice gear caused by lead crowning relief along face
width direction

Fslice External load on each slice
F Total meshing force
G Characteristic scale parameter of the profile
h Lubricant film thickness
ha

* Addendum coefficient
h0 Initial oil film thickness
hl Oil film thickness
Ik−1
k Restriction operator transferred from k level to (k−1) level

Ik+1
k Interpolation operator transferred from k level to (k- + 1) level

k Mesh stiffness
ka Axial compression stiffness
kb Bending stiffness
kfp, kfg Foundation stiffness of pinion and gear, respectively
kh Local contact stiffness
kl Stiffness of the contact area of the oil film
kln Oil film stiffness of the n-th slice
Kl The sum of the oil film stiffness of all slices
kn Mesh stiffness of each slice of gear pair
ks Shear stiffness
ktooth Stiffness of gear tooth
ki

tooth Tooth stiffness of the i-th tooth pair
ktp, ktg Structure stiffness of tooth of pinion and gear, respectively
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L Face width
m Module of gear
n Frequency index of the asperity
N Rotational speed
nmax The maximum frequency index
nmin The minimum frequency index
Ns Number of slices
p Lubricant film pressure
p0 Pressure coefficient
q Number of tooth pairs involved in meshing at the same time
R Equivalent radius of curvature
Ra Surface roughness
rint Hub radius of gear
T Transmitted torque
u1, u2 Rolling speed at the meshing point of the pinion and gear, respectively
us Entrainment velocity
v(x,t) Elastic deformation
v0, v1, v2 and v3 Number of iterations in W cycle iterative process
wm(x,t) Amplitude of the contour of the two-dimensional rough surface
x Horizontal measuring length
x0 Oil film inlet coordinate
xe Oil film outlet coordinate
Z Number of teeth of gear
z Viscosity–pressure index
zn Axial coordinate of a sliced spur gear
Greek symbols
α Pressure angle of pitch circle
γ Sampling frequency
η Lubricant viscosity
η0 Initial lubricant viscosity under ambient pressure
λp, λg Coefficients of the fillet-foundation stiffness of the pinion and gear, respectively
ν Poisson’s ratio
ρ Lubricant density
ρ0 Initial lubricant density under ambient pressure
ϕn Random phase
Abbreviations
DTC Double-tooth contact
EHL Elastohydrodynamic lubrication
OFP Oil film pressure
OFS Oil film stiffness
OFT Oil film thickness
STC Single-tooth contact
TVMS Time-varying mesh stiffness
2D Two-dimensional
3D Three-dimensional
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