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Abstract: In this paper, a set of partial differential equations considering the dynamic effects of the
coiled tubing (CT) is established based on the bending theory of slender beams considering the
axial loads. The analytical solution of sinusoidal deformation with the time term is obtained. The
critical load of coiled tubing during sinusoidal buckling and the change of half-wave number during
sinusoidal post-buckling are studied through the introduction of the necessary conditions, solution
and the separation constant. The contact force of coiled tubing with sinusoidal post-buckling on
the horizontal well wall is analyzed. The results show that the critical load for sinusoidal buckling
of fixed-size CT is related to the section angular acceleration coefficient. The half-wave number
produced by the sinusoidal post-buckling bending of the CT gradually decreases during compression.
The contact force of the deformed CT to the borehole wall is related to the compression speed of
the CT. By introducing the dynamic term and the separation constant, this research model can
provide a theoretical basis for studying the transformation of the CT from sinusoidal buckling to
helical buckling.

Keywords: coiled tubing; sinusoidal post-buckling; contact force; horizontal wellbore; separation constant

1. Introduction

With the advantages of fast and efficient operation, little damage to the formation,
and low cost of use, CT is widely used in oil and gas field workover, drilling, comple-
tion, logging, and other operations, and plays a very important role in oil and gas field
exploration and development. The working environment during downhole operations is
very complex, and CT often undergoes sinusoidal and helical buckling, which affects the
working efficiency. The CT moves in the well with friction and even locks up in extreme
cases [1–3]. Since Rubinski conducted a study on the buckling behavior of tubular string [4],
Mitchell has extended the buckling model of Rubinski and solved the helical buckling
model problem using numerical methods [5]. P.R. Paslay and D.B. Bogy use the energy
method to analyze the stability of a tubular string in an oblique straight section and derive
a formula for calculating the critical load when sinusoidal buckling of the tubular occurs [6].
Dawson and Paslay have given a formula for calculating the critical load of tubular string
instability in high-angle wells [7], considering buoyancy weight per length of the pipe
and ignoring friction. Subsequently, many scholars have begun to study the buckling
deformation of tubular columns [8–11]. Chen et al. study the buckling behavior of tubular
string in the horizontal well using the energy method [12]. Rasoul et al. study the effects
of shear deformation and rotary inertia on post-buckling behavior [13] and Xing and Gao
analyze the buckling of pipe string under the action of friction force, the coupling effect
between axial force and friction force is solved for the first time [14]. Gao and Huang
study the buckling behavior by using the energy method and the tubular string buckling
equation [15].
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As the research progresses, the researchers have found that there is a considerable
deviation between the theoretical buckling deformation of the tube column and the actual
occurrence of buckling deformation [16,17]. Researchers with different initial conditions
are able to obtain different calculation results for the tubular string buckling. Robert and
Mitchell add axial torque to model the tubular subjected to axial force and torque [18];
He et al. give an algorithm for buckling loads in three dimensions [19]. Zhu et al. investi-
gate the effect of initial curvature on the buckling deformation of the tubular column [20].
Gao and Miska introduce the effect of frictional forces on the deformation of the tubular
column [21,22]. However, the shape of the tubular string undergoes a complex transfor-
mation with compression during the transition from straight form to sinusoidal buckling
or from sinusoidal buckling to helical buckling, such as the curve of the wellbore or the
continuous contact between the tubular string and the wellbore and so on [23]. However,
there is no unified model to represent the transition from sinusoidal buckling to helical
buckling of the tubular string so far [24].

In order to study the conversion process from sinusoidal buckling to helical buckling
in depth, this paper adopts a new analytical method to study the sinusoidal post-buckling
deformation of a tubular string with a straight initial configuration in a horizontal well sub-
jected to axial load compression by using dynamic factors and introducing the separation
constant. Firstly, a mathematical model of the bending deformation of the horizontal coiled
tubing containing the dynamic term is established. By introducing the separation constant,
the sine analytical solution and the sine critical load formula including the section angular
acceleration coefficient are obtained. Secondly, the range of the separation constant after
sinusoidal buckling deformation is obtained by the energy method, and the calculation
formulas of compression displacement and axial load including the separation constant and
time term are derived. Finally, the force changes of the CT with sinusoidal post-buckling
on the well wall under different velocities and different axial loads are analyzed.

2. Theoretical Model
2.1. Coiled Tubing Buckling Equation

CT’s deformation under axial load occurs in three shapes: sinusoidal buckling config-
uration, sinusoidal–helical buckling hybrid configuration, and helical buckling conforma-
tion. Due to the complexity of the model and the excessive actual boundary conditions,
the following assumptions are made under the premise of ensuring that the results are
not distorted.

(1) The length along its axis remains invariable when the CT is deformed.
(2) The influence of fluids, such as downhole mud, on the mechanics of CT is neglected.
(3) The wellbore and CT are circular in cross-section.
(4) There is deformation of CT in the horizontal well sections at continuous contact.
(5) The clearance between the CT and the wellbore is much smaller than the CT length.
(6) The effects of the CT rotation and torsion are neglected.
(7) The initial shape of the CT before deformation occurs is straight.
(8) The CT is connected with two pin ends.

As shown in Figure 1, point O1 is established at the center of the circle of the horizontal
shaft, the x-axis is the vertical direction, the y-axis is the horizontal direction, and the
z-axis is the direction of the horizontal well axis to establish the coordinate system. The
radius of the wellbore is rs and the radius of the outer circle of the tubular string is rp. The
radial clearance between the wellbore and the CT is rc = rs − rp. The unit vectors of the
X-axis, Y-axis and Z-axis correspond to i, j, and k. et, en, and eb are the unit vectors in the
tangential direction, the main normal, and the minor normal at a point of the deformed
coiled tubing, respectively. rc indicates the vector diameter from origin O to contact point C,
ro is the radius vector from the original point O to the center of the wellbore O1, and r is
the radius vector from the origin O to the center of the micro segment O2.
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Figure 1. Schematic diagram of horizontal CT: (a) CT with sinusoidal buckling; (b) Coordinate
parameters of CT section.

The dynamic equilibrium equations for a unit length of the tubular string is

∂V
∂s

+ F =
m
∆s

∂2r
∂t2 (1)

where F is the vector of external forces per unit length of the CT, the gravity per unit length
of the coiled tubing is q, V is the vector of internal forces on the micro segment of the CT,
∆s is the arc length of the micro segment of the CT, m is the mass of the micro segment of
the CT, and t is the motion time of micro segment.

The equations of momentum theorem and moment of momentum theorem of a unit
length of the tubular string after neglecting small quantities are

∂(mv)
∂t

= (V + ∆V)− V + F∆s (2)

∂H
∂t

= M +
∂ψ

∂s
+ et × V (3)

According to the definition of angular momentum, we can obtain

H = ρA(r − ro)× [Ω × (r − ro) + vzk] + Icω (4)

where M is the external torque of the external force on the CT per unit length to the center O2
of the CT, Ψ is the internal moment on the micro segment of the CT, H is the moment of
momentum per unit length of the CT to the center of the wellbore, Ic is the rotational inertia
of a unit length of CT around its axis. ω is the angular velocity vector of the rotation of
the CT on its axis, ρ is the density of the CT, A is the cross-sectional area of the CT, and Ω is
the angular velocity vector of the rotation of the center point of a unit length of CT in the
XY-plane around the borehole center. The subscripts X, Y, and Z represent the components
of each vector parameter in the X-axis, Y-axis, and Z-axis, respectively.

The motion of the CT In contact with the horizontal well when deformation occurs
can be split into two directions: the direction of motion along the Z-axis and the rotation
along the XY-plane. Assume that the friction coefficients for each of the two motions are µz
and µxy. The following conditions are satisfied.{

x = rc cos θ
y = rc sin θ

The expressions for the friction f and the external force vector F per unit length of
the CT in contact with the horizontal well are

f = sign(θ)
(
µxyN sin θ · i − µxyN cos θ · j

)
− µzNk (5)
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F =
[
−N cos θ + sign(θ)µxyN sin θ + ρAg

]
i

+
[
−N sin θ − sign(θ)µxyN cos θ

]
j − µzNk

(6)

where sign(θ) = 1 when the CT micro section rotates clockwise, and sign(θ) = −1 when
the CT micro section rotates counterclockwise. θ is the angular displacement of the section
when the CT undergoes buckling deformation and N is the contact force of the well wall on
the unit length of the CT.

Substituting Equation (6) into Equation (1) and expanding it gives
∂Vx
∂s = ρA ∂2x

∂t2 +
(

N cos θ − sign(θ)µxyN sin θ − ρAg
)

∂Vy
∂s = ρA ∂2y

∂t2 +
(

N sin θ + sign(θ)µxyN cos θ
)

∂Vz
∂s = ρA ∂2z

∂t2 + µzN

(7)

When the micro segment of the CT moves to satisfy

∂x
∂t

= −∂θ

∂t
rc sin θ (8)

∂y
∂t

=
∂θ

∂t
rc cos θ (9)

Substituting the above equation into Equation (3) and from the stress as a function of
strain [25,26], we can obtain the expanded form of the momentum moment theorem about
the micro section of the CT.

ρA(r − ro)×
[

∂Ω
∂t × (r − ro) + Ω × (v − vo) +

∂2z
∂t2 k

]
− ρA(vo × v)

= M +
∂

{
EI
[(

∂y
∂s

∂2z
∂s2 −

∂z
∂s

∂2y
∂s2

)
i+
(

∂z
∂s

∂2x
∂s2 −

∂x
∂s

∂2z
∂s2

)
j+
(

∂x
∂s

∂2y
∂s2 −

∂y
∂s

∂2x
∂s2

)
k
]}

∂s
+
(

∂y
∂s Vz − ∂z

∂s Vy

)
i +
(

∂z
∂s Vx − ∂x

∂s Vz

)
j +
(

∂x
∂s Vy − ∂y

∂s Vx

)
k

(10)

where E is the elastic modulus and I is the moment of inertia. Since the coordinate center O
of the coordinate system coincides with the wellbore center O1, so ro = zok and xo = yo = 0.
vo is the velocity vector of point O1, and the velocity direction moves along the Z-axis. vox,
voy, and voz, respectively, represent the components of the velocity vo in the X-axis, Y-axis,
and Z-axis, which must be vox = voy = 0. Equation (11) becomes

EI
(

∂y
∂s

∂3z
∂s3 − ∂z

∂s
∂3y
∂s3

)
+
(

∂y
∂s Vz − ∂z

∂s Vy

)
= ξ1

EI
(

∂z
∂s

∂3x
∂s3 − ∂x

∂s
∂3z
∂s3

)
+
(

∂z
∂s Vx − ∂x

∂s Vz

)
= ξ2

EI
(

∂x
∂s

∂3y
∂s3 − ∂y

∂s
∂3x
∂s3

)
+
(

∂x
∂s Vy − ∂y

∂s Vx

)
= ξ3

(11)

where:
ξ1 = ρA

(
y ∂2z

∂t2 + ∂z
∂t

∂y
∂t

)
− Mx,

ξ2 = ρA
(
−x ∂2z

∂t2 − ∂z
∂t

∂x
∂t

)
− My,

ξ3 = ρA
[

x
(

∂2θ
∂t2 y + ∂θ

∂t
∂y
∂t

)
− y
(

∂2θ
∂t2 x + ∂θ

∂t
∂x
∂t

)]
− Mz.

Taking the derivative of arc length s at both ends of Equation (11), substituting
Equations (1), (7)–(9) and (11) into the equation, respectively, and ignoring the small quan-
tities, we can obtain partial differential Equations (12) and (13) for the dynamic balance of
horizontal coiled tubing when bending and deforming under axial load.

EIrc

[
∂3z
∂s3

∂2θ
∂s2 + ∂θ

∂s
∂4z
∂s4 + ∂2z

∂s2

(
∂θ
∂s

)3
− ∂2z

∂s2
∂3θ
∂s3 + 6 ∂z

∂s

(
∂θ
∂s

)2
∂2θ
∂s2 − ∂z

∂s
∂4θ
∂s4

]
+rc

∂
∂s

(
Vz

∂θ
∂s

)
− ∂

∂s

(
∂z
∂s Vy

)
cos θ + ∂

∂s

(
∂z
∂s Vx

)
sin θ = ∂ξ1

∂s cos θ + ∂ξ2
∂s sin θ

(12)
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EIrc

[
4 ∂z

∂s
∂θ
∂s

∂3θ
∂s3 − ∂3z

∂s3

(
∂θ
∂s

)2
+ 3 ∂2z

∂s2
∂θ
∂s

∂2θ
∂s2 − ∂z

∂s

(
∂θ
∂s

)4
+ 3 ∂z

∂s

(
∂2θ
∂s2

)2
]

−rcVz

(
∂θ
∂s

)2
− ∂

∂s

(
∂z
∂s Vy

)
sin θ − ∂

∂s

(
∂z
∂s Vx

)
cos θ = ∂ξ1

∂s sin θ − ∂ξ2
∂s cos θ

(13)

In this paper, it is assumed that the CT is incompressible along the axial direction, the
length of the CT is larger than the diameter of the wellbore, and the angle θ changes very
little with the axial coordinate value, which can be considered as ds ≈ dz. Assuming that
the axial load on each micro section of the CT is the same, the axial load satisfies Fz = Vz.
According to Equations (12) and (13), the partial differential equations considering the
dynamic effect when the CT in the horizontal wellbore is compressed and bent by axial
load can be obtained, as shown in Equation (14).



EIrc

[
6
(

∂θ
∂z

)2
∂2θ
∂z2 − ∂4θ

∂z4

]
+ rc

∂
∂z

(
Fz

∂θ
∂z

)
− sign(θ)µxyN + µzrpN ∂θ

∂z − ρAg sin θ

= ρArc

[
∂2z
∂t2

∂θ
∂z +

∂
∂z

(
∂z
∂t

∂θ
∂t

)
+ ∂2θ

∂t2

]
EIrc

[
4 ∂θ

∂z
∂3θ
∂z3 −

(
∂θ
∂z

)4
+ 3
(

∂2θ
∂z2

)2
]
− rcFz

(
∂θ
∂z

)2
− N + µzrp

∂N
∂z + ρAg cos θ

= ρArc

[
∂
∂z

(
∂2z
∂t2

)
− ∂θ

∂t

(
∂z
∂t

∂θ
∂z +

∂θ
∂t

)]
(14)

Mitchell [27] analyzes the bending deformation of the CT in the wellbore assuming
that the CT in static condition. In contrast, the system of Equation (14) considers the effect
of deformation on the CT due to motion during the deformation process. If friction and
dynamic effects are ignored, the equation can be simplified to the form of β = 0 in Mitchell’s
conclusion as follows:

EI
[

6
(

∂θ
∂z

)2
∂2θ
∂z2 − ∂4θ

∂z4

]
+ ∂

∂z

(
Fz

∂θ
∂z

)
− ρAg

rc
sin θ = 0

EI
[

4 ∂θ
∂z

∂3θ
∂z3 −

(
∂θ
∂z

)4
+ 3
(

∂2θ
∂z2

)2
]
− Fz

(
∂θ
∂z

)2
− N

rc
+ ρAg

rc
cos θ = 0

The CT is in continuous contact with the well wall, the contact force N varies little with
the axial coordinate Z, the radius rp of the continuous tubular string is also small compared
to the length of the tubular, and the friction coefficient µz is less than 1, so the value
of µzrpN∂θ/∂z is very small, and the value of µzrp∂N/∂z is also very small in the system
of Equation (14). It shows that the influence of axial friction force on the deformation of
the CT is much smaller than that of radial friction force at the beginning of the deformation.
These are the same conclusions as those obtained by Gao [22] and Miska [18].

2.2. Equation Dimensionless

Equation (14) does the following parameter transformations:

χ = 2
(

EIq
rc

) 1
2

that is, z = z/ς, Fz = Fz/χ, t = t/δ, and N = N/q.
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Equation (15) is a non-dimensional partial differential equation set for horizontal
coiled tubing deformation considering dynamic effects.

6
(

∂θ
∂z

)2
∂2θ
∂z2 − ∂4θ

∂z4 + 2Fz
∂2θ
∂z2 − sign(θ)µxyN + µzN rs

ς
∂θ
∂z − sin θ

= r4
c
I

(
∂2z
∂t2

∂θ
∂z + 2 ∂2θ

∂t2

)
4 ∂θ

∂z
∂3θ
∂z3 −

(
∂θ
∂z

)4
+ 3
(

∂2θ
∂z2

)2
− 2Fz

(
∂θ
∂z

)2
− N + µz

rp
ς

∂N
∂z + cos θ

= r4
c
I

[
∂3z
∂t3
∂z
∂t

− 2
(

∂θ
∂t

)2
] (15)

The equation is a fourth-order nonlinear partial differential equation, and it is difficult
to obtain an analytical solution. It is assumed that the initial deformation of the CT is small,
and dθ/dz is a small quantity. ∂2z/∂t2 is the axial acceleration of the micro section. If this
term is included, the equation is a nonlinear partial differential equation. Non-linear factors
are not considered in this study, so this factor is ignored in a reasonable way. Assuming that
the lowering speed of the CT does not change much, it becomes a linear partial differential
equation that is easy to solve after being omitted. The initial deformation of the CT is small,
and the influence of friction and high-order small quantities are ignored [21]. Equation (16)
is the simplified dimensionless equation considering dynamic effects. After simplification,
Equation (15) becomes the following linear differential equation.

∂4θ
∂z4 − 2Fz

∂2θ
∂z2 + θ = −2 rc

4

I
∂2θ

∂t2

4 ∂θ
∂z

∂3θ
∂z3 + 3

(
∂2θ
∂z2

)2
− 2Fz

(
∂θ
∂z

)2
− N + 1 − θ2

2 + θ4

24 = −2 rc
4

I

(
∂θ
∂t

)2 (16)

3. Results and Discussion
3.1. Conditional Analysis of Solutions

A solution to the system of Equation (16) is assumed to be

θ
(
z, t
)
= Φ(z)G

(
t
)

where φ(z) is a function of z only and G
(
t
)

is a function of t only. Equation (16) can be
rewritten as 

1
Φ

∂4Φ
∂z4 − 2Fz

1
Φ

∂2Φ
∂z2 + 1 = λ

−2 rc
4

I
1
G · ∂2G

∂t2 = λ
(17)

where λ is the separation constant.
It can be seen that the boundary conditions are different, and the solutions of Equation (17)

are different. In this paper, only the tubular string with two ends hinged in the initial shape of
the straight line is studied, and the boundary conditions are as follows:

∂2θ

∂z2

∣∣∣∣
z=0

=
∂2θ

∂z2

∣∣∣∣
z=L

= 0, θ
(
0, t
)
= θ

(
L, t
)
= 0, θ(z, 0) = 0

One solution of equation system Equation (16) is

θ
(
z, t
)
= M

(
e
√
− λ

Q t − e−
√
− λ

Q t
)

sin
(

πn
L

z
)

(18)

where M is any constant. Obviously, the value of M is different for different boundary
conditions. Equation (18) can be expressed in the following form.

θ = An sin
(

nπz
L

)
(19)
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where L represents the axial dimensionless length of the CT after compression and n is
the half-wave number. By solving the partial differential equation, we know that due
to the existence of the separation constant, there are many solutions to the equation. In
Equation (19), the expression of the amplitude An is different according to the value range
of the separation constant. The necessary condition for this formula to be established is

Fz = −1
2

[
n2π2

L2 +
L2

n2π2 (1 − λ)

]
(20)

The dimensionless axial load Fz and the separation constant λ both change with the
change of L, but the value of n changes by one after L changes in a certain range, and
may also change by more than two at the same time. To simplify the analysis, assuming
that n does not change with the change of L, the derivation of both sides of Equation (20)
concerning and equal to zero gives the expression about the separation constant.

λ = 1 +
n4π4

L4 +
1

L2 c1 (21)

where c1 is an arbitrary constant. Substituting Equation (21) into Equation (20) can obtain
the extreme value of the dimensionless axial load Fz corresponding to the half-wave
number n.

Fz =
1
2

1
n2π2 c1 (22)

The dimensionless total length of the uncompressed CT is La, and L ≈ La is satisfied
at the moment of bending at the beginning. Equation (22) becomes

Fz = −1
2

[
La

2

n2π2 (1 − λ) +
n2π2

La2

]
(23)

ε is the section angular acceleration coefficient (ε = 1 − λ). Differentiating both sides
of Equation (23) concerning n and equal to zero yields

n =
La

π
(ε)

1
4 (24)

Substituting Equation (24) into Equation (23) gives

Fz = −(ε)
1
2 (25)

Equation (25) shows that the minimum critical load for the sinusoidal buckling of CT
in a horizontal well is related to the section angular acceleration coefficient ε. If the velocity
at both ends of the tubular string is zero when the deformation begins, that is ∂2θ/∂t2

= 0,
then λ = 0. At this time ε = 1, then the dimensionless critical load value for sinusoidal
buckling of the tubular string is Fz = 1, which is

Fzmin = χFzmin = −2
(

EIq
rc

) 1
2

(26)

where Fzmin is the minimum axial load and Fzmin is the minimum dimensionless axial load.
The minus indicates that the axial load direction is the tensile direction. The calcu-

lation result of Equation (26) is the critical load value of sinusoidal buckling in the static
state [7,12].

Table 1 shows the corresponding minimum Fzmin value and the corresponding n value
(n is a positive integer) when different La starts to compress. The critical load Fzmin < −1
for the sinusoidal buckling of the shorter tubular string can be seen in Figure 2. As the
value of La increases, the dimensionless axial load required when the tubular string starts
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to compress is closer to the negative one, or, the minimum value will only appear when the
total length of the tubular string is exactly an integer multiple of π. Since the half-wave
number generated when the tubular string undergoes sinusoidal buckling is an integer,
theoretically, the conditions satisfying Equation (24) cannot always be established, which
means that the calculation result of Equation (26) has errors, and the scope of application
has certain limitations. If La > 14.64, that is, −Fzmin < 1.01 when the length exceeds 4.7 π,
the calculated data will be more accurate. This result is more precise with the conclusion of
Gao and Miska [21].

Table 1. Critical load magnitude and half-wave value.

Total Length of CT
(
La
)

Minimum Axial Load
(
−Fzmin

)
Half Wave Number (n)

1 4.985 1
2 1.436 1
3 1.004 1

3.5 1.023 1
4 1.119 1
5 1.106 2

10 1.007 3
20 1.007 6
50 1.0001 16
100 1.0001 32
200 1.0001 64
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3.2. Separation Constant Value Range

The dimensionless expression of the moving distance at the end of the tubular string is

Lz =
rc

2

2ς2

∫ L

0

(
dθ

dz

)2
dz (27)

where Lz is the dimensionless movement distance at the end of the tubular string. When the
tubular string is deformed, due to the slow movement speed and small kinetic energy, only
the sum of axial load work and gravity work is considered to be converted into bending
strain energy when deformation occurs, that is

∆Us + ∆Wq = ∆WV
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where ∆Us is the bending strain energy, ∆WV is the axial load work, and ∆Wq is the
gravitational potential energy. It can be calculated by the following expressions, respectively.

∆Us =
qrc

2
ς
∫ L

0

[(
∂θ

∂z

)4
+

(
∂2θ

∂z2

)2]
dz (28)

∆WV = −χ

ς
Fza

1
2

rc
2
∫ L

0

(
dθ

dz

)2
dz (29)

∆Wq = qrcς
∫ L

0

(
θ2

2
− θ4

24

)
dz (30)

The axial load varies with the amount of compression rather than a constant value [28].
When using the conservation of energy, the average axis load is used to reduce calculation
errors. Liu, Miska et al. believe that the axial load and compression distance changes
approximately linearly during the sinusoidal buckling process of the tubular string [29,30].
Take Fza as the average value of the dimensionless axial load during the deformation of the
tubular string.

Fza =
Fzmin + Fz

2
=

Fz − 1
2

(31)

The conservation of energy can be obtained from Equations (19), (20), and (28)–(31)
as follows:

λ = −
(

n4π4

L4 − 2
n2π2

L2 + 1
)
+

A2
n

8
− 3n4π4 A2

n

2L4 (32)

The term n4π4/L4 − 2n2π2/L2
+ 1 in the parentheses of the above formula is the

value of the separation constant λ at the moment of axial load Fz = −1. At this time, it can
be considered as the critical load value for sinusoidal buckling, i.e., λ = 0. So, Equation (32)
can be simplified as

λ =
A2

n
8

− 3n4π4 A2
n

2L4 (33)

Substituting Equation (33) into Equation (20), we can obtain

Fz =
L2

16n2π2 A2
n −

3n2π2

4L2 A2
n −

n2π2

2L2 − L2

2n2π2 (34)

The derivation of both ends of Equation (34) concerning and equal to zero can obtain
the expression of the dimensionless compression length and amplitude of the tubular string
when the axial load required to satisfy the balance condition is the extreme value.

n4π4

L4 =
8 − A2

n
4(3A2

n + 2)
(35)

Substitute Equation (35) into Equation (34) to obtain the expression of dimensionless
axial load and amplitude An.

Fz = −1
4

[(
3A2

n + 2
)(

8 − An
2
)] 1

2 (36)

It can be seen from Figure 3 that there is a maximum value of −Fz. This value is
calculated in the condition of An

2 = 11/3.
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Substituting the value into Equation (36) yields

Fz = −13
4

√
1
3
≈ −1.8764

When An = 0 is satisfied, the tubular string is in the initial straight state. Equation (35)
shows that the amplitude must satisfy the critical condition An

2 < 8. When the axial load
becomes smaller from the extreme point [29], the work value of the linear average axial load
when using the conservation of energy calculation does not apply to the descending part on
the right side of the extreme value in Figure 3. Therefore, the calculation error of the curve
on the right side of the extreme value is relatively large and has no significance. That is to
say, the expressions about the square of the amplitude An

2 and the axial load Fz will change.
It can be considered that the extreme point is a critical value of pipe string deformation.
The buckling of the pipe string enters the next form: sinusoidal–helical buckling mixed
form. This value is the critical load for the mixed form, which is very similar to the 1.875 of
Miska [30]. At this time, the separation constant satisfies λ = 0.

Substitute Equation (35) into Equation (33) to obtain the relationship between the
separation constant λ and the amplitude An.

λ =
3A4

n − 11A2
n

4(3A2
n + 2)

(37)

When λ = 0, An = 0 or An
2 = 11/3 can be obtained. It can be seen from Figure 4

that the value range of the separation constant before the buckling amplitude of the tubing
string in the horizontal well reaches the maximum value satisfies is λ ≥ −0.4.Machines 2023, 11, x FOR PEER REVIEW  13  of  22 
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Figure 4. Relation between the separation constant and square of the amplitude.
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When the CT deforms, λ ≤ 1 must exist. When λ = 1, it can be regarded as the buckling
deformation when the two ends are hinged, and Equation (20) is the Euler critical load.

Fz = χFz = −EI
n2π2

L2

For λ = 1, it does not meet the buckling deformation of the tubular string at the bottom
of the horizontal well, so the value range of the separation constant must satisfy λ < 1.
According to the assumption of the separation constant, when λ = 0, the movement of the
tubular string projected on the cross-section of the horizontal well is in a steady state of
uniform circular rotation or a static state.

Substituting Equations (19) and (35) of the sinusoidal buckling equation into Equation (27),
the relationship between the square of the amplitude An

2 and the compression displacement
Lz can be obtained.

An
2 = 2

(
− p

3

) 1
2 cos

(
ϑ + 4π

3

)
+

8
3

(38)

where:
p = 12

(
Lz

La−Lz

4k1
2

rc2

)2
− 64

3 ,

q = − 1024
27 + 40

(
Lz

La−Lz

4k1
2

rc2

)2
,

ϑ = arccos

(
− 1

2 q√
− p3

27

)
.

Substitute Equation (38) into Equation (36) to obtain the relationship between the
axial load Fz and the compression displacement Lz during sinusoidal post-buckling of the
tubular string.

Fz = −1
4

{[
6
(
− p

3

) 1
2 cos

(
ϑ + 4π

3

)
+ 10

][
16
3

− 2
(
− p

3

) 1
2 cos

(
ϑ + 4π

3

)]} 1
2

(39)

where p, q, and ϑ are defined in this paper.
The outer diameter of the tubular string is 2 inches; the wall thickness of the tubular

string is 0.165 inches, and the wellbore radius is 3.5 inches; the modulus of elasticity
is E = 206 × 109 Pa, the density of the pipe string is ρ = 7850 kg/m3. Through the
numerical calculation of Equation (39), the relationship between axial load and compression
displacement of tubular strings with different lengths can be obtained, as shown in Figure 5.
It can be seen that the axial load varies linearly with the compression displacement when
the tubular string undergoes sinusoidal buckling. The longer the tubular string, the smaller
the axial load required to compress the same displacement. The sinusoidal buckling
dimensionless critical load −Fzmin required at the onset of compression is approximately 1.
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Substituting Equation (38) into Equation (37) can obtain the relationship between the
separation constant λ and the compression displacement Lz. It can be seen from Figure 6
that the value range of the separation variable does not change with the length of the
tubular string. When the length La increases, the λ changes more slowly with Lz. There
is dλ/dL ≈ 0 when the string length is long enough. In this case, the derivatives of both
sides of Equation (20) and equal to zero can be obtained as follows:

λ = 1 − n4π4

L4
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Substituting the above formula into Equation (20) obtains

Fz = −n2π2

L2

When sinusoidal buckling occurs, the axial load calculated by the above formula
is twice the Euler critical load. This formula can be used to approximate the sinusoidal
buckling critical load when the rod length is large enough. This result is the same as in the
literature [31].

To sum up, the value range of the separation constant when the sinusoidal post-
buckling deformation occurs of the CT in the horizontal well can be approximated is
−0.4 ≤ λ < 0, and the value range of the separation constant when the sinusoidal-helical
buckling deformation occurs, and the helical buckling deformation is approximately
0 ≤ λ < 1.

3.3. Calculation of Half-Wave Number and Contact Force

Assuming that the length of the half-wavelength generated by the sinusoidal buckling
of the tubular string is the same, Equation (35) can be rewritten as

n =
La

π

(
8 − An

2

12An2 + 8

) 1
4

(40)

The amplitude of the same compression displacement during the sinusoidal buckling
deformation of different-length tubular strings is different. In Figure 7, when the amplitude
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is zero, the tubular string is in the state of initial compression, and the generated half-wave
number is consistent with the data in Table 1. During the sinusoidal buckling deformation,
the number of half-waves gradually decreases. The shorter the tubular string length, the
less the half-wave number changes. When the tubular string length is short enough, the
number of half-wave numbers generated remains unchanged. However, the shorter the
tubular string length, the greater the calculation error. Since the half-wave number is an
integer, the result is obtained as a decimal because the half-wave lengths generated in the
actual deformation are not equal.
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By substituting Equations (18) and (19) into Equation (16), we can obtain the dimen-
sionless contact force expression of a tubular string with linear initial configuration on the
wellbore when sinusoidal buckling occurs. The symbol definition in the expression shall be
consistent with the setting in this paper.

N = 3A2
n

(
πn
L

)4
sin2

(
πn
L

z
)
− 4A2

n

(
πn
L

)4
cos2

(
πn
L

z
)

−2Fz A2
n

(
πn
L

)2
cos2

(
πn
L

z
)
+ 1 −

A2
n sin2

(
πn
L

z
)

2 +
A4

n sin4
(

πn
L

z
)

24

−λ A2
ne

√
− λ

Q t
−e

−
√
− λ

Q t
2

(
e
√
− λ

Q t
+ e−

√
− λ

Q t
)2

sin2
(

πn
L

z
) (41)

The time term t and the compression displacement Lz affect the magnitude of the
rod compression velocity. If the dimensionless velocity of the end of the tubular string
is constant, then: v0 = Lz/t. If there is acceleration in the movement, then v0 = dLz/dt.
Assuming that the movement speed of the end of the CT is a uniform movement, sub-
stituting Equations (35)–(38) into Equation (41) respectively, and taking the contact force
curves of the CT with different lengths on the horizontal well wall when the compression
displacement Lz = 0.001 and t = 1 as shown in Figure 8, it can be seen that the contact
force N of the CT to the wellbore wall changes periodically with the length change and is
greater than zero. This result is the same as the conclusion in the literature [24]. In fact,
Equation (41) adds dynamical effects compared with the literature, which is consistent with
the actual deformation. The longer the CT, the smaller the contact force to the wellbore wall
when sinusoidal buckling occurs. Since the compression dimensionless displacement is
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only 0.001 mm, the change period of the contact force at this time is the same as the number
of half-waves generated after sinusoidal post-buckling of the CT corresponding to Table 1.
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Figure 8. Contact force curves of CT with different lengths on the horizontal well wall: (a) The dimen-
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Figure 9 shows the periodic variation of the contact force generated by the numer-
ical calculation of Equation (41) for a CT of dimensionless length La = 20 compressed
by 0.001 mm, 0.003 mm, 0.005 mm, 0.007 mm, and 0.008 mm, respectively, at a motion
speed of 0.001 m/s. It can be seen that when the sinusoidal buckling of the CT occurs, as
the compression displacement increases, the maximum value of the contact force is smaller
and the minimum value is larger, and the deformation of the CT is stable. The increase in
axial load will inevitably increase the contact force of the CT at the bottom of the wellbore.
However, at this time, the CT tends to return to a straight-line shape, and the support force
of the sinusoidal wave peak gradually decreases. However, when the compression reaches
0.008 mm, the dimensionless axial load reaches 1.869, and the CT will enter the critical
value of stable deformation and unstable deformation. At this time, the contact force of the
sine wave peak of the CT begins to increase. The half-wave number decreases during the
sinusoidal buckling of the tubular, which verifies the conclusion that the half-wave number
decreases as the compression progresses in this paper.Machines 2023, 11, x FOR PEER REVIEW  19  of  22 
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When the critical load of sinusoidal buckling occurs on the CT, An = 0, and the
calculation result of substituting into Equation (41) is N = 1; that is, the CT is only
subjected to the reaction force of its weight q [24,32,33].

In Figure 10, the contact force changes with the same compression displacement
when the moving speed of the CT end with a dimensionless length of 20 is, respectively,
v0 = 0.12 m/s, v0 = 0.06 m/s, v0 = 0.04 m/s, and v0 = 0. It can be seen that the peak
value of the contact force wave will increase significantly when the velocity increases. The
trough value is 0.818. The trough values of the contact force are the same and less than 1.
At this time, the micro-section of the CT at the bottom of the horizontal well is affected by
the adjacent micro-section so that the force on the wellbore wall is less than its gravity and
is not affected by the change of the movement speed. However, the velocity greatly affects
the force of other parts of the CT deforming on the wellbore.
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Figure 11 is the change curve of the contact force on the wellbore wall produced by
compressing CTs of different lengths with the same displacement at the velocity v0 = 0.
It can be seen that the greater the axial load, the greater the peak value of the contact
force, and the smaller the trough value [9]. That is to say, when the velocity is zero, the
longer the CT, the smaller the contact force on the wellbore wall will be when sinusoidal
buckling occurs.
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4. Conclusions

In this paper, a mathematical model with dynamic parameters for horizontal coiled
tubing buckling is established and an analytical solution of sinusoidal buckling defor-
mation is obtained by introducing the separation constant. The expression of sinusoidal
buckling critical load, including the section angular acceleration coefficient, is obtained by
introducing an analytical solution. The results show that the critical load value of sinusoidal
buckling in the case of initial section angular acceleration is greater than that in the case of
sinusoidal buckling model with Dawson. Some conclusions are listed as follows.

(1) The critical load for sinusoidal buckling of the CT with a dimensionless length less
than 4.7 π is higher than Dawson’s model, when friction is ignored and the initial
linear configuration is maintained. If the CT is long enough, the resulting half-
wave number decreases as compression progresses during sinusoidal post-buckling.
However, the sinusoidal half-wave number produced during the compression of
shorter strings does not change at all.

(2) The range of the separation constant for CT under axial compression is −0.4 ≤ λ < 0,
and sinusoidal buckling deformation is stable. As the compression continues, the
critical value of stable deformation and unstable deformation is reached. At this
point, the separation constant is equal to zero, the critical value is subjected to a
dimensionless axial load value of approximately 1.876, and the string enters a mixed
sinusoidal and helical buckling mode. This conclusion is basically consistent with
1.875 of Miska. The introduction of the separation constant method lays a foundation
for the further study of the change process from sinusoidal buckling to spiral buckling.

(3) Based on the mathematical model of buckling, the contact force, including the dy-
namic term between the coiled tubing and the wellbore after sinusoidal buckling, is
established. The change of the contact force on the wellbore wall when the coiled
tubing moving at different speeds occurs sinusoidal buckling is numerically calcu-
lated. The results show that the greater the velocity, the greater the force on the
wellbore. However, the force exerted on the wellbore by the string at the bottom
of the horizontal well is basically unaffected by the velocity. It shows that the force
generated by coiled tubing on the wellbore wall during the wellbore movement is
greater than the theoretical calculation value of static string.

Mathematically, the set of differential equations for the buckling deformation of the
coiled tubing is a system of high-order strongly nonlinear coupled system of partial differ-
ential equations, so the process of solving the equations uses a more idealized case, ignoring
some boundary conditions such as friction, torque, and some small values. Although the
compression distance at which the CT undergoes sinusoidal buckling is small, its deforma-
tion increases when the CT continues to be compressed, which may result in large errors if
the small angle approximation in the paper continues to be used for analytical calculations.
Therefore, the analysis process in this paper is limited to the process of sinusoidal buckling
deformation of the CT. The future research will focus on the deformation state of the CT
when the spiral buckling occurs using the mathematical model established in this paper, the
effect of increasing the friction, torque and other boundary conditions on the mathematical
model, and how the coiled tubing is converted from sinusoidal buckling to spiral buckling
in the process of motion.
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