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Abstract: Multi-cell hexagonal tubes have been applied in a wide range of industries. The present
study investigates strengthening a single regular hexagonal tube under a dynamic axial load with
three different geometrical shapes. The results are then compared with crashworthiness indicators
from the finite element code LS-DYNA using the simple additive weighting method, and the appro-
priate section of a multi-cell hexagonal tube under dynamic axial load is selected. An idea is further
presented by assuming the thicknesses variable for certain parts of the selected section to improve
crashworthiness criteria. Combinations with different variable thicknesses in defined thickness inter-
vals are made into a lattice. Numerical tests are performed based on the lattice nodes using LS-DYNA.
The regression models for crashworthiness indicators are created using the Minitab software and
optimized to find optimum combinations of thicknesses. The optimization results are tested again
by LS-DYNA, and the appropriate answers are determined. The comparison of the results of this
method with those of optimization with constant thicknesses demonstrates improvement in the
crashworthiness indicators.

Keywords: multi-cell hexagonal tube; crashworthiness criteria; regression model; optimization;
specific energy absorption; crashing force efficiency

1. Introduction

Energy absorbers have widespread industrial applications, such as in automobile
chassis, helicopter fuselage, trains, offshore platforms, ships, and military equipment [1–5].
Several structures have been suggested for energy absorption during crashes, and scientists
have extensively studied thin-walled structures analytically, numerically, and experimen-
tally. Many researchers have investigated the folding behavior of these structures under
axial loads. In addition, scientists are exploring nature-inspired designs to develop energy
absorbers with superior performance, with honeycomb structures being one of the best-
known examples [6,7]. Conventional and hierarchical honeycomb structures are commonly
used as good energy absorbers due to their unique deformation and mechanical properties
under dynamic impact loads [6].

Metal thin-walled structures have gained popularity as excellent lightweight structural
materials due to their strength and energy absorption capability. The collapse mechanism
of energy-absorbing structures is significantly influenced by the material used. Aluminum
alloys are generally preferred as energy-absorbing materials due to their superior perfor-
mance in crushing [8–11].

Alexander [12] proposed a theoretical model for predicting the mean crushing force and
energy absorption of cylindrical tubes by axial loading. Wierzbicki and Abramowicz [13]
improved this model with an analytical solution to the axial progressive crushing of
a square column with thin walls using their super-folding element method. Chen and
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Wierzbicki [14] investigated the axial crushing resistance of single-cell, double-cell, and
triple-cell hollow tubes undergoing quasi-static axial loading, and demonstrated that multi-
cell tubes could increase specific energy absorption (SEA) by approximately 15 percent
compared to corresponding hollow tubes. Kim et al. [15] suggested the implementation
of modified multi-cell configuration sections consisting of four small square cells at the
corners of square columns to enhance the crashworthiness capability of square columns.
Zhang et al. [16] found that a single-square cell tube has 50 percent less energy absorption
than a multi-cell square tube with nine parts. The experimental results by Zhang and
Zhang [17] improved the formula for finding the average crushing force of thin-wall
multi-cell structures under quasi-static loading by comparing it to the previous formula.

Honeycomb structures have extensive applications and have been developed with
innovative designs to improve their anti-impact performance. Niknejad and Liaghot [18]
derived a mathematical formula for the instantaneous folding force in a hexagonal tube
under axial load, which they found to agree well with experimental results. Qiu and
Gao [19] applied finite element analysis to consider the crashworthiness indicators of
different multi-cell hexagonal cross-sectional tubes under axial dynamic loading. They
tested a multi-criteria decision-making method for selecting the optimal sectional con-
figuration and studied the optimization of multi-cell hexagonal tubes subjected to axial
load. Alavi Nia and Parsapour [20] conducted numerical and experimental studies on
the crushing behavior of polygonal multi-cell tubes, finding that multi-cell tubes with
octagonal and hexagonal sections absorbed the highest amount of energy per unit mass.
Altin and Acar [21] used surrogate-based optimization for honeycomb structures to achieve
maximum specific energy absorption.

Hierarchical design can be used as a reinforcement strategy for innovative structures
that can be further developed. Researchers have reported that hexagonal structures ex-
hibit excellent behavior and have the largest available area [22]. The response surface
method (RSM), a statistical technique that uses quantitative data, can be used to determine
a regression model and improve the response influenced by input variables [23].

The present study uses a numerical method to investigate the crashworthiness per-
formance of hexagonal structures with three reinforcement patterns under dynamic axial
loading. The simple additive weighting (SAW) method selects the most suitable configu-
ration. It is assumed that all thicknesses of this section of the multi-cell tube are variable.
Regression models for crashworthiness criteria are then created based on the results of
finite element analysis (FEA) tests in domain sampling. Finally, the regression models are
optimized to obtain an efficient approach for determining the optimal thicknesses.

2. Problem Description
2.1. Geometrical Parameters

Honeycomb structures typically feature repeated hexagonal patterns. In this study,
a larger regular hexagon with an inner side width of 48 mm was filled with seven smaller
regular hexagonal cells, with a side width of 16 mm for the smaller hexagonal tubes. The
side of the smaller hexagons that coincides with the side of the larger hexagon (type A in
Figure 1) is omitted. Figure 1 shows two reinforcement connections: those between the
vertex of an incomplete small hexagon and a larger hexagon (type B) and those between
the vertices of adjacent small hexagons (type C). The figure displays three cross-sectional
configurations of multi-cell hexagonal tubes (types A, B, and C), all with a length of 180 mm.
The thickness of the main hexagonal tube is assumed to be 1.6 mm, and the thickness of all
inner edges in different sections is 0.8 mm.
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Figure 1. Schematic of different sections of multi-cell hexagonal tubes.

2.2. Numerical Analysis

The finite element code LS-DYNA was used to solve the axial dynamic compression
problem. A striker with an initial mass of 600 kg and velocity of 15 m/s was used to strike
the top of the tube. The bottom of the tube was held in place by a rigid base (Figure 2).

Figure 2. Finite element model under dynamic axial load.

2.2.1. Model Properties and Verification

The tubes used in this study were made of aluminum 6061, with the following
mechanical properties: Young’s modulus = 68 GPa, density = 2700 kg/m3, ultimate
strength = 130.7 MPa, initial yield strength = 71 MPa, Poisson’s ratio = 0.33, and strain
hardening exponent = 0.18.

The aluminum alloy was modeled in LS-DYNA using elastic–plastic material model
123 with piecewise linear plastic hardening. The crash distance was defined as two-thirds
of the original tube length, resulting in a crash distance of 120 mm. The equivalent time for
this crash distance was 8 milliseconds, obtained from the displacement–time curve.

The Belytschko–Tsay shell element is known for its high accuracy and speed in thin-
shell simulations, making it highly recommended for implicit simulations. This study used
the Belytschko–Tsay four-node shell elements with five integration points in the thickness
direction. The optimal mesh size was set at 1.5 mm because a finer mesh did not cause
a significant change in the energy absorption as calculated by numerical tests. The Contact-
Automatic-Nodes-to-Surface algorithm was created to examine the contact interactions
between a mass block and tube as well as between the tube and a rigid base. Additionally,
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the Contact-Automatic-Single-Surface algorithm was used to establish contact between the
outer walls and the inner ribs of the tube, preventing interpenetration during progressive
buckling. The hourglass control was employed to avoid spurious zero deformation modes
and volumetric locking based on stiffness. The ratio of the total kinetic energy to the total
internal energy was maintained at less than 5%. These methods have been previously
documented in [19,24].

The finite element modeling method was verified by comparing the simulation results
of the single-wall regular hexagonal tube model under quasi-static and dynamic axial
compression load with the analytical solutions of the average force for a single-wall hexag-
onal tube. The theoretical formula for the average force for a single hexagonal tube under
quasi-static load, as proposed by Zhang and Qiu [17,25], can be expressed as follows:

Fave (quasi-static) =
26
k

σo B0.2 t1.8 (1)

σ0 =

√
σyσu

1 + n
(2)

In Equation (2), σ0 represents the flow stress, σy represents the yield stress, and σu
indicates the ultimate stress. The exponent of the power law n is equal to 0.18. Substituting
these values into the equation obtains a flow stress (σ0) of 88.68 MPa. The parameter B
represents the half length of the outer side width of the hexagonal tube, while t represents
its wall thickness. In this case, B = 24 mm and t = 1.6 mm. The effective crash distance to
the original length ratio (k) is 0.78 for a single wall tube [11].

The above values were placed into Equation (1) to obtain the mean crush force, yielding
a value of 13.01 KN for Fave (quasi-static). A manufactured sample and the DBSL-SJ-30 machine
model from Transcell Technology Company were utilized for the experimental quasi-static
test. The mechanical properties of the specimen material were previously tested. The axial
crush testing was quasi-static, with a 5 mm/min loading speed and a 150 KN capacity. The
resulting mean crush force for the single aluminum hexagonal tube was 12.4 KN, consistent
with the theoretical formula. Figure 3 shows the dimensions of the hexagonal tube and the
quasi-static test. The relative error between the experimental and theoretical results is 5.6%.
In the numerical quasi-static test with LS-DYNA software, the average crush force was
determined as 11.68 KN, resulting in a relative error of 5.8% compared to the experimental
quasi-static test. Tran and Hou [26] have noted that the strain rate has a negligible effect
on aluminum alloy and can be disregarded. A dynamic coefficient parameter (λ) was
introduced to consider the inertia effect. The range of possible λ values is between 1.1 and
1.6, and λ was set as 1.1 in this study [19].

Fave (quasi-static) =
26
k

σo B0.2 t1.8 λ (3)

The theoretical dynamic average response force is denoted by Fave Dynamic (theory),
and was calculated using Equation (3) as 14.31 KN. In contrast, for the FEM model nu-
merical analysis, the dynamic average force was extracted using LS-DYNA, resulting in
Fave Dynamic (FEA) = 12.90 KN. Thus, a relative error of approximately 9.8% was identified
between the FEA model and the theoretical solution. When the value obtained from the
experimental quasi-static test for the mean crash force with a dynamic coefficient parameter
is converted, for a resulting value of Fave Dynamic (experimental with dynamic coefficient) = 13.64 KN.
Consequently, the relative error between the quasi-static experimental test using a dynamic
coefficient and the dynamic finite element test was 5.4%.
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Figure 3. Hexagonal specimen for axial compression test and experimental test setup.

2.2.2. Definition of Crashworthiness Indicators

The crashworthiness criteria of various multi-cell tubes were compared under axial
dynamic loading. These criteria include the specific energy absorption (SEA), crushing
force efficiency (CFE), and peak crushing force (Fmax). The SEA can be calculated using the
following equation:

SEA =
E
m

(4)

In the above formula the mass of the multi-cell tube is represented by m, while E
denotes the energy absorbed during a crash. The maximum crushing force (Fmax) is
a crucial safety indicator for vehicles, as it is related to deceleration and the risk of severe
injury to occupants. Therefore, a higher Fmax value is undesirable. The average crush
force (Fave) is obtained by dividing the energy absorption (E) by the effective length of the
tube (Lc).

Fave =
E
Lc

(5)

The ratio of the average response force to the peak response force is defined as the
crushing force efficiency.

CFE =
Fave

Fmax
(6)

The ideal crushing force efficiency is unity, and when it occurs, Fave is equal to Fmax.

3. Selecting the Applicable Multi-Cell Tube with the SAW Method Based on the
Numerical Results of Different Sections of the Multi-Cell Structure under Axial
Dynamic Loading

The LS-DYNA software was used to generate the crushing force–time diagram for
each of the three sections (types A, B, and C) of multi-cell hexagonal tubes subjected to
dynamic axial loads. These diagrams are presented in Figure 4, with a maximum impact
time of 8 ms, corresponding to the point when the striker passes the effective length of
the tube (2/3 of the total length). During impact, there is a linear relationship between
displacement and time. The energy absorption–time diagrams for all three types of tubes
are shown in Figures 5–7, illustrating the deformation mode of type A, B, and C multi-cell
hexagonal tubes under axial dynamic loads at t = 8 ms.

The values obtained directly from the FEA tests are shown in Table 1.
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Figure 4. The responding crushing force–time graph for different sectional configurations of hexago-
nal multi-cell tubes (type A, type B, and type C).

Figure 5. The energy absorption–time curves for different sectional configurations of hexagonal
multi-cell tubes (type A, type B, and type C).
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Figure 6. Different deformation mode (Isometric line and front) views of multicell hexagonal tubes
(types A and B) under dynamic axial load at a time equal to 8 ms.

Figure 7. Deformation view of the multi-cell hexagonal tube (type C) under dynamic axial load
(Isometric, Isometric line mode, and front) at a time equal to 8 ms.

Table 1. Crashworthiness criteria results of different configuration types (A, B, and C) obtained
directly from FEA.

Crashworthiness Criteria

Multi-Cell Tubes Energy Absorption
(kJ) Fmax (KN) m (g)

Type A 3.00 55.9 373.2
Type B 3.45 62.5 410.5
Type C 3.86 67.1 437.9
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The present study used the Simple Additive Weighting (SAW) method to calculate the
appropriate cross-sectional shape of the examined tubes. This is a multi-attribute procedure
that utilizes the principle of weighted summation. In order to apply SAW, the decision
matrix should be normalized to a scale comparable with all existing alternatives. The SAW
procedure involves four steps, as outlined in [23].

Step 1. Normalized decision matrix when the criterion has a positive concept:

x : j ∈ decision matrix, rij =
xij

Max{xij}
(7)

When the criterion has a negative concept:

x : j ∈ decision matrix, rij =
Min{xij}

xij
(8)

Step 2. Wi represents the weight of the criteria, which can be obtained in different
ways. In this study, the analytic hierarchy process (AHP) was utilized. Initially, paired
comparison matrices were created for the indicators and types based on their respective
importance. The complete method is described in the study of Saaty [24].

Step 3. Calculate the preference using the following:

Vi =
n

∑
j=1

Wj rij (9)

Step 4. The alternatives are ranked from the highest to the lowest value, with larger
values of Vi indicating those alternatives that receive a higher rank.

In this study, the SAW method was used to evaluate a decision matrix of 3× 3 (Table 2),
which involved four steps.

Table 2. Decision matrix.

Criteria

Alternative SEA (kJ/kg) Fmax (KN) CFE (%)

Type A 8.04 55.9 44.7
Type B 8.40 62.5 46.0
Type C 8.81 67.1 47.9

Step 1. The following process was used to calculate the normalization matrix for the
positive concepts (SEA in the first column and CFE in the third) according to Equation (7)
and for the negative concept (Fmax in the second column) according to Equation (8).

r11 = 8.04
8.81 = 0.913 r21 = 8.40

8.81 = 0.953 r31 = 8.81
8.81 = 1.000

r12 = 55.9
55.9 = 1.000 r22 = 55.9

62.5 = 0.844 r32 = 55.9
67.1 = 0.833

r13 = 44.7
47.9 = 0.933 r23 = 46.0

47.9 = 0.960 r33 = 47.9
47.9 = 1.000

Step 2. In this scenario, SEA is considered more important than Fmax and CFE is
considered less important. Based on the importance of each indicator, the matrices shown
below are formed. The sum of the values in each column is calculated and the values of each
column are divided by the algebraic sum of that column; then, the average is calculated for
each row. Note that the algebraic sum of the weights must be equal to one.
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SEA Fmax CEF

SEA 1 2 3
Fmax 1/2 1 2
CEF 1/3 1/2 1

∑ 1.83 3.50 6.00

⇒
0.55 0.57 0.50

0.27 0.29 0.33
0.18 0.14 0.17

⇒


0.55+ 0.57+ 0.50
3

0.27+ 0.29+ 0.33
3

0.27+ 0.29+ 0.33
3

0.18+0.14+ 0.17
3


Here, the weights of SEA, Fmax, and CFE were set as 0.540, 0.297, and 0.163, respectively.
Step 3. The numerical values from Steps 1 and 2 are substituted according to Equation (9).

V1 = 0.4928 + 0.2970 + 0.1521 = 0.9419
V2 = 0.5149 + 0.2656 + 0.1565 = 0.9370
V3 = 0.540 + 0.2474 + 0.1630 = 0.9504

Step 4. Here, V3 = 0.9504 is the highest value of V (i = 1, 2, 3). Accordingly, type C is
the best selection of multi-cell cross-sectional hexagonal tubes under dynamic axial load.

4. Optimization of the Selected Section of the Multi-Cell Hexagonal Tube with
Variable Thicknesses
4.1. Problem Explanation

The section of the multi-cell hexagonal tube selected for this study was type C, as it
exhibited the best performance under axial dynamic loading. Edge thicknesses were then
assumed to be variable (Figure 8) and represented by t1, t2, t3, and t4. Regression equations
were created for each criterion using LS-DYNA tests to improve the crashworthiness
criteria. The optimum thicknesses within the design intervals were determined through an
optimization process to develop a crashworthiness energy absorber that dissipated more
energy with less material. For safety reasons, the peak force value (Fmax) was defined as
less than or equal to an acceptable level of 70 KN, as suggested in several previous research
papers [27,28]. The goal was to achieve the best crushing force efficiency (CFE) by ensuring
that the average crushing force (Fave) was equal to Fmax.

Figure 8. Regular hexagonal multi-cell tube type C with variable thicknesses (t1 blue, t2 red, t3 yellow,
and t4 green).



Machines 2023, 11, 641 10 of 17

4.2. Regression Model

Regression is a statistical method used to establish a relationship between several vari-
ables and a single response of a system. The response surface method has been successfully
applied in various fields, with regression models constructed based on experimental or
finite element analysis (FEA) results. A statistical approach such as regression modeling can
be used for optimization purposes. Polynomial functions are commonly employed in con-
structing regression models. In the multi-cell hexagonal tube section examined in this study,
all the edges were thin-wall members and thickness intervals of 0.8 mm ≤ t1 ≤ 2.0 mm
and 0.4 mm ≤ t2, t3, t4 ≤ 1.0 mm were selected.

This paper utilizes polynomial functions to estimate SEA, Fmax, and CFE. A mesh of
sampling points was generated by designing sample points in different domains of each
design thickness (t1, t2, t3, t4) with all possible data. The numerical range for t1 was divided
into three limits: lower, middle, and upper (0.8 mm, 1.4 mm, and 2.0 mm). The thickness
range of the inner edges of t1, t2, and t3 was divided into four parts with increasing growth
of 0.2 mm (0.4 mm, 0.6 mm, 0.8 mm, and 1.0 mm). It was assumed that the thickness of the
main edges of the hexagonal tube should be greater than or equal to each thickness of the
inner edges. For instance, the combination of t1 = 0.8 mm, t2 = 1.0 mm, t3 = 0.4 mm, and
t4 = 0.8 mm was removed from the numerical tests because t2 > t1. A total of 156 numerical
tests were performed using LS-DYNA software for these thickness combinations, and ten
combinations were randomly selected to validate the regression models.

The LS-DYNA software was used to directly extract the results of energy absorption,
mass, and peak force. The mean force, specific energy absorption, and crashing force
efficiency were calculated using mathematical equations (Equations (4)–(6)). The regression
models for SEA, Fmax, and CFE were constructed using Minitab statistical software based
on the results of FEA tests. The Pareto chart was initially used to evaluate the effect of
different thicknesses. Figure 9 shows the Pareto chart for SEA, illustrating the importance
of different thicknesses and powers and their products based on their effect. The goodness-
of-fit statistical test was used to measure how well the sample data fit the population
distribution as a normal distribution to ensure good accuracy in regressions. The criteria
for determining the accuracy of the regressions are explained in the following.

Figure 9. Pareto chart of standardized effect of variable thicknesses (t1, t2, t3, t4) for SEA
(Equation (12)).

The relative squared error (R-sq, known as the determination coefficient) is a statistical
measurement between observed data in a problem and the fitted regression line, and is
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defined as the percentage of variation in response. When the fit between the data and the
model has higher accuracy, this indicates a greater R-sq value. The formulation of R-sq is
as follows:

R2 = 1− ∑N
i=1 (yi − ŷi)

2

∑N
i=1 (yi − ȳ)2 (10)

where N is the number of observations, y is the dependent variable, ȳ represents the mean
of the y values, and ŷ represents the predicted value of the model.

R-sq (adjusted) can decrease when fewer important factors are added, making it
a more accurate method than R-sq, which can only increase. R-sq (predicted) is utilized to
measure how effectively a model predicts the response of new data; models with higher
values are more predictive. It is more useful for comparing models than R-sq (adjusted), as
it is derived from observations not included in the model construction.

R2
adj = 1−

[
(1− R2)(N − 1)

N − p− 1

]
(11)

In the above equation, N represents the number of observations (samples) and p
the number of predictors. Linear fitting regression models for the response functions of
SEA, Fmax, and CFE were obtained based on the forward selection method using Minitab
software (Tables 3–5) [22].

SEA(t1, t2, t3, t4) = 4.0073 + 1.1618 t1 + 0.8687 t2 + 0.2592 t3 + 2.5951 t4 (12)

Table 3. Summary statistics of linear SEA regression model.

R-sq R-sq(adj) R-sq(pred)

98.60% 98.56% 98.51%

Fmax(t1, t2, t3, t4) = −6.876 + 12.427 t1 + 20.33 t2 + 11.008 t3 + 32.966 t4 (13)

Table 4. Summary statistics of Fmax linear regression model.

R-sq R-sq(adj) R-sq(pred)

97.35% 97.28% 97.19%

CFE(t1, t2, t3, t4) = 0.3091 + 0.1348 t1 − 0.03275 t2 − 0.02912 t3 + 32.966 t4 (14)

Table 5. Summary statistics of CEF linear regression model.

R-sq R-sq(adj) R-sq(pred)

92.44% 92.23% 91.94%

The linear regressions demonstrate moderate accuracy. As shown in Figure 9, all
variable thicknesses have a higher standardized effect coefficient than regression. The
important influence of these variable thicknesses (t1, t2, t3, t4) is shown in Equation (12) and
Figure 9. To ensure higher accuracy of the linear regression models, the order of variables
was increased to the second order; the pairwise interactions t1t2, t1t3, t1t4, t2t3, t2t3, and
t3t4 were included, while parameters with less impact were removed based on the defined
index. The new regression models are represented by Equations (15)–(17) and in Tables 6–8.
Figure 10 shows the effect of the different variables on the regression model for SEA.

SEA (t1, t2, t3, t4) = 2.576 + 2.576 t1 + 2.492 t2 + 0.483 t3 + 3.267 t4 − 0.3798 t1
2

−0.193 t2
2 − 0.487 t4

2 + 0.1814 t1 t2 − 0.1565 t1 t3 + 0.1664 t1 t4 − 0.661 t2 t4
(15)
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Table 6. Summary statistics for SEA quadratic regression model.

R-sq R-sq(adj) R-sq(pred)

98.99% 98.90% 98.70%

Fmax (t1, t2, t3, t4) = 26.65 + 24.04 t1 + 29.36 t2
2 + 16.61 t3 + 59.70 t4 − 4.69 t1

2

−11.58 t2
2 − 8.57 t3

2 − 30.78 t4
2 + 4.26 t1 t32 + 0.88 t2 t3 + 6.74 t2 t4 − 0.83 t3 t4

(16)

Table 7. Summary statistics for Fmax quadratic regression model.

R-sq R-sq(adj) R-sq(pred)

98.98% 98.90% 98.77%

CFE (t1 , t2 , t3 , t4) = 0.4445 + 0.1598 t1 − 0.1403 t2 − 0.1217 t3 − 0.2592 t4 + 0.0770t2
2

+0.1041 t3
2 + 0.2595 t4

2 − 0.0181 t1 t3 − 0.276 t1 t4 − 0.0336 t3 t4
(17)

Table 8. Summary statistics for CFE quadratic regression model.

R-sq R-sq(adj) R-sq(pred)

95.93% 95.65% 95.25%

Figure 10. Pareto chart of standardized effect of variable thicknesses (t1, t2, t3, t4) for SEA (Equation (15)).

For higher accuracy of the model, the order of variables was increased to three and
interactions were used up to the second order (Equations (18)–(20) and Tables 9–11). The
effects of the different parameters in Equation (18) are shown in Figure 11.

The results of the regression models agree with those of the LS-DYNA software, even
when the striker angle with the horizon is less than three degrees.

SEA (t1 , t2 , t3 , t4) = 1.486 + 1.316 t1 − 7.27 t2 + 1.976 t3 + 3.65 t4 + 0.315t1
2

−8.14 t2
2 − 0.759 t3

2 − 0.77 t4
2 + 0.27 t1 t2 − 1.182 t1 t3 + 0.517 t1 t4

−0.756 t2 t3 − 0.402 t2 t4 + 4.296 t2
3 − 1.415 t4

3 − 1.123 t1
2 t4 − 0.74 t1 t2

2

+0.383 t1 t2 t3 + 0.924 t1 t2 t4 + 0.581 t1 t3
2 + 1.886 t1 t4

4 − 1.148 t2
2 t4

(18)
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Table 9. Summary statistics for SEA regression model.

R-sq R-sq(adj) R-sq(pred)

99.67% 99.62% 99.52%

Fmax (t1, t2, t3, t4) = −26.16 + 10.22 t1 − 6.20 t2 + 20.66 t3 + 106.8 t4 + 6.07 t1
2

+52.00 t2
2 − 8.35 t3

2 − 70.2 t4
2 + 3.7 t1 t2 − 6.20 t1 t4 + 2.43 t2 t3 − 9.66 t2 t4

−44.3 t2
3 − 9.92 t1

2 t2 − 8.74 t1
2 t4 + 16.47 t1 t2

2 + 9.57 t1 t2 t4 + 23.56 t1 t4
2

(19)

Table 10. Summary statistics for Fmax regression model.

R-sq R-sq(adj) R-sq(pred)

99.11% 98.99% 98.84%

CFE (t1 , t2 , t3 , t4) = 0.4455 + 0.0788 t1 + 0.393 t2 − 0.1407 t3
−0.5640 t4 + 0.00977 t1

2 + 0.70 t2
2 − 0.1060 t3

2 + 0.494 t4
2

−0.0221 t1 t3 + 0.1585 t1 t4 − 0.0272 t2 t4 + 0.376 t2
3 − 0.1436 t1 t4

(20)

Table 11. Summary statistics for CFE regression model.

R-sq R-sq(adj) R-sq(pred)

96.15% 95.79% 95.35%

Figure 11. Pareto chart of standardized effect of variable thicknesses (t1, t2, t3, t4) for SEA (Equation (18)).

4.3. Optimization of Different Variable Thicknesses of Multi-Cell Tube under Dynamic Axial Load

Following the construction of the SEA, Fmax, and CFE functions, two optimization
plans are used to find the best design thicknesses that can satisfy the required conditions.

4.3.1. Plan A: Optimization of Variable Thicknesses Aimed at Increasing Specific Energy
Absorption and Acceptable Peak Force

The regression model of SEA and the constraint of peak force [29,30] define the
optimization problem for a multi-cell hexagonal tube as follows:
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Maximize: SEA (t1 , t2 , t3 , t4)
Constrain: Fmax ≤ 70 (kg)
0.8 (mm) ≤ t1 ≤ 2.0 (mm)
0.4 (mm) ≤ t2 ≤ 1.0 (mm)
0.4 (mm) ≤ t3 ≤ 1.0 (mm)
0.4 (mm) ≤ t4 ≤ 1.0 (mm)

(21)

The optimal thicknesses are determined using the response optimizer in Minitab
software. This method uses a regression model formed for each indicator and optimizes
them with appropriate settings. It proposes several sets of suitable thicknesses which FEA
tests directly. They are introduced as a group of answers if they confirm the optimization
conditions. The optimal results have been further verified by the solver of the genetic
algorithm (GA).

Certain thickness optimization results were eliminated, as they did not satisfy the
optimization conditions (Equation (21)) after the FEA tests. For example, the solution
t1 = 2.000 mm, t2 = 0.745 mm, t3 = 0.400 mm, and t4 = 1.000 mm is obtained with response
optimizer Fmax.reg = 70.3 KN, which is greater than the constraint of 70 KN peak force, and
as such was omitted.

Finally, five optimal options were confirmed (Table 12), with the best combination
of thicknesses being t1 = 2.000 mm, t2 = 0.509 mm, t3 = 0.917 mm, and t4 = 1.000 mm
(Figure 12).

Figure 12. The cutting part of the isometric view of the optimum multi-cell hexagonal tube under
dynamic axial load at time = 8 ms (t1 blue, t2 red, t3 yellow, and t4 green).

Table 12. Results of the suggested thickness design points for Plan A optimization conditions.

t1 (mm) t2 (mm) t3 (mm) t4 (mm)
SEA (kJ/kg)
Regression

Fit

SEA (kJ/kg)
FEA

Fmax (KN)
Regression

Fit

Fmax (KN)
FEA RE% SEA RE% Fmax

2.000 0.509 0.917 1.000 9.6195 9.6017 69.4620 69.1405 0.18 0.46
2.000 0.497 0.939 1.000 9.6074 9.5903 69.3011 69.1555 0.17 0.21
2.000 0.477 0.971 1.000 9.5834 9.5767 69.9984 69.1717 0.07 1.19
1.963 0.503 1.000 1.000 9.6226 9.5714 69.4978 69.1585 0.53 0.49
2.000 0.703 0.479 0.987 9.6964 9.5296 69.7429 69.5311 0.73 0.65

If t1 = 2 mm and t2 = t3 = t4 = t∗, according to the optimization conditions in
Equation (21) and re-examining the answers extracted by LS- DYNA, the solution is
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t∗ = 0.741 mm, Fmax = 70 KN, and SEA = 8.9604, which is approximately 7.36% lower
than optimal thicknesses. This demonstrates the importance of using different thicknesses
for the different inner parts of the multi-cell hexagonal tube in order to improve the crash-
worthiness indicators.

4.3.2. Plan B: Optimization of Thicknesses Aimed at Crushing Force Efficiency and
Acceptable Peak Force

Increasing the crash force efficiency (CFE) while limiting the picking force is defined
as follows: 

Maximize: CFE (t1 , t2 , t3 , t4)
Constrain: Fmax ≤ 70 (kN)
0.8 (mm) ≤ t1 ≤ 2.0 (mm)
0.4 (mm) ≤ t2 ≤ 1.0 (mm)
0.4 (mm) ≤ t3 ≤ 1.0 (mm)
0.4 (mm) ≤ t4 ≤ 1.0 (mm)

(22)

The optimization results for the CFE model were obtained using the response optimizer
and tested again with the LS-DYNA software. The optimal results are listed in Table 13.
One favorable solution for CFE is the combination of thicknesses with t1 = 2.000 mm,
t2 = 0.552 mm, t3 = 0.4 mm, and t4 = 1.0 mm. Here, the CFE value obtained from the
regression model is 60.375% and the FEA solution is 61.320%.

Table 13. Results of the suggested thickness design points for Plan B optimization conditions.

t1 (mm) t2 (mm) t3 (mm) t4 (mm)
CFE% Re-
gression

Fit

E (kJ)
FEA

Fave (KN)
FEA

Fmax (KN)
FEA

Fmax Re-
gression

Fit
RE% Fmax RE% SEA RE% CFE

2.000 0.533 0.400 1.000 61.096 4.5958 38.2983 62.7766 61.007 63.8385 1.69 0.14
1.958 0.400 0.400 0.951 58.919 4.3417 36.1808 61.2506 59.070 61.7969 0.89 2.20
2.000 0.552 0.400 1.000 60.375 4.6355 38.6292 62.9961 61.320 64.2649 2.01 1.54
1.958 0.400 0.495 1.000 58.803 4.1303 34.4189 59.6518 57.695 62.4254 4.65 1.92

5. Conclusions

This paper explored three configurations (types A, B, and C) of multi-cell hexagonal
tubes under dynamic axial loading and used the finite element code LS-DYNA to evaluate
their crashworthiness. The study began by selecting the most suitable section of a multi-
cell hexagonal tube using the simple additive weighting (SAW) method. The selected
section was further analyzed using variable thicknesses (t1, t2, t3, t4). A design domain
was established to select different combinations of thicknesses, creating a lattice of points
for nonlinear numerical tests. Each point in the lattice represented a unique combination
of four different thicknesses for different section parts. Finite element analysis (FEA) tests
were then conducted on each point to calculate the crashworthiness criteria, including SEA,
Fmax, and CFE. The results were recorded and used to create an accurate regression model
for these criteria using Minitab software. Polynomial functions were optimized using the
response optimizer to improve crashworthiness indicators compared to scenarios in which
all edges had the same thickness. The optimization results provided several options for
thickness combinations that enhanced the crashworthiness criteria. This method of using
variable thicknesses can be applied to improve the design of multi-cell energy absorbers
and optimize their crashworthiness.
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Abbreviations
The following abbreviations are used in this manuscript:

SEA Specific energy absorption
Fave Average force
Fmax Peak force
CEF Crushing force efficiency
σ0 Flow stress
σy Yield stress
σu Ultimate stress
n Exponent of the power law
S Standard deviation
E Crash energy absorbed
m Mass of tube
B Outer side width
t Thickness
Lc Effective length
K The ratio of the effective crash distance to the original length
λ Dynamic coefficient
SAWM Simple additive weighting method
R-sq Relative squared error
p Number of samples
N Number of observations
AHPM Analytic hierarchy process method
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