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Abstract: This article analyses the problem of automatic balancing rotors with a liquid balancer,
which is a cylindrical chamber partially filled liquid of a certain density. This problem is related to the
problem of the dynamics of bodies with cavities partially filled with liquid. As part of this task, we
analyzed disturbances in the relative motion of the fluid in the ABD chamber caused by the Coriolis
force inertia. The distortions of the free surface of the liquid were found, resonant phenomena in the
flow of the working fluid were investigated, and the physical explanation of the received results given
should be taken into account when designing the corresponding ones self-balancing devices. It was
established that the axial component of the Coriolis inertial force causes peculiar wave phenomena
in the correcting fluid movement. For the given nature of undisturbed motion, the conditions of
this phenomenon’s occurrence are determined only by the geometric dimensions of the cylindrical
chamber and the thickness of the liquid layer in undisturbed motion, and do not depend on the
intensity of rotation of the liquid, nor on its density. It is shown that a decrease in the “ABD chamber
height–radius” ratio leads to stabilization of the movement of the system. Experimental verification
has been performed; theoretical results on the developed stand for work research rotor system with a
vertical axis of rotation.

Keywords: rotor; unbalance of rotors; automatic balancing; liquid automatic balancing device (ABD);
fluid dynamics model; experimental research

1. Introduction

Nowadays, rotating machines and mechanisms are used in various mechanical systems
of the mining, processing, and energy industries. A common problem here are vibrations
caused by mass imbalances. For modern industry, vibration protection is important and
commercially profitable, as it allows for increasing the machine speed, contributes to the
extension of their life cycle, and prevents occupational hazards to personnel.

During the manufacturing of rotors, due to errors in mechanical processing and
assembling of parts, material inhomogeneity, as well as due to deformation (curvature),
wear, and local destruction during their operation, the exact “rotors axis of inertia–actual
axis of inertia of their rotation” alignment is not practically ensured. Imbalance can also be
caused by maintenance problems (deformation or contamination of pumps, compressors,
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fans, turbine blades, etc.) [1,2], rotor repairs, or restorations using protective coatings or
functional coatings [3,4].

In any rotating body, in particular rotors, the axis of rotation that does not coincide
with one of its main axes of inertia generates a motion-induced (dynamic) load on the
supports; that is, it exerts some variable disturbance on the supports [5]. Accordingly, the
resulting “static” imbalance is either eliminated in the technological operation balancing,
or is compensated for directly during operation without stopping the rotors by automatic
balancing mechanisms [5,6]. The expediency of self-balancing the rotors become obvious if
the imbalance is stochastic, constantly and/or rapidly changing due to the machine features,
or when stopping the rotor is undesirable or unacceptable under operating conditions.

Self-balancing systems are divided into two types: active and passive. In active ABD,
the corrective masses move forcibly, in a passively free manner under the action of internal
forces; their work is carried out due to the energy of the rotor itself. Active devices include
devices with forced movement or change in rotor masses, as well as forced centering
devices [7–11].

Passive ABDs are direct-action regulators, and do not require power supply and
creation of control systems to move the corrective masses, they have sufficient sensitivity
to changes in imbalance, and their application does not require rotor oscillation form
information [12,13]. The most studied passive self-balancing devices are mechanical ones,
but they have a number of general shortcomings, and are not yet widely used in technology.
The main reasons are twofold: their noisy operation and their corrective loads (rings, balls,
segments, and pendulums) act on the rotor or on the elements of the ABD itself with
significant forces [14,15].

Liquid passive automatic balancing devices do not have these disadvantages. The
liquid ABDs of the Le Blanc type are self-balancing devices based on hoop-shaped cavities
partially filled with liquid. They do not cause wear of operational surfaces, are reliable
and silent in operation, simple, cheap to manufacture, unpretentious in operation, easy to
maintain, environmentally friendly, and intrinsically safe; the body of the balancer can hug
the rotor from the outside, which frees up the inner space of the rotor. However, liquid-type
ABDs have been studied to a lesser extent and, due to this fact, they are even less often
used in practice.

Leblanc M. [16], Thearle E. [17], Dyer J. [18], and Remer J. [19] dealt with the problems
of automatic balancing of machine rotors by passive ABD at different times. Den Hartog
J.P. scientific schools are well-known in the field of self-balancing and rotor vibration
protection [20] (see also Strautmanis G. et al. [21], Rodrigues D. et al. [22], and Filimonikhin
G.B. et al. [23]). Representatives of these schools conduct theoretical and experimental
studies of Jeffcott rotor dynamics with an ABD mechanical type. Theoretical approaches are
based on the analysis of nonlinear equations of motion, dynamic stability, and the behavior
of mechanical corrective masses.

The first attempts to justify theoretically the passive self-balancer operation principle,
regardless of the aggregate state of the used corrective masses, are associated with Thearle
E. They are described in a series of articles [24], which are the first review of passive
ABD design development ideas proposed for balancing mainly vertically located drums of
washing machines.

Thearle E. proposed a planar rotor model with ABD. Within this model, the rotor has
one critical speed, above which it rotates with the light side out. Thus, the principle of
operation of all passive autobalancers of the Thearle E. design is based on the phenomenon
of self-centering, which occurs for flexible rotor systems in a closed range of rotation speeds,
regardless of the presence of an autobalancer in the system. Thearle E., in his studies, used
the kinetostatic or quasi-static method, assuming that transient processes almost do not
affect the movement of rotors with the ABD. Therefore, the movement of the system is
presented as a rotation around the axis of a rigid body; the correcting fluid reacts very
slowly to the forces acting on it, and eventually reaches a position of relative equilibrium
only in a closed range of system rotation frequencies.
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According to these assumptions, instead of the hydrodynamic equations of motion of
the rotor with liquid ABD, the equations of kinetostatics are formulated. According to the
results of this approach, all devices, in particular those of the liquid type, are capable of
operating at speeds greater than the critical one. The practical experience of using liquid
ABDs shows that theoretical conclusions are not confirmed in real systems.

A number of works based on the theoretical approaches developed by Thearle E. [24]
and Conrad D.C. [25] are devoted to the dynamics of the liquid self-balancing devices,
which are used as part of the household washing machines. The authors [25] analyzed an
ABD with several chambers in the form of successive concentric annular cavities, which
were supposed to increase the balancing properties of the liquid. Suzuki S. et al. [26]
developed a numerical model of mass distribution in a washing machine with a liquid
balancer. Mitsuishi, M. et al. [27] estimated the force generated by the fluid balancer from
the observed load values for the entire rotating structure. Bae S. et al. [28] built equations
of vertical-radial washing machine motion. However, the rotating chamber and drum were
represented as two rigidly connected rigid elements, which limited their movements. Jung
C.H. et al. [29] proposed a liquid ABD with partitions, and a method of calculating the
dynamics of fluid motion was used to verify its effectiveness. Urbiola-Soto L. and Lopez-
Parra M. [30], for the first time, showed experimental and analytical data to understand
the movement of the fluid flow inside the balancing ring chamber and its interaction with
the partitions. Langthjem M. and Nakamura T. [31] established the damping effect of the
working fluid in the ABD chamber, which is produced by a surface wave. The thin internal
fluid layer, which forms due to the rotation, is described in terms of shallow water wave
theory. In their article, Li B. et al. [32] considered the dynamic stability of a rigid rotor with
a liquid ABD.

During the study of rotor systems with liquid, an important class of problems in the
dynamics of bodies with cavities containing a liquid arises. The problems of the rotor
system with liquid dynamics are of interest from a general theoretical point of view. This
problem stimulates the development of research methods that allow taking into account
the joint action of factors such as rotation, the presence of a free surface and the viscosity of
the liquid, and the support reaction, as well as the drive that supports the rotation. At the
same time, the specific results of the study of the aforementioned system dynamics are of
independent interest, in particular for the development and creation of various designs of
rotary machines (separators, liquid gyroscopes, ultracentrifuges, turbines cooled by liquid
from the inside, etc.) and ABD for their automatic balancing.

In the study of Ehrich F. [33], based on a fairly simple simulation, it was concluded
that, in the case of synchronous rotation of the rotor with a small amount of trapped liquid
(but a completely wetted cavity wall), the behavior of the rotor is equivalent to the rotation
of a rotor completely filled with liquid. This indicates that the liquid-type balancer cannot
work under the action of synchronous precession. Its operation should be based on the
action of asynchronous precession, at least if the wall of the cavity is completely wetted by
liquid. This assumption is supported by the fact that the correction fluid tends to move
away from its “best” position in the chamber to initiate the balancing process [30].

In many studies devoted to the dynamics and stabilization of rotors partially filled
with liquid, much attention is paid to the peculiarities of liquid dynamics. The works of
Bolotin V.V. [34], Crandall S.H. [35], Derendyaev N. et al. [36] and Zili Z. et al. [37] are
meaningful reviews of these issues.

Most studies, such as the works of Wolf Jr. [38], Hendricks S. and Morton J. [39],
Holm-Christensen O. and Traäger K. [40], are based on the linear theory of the dynamics
of a rotor system with a liquid. Such an approach is quite sufficient for determining the
stability of motion, but is insufficient for modeling and understanding the dynamics of
fluid balancing.

Berman A. et al. [41], Chato D. and Dalton P. [42] and Yoshizumi F. [43] used nonlinear
models. Berman A. et al. [41] applied numerical analysis and an experiment focusing on
the case of asynchronous precession, and found that nonlinear surface waves can exist
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on the liquid layer in the form of relatively weak hydraulic jumps with waves generated
by it. Similar studies by Chato D. and Dalton P. [42] and Yoshizumi F. [43] are purely
experimental and numerical.

In papers [44,45], a quasi-static approach to the problems of dynamic deformation of
shells partially filled with an elastic filler was implemented, and in articles [46,47], modal
analysis and parametric optimization of such systems were carried out.

Problems of the movement of rotating bodies with cavities partially filled with liquid,
in relation to the problem of self-balancing, are considered in a rather limited number
of works.

Nakamura T. [48] and Thompson-Salinas A. et al. [49] conducted experimental studies
of the liquid balancing process. The work of Nakamura T. [48] shows the influence of the
liquid in the chamber of the rotating rotor on the automatic balancing of the mechanical
system, without taking into account the forces of internal resistance using elementary
modeling. Thompson-Salinas A. et al. [49] determined the influence of various design
factors on the efficiency of liquid ABD for an automatic washing machine during transient
and stable modes of operation.

The main result of the study by Wesley V. and Cunico M. [50] is the construction and
analysis of a numerical model that describes the operation of a liquid ABD of the Le Blanc
type in the transient mode of operation. As a result, the behavior of the balancing fluid was
determined in the Computational Fluid Dynamics tool, and an equation was found that
describes the restoring force, imbalance, containing the force phase and eccentricity.

Some results of numerical modeling based on computational fluid dynamics are presented
in the works of Jung C.H. et al. [51], Cho Jung-Soo Chen H.-W. and Zhang, Q.-J. [52].

The simplest models of concentrated masses were considered by Urbiola-Soto L. and
Lopez-Parra M. [30], Majewski T. [53], Chen Hai-Wei Cho J.-S. et al. [54]. These articles also
contain the results of experimental studies of the liquid balancing process for an automatic
washing machine with a vertical axis. Royzman V. et al. [55] investigated the movement
of the liquid, taking into account the angle of inclination of the axis of the rotor with the
ABD chamber relative to the horizon line. Analytical dependences of residual deflections
on the angle of inclination were obtained, and it was proved that as the angle of inclination
increases, the residual deflections of the rotor decrease in absolute value.

Research by Langthjem M. and Nakamura T. [31] is based on the idea of Berman A.
et al. [41], and uses the provisions of the theory of waves in shallow water. The result is
an (approximate) analytical solution of the fluid dynamics equations obtained using the
perturbation approach. Thus, the authors explain the mechanics of the liquid balancer
using simple equations in an explicit form.

In our previous studies [56], a flat model of the problem of wave formation on the
liquid surface in the chamber of a liquid self-balancing device was considered. The existence
of a zone of instability near the critical speed of rotation of the rotor has been proven, based
on the analysis of the frequency equation of the system of differential equations, which
describe the movement of the rotor installed in elastic supports, rotating with a liquid
self-balancer. Getting a fluid balancer to work flawlessly is a delicate process, so a more
detailed understanding of the balancer’s hydrodynamics is desirable.

The purpose of this work is to study steady-state disturbances in the relative mo-
tion of the fluid caused by the volumetric Coriolis force of inertia, to study the reso-
nance phenomenon in the flow of the working fluid, and to provide a physical expla-
nation for the obtained results, which must be taken into account during the design of
self-balancing devices.

The main tasks of the work are:

- Study the peculiar wave processes propagating in an incompressible liquid that rotates
uniformly in a closed cylindrical chamber;

- Detection of effects and phenomena associated with the action of Coriolis forces
of inertia;
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- Substantiation of the impact of these phenomena on the operation of the liquid auto-
balancer and its design parameters;

- Performing experimental verification of the results of theoretical studies on a specially
designed experimental stand for studying the operation of a rotor system with a
vertical axis of rotation.

2. Materials and Methods

This section provides a description of the methodology for conducting experimental
and theoretical studies, which were carried out in order to verify the mathematical model
of fluid movement dynamics in the liquid-type autobalancer chamber. The existence of
instability zones in the rotation of the rotor, and the dependence of their ranges on the
degree of filling of the ABD chamber with liquid and geometric dimensions, are shown
with cameras in the autobalancer in the case of movement of a rotor system with a vertical
axis of rotation.

2.1. Experimental Equipment

Experimental studies were carried out with the measurement of amplitudes of rotor
oscillations of a specially designed experimental setup (Figure 1).

Machines 2024, 12, x FOR PEER REVIEW 5 of 19 
 

 

- Study the peculiar wave processes propagating in an incompressible liquid that ro-

tates uniformly in a closed cylindrical chamber; 

- Detection of effects and phenomena associated with the action of Coriolis forces of 

inertia; 

- Substantiation of the impact of these phenomena on the operation of the liquid auto-

balancer and its design parameters;  

- Performing experimental verification of the results of theoretical studies on a spe-

cially designed experimental stand for studying the operation of a rotor system with 

a vertical axis of rotation. 

2. Materials and Methods 

This section provides a description of the methodology for conducting experimental 

and theoretical studies, which were carried out in order to verify the mathematical model 

of fluid movement dynamics in the liquid-type autobalancer chamber. The existence of 

instability zones in the rotation of the rotor, and the dependence of their ranges on the 

degree of filling of the ABD chamber with liquid and geometric dimensions, are shown 

with cameras in the autobalancer in the case of movement of a rotor system with a vertical 

axis of rotation. 

2.1. Experimental Equipment 

Experimental studies were carried out with the measurement of amplitudes of rotor 

oscillations of a specially designed experimental setup (Figure 1). 

  

(a) (b) 

Figure 1. Scheme (a) and general view (b) of an experimental stand with an experimental setup for 

researching a rotor system with a vertical axis of rotation: 1—drum (rotor); 2—platform; 3—bearing 

housing; 4—elastic elements; 5—body; 6—electric motor; 7—ABD; 8—imbalance; 9—inductive sen-

sor; 10—speed marker. 

Equipment for experimental research has the following technical characteristics: 

(1) An experimental sample of the self-balancing device (cylindrical ring h = 50 mm high 

with an outer radius R = 200 mm, and two concentric partitions of radii R = 150 and 

R = 100 mm, forming three concentric chambers for placing the corrective (working) 

fluid in them). Three chambers are hermetically isolated. This makes it possible to 

investigate the dependence of the efficiency of the autobalancing process on the geo-

metric dimensions of the camera; 

(2) Working fluid–fresh water (density 1.00 × 103 kg/M3, kinematic viscosity 1.01 × 10–6 

m2/s at a temperature of 20 °C); 

(3) The experimental unit was developed on the basis of a drum-type washing–squeez-

ing machine. The rotor is a drum that is rigidly fixed on the axis of rotation. On the 

Figure 1. Scheme (a) and general view (b) of an experimental stand with an experimental setup for
researching a rotor system with a vertical axis of rotation: 1—drum (rotor); 2—platform; 3—bearing
housing; 4—elastic elements; 5—body; 6—electric motor; 7—ABD; 8—imbalance; 9—inductive sensor;
10—speed marker.

Equipment for experimental research has the following technical characteristics:

(1) An experimental sample of the self-balancing device (cylindrical ring h = 50 mm high
with an outer radius R = 200 mm, and two concentric partitions of radii R = 150 and
R = 100 mm, forming three concentric chambers for placing the corrective (working)
fluid in them). Three chambers are hermetically isolated. This makes it possible
to investigate the dependence of the efficiency of the autobalancing process on the
geometric dimensions of the camera;

(2) Working fluid–fresh water (density 1.00× 103 kg/M3, kinematic viscosity 1.01× 10−6 m2/s
at a temperature of 20 ◦C);

(3) The experimental unit was developed on the basis of a drum-type washing–squeezing
machine. The rotor is a drum that is rigidly fixed on the axis of rotation. On the
upper edge of the drum, with the help of fasteners, a sample of the autobalancer is
rigidly fixed, which ensures the coaxiality and sufficient rigidity of the rotor. The
rotor axis is connected to the rigid platform through rolling bearings. The platform is
connected to the body of the installation by four elastic damping suspensions. For
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the experimental setup, the following empirical logarithmic attenuation decrement
ϑ = 0.854 was determined, and the damping coefficient n = 7.06.

The rotor is driven by an electric motor through a V-belt transmission. The engine is
powered by alternating current, the voltage of which varies in a fairly wide range using an
autotransformer with a control system. This made it possible to set:

- Rotary movement of the rotor system, with different rotor rotation speeds in the range
of 30–1080 rpm;

- Different angular accelerations during acceleration (coasting) of the rotor;
- The time of constant rotation in the pre-resonance, resonance, and post-resonance zones

of the rotor rotation for detailed studies of the operation of the liquid autobalancer.

With the help of a measuring stand, which consists of measuring and recording
equipment, the research of oscillations of the experimental installation was carried out. A
non-contact inductive sensor (Figure 2a) was used to measure the range of movements of
the upper edge of the rotor.

Machines 2024, 12, x FOR PEER REVIEW 6 of 19 
 

 

upper edge of the drum, with the help of fasteners, a sample of the autobalancer is 

rigidly fixed, which ensures the coaxiality and sufficient rigidity of the rotor. The ro-

tor axis is connected to the rigid platform through rolling bearings. The platform is 

connected to the body of the installation by four elastic damping suspensions. For 

the experimental setup, the following empirical logarithmic attenuation decrement 

  = 0.854 was determined, and the damping coefficient n = 7.06. 

The rotor is driven by an electric motor through a V-belt transmission. The engine is 

powered by alternating current, the voltage of which varies in a fairly wide range using 

an autotransformer with a control system. This made it possible to set: 

- Rotary movement of the rotor system, with different rotor rotation speeds in the 

range of 30–1080 rpm; 

- Different angular accelerations during acceleration (coasting) of the rotor; 

- The time of constant rotation in the pre-resonance, resonance, and post-resonance 

zones of the rotor rotation for detailed studies of the operation of the liquid autobal-

ancer. 

With the help of a measuring stand, which consists of measuring and recording 

equipment, the research of oscillations of the experimental installation was carried out. A 

non-contact inductive sensor (Figure 2a) was used to measure the range of movements of 

the upper edge of the rotor. 

 

 

 

(a) 

 
(b) 

Figure 2. Graphical explanation of the arrangement of forces in the problem of fluid dynamics ro-

tating in the autobalancer chamber: (a) calculation scheme of the ABD chamber with liquid; (b) vol-

umetric transfer (
eF  ) and Coriolis (

cF ) inertial forces and their projections acting on liquid. 
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To measure the speed of the rotation of the drum, a specific marker of revolutions
was used in the form of a small ferromagnetic plate, which was installed on the end of the
pulley of the drum. For each rotation of the drum, the plate crossed the magnetic lines of
force of the sensor, which is designed on the basis of the Hall sensor (Figure 2a), once.
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A RIGOL DS1052E digital oscilloscope was used to observe and measure the waveform
parameters, which has the ability to save data images as a file with the BMP extension or
event table data as a CSV (tabulated) format file that can be edited in Excel through the
USB port. Research was carried out by:

- A step-by-step increase in the mass of the simulated imbalance (from 50 g to 250 g),
which was placed on the inner wall of the drum near the free edge (the imbalance of
the rotor D was from 1000 g·cm to 5000 g·cm);

- A step-by-step increase in the liquid volume (from 50 mL to 450 mL) in chambers of
different radii (R = 200 mm; 150 mm; 100 mm).

The table file recorded the data of the vibrodisplacement tank during rotor rotation
at constant speeds: from ω = 150 rpm. up to 400 rpm—pre-resonance zone, from 490
to 570 rpm—resonance zone, over 800 rpm—post-resonance zone; amplitude-frequency
characteristics were constructed.

The representativeness of the experimental data has been substantiated through multi-
ple repetitions of trials (10–15 times), followed by the processing of measurement results
using standard methods of mathematical statistics. The errors in the experimental results
did not exceed 10%.

Based on the results of recording the vibrations of the upper edge of the drum during
its movement, graphical dependences of the amplitude of the rotor oscillations on the
volume of liquid in the autobalancer chamber were constructed.

2.2. Mathematical Model of the Dynamics of the Liquid Rotating in the Cylindrical Chamber

The formulation of the basic theory of wave processes is based on the approach of
Blekhman I.I. [57]. But, instead of relying on the approach of numerical integration, we
find an (approximate) analytical solution of the hydrodynamic equations of the liquid,
which makes it possible to determine the curvature of the free surface of the liquid, to
investigate resonance phenomena in the flow of the working fluid, and to provide a physical
explanation of the obtained results, which must be taken into account when designing the
corresponding self-balancing devices.

Consider a closed chamber ABD, having the shape of a straight circular cylinder of
radius R and height h, partially filled with an ideal incompressible liquid of density ρ
(ρ = const). Suppose that, in the absence of volumetric forces, the liquid carries out a
steady circular motion, and is located in the chamber in the form of an annular layer with a
thickness of R–R0 (Figure 2).

Let us introduce dimensionless cylindrical coordinates η = r/R, ϕ, ζ = z/R. Then,
the equalities:

V0 = (0, v0(η), 0), p0 = p0
0 +

η∫
η0

v0
2(x)
x

dx, η = η0 =
R0

R
, (1)

are, respectively, expressions of the dimensionless flow rate, pressure, and free surface
equation for arbitrarily specified functions v0(η) and values p0

0.
Let the camera rotate with a constant angular velocity Ω = −iΩ around some axis z′,

that is inclined to the horizon line z′′ at an angle A (0 ≤ A ≤ π/2), which lies with the axis
of the chamber z in one plane and forms an angle with it β (β 6= 0). The task is to study
steady-state disturbances in the relative motion of the fluid caused by volumetric transfer
and Coriolis forces of inertia. This problem arises when investigating the operation of a
liquid ABD in an unbalanced system (with complete equilibrium, we have β = 0).

The Euler and incompressibility equations have the form:

grad
(

p +
V2

2

)
+ rotV ×V = −ε

(
We + δWc

)
, divV = 0, (2)
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We = −
R1

R1
= (cos β cos ϕ,− cos β sin ϕ,− sin β). (3)

Wc = −i×V = (w sin β sin ϕ + v cos β, w sin β cos ϕ− u cos β,− sin β(v cos ϕ + u sin ϕ)). (4)

where V = (u, v, w) —fluid velocity relative to the chamber ABD; p—pressure; parameters
ε = Ω2R1R/V∗2, δ = 2V∗/ΩR1; We = Ω×

(
Ω× R1

)
/Ω2R1, Wc = 2Ω×

(
V∗V

)
/2ΩV∗—

transfer and Coriolis acceleration; V∗—velocity scale, the maximum value of the modulus
of the fluid circular velocity. Parameter ε consider small, which corresponds to the ratios
that are characteristic of the studied devices.

Note that Equation (2) is actually a gradient equation, in other words, an equation
with the derivative of the function (in this case, the pressure and the square of the flow
rate) in the direction of the greatest growth. However, situations may arise when it is
necessary to describe processes in directions other than the direction of the gradient, then it
is necessary to use differential equations with derivatives in the direction, the mathematical
apparatus for which was developed in [58,59].

Let us present the equation of the free surface in the form F(η, ϕ, ζ) = η − ψ(ϕ, ζ) = 0,
and we will write down the boundary conditions of the problem, as well as the periodicity
conditions of the sought quantities by the angular coordinate ϕ and the conditions for the
balance of the volume occupied by the liquid:

u
∣∣∣∣η = 1

= 0 , w
∣∣∣∣ς = ± h

2R
= 0,

(
VgradF

)
F=0 = 0, p

∣∣∣∣F = 0
= p0

0 ,

[
V, p, ψ

]∣∣∣∣ϕ + 2π
−
[
V, p, ψ

]∣∣∣∣ϕ = 0,

h
2R∫

− h
2R

2π∫
0

ψ2(ϕ, ς)dϕdς = 2πη0
2 h

R
. (5)

We will look for the solution to problems (2)–(5), which belong to the class of inverse
boundary value problems, in the form of series by powers of a small parameter ε:

V = V0 + εV1 + . . ., p = p0 + εp1 + . . .F = η − ψ0(ϕ, ς)− εψ1(ϕ, ς)− . . . = 0. (6)

Substitution of expression (6) into Equation (2) and condition (5) leads to the following
relations:

- To find the initial approximation to the solution of the problem:

grad
(

p0 +
V0

2

2

)
+ rotV0 ×V0 = 0, divV0 = 0,

u0

∣∣∣∣η = 1
= 0 , w0

∣∣∣∣ς = ± h
2R

= 0,
(
V0gradF0

)
F0=0 = 0, (F0 = η − ψ0(ϕ, ς)), p0

∣∣∣∣F0 = 0
= p0

0 ,

[
V0, p0, ψ0

]∣∣∣∣ϕ + 2π
−
[
V0, p0, ψ0

]∣∣∣∣ϕ = 0,

h
2R∫

− h
2R

2π∫
0

ψ0
2(ϕ, ς)dϕdς = 2πη0

2 h
R

; (7)

- To find the first approximation to the solution of the problem:

grad
(

p1 + V0V1
)
+ rotV0 ×V1 + rotV1 ×V0 = −We + δi×V0, divV1 = 0,

u1

∣∣∣∣η = 1
= 0 , w1

∣∣∣∣ς = ± h
2R

= 0,
[

∂p0

∂η
ψ1(ϕ, ς) + p1

]
F0=0

= 0,
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[
ψ1(ϕ, ς)

∂

∂η

(
V0gradF0

)
+ V1gradF0 −V0gradψ1(ϕ, ς)

]
F0=0

= 0,

[
V1, p1, ψ1

]∣∣∣∣ϕ + 2π
−
[
V1, p1, ψ1

]∣∣∣∣ϕ = 0,

h
2R∫

− h
2R

2π∫
0

ψ0(ϕ, ς)ψ1(ϕ, ς)dϕdς = 0 (8)

Expression (1) is the solution of problem (7).

ψ0(ϕ, ς) = η0, F0 = η − η0. (9)

Taking into account expression (1), equality (9) and, obtained by Formula (4), the
equalities i × V0 = v0(η)(− cos β, 0, sin β cos ϕ) (where v0 = v0(η)—arbitrary function),
we write relation (8) for finding the first approximation in the form:

v0(η)
η

(
∂u1
∂ϕ − 2v1

)
+ ∂p1

∂η = − cos β cos ϕ +0 − 2V∗
ΩR1

v0(η) cos β +0
v0(η)

η
∂v1
∂ϕ +

[ηv0(η)]η
′

η u1 +
1
η

∂p1
∂ϕ = cos β sin ϕ +0 +0 +0

v0(η)
η

∂w1
∂ϕ + ∂p1

∂ς = 0 + sin β +0 + 2V∗
ΩR1

v0(η) sin β cos ϕ

(10)

∂(ηu1)

∂η
+

∂v1

∂ϕ
+ η

∂w1

∂ς
= 0. (11)

u1

∣∣∣∣η = 1
= 0 , w1

∣∣∣∣ς = ± h
2R

= 0, u1

∣∣∣∣η = η0
=

v0(η0)

η0

∂ψ1

∂ϕ
, p1

∣∣∣∣η = η0
= −v0

2(η0)

η0
ψ1 ,

[
V1, p1, ψ1

]∣∣∣∣ϕ + 2π
−
[
V1, p1, ψ1

]∣∣∣∣ϕ = 0,

h
2R∫

− h
2R

2π∫
0

ψ1dϕdς = 0. (12)

The linearity of problems (10)–(12) makes it possible to break them down into four
independent problems, which correspond to flow disturbances by different components of
inertial forces in relative motion.

3. Results and Discussion

Let us consider the problem that models the perturbation of the fluid flow caused by
the axial component of the Coriolis inertial force.

This problem consists of solving Equations (11) and (13) under these conditions:

v0(η)
η

(
∂u1
∂ϕ − 2v1

)
+ ∂p1

∂η = 0
v0(η)

η
∂v1
∂ϕ +

[ηv0(η)]η
′

η u1 +
1
η

∂p1
∂ϕ = 0

v0(η)
η

∂w1
∂ϕ + ∂p1

∂ς = 2V∗
ΩR1

v0(η) sin β cos ϕ

(13)

Figure 3 illustrates the nature of the considered disturbing influence, which tries to
“rock” the rotating liquid. The perturbations arising here are not flat and axisymmetric.
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Figure 3. The nature of the disturbing influence of the axial components of the volume forces of
Coriolis inertia.
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Substitution:

u1 = U(η, ς) sin ϕ, v1 = V(η, ς) cos ϕ, w1 = W(η, ς) sin ϕ,

p1 = P(η, ς) cos ϕ, ψ1 = ψ(ς) cos ϕ, (14)

where U, V, W, P and ψ—unknown functions, allowing you to exclude the variable ϕ from
the equations and boundary conditions. We have:

v0

η
(U − 2V) +

∂P
∂η

= 0,−v0V + (ηv0)η
′U − P = 0,

v0

η
W +

∂P
∂ς

=
2V∗
ΩR1

v0 sin β,
∂(ηU)

∂η
−V + η

∂W
∂ς

= 0. (15)

U
∣∣∣∣η = 1

= 0 , W
∣∣∣∣ς = ± h

2R
= 0 , U

∣∣∣∣η = η0
= −v0(η0)

η0
ψ, P

∣∣∣∣η = η0
= −v0

2(η0)

η0
ψ. (16)

Let v0
2η 6= D, where D—constant. We reduce the system of Equation (15) to a

linear differential equation in the partial derivatives of the second order for the function
P = P(η, ς):

η2 ∂2P
∂η2 + ηa(η)

∂P
∂η
− b(η)P− η2c(η)

∂2P
∂ς2 = 0,

a(η) =
3v0

2 + 2ηv0v0
′ − 2η2v0v0 ′′ − 2η2(v0

′)2

v0(2ηv0′ + v0)
, b(η) =

4η2v0 ′′ + 4ηv0
′ − v0

2ηv0′ + v0
,

c(η) =
2ηv0

′ + v0

v0
. (17)

Using conditions (16) and Equation (15), we find the boundary conditions that the
function must satisfy P:

η0v0(η0)
∂P
∂η

∣∣∣∣η = η0
+
[
v0(η0)− 2η0v0

′(η0)
]
P
∣∣∣∣η = η0

=0,
(

∂P
∂η

+ 2P
)

η=1
= 0,

∂P
∂ς

∣∣∣∣ς = ± h
2R

=
2V∗
ΩR1

v0(η) sin β. (18)

Note that the coefficients a(η), b(η) and c(η) become constants if v0 = Bηγ, where B
and γ—constants. For simplification, let us take v0(η) = ηγ. Functions v0 of this type
allow us to cover a fairly wide class of practically important cases, including the case
of a quasi-rigidly rotating fluid, which corresponds to the value γ = 1. As a result of
substitution v0 = ηγ(γ 6= –1/2) in Equation (17) and condition (18), we have the boundary
value problem:

η2 ∂2P
∂η2 + (3− 2γ)η

∂P
∂η
− (2γ− 1)P− (2γ + 1)η2 ∂2P

∂ς2 = 0,

[
(2γ− 1)P− η0

∂P
∂η

]
η=η0

= 0,
(

∂P
∂η

+ 2P
)

η=1
= 0,

∂P
∂ς

∣∣∣∣ς = ± h
2R

=
2V∗
ΩR1

ηγ sin β,

associated with an equation of the hyperbolic (for γ > −1/2) or elliptic (for γ < −1/2) type.
If the variables are separated, we will consider P(η, ς) = S(η)Z(ς) and, having denoted by
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−µ2 the separation constant, we will arrive at the regular Sturm–Liouville problem with
the conditions:

(
η3−2γS′

)′
+
[
µ2η3−2γ − (2γ− 1)η1−2γ

]
S = 0, S′(η0)−

(2γ− 1)S(η0)

η0
= 0, S′(1) + 2S(1) = 0.

and the equation: d2Z
dς2 + µ2

2γ+1 Z = 0.
We apply the Fourier method [60] and come to the solution of the problem for the case

γ > −1/2 in the form:

u1 = 2δ sin β
2γ+1 sin ϕ

∞
∑

n=1
θn

[
µn Hγ−1,γ(µn, µnη) + 1

η Hγ,γ(µn, µnη)
]

sin
(√

µn2

2γ+1 ς

)
,

v1 = 2δ sin β
2γ+1 cos ϕ

∞
∑

n=1
θn

[
(γ + 1)µn Hγ−1,γ(µn, µnη)− γ

η Hγ,γ(µn, µnη)
]

sin
(√

µn2

2γ+1 ς

)
,

p1 = 2δ sin βηγ−1 cos ϕ
∞
∑

n=1
θn Hγ,γ(µn, µnη) sin

(√
µn2

2γ+1 ς

)
,

w1 = δ sin β sin ϕ

[
η − 2

∞
∑

n=1

√
µn2

2γ+1 θn Hγ,γ(µn, µnη) cos
(√

µn2

2γ+1 ς

)]
(19)

where µn—the roots of the equation Hγ+1,γ(µ, µη0) = 0 are numbered in order of increasing
eigenvalues of µn

2;

Hq,s(µ, µη) = [Ys(µ) + µYs−1(µ)]Jq(µη)− [Js(µ) + µJs−1(µ)]Yq(µη),

where Jr(x) and Yr(x) Bessel functions of the first and second order r;

θn =

√
µn2

2γ+1 ·
1∫

η0

η2Hγ,γ(µn, µnη)dη

cos
(√

µn2

2γ+1

(
h

2R

))[
µn2

2γ+1

(
H2

γ,γ(µn, µn)− η02Hγ,γ(µn, µnη0)
)
+ H2

γ,γ(µn, µn)
] . (20)

Let us analyze solution (19). The equation of the free surface, curved as a result of the
disturbance being studied, according to (6) and (9), has the form:

η = η0 + εN(ς) cos ϕ,(
N(ς) = −2δ sin βη0

−γ
∞
∑

n=1
θnHγ,γ(µn, µnη0) sin

(√
µn2

2γ+1 ς

))
.

(21)

Therefore, all intersections ζ = const of the curved free surface remain with the consid-
ered accuracy circles of radius η0, and the axial line of the surface is the curve x = εN(ζ),
lying in the plane zz′.

Note that when performing inequalities µn
2

2γ+1 > 0 and ratios√
µn2

2γ + 1
· h

2R
=

π

2
(2k + 1), (k = 0, 1, 2, . . .). (22)

we have cos
(√

µn2

2γ+1 ·
h

2R

)
= 0; then θn → ∞ ; therefore, the n-th terms of all series in the

solution (19) turn into infinity. Since the numbers µn
2 since Hγ+1,γ(µ, µη0) = 0, respectively,

depend only on the parameters η0 and γ, and equality (22) establishes, at a fixed γ for each
number n and number k, some dependence between the geometric parameters η0 = R0/R
and h/2R.

Let us call the set of dependencies (22) resonance relations. Note that the character
of the perturbed action gives reason to determine that the phenomenon of resonance
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during forced oscillations of the rotating liquid layer really occurs here. Naturally, the
transformation of the sought values into infinity when performing resonance ratios is
connected only with the use of the ideal fluid model. When using the model of a viscous
liquid, the perturbations at resonances would have finite values [57,61]. In the vicinity of
resonances, there will only be an increase in perturbations, which is most pronounced only
for “low-order” resonances, i.e., those that correspond to small values of n [57]. This is
partly due to the fact that the coefficients of the members of series (19), taking into account

(20) for sec
(√

µn2

2γ+1 ·
h

2R

)
, decrease with increasing of n like 1/n3. Thus, only a few first

resonances are of practical interest. And it is possible to obtain the correct information
about the nature of the flow, keeping only a small number of terms in the series (19).

The considered resonance phenomena have the following features. The conditions for
their occurrence with a given nature of the distribution of circular velocities in undisturbed
motion are determined by the relationships only between the geometric parameters of the
system (i.e., the height of the chamber, its radius, and the radius of the free surface), and
do not depend on the intensity of the fluid rotation, not from its density. We can offer
the following physical explanation of this conclusion: during rotation, the liquid layer
acquires a kind of stiffness proportional to the value ρ·ω, where ω is the angular velocity
of the liquid rotation around the axis of the chamber z. As a result, the frequency of free
oscillations of the liquid layer λi is independent of ρ and proportional to the value ω, which
coincides in the case with the disturbance frequency, but thenω in resonance relations of
the type ω = λi is shortened, and the density of the liquid ρ is not included in them.

In Figure 4, at γ = 1 and for two combinations of parameters corresponding to experi-
mental samples of ABD liquid type: η0 = R0/R = 1/32 and h/2R = 1/8; η0 = R0/R = 1/32
and h/2R = 1/4 curves characterizing the curvature of the axis of the free surface of the
working fluid are shown.
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Figure 4. Curves characterizing the curvature of the axis of the free surface of the working fluid in
the autobalance bar for various parameters.

The first combination corresponds to a significant distance from the main resonance
zones, and the second to an approach to the first resonance zone. Thus, it is proven
that the stable behavior of the working fluid has a direct dependence on the geometric
dimensions of the ABD chamber; namely, an increase in the radius of the ABD chamber
increases the efficiency of self-balancing. This result was also obtained in the process of
experimental research.

The considered waves are inertial. Since Coriolis forces do no work on the moving
fluid, the energy contained in these waves is completely kinetic. Note that when β = 0,
i.e., when the axis of the chamber coincides with the axis (or is parallel to the axis) around
which it rotates (exactly during self-balancing), the axial component of the Coriolis force is
absent and resonance phenomena of the liquid are impossible.

The results of this theoretical study allow us to hypothesize that the operation of the
rotor system with liquid ABD is more stable if the height of the chamber h is much smaller
than its radius R.
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An experimental proof of this assumption is presented below. The results of the
research conducted on the experimental stand (Figure 1) with simulated rotor imbalance
D = 3000 g·cm are presented in Figure 5.
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Figure 5. Range of oscillations of the upper edge of the drum for different volumes of working fluid
in ABD at relative angular speeds of rotation: (a) 0.6ωp (pre-resonance mode, beginning of effective
balancing); (b) 0.8ωp (pre-resonance mode, effective balancing); (c) when passing through resonance
ωp; (d) 1.2ωp (resonant mode).

Based on the results of recording the vibrations of the upper edge of the drum during
its movement, we generated graphical dependences of the amplitude of the rotor oscil-
lations on the volume of liquid in the autobalancer chamber. The empirical efficiency
coefficient of automatic balancing was also calculated as the ratio of the swing of the rotor
without liquid in the ABD chamber to the value of the swing when the chamber is filled
with liquid. To obtain adequate data on the value of the balancing efficiency coefficient, all
tests under certain conditions were repeated 10–15 times. With the application of mathe-
matical statistics methods, the averaged values of the efficiency coefficients of liquid ABDs
were obtained.

The analysis of graphical dependencies (Figure 5a–d) indicates that, for a vertical rotor
installation over the entire range of angular velocities of the system:

(1) There is a sufficient volume of working fluid to balance the system, which creates an
imbalance approximately equal to the imbalance of the rotor. Partially, for a chamber
with a radius of 200 mm (h/2R = 1/8), it is 100 mL, for a chamber with a radius of
150 mm—150–200 mL, and for a chamber with a radius of 100 mm (h/2R = 1/4)—
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150–200 mL, with an imbalance mass of 150 g. The greatest balancing effect is achieved
when the amount of liquid imbalance is close to the amount of simulated imbalance;

(2) The range of rotor oscillations increases when the condition of fluid sufficiency is not
met and the degree of chamber filling increases;

(3) The effectiveness of liquid balancing is obvious (values of the range of oscillations of
the upper edge of the drum, corresponding to V = 0 mL, significantly decrease when
adding liquid);

(4) The geometric parameters of the cavity have a significant influence on the efficiency
of liquid self-balancing.

The last statement is illustrated by the data in Table 1, which were obtained for a
simulated rotor imbalance value of 2000 g·cm.

Table 1. Values of averaged empirical coefficients of balancing efficiency at optimal filling of chambers
ABD with different radius.

Relative Rotor
Speed

Empirical Balancing Efficiency Factor When Using a Given Radius
Camera

200 mm 150 mm 100 mm

0.6ωp 1.11 1.05 1.05
0.8ωp 1.50 1.50 1.50
1.0ωp 2.27 2.11 1.88
1.2ωp 1.60 1.41 1.41

The analysis of the data in the table indicates that an increase in the chamber radius
by 30% and by 100% leads to a decrease in the range of rotor oscillations at 0.6ωp (pre-
resonance mode, the beginning of effective balancing) by 5.71%; when passing through
resonanceωp, by 7.58% and 20.74%, respectively; at 1.2ωp (resonant mode) by 13.48%.

Analysis of research results at a simulated imbalance of 3000 g·cm. (Figure 5a–d) make
it possible to conclude that when the volume of the correction fluid is sufficient, effective
balancing is observed over the entire range of the investigated angular velocities of rotation
of the vertical rotor system. Additionally, the trend of increasing balancing efficiency in the
vicinity of resonance is preserved for research with different ABD cameras. Thus, increasing
the radius of the chamber by 30% and by 100% leads to a decrease in the range of rotor
oscillations at 0.6ωp (pre-resonance mode, the beginning of effective balancing) by 30.56%
and 33.33%, respectively; at 0.8ωp (pre-resonance mode, effective balancing) by 42.86% and
57.14%; when passing through resonance ωp by 37.50% and 66.67%; at 1.2ωp (resonant
mode) by 27.27%.

Thus, the operation of the rotor system with liquid ABD is more stable, provided that
the height of the chamber h is much smaller than its radius R. We obtained a similar result
in previous studies [62], where the basis for modeling the motion of the rotor system with
liquid ABD is defined by the principle of least action in the form of Hamilton–Ostrogradsky.

When calculating the self-balancing device for the cases of a rotor with a horizontal
axis and an axis inclined at an angle to the horizon line, the problem arises of the planar
steady motion of a layer of heavy liquid in a cylinder that rapidly rotates around its axis. It
is especially important to determine the shape of the free surface of the liquid under these
conditions. It is clear that this problem is similar to the part of the considered problem that
is modeled in the framework of an ideal fluid by problems (2)–(5) with v0(η) = η, and
γ = 1, β = 0, A = 0. The solution, analysis and experimental verification of the solution we
see as a direction for future research.

The results of the application of the proposed mathematical model of fluid dynamics
in the ABD chamber with the introduced fluid viscosity parameter may also be interesting.
We initiated experimental studies of the working fluid viscosity effect on the self-balancing
process in [61].
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It is essential to note that the experimental investigations were conducted with the
measurement of rotor oscillation amplitudes of the test setup and with direct visual obser-
vation of the position of the working fluid in the ABD chamber relative to the imbalance
during system rotation. The results of the visual examinations are partially presented in
the authors’ previous works [62,63], and align well with the findings obtained in this study.

The application of a new approach for the analysis and verification of experimental
data using the Teager–Kaiser energy operator (TKEO) can also be beneficial. This method,
developed by Kaiser in 1990, involves a straightforward calculation of signal energy. In [64],
a comprehensive analysis of the application domains of this method is provided, specifically
noting that the energy operator can be employed in the automatic rotor balancing process.

4. Conclusions

Disturbances of the relative motion of the liquid in the ABD chamber, caused by
volumetric Coriolis forces of inertia, were analyzed; distortions of the fields of velocities,
pressures and the free surface of the liquid were found; and resonant phenomena in the
flow of the working fluid were investigated. It is shown that the axial component of the
Coriolis inertial force causes peculiar wave phenomena in motion. The conditions for the
occurrence of which are determined by the given nature of undisturbed motion only by the
geometric dimensions of the cylindrical chamber and the thickness of the liquid layer in
undisturbed motion, and do not depend on the intensity of rotation of the liquid or from
its density.

It has been theoretically proven that the operation of the rotor system with liquid ABD
is more stable if the height of the chamber h is much smaller than its radius R.

An experimental verification of the results of theoretical studies was carried out on a
specially designed experimental stand for studying the operation of a rotor system with a
vertical axis of rotation. In particular, it is defined:

- The presence of a sufficient volume of working fluid for effective balancing, and the
greatest balancing effect is achieved when the amount of fluid imbalance is close to
the amount of simulated imbalance;

- An increase in the degree of filling the chamber with liquid leads to an increase in the
range of oscillations of the rotor system;

- An increase to the council ABD camera mouth provides a significant increase in
balancing efficiency.
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Nomenclature
The following symbols are used in this manuscript:

R radius chamber ABD
H height chamber ABD
ρ liquid of density
R R0 thickness of an annular layer of liquid
η0 coefficient characterizing filling of the chamber with liquid
z axis of the chamber
z′ axis around which the camera rotates
B angle of deviation of axis z from axis z′

R1 radius of chamber rotation around axis z′

η = r/R, ϕ, ζ = z/R dimensionless cylindrical coordinates
Ω chamber ABD angular velocity
V = (u, v, w) fluid velocity relative to the chamber ABD
P pressure
ε, δ parameters
We transfer acceleration
Wc Coriolis acceleration
V∗ velocity scale
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